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ABSTRACT. We show that the difference between consecutive terms in
sequences of integers whose greatest prime factor grows slowly tends to
infinity.

1. INTRODUCTION

Let y be a real number with y > 3 and let 1 = ny < ny < nz < ... be the

increasing sequence of positive integers composed of primes of size at most
y. In 1908 Thue [14] proved that

(1) lim n;41 — n; = 00,
71— 00

see also Pélya [11] and Erdds [4]. Thue’s result was ineffective. In particular
his proof does not allow one to determine, for every positive integer m, an
integer ¢(m) such that n;;; — n; exceeds m whenever i is larger than i(m).
Cassels [2] showed how (1) can be made effective by means of estimates due
to Gelfond [5] for linear forms in two logarithms of algebraic numbers. In
1973 Tijdeman [15] proved, by appealing to work of Baker [1] on estimates
for linear forms in the logarithms of algebraic numbers, that there is a
positive number ¢, which is effectively computable in terms of y, such that
(2) niv1 — n; > n;/(logn;)°

for n; > 3. In addition Tijdeman showed that there are arbitrarily large
integers n; for which (2) fails to hold when ¢ is less than 7(y) — 1; here 7(x)
denotes the counting function for the primes up to z.

Now let y = y(z) denote a non-decreasing function from the positive
real numbers to the real numbers of size at least 3. For any integer n let
P(n) denote the greatest prime factor of n with the convention that P(0) =
P(+1) = 1. Let (n;)$2, be the increasing sequence of positive integers n; for
which

(3) P(ni) < y(ni).
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For any integer k£ with k£ > 2 let log,, denote the k-th iterate of the function
x — max(1,logz) for x > 0. We shall prove that (1) holds provided that

(4) y(n) = of )-

Furthermore if we assume the abc conjecture, see §2, then we can prove that
(1) holds provided that

log, nlogsn
log,n

(5) y(n) = o(logn).
For any real number x > 2 put
xlog,
O(x) = )
(@) = exp( o2

We shall deduce (4) from the following result.

Theorem 1. Let y = y(x) be a non-decreasing function from the positive
real numbers to the real numbers of size at least 3. Let (nqy,na,...) be the
increasing sequence of positive integers n; for which (3) holds. There is an

effectively computable positive number ¢ such that for i > 3,
(6) Nip1 — ng > ng/ (log n;)2(vmisn),

Furthermore there is an effectively computable positive number c¢; such that

for infinitely many positive integers i
(7) g1 —n; < ngexp(ay(ng))/(logng) ™,
where r = 7(y(y/1;)).

Observe that we obtain (1) from (6) when (4) holds on noting that in
this case n;y1 < 2n,; and

(logn)°@®) = o(n).

In order to establish (6) we shall appeal to an estimate for linear forms
in the logarithms of rational numbers due to Matveev [8], [9]. The upper
bound (7) follows from an averaging argument based on a result of Ennola
3].

We are able to refine the lower bound (6) provided that the abc conjec-

ture is true.

Theorem 2. Let y = y(x) be a non-decreasing function from the positive
real numbers to the real numbers of size at least 3. Let (ny,na,...) be the
increasing sequence of positive integers n; for which (3) holds and let € be a

positive real number. If the abc conjecture is true then there exists a positive
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number ¢, = ¢1(g), which depends on €, and a positive number co such that
fori>1,

(8) nip1 —ni > ca(e)n;/ exp (cay(nis)).

We obtain (1) from (8) when (5) holds since in this case

exp (eay(n)) = nW.

2. PRELIMINARY LEMMAS

For any non-zero rational number o we may write a = a/b with a and b

coprime integers and with b positive. We define H(«), the height of «, by
H(r) = max(|al, |b]).

Let n be a positive integer and let aq, ..., a, be positive rational numbers
with heights at most Aq, ..., A, respectively. Suppose that A; > 3 for ¢ =
1,...,n and that log aq, ..., log o, are linearly independent over the rationals
where log denotes the principal value of the logarithm. Let b1, ..., b, be non-

zero integers of absolute value at most B with B > 3 and put

A =bloga; + ... + b, log a,.

Lemma 3. There exists an effectively computable positive number cq such
that
log |A| > —cjlog A;...log A, log B.

Proof. This follows from Theorem 2.2 of Nesterenko [10], which is a special
case of the work of Matveev [8], [9]. O

Let = and y be positive real numbers with y > 2 and let VU(z,y) denote
the number of positive integers of size at most x all of whose prime factors
are of size at most y. Let r denote the number of primes of size at most y

so that r = m(y).

Lemma 4. For 2 < y < (logx)"/? we have

(log )" 2 -1 -1
Uz, y) = =28 (1 L 02 (logz)" (o .
(z,9) Hizl(zlogpi)( (y*(log )™ (logy) ™))
Proof. This is Theorem 1 of [3]. O

We also recall the abc conjecture of Oesterlé and Masser [6], [7], [13].
Let z,y and z be positive integers. Denote the greatest square-free factor of

G:Hp.

plzyz
p,prime

xyz by G = G(x,y, 2) so
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Conjecture 5. (abc conjecture) For each positive real number € there is a
positive number c(e), which depends on € only, such that for all pairwise

coprime positive integers x,y and z with
rT+y==z2
we have
z < c(e)GM.

For a refinement of the abc conjecture see [12].

3. PROOF OF THEOREM 1

Let ¢y, co, ... denote effectively computable positive numbers. Following
[15], for ¢ > 3 we have n; > 3,

Niy1 1)

(9) 7’Lz‘+1 —n; = nz(

i

and, since e — 1 > z for z positive,

n;
(10) —1 > log —,
n; n;

N1

Let py, ..., pr be the primes of size at most y(n;.1). Notice that r > 2 since
y(nir1) > 3. Then n:l—tl = pb.plr with [y, ..., ], integers of absolute value at
most ¢y logn; 1 and, since n;. < 2n;,

(11) max(|li|,...,|lr]) < c2logn,.
Since
n;
log == = llogpy + -+ + I, logp,

(2

it follows from (11) and Lemma 3 that

(12) 1og n1+1 > (log nl)fcglogpllogpr
n

)

By the arithmetic-geometric mean inequality
T 1 T .
(13) H logp; < (; Z log p;)
i=1 i=1

and by the prime number theorem

(14) Zlogpi < ¢yrlogr.
i=1

Thus, from (12), (13) and (14),

(15) log Birt (log n;)~(csloem)"”,

1

Observe that » > 2 and so

(16) (cslogr)" < ecorloear,
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Further
3 <pr <y(nitr)
and so
(17) r < cry(nipa)/logy(nity).
Thus, by (16) and (17),
(18) (cslogr)” < d(cgy(nit1))

and (6) follows from (9), (10), (15) and (18).

We shall now establish (7). Observe that if n; satisfies (3) then since
y(t) > 3 for all positive real numbers ¢, P(2n;) < y(n;) < y(2n;) and so
2n; = n; for some integer j with j > 4. In particular n,y; < 2n; hence

Niy1 — N < Ny SO
(19) N1 — Ny < n;.

Suppose that X is a real number with X > 9 and that 7 is a positive integer
with 7,41 and n; in the interval (v X, X]. If, in addition,

(20) y(VX) > (log X)1
then, since v X < n; < X,
(21) y(ni) > (logn;)i.

Since y is non-decreasing

(22) m(y(vn)) — 1 < 7(y(ni))

and by the prime number theorem

, y(nz)
")) < oo og y )
By (21),
23 .
( ) W(y(n )) < Clo 10g2 nz
Thus by (22) and (23),
(24) (log ’I’Li)ﬂ(y(\/ﬁi))_l < ecroy(ni).

We may suppose that ¢; exceeds 1+ ¢jp and in this case, by (24),
exp(cry(ny))/ (logng) "WV =1 > exp(y(n;)) > exp(3) > 2,

and therefore (7) follows from (19).
We shall now show that there is a positive number c¢;; such that if X is

a real number with X > ¢;; then there is a positive integer ¢ for which n;,
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and n; are in (v X, X] and satisfy (7). Accordingly let X be a real number
with X > 9 and put

r=n(y(VX)).

Notice that r > 2 since y(t) > 3 for all positive real numbers ¢. By the
preceding paragraph we may suppose that

y(VX) < (log X)i.

Let A(X) be the set of integers n with
(25) VX <n<X
for which
(26) P(n) < y(VX).
Note that the members of A(X) occur as terms in the sequence (nq,na, ...).
The cardinality of A(X) is

U(X,y(VX)) — U (VX,y(VX))

and so for X > ¢qo is, by Lemma 4, at least

(log X)"
2[1_,ilogp;
Let j be the positive integer for which

(27)

X X
—<VX <
J 925—-1

and consider the intervals (f—k, 2,351] for k=1,...,5. Then 5 < 1+ éoliéxz and
so, for X > ¢3,
(28) j <log X.
Thus, by (27) and (28), there is an integer h with 1 < h < j for which the
interval (5(—;” ﬁ%] contains at least

(log X)™
21—, ilogp;
integers from A(X). Notice that

s

H ilogp; < (rlog y(\/f))"

i=1
Thus, since y(vX) < (log X)i and, since r > 2, r — 1 > £ we see that for

X > cy4, the interval (f—h, o) contains at least

(log X))
3(rlogy(vVX))"

+1
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terms from A(X) hence two of them, say n;,1 and n;, satisfy

3(rlogy(VX))".

i+1 — N < o
O 2" (log X )1

Since n; > 2% it follows that

n; r
Njp1 — N < 3w(7‘10g ?/(\/Y)) :

By (25), v/n, < VX < n; hence, since y is non-decreasing, y(v/n,;) <

7

y(vX) < y(n;). Thus

n; r
Nig1 — N < 3?“ logy(n;))

(logn
and so
n; s
(29) Nity1 — N < 3w(310g y(ni))

where 7' = 7(y(v/n;)) and s = 7(y(n;)). By the prime number theorem
there is a positive number c¢;5 such that

(30) 3(slogy(n;))® < ecsv(n),
Estimate (7) now follows from (29) and (30). On letting X tend to infinity
we find infinitely many pairs of integers n;,; and n; which satisfy (7).
4. PROOF OF THEOREM 2
Let « > 1 and put
(31) Niy1 —n; =t.
Let g be the greatest common divisor of n;;; and n;. Then

Ny Nyt

g 9 g
Let € > 0. By the abc conjecture there is a positive number ¢(e) such that
— <ce)(= p)'e
9 g <H )
p<y(ni+1)
hence
n; 1
32 — )T <t .
(32) ) 1 »
p<y(ni+1)

By the prime number theorem, since y(n;.1) > 3, there exists a positive

number ¢y such that

(33) H P < GCQy(ni'H).

pSy(nHl)

The result follows from (31), (32) and (33).
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