ON PRIME FACTORS OF TERMS OF BINARY
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In memory of Professor Andrzej Schinzel

ABSTRACT. We establish estimates from below for the greatest prime
factor of the n-th term of a non-degenerate binary recurrence sequence
when the sequence belongs to a class of sequences which includes the
Lucas sequences.

1. INTRODUCTION

Let 7 and s be integers with 72 + 4s # 0. Let 4y and u; be integers and

put
(1) Up = TUp—1 + SUp_2,
forn=2,3,... . Then forn > 0
(2) u, = aa’ + bs",
where a and 3 are the roots of the characteristic polynomial 22 — rz — s
and
U — U Upx — U
3) o= Tﬁﬁ b= o

when a # . The sequence of integers (u,)32, is a binary recurrence se-
quence. It is said to be non-degenerate if abaS # 0 and «/f is not a root
of unity.

In 1934 Mahler [14] proved that if u,, is the n-th term of a non-degenerate
binary recurrence sequence then the greatest prime factor of u, tends to
infinity with n. His proof was ineffective however since it depended on a p-
adic version of the Thue-Siegel theorem. In 1967 Schinzel [18] refined work
of Gelfond on estimates for linear forms in the logarithms of two algebraic
numbers and as a consequence he was able to give an effective lower bound.
For any integer m let P(m) denote the greatest prime factor of m with the
convention that P(0) = P(%1) = 1. Schinzel proved that there exists a
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positive number Cy which is effectively computable in terms of a, b, a and
[ such that

P(u,) > Con(logn),
where

( ) (1/84,7/12) if a and (3 are integers
c1,Co) = '
v (1/133,7/19) otherwise.

The above result was subsequently improved by Stewart [22], by Yu and
Hung [26] and in 2013 by Stewart [24] who showed that there is a positive
number C', which is effectively computable in terms of a,b,a and § such
that if n exceeds C' then

(4) P(uy,) > n'?exp(logn/1041oglogn).

Let (t,)52, be a non-degenerate binary recurrence sequence with to = 0
and t; = 1. Then, recall (2) and (3),

o — Bn
5 t, = ————
9 —
forn =0,1,2,... and the sequence is known as a Lucas sequence. Note that

a Lucas sequence is non-degenerate. Lucas sequences have a rich divisibility
structure and have been extensively studied, eg. [4], [6], [8], [11], [13], [21]
and [27]. In 2013 Stewart [23] proved that if ¢,, is the n-th term of a Lucas
sequence then

(6) P(t,) > nexp(logn/104loglogn)

provided that n exceeds a number which is effectively computable in terms
of o and 3, see also [5] and [9].

In 1967 Schinzel [18] introduced a class of binary recurrence sequences
which includes the Lucas sequences and whose members have similar divis-
ibility properties to the Lucas sequences. He considered those sequences for
which a/b and o/ are multiplicatively dependent and proved that if o and
[ are real numbers then there is a positive number ¢, which is effectively

computable in terms of a, b, @ and [, such that
(7) P(u,) >n—c.

Schinzel’s proof of (7) depended on a result [17] of his on primitive divi-
sors of Lucas numbers. In 2003 Luca [12] proved (7) in the case when «
and § are not real numbers. Observe that if (u,)52, is a non-degenerate
binary recurrence sequence with a term which is zero then a/b and o/ are
multiplicatively dependent.

We shall prove the following result.
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Theorem 1. Let (u,)5%, be a non-degenerate binary recurrence sequence, as
in (2), with a/b and /5 multiplicatively dependent. There exists a positive
number C, which is effectively computable in terms of a,b,a and 3, such
that if n exceeds C' then

(8) P(u,) > nexp(logn/104loglogn).

The proof of Theorem 1 relies on arguments from [23] as well as the work
of Schinzel [19] on primitive divisors in algebraic number fields.

For any non-degenerate binary recurrence sequence (u,)> , we are able
to improve (4) for all positive integers n except perhaps for a set of asymp-
totic density zero. Let £(n) be a real valued function on the positive integers
for which lim,_,,, £(n) = 0. In [22] Stewart proved that for all positive in-
tegers, except perhaps for a set of asymptotic density zero,

P(u,) > e(n)nlogn;

see the papers of Murty, Séguin and Stewart [16] and Balaji and Luca [3]
for related work. Combining the approaches of [22] and [23] we are able to
prove the following result.

Theorem 2. Let (u,);, be a non-degenerate binary recurrence sequence.

For all positive integers n, except perhaps a set of asymptotic density zero,
9) P(uy,) > nexp(logn/104loglogn).

The proofs of Theorem 1 and Theorem 2 ultimately depend on an es-
timate for p-adic linear forms in the logarithms of algebraic numbers due
to Yu [25] and, as discussed in [23], the constant 104 which appears in our
estimates has no arithmetical significance but instead is a consequence of

the bounds in [25]. For a more detailed historical account of these topics see

[24].

2. CYCLOTOMIC POLYNOMIALS

Let r and s be integers. We denote the greatest common divisor of r and
s by (r,s). For each positive integer k put ¢ = e?™/*. Let n be a positive
integer. The n-th cyclotomic polynomial ®,(z,y) is given by

n

(10) Ou(z,y) = [ (== )
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Let e be a positive integer and let ¢ be an integer. Put
ne

(11) o0 (zy)= [ (z—Cew)

J=1
(J,ne)=1
j=imod e

Note that if (i,e) > 1 then q)gf?e(x,y) = 1 and that

(12) I 29.(x,9) = ez, y).
=1

(i,e)=1

We remark that when (i,e) = 1 the degree of @53,)6(93, y) is ¢(ne)/¢p(e) where
¢() denotes Euler’s totient function.
For any integer ¢+ we have

ne

(13) [[ @) ="~y
j=1
j=imod e

and so by the inclusion-exclusion principle, see also Lemma 4 of [19], when
(i,e) =1

(14) oWV (zy) = [ @™ =y,
mln
__(mye)=1
mm=i mod e

It follows from (14) that @g,)e(x, y) has coefficients in Q((.) and then from
(11) that the coefficients of @,(f?e(x,y) are from Z|[(.], the ring of algebraic
integers of Q((.).

Next we put
(15) VO (zy) = [ @-dw).
j=1
(4,ne)>1
j=imode

By (13) we have

(16) (I)gi,)e (iE, y>\1jg,)e(x7 y) =a" — C;yn

Since (ng,)e(x,y) is in Z[¢.][z,y] we see from (15) and (16) that \Ilq(f,)e(a:,y) is
also in Z[(][z, y].

3. DIVISIBILITY OF VALUES OF THE CYCLOTOMIC POLYNOMIAL AND OF
LucAs NUMBERS

We first record two results describing the arithmetical character of values
of the cyclotomic polynomial. Observe that ®,(a, 8) is an integer for n > 2
if (o + )% and af3 are integers, see for example p.428 of [21].
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Lemma 3. Suppose that (a+ )% and a3 are coprime non-zero integers and
that /5 is not a root of unity. If n > 4 and n # 6,12 then P(n/(3,n)) di-
vides @, (a, B) to at most the first power. All other prime factors of ®,(«, 3)
are congruent to £1 (mod n).

Proof. This is Lemma 6 of [21]. O

Our next result follows from the proof of Theorem 1.1 of [23]. Note that

we do not require (« + 8)? and a3 to be coprime.

Lemma 4. Let o and 3 be complex numbers such that (o + 3)? and af
are non-zero integers and o/ is not a root of unity. There exists a positive
number C, which is effectively computable in terms of a and (3, such that

forn > C,
(17) P(®,(a, ) > nexp(logn/103.95loglogn).

Proof. This follows from the second last line in the proof of Theorem 1.1 of
23]. O

For any non-zero rational number z let ord,  denote the p-adic order of

x.

Lemma 5. Let (u,)?2, be a non-degenerate binary recurrence sequence as
in (2) with a/b and o/ multiplicatively independent. There exists a positive
number C'" which s effectively computable in terms of a, b, o and 3 such that
if p exceeds C' then

ord, u, < pexp(—logp/51.9loglogp)logn.
Proof. This is Lemma 7 of [24]. O

We shall now describe the prime decomposition of terms of a Lucas
sequence (,,)2% -

Lemma 6. Let (t,)22, be a Lucas sequence as in (5). If p is a prime number
which does not divide a8 then p divides t,, for some positive integer n and

if 1 is the smallest positive integer for which p divides t; then

[ <p+1.
Proof. This follows, for example, from Lemma 7 of [22]. O

For any rational number x let |z|, denote the p-adic value of x, normal-

ized so that [pl, = p~".
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Lemma 7. Let {t,} —, be a Lucas sequence, as in (5), with a + B and
af coprime. Let p be a prime number which does not divide af, let | be
the smallest positive integer for which p divides t; and let n be a positive

integer. If I does not divide n, then
ltal, = 1.

If n =1k for some positive integer k, we have, for p > 2,

|tn|p = |tl|p|k|p7
while for p =2,
], = |t for k odd
") 210tuly |k, for k even.

Proof. This is Lemma 8 of [22] . O

Lemma 8. Let {t,} ~, be a Lucas sequence, as in (5), with o + [ and
afl coprime and || > |B|. Let n be an integer larger than 1. There exists
a positive number C, which is effectively computable in terms of a and [3,

such that if p is a prime number larger than C' then
ord, t, < pexp(—logp/51.9loglogp)log |ca|logn.

Proof. We may suppose that C' exceeds |a/3| and the absolute value of the
discriminant of Q(« /). The result then follows from Lemma 4.3 of [23]. [

4. CYCLOTOMIC POLYNOMIALS AT ALGEBRAIC POINTS IN QUADRATIC
CYCLOTOMIC EXTENSIONS

Let 01 and 6, be non-zero algebraic integers in Q((,) with e equal to 3,4
or 6 and suppose that 6, /65 is not a root of unity and that 6; = #5. Then
0, and 0 are algebraic conjugates. Put

g=((61 + 6)*,616,),

and

M =61//9, 2 =02//9.

Note that
(= A)(@+X1)(x = XNo) (x4 A2) = 2 — ((01+62)* /g — 20,05/ g)x* — (6102/9)*

is a polynomial with integer coefficients and thus A; and \; are algebraic
integers. Further \; is of degree 2 over Q with conjugate Ay when ¢ is a
perfect square and is of degree 4 over QQ with conjugates A\i, —A1, Ag, — Ao

when ¢ is not a perfect square. Since 01 /0; = A\1/Ay is not a root of unity



ON PRIME FACTORS OF TERMS OF BINARY RECURRENCE SEQUENCES 7

we see that A; is not a root of unity. In both cases the conjugates of A\; have

the same absolute value as \; and, since \; is not a root of unity,
(18) A1 > 2174,

as is readily checked. Furthermore, since 6; = 6, we find that A; /Ay = \y/\;
and as A\1/As is not a root of unity it is an algebraic number of degree at

least 2. In fact it has conjugate Ag/A; and minimal polynomial
)\1)\2[E2 — (/\% + )\%)l‘ — Al)\g.

For any algebraic number « let M («) denote the Mahler measure of «, see
[7]. We then have
(19)

M(Ai /X)) = M(Ao/ A1) = [ Mo max(1, | Ay /Ae|) max(1, Ao/ M ]) = |Ai]?

Lemma 9. Let n be a positive integer and ¢ an e-th root of unity with e
equal to 3,4 or 6. There exists an effectively computable positive number ¢,
such that

nlog |\i| — c1log(n + 1) log |\ ]| <log|A] — CA| < nlog |Ai| + log 2.
Proof. Note that
log AT — CA3| = nlog [ A1] + log [C(A2/A1)" — 1

Since ) = 0y we see that [Ay/A;| = 1 and so [¢(A2/A1)" — 1| < 2. It remains
to establish a lower bound for |((As/A1)™ — 1|. For any complex number z,
either 1/4 < |e* — 1| or

|z —ibr| < 4|e” — 1]

for some integer b, see page 176 of [1]. Let z = log ¢ 4+ nlog(A2/\;) where

we take the principal value of the logarithms. Then either
(20) [C(A2/A)" = 1] = 1/4

or

4¢(A2/A)" = 1] = min | log ¢ + nlog(Az/A1) — bmril.
Suppose that the minimum occurs at by. Then |bg| < n + 1. Further
log ¢ — bomi = by log (12
with |b1| < 6(]bo| + 1) < 6n + 12 and thus if (20) does not hold then

(21) 41¢( A2/ M) = 1] > [nlog(Aa/A1) + b1 log Cia.
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Let ¢q, ¢, ... denote effectively computable positive numbers. This is a lin-
ear form in two logarithms and by [10], [2] or [15] we see from (20) and (21),

since Ay/\; is not a root of unity, that
(22) log [C(A2/A1)" — 1] > —colog(n + 1) log max(4, A)
where A is the Mahler measure of A\y/A;. Thus, by (18) and (19),
max(4, A) < [A\|®
hence, from (22),
log [C(A2/A1)" — 1] > —cqlog(n + 1) log |\ ]

and our result follows.

g

For any positive integer n let w(n) denote the number of distinct prime

factors of n and put g(n) = 2™,

Lemma 10. Let e be 3,4 or 6 and let © be an integer coprime with e. There
exists an effectively computable positive number ¢ such that if n > 2 then

(¢(ne)/d(e) — cq(n)logn) log|\i| < log |®). (A1, Aa)l
and

log | {7 (M Ao)| < (¢(ne)/d(e) + cq(n) logn) log | A

Proof. By (14)

log [P0, (A, ) = D u(m)log |AY™ — ¢TA™|
mln
(m,e)=1

mm=i mod e

and so, by Lemma 9,

[log |87, (A, A)| = Y p(m)(n/m)log ||| < Y erlog(n+1)log |Ai].

m|n m|n
(m,e)=1 (m,e)=1
p(m)7#0
The result now follows. OJ

Lemma 11. Let e be 3,4 or 6 and let i be an integer coprime with e. There
exists an effectively computable positive number C' such that if n exceeds C
then

log [®), (A1, Aa)| > (6(ne)/2¢(e)) log | M.
Proof. For n sufficiently large

¢(n) >n/(2loglogn)
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and
q<n) < 77/1/loglogn
and so by (18) the result follows from Lemma 10.
O

Lemma 12. Let e be 3,4 or 6 and let p be a prime number. There exists
a positive number C', which is effectively computable in terms of a,b, a and
B, such that for n > C'

ord, ®,,.(A1, A2) < pexp(—logp/51.9loglog p) log |\ |log ne.
Proof. This follows from (5.3) and (5.4) of [23]. O

Lemma 13. Let e be 3,4 or 6 and let i be 1 or —1. There exists a positive
number C', which is effectively computable in terms of 61 and 03, such that

if m exceeds C' then there is an irreducible m in Z[(.] which divides

o — Cioy
in Z[C.| which is either a rational prime p or is such that 77 = p and, in
both cases,
p > mexp(logm/103.95log logm).
Proof. Let cy,co,... denote positive numbers which are effectively com-

putable in terms of ¢, and ;. From Section 2 we see that @%),e(x,y) is
a polynomial with coefficients in Z[(.]. Thus @%)76(91, 05) is in Z[(.] and, by

(16), @5 (61, 65) divides 67 — 207 in Z[(.]. By (12)

D) (61, 605) 05 1 (61,602) = Pre(61,62)
and therefore
(23) DN (A1, A2) 2 D (A, Aa) = D (A1, Aa).

Notice that ®U (A, o) = g¢ma/26@ D) (9, 6,) for j = +1. Since
@%36(91, 6,) is in Z[(,| and @%?e()\l, Ag) is an algebraic integer we see that
‘I)%?e()q, o) is in Z[(.] for j = £1. Therefore if 7 is an irreducible in Z[(.]
which divides (I)%),e()\l, o) then 7 divides (13526(91, 05) and so divides 07" —
Cip. We shall now show that ®%.(A;, As) is divisible by an irreducible 7
which is either a large rational prime or is such that 77 is a large rational
prime.

Since (A; + A2)? and A\ Ay are coprime integers ®,,.(A1, A2) is an integer
for me > 12 and, by Lemma 3, P(me/(3,me)) divides ®,,.(A1, A2) to at
most the first power. All other prime factors are congruent to +1( mod me).
Thus

@ﬁ)’e(Al, Ag) = it ..ol
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where 7 is a divisor of P(me/(3,me)), t > 0, m,...,m are irreducibles of
Z|¢.] and [y, ... I, are positive integers. Note that ¢ > 1 for m > ¢; by
Lemma 11. Let P be the largest prime associated with an irreducible =;.
Then, by (23) and Lemma 12,

max [; < 2P exp(—log P/51.91oglog P)log |\ |log me
j

hence
(24)
log |<I>7(7?7e()\1, A2)| < logme+2tPlog P exp(— log P/51.91oglog P) log | A1 | log me.
But ¢t < 2(m(P,me, 1) + w(P,me,—1)) and so
(25) t < 5P/me.
Thus by (24) and (25)
(26)
log |CI>$,?7€()\1, A2)| < ca(P?log P exp(—log P/51.91oglog P)log me)/me,

and by Lemma 11, for m > c3,
(27) log [ B, (M, Ao)]| > (6(ime) [26(e)) log |\
Comparing (26) and (27) we find that, for m > ¢,
meg(me)/logm < csP?log P exp(—log P/51.91oglog P).
Since ¢(me) > cgm/ loglogm
P > mexp(logm/103.95log log m)

for m > ¢; as required.

5. PROOF OF THEOREM 1

Put K = Q(a) and let Ok denote the ring of algebraic integers of K.
Let w be the smallest positive integer for which wa and wb are algebraic
integers. By considering the sequence (v,,)%° , with v,, = wu,, forn =0,1,...
we see that it suffices to prove our result for sequences (u,,)5, for which
a,b, and ( are algebraic integers. Since a/b and «/f are multiplicatively
dependent there exist integers k and [, not both zero, for which

(28) (a/0)* = (a/B)"

By inverting (28) if necessary we may suppose that k& > 0. Notice that
k # 0 since otherwise o/ is a root of unity contrary to the assumption
that (un)5, is non-degenerate. Thus k£ > 0.
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If I =0 then a/b is a root of unity and we put
(29) un = a0 — (05)
where

(01, 02) = (o, B)

and ( is a root of unity from K.

We now suppose that & > 0 and [ # 0 and, following Schinzel [18] and
Luca [12], we put

lLh=1/(k1), ks =k/(k,1).

It follows from (28) that
(30) (a/b)™ = (a/B)*¢

where ( is a root of unity from K. There exists a unique pair of integers
(x,y) for which

(31) 33[1 + yk1 =1
and

0<y<|hl
Put

p=a"a’/b*pY.
Then, by (31),
3 = (@ /B = (a7 e/ = (/)

and

(33) P =(a/0)™ () B)"™ = (a/B)" (" () B)"™ = (af B)C".
Thus
(a/b)(a/B)" = ph(rphingen = phthanguen,
Accordingly
up = bp"((a/b)(a/B)" + 1)
SO
= BECI (N (),
and we find that

(34) 6121+k1nun — bﬁnCy—wn(@lll+km o (_Cmn—y)6121+k1n>
where
(35) (61, 02) = (a"a”,b" ")

when x > 0 and

(36) (61, 05) = (b~"a¥,a~"pY).
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when x < 0. Observe that
0,/02 = /B
in case (29) while
01/0s = p

in cases (35) and (36). Thus, by (33) and the fact that /3 is not a root of
unity we see that in all three cases 6 /65 is not a root of unity. Furthermore
either a,b, a, B are non-zero integers or a and [ are algebraic conjugates
hence 0, and 65 are algebraic conjugates. In both cases 6, + 05 and 6,60, are
non-zero integers. Note that in the former case K = Q and so the root of
unity ¢ in (29), and also in (30), is 1 or —1.

If in (29) ¢ is 1 then ®,,(04, 02) divides u,, while if ¢ is —1 then ®s,,(0;, 65)
divides u,, and in both cases the result follows from Lemma 4. If [ # 0 then
(34) holds and 647%™y, is an algebraic integer in K which is divisible by
Dryngr, (01, 602) in Og if —¢*7¥ is 1 and is divisible by ®o(,n41,)(01,62) in
Ok if —(*"7¥ is —1. Again the result follows from Lemma 4.

It remains to consider the possibility that ¢ in (29) or —¢*"~¥ in (34) is
a root of unity in K different from 1 or —1. Since the degree of K is at most
2 over Q we find that the root of unity must be a primitive third, fourth or
sixth root of unity and so K = Q((.) with e equal to 3,4 or 6, hence equal
to 3 or 4. Notice that Z[(.| is the ring of algebraic integers of Q((.) and that
Z[(.] is a unique factorization domain. Since Q(a) = Q((.) we see that «

and (§ and also a and b are complex conjugates hence

0, = 0,,
in all three cases.

Let ¢1, o, ... denote positive numbers which are effectively computable
in terms of a,b, and /. Note that if 7 is an irreducible in Z[(.] which is
not a rational prime then 77 is a prime p and since u,, is an integer if 7
divides w,, then p divides u,. If { in (29) is a root of unity different from 1
or —1 then we may apply Lemma 13 with m equal to n to give the result. If
—(* Y in (34) is a root of unity different from 1 or —1 then we may apply
Lemma 13 with m = [; + kyn. Since l; + kyn > n/2 for n > ¢; we see that

l1+k - li+k
911+ m (_Ca:n y)921+ mn

is divisible by an irreducible 7 in Z|[(.| which is either a rational prime p or

is such that 77 = p and in both cases

p > nexp(logn/1041oglogn)
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for n > co. By (34) p divides u,, since b5"(Y~*" is an algebraic integer and
for n > c3 we see that neither m nor 7 divides 5. The result now follows.

6. PROOF OF THEOREM 2

Let u,, denote the n-th term of a non-degenerate binary recurrence se-
quence as in (1) and let g = (r?,s). Let K = Q(«) and let Ox denote the
ring of algebraic integers of K. For any 6 in Ok let [0] denote the ideal in
Ok generated by 6. Notice that, as in Lemma A.10 of [20],

(z —a?/g)(x— B*/g) = 2 — ((r* +25)/9)z + (s/g)*.

Since (r? + 2s)/g and s/g are coprime

([e/g], [8°/9]) = [1].

Put
Un = g " uan = a(a®/g)" + b(5%/g)"
and
Wy = g "ugn i1 = ac(a’/g)" + bB(6*/g)"
forn=0,1,2,... .

We shall prove that if (u,)5°, is a non-degenerate binary recurrence
sequence as in (1) with ([a], [5]) = [1] then for all positive integers n, except
perhaps a set of asymptotic density 0,

(37) P(u,) > nexp(logn/103.95loglogn).
Since (n/2) —1 > n/3 for n > 6 and
(n/3) exp(log(n/3)/103.95log log(n/3)) > nexp(logn/1041loglogn)

for n sufficiently large we see that this suffices to prove our result in general
on considering the non-degenerate binary recurrence sequences (v,,)°, and
()52, in place of (u,)5%, .

Let ¢y, s, ... denote positive numbers which are effectively computable
in terms of a, b, &« and . By Theorem 1 it suffices to prove our result under
the additional assumption that a/b and «/f are multiplicatively indepen-
dent. Further we may assume, without loss of generality, that |a| > |5].

To establish (37) we shall assume that there is a positive number § such
that

(38) P(u,,) < mexp(logm/103.95loglogm),

for a set of integers m of positive upper density 6 and we shall show that this
leads to a contradiction. Accordingly, we can find arbitrarily large integers

n such that between n and 2n there are at least dn/2 integers m which



14 C.L. STEWART

satisfy (38). Fix such an integer n and denote the set of these integers by
M. Put

(39) T = 2nexp(log 2n/103.95 log log 2n),

and for each prime number p less than T' let u,,) be the term with n <
m(p) < 2n which is divisible by the highest power of p; if more than one
term is divisible by p raised to the largest exponent then denote the one
with least index by ().

It is proved on page 24 of [22] that, for n sufficiently large, at most 3 of
the integers m with n < m < 2n satisfy

[t < a1,

Further, since u,, is non-zero for m sufficiently large, we see that

(40) lo |Hu |><5_n210 o]
g m 1 g

meM
for n sufficiently large.

Put
Up ... Usp
S(p) =
Um(p)
Clearly
(41) | T vl < T Jttmin 1, 1S @)1
meM p<T
By Lemma 5, for p > ¢;
(42) 10g |tim(p) |, ' < plog pexp(—log p/51.91oglog p) log 2n.
Further, for p < ¢
-1

(43) log [tm@)],” < nér%%%nlog |um| < 4nlog ||

for n sufficiently large. Thus

D 10 [tm |, < loglumel, D 108 [ump)l,

p<T p<ci c1<p<T

and by (42) and (43)
Zlog U, < con + 7w (T)T log T exp(—log T'/51.9log log T') log 2n.
p<T
Therefore, by (39), for n sufficiently large
(44) Zlog U, < n* exp(—logn/40,000log log n).
p<T
It remains to estimate [, [S(p)[,"-
Let p be a prime which divides o and let p be a prime ideal divisor of

[p] in Ok with ramification index e,. Then p divides either [o] or [5] and we
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shall assume, without loss of generality, that p divides [a]. Put o/ = (f—a)a
and ¥ = (B — a)b. If p! exactly divides [u,,] then p®! exactly divides [b'] for
m sufficiently large. Thus

|um|p > |a/b/|pa

and so

(45) 115w < T 1w,
p<T p<T
plaB plas

Assume now that p does not divide af and let ¢, as in (5), be the n-th
term of the Lucas sequence associated with (u,)32 . For positive integers m

and r with m > r,
(46) U — B Uy = a' "™t

On setting m = m(p) in (46) and letting 7 run over those integers such that
m(p) — r > n we find that

m(p)—n
(47) |tm(p)—1 - - - Unlp = H ([trlpla’V'l,)-
r=1

Let [ = I(p) be the smallest integer for which p divides #;; [ exists by Lemma
6. For any real number z let |x] denote the greatest integer less than or
equal to x. By Lemma 7, if p > 2 then

m(p)—n

(48) H ], = |tl’f)1|51!|p>

r=1

where s; = Lm(”l)fnj, while if p = 2

m(p)—n

(49) IT 1tle = 1l

r=1

52
to

U2

|32!|2;

—m(g)l_"J. Similarly on setting m —r = m(p) in (46) and letting

r run over those integers such that m(p) + r < 2n we find that for p > 2

where sy = |

(50) |um(p)+1 e u2’l’b|p Z |tl|;3|83!|p|a,b/|§n_m(p),

while for p = 2,

S4
to

L2

where s3 = [ 2@ | and s, = |22 | Thus, from (47), (48) and (50)

we see that if p is a prime number which does not divide 2a8 then

2n—m(p)

(51) ]um(p)ﬂ e U2n|2 Z |tl ;3 |S4!|2|alb/ 2 s

(52) 1S()|, " < [l o [s!]  a't|

-n
p
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and

to

—S
sttty
L2

(53) [S@)I" < [tly*

where s = [ 7].

By Lemma 6 either 2 divides af or 2 divides t,, for some integer n and
[(2) is either 2 or 3. But in the latter case, since |t;| < 2|/,

—S
ta

(54) 5 < 2"|of™

L2

Therefore, by (45), (52), (53) and (54)
(55) 115wt < 2tal (T Itl,*)nlad|".

p<T p<T

pR2ap
Now
(56) I1 tl,°=AB
p<T
pR2aB
where
LGy
A= I Ik ™
l(p)<n/logn
p<T
pl2ap
and

L)
B= I luwlh ™

n/logn<l(p)

p<T

pf2af
Observe that

A< II mlt

1<l<n/logn

and so
A< H 2" a|"

1<i<n/logn
hence
(57) log A < c3n?/logn.

Further when I(p) > n/logn we have

o

and, by Lemma 6, when p < T we see that [(p) < T + 1. Since

p+1>1(p) >n/logn



ON PRIME FACTORS OF TERMS OF BINARY RECURRENCE SEQUENCES 17
it follows from Lemma 8 that
log B < w(T)logn(T+1) exp(—log(T+1)/(51.91oglog(T+1))) log(T+1) log || log 2n
hence, by (39),
(58) log B < n? exp(— logn/40,000log logn),

for n sufficiently large. By (55), (56), (57) and (58)
(59)
log H 1S()]," < canlogn + csn®/logn + n exp(—logn/40,000 log log n),
p<T
for n sufficiently large.
But the lower bound (40) for log|]],,c,; tm| is incompatible with the
upper bound which follows from (41), (44) and (59) for n sufficiently large.
This contradiction establishes our result.

7. REMARK

As the referee has noted, the proof of Theorem 2 shows not only that
the set of positive integers m for which (38) holds is of density zero but that
up to X it is of size O(X/log X). In fact, by modifying the definition of A
and B, one may prove that there is a positive number ¢ such that up to X

the set is of size O(X/ exp(clog X/ loglog X)).
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