ON THE REPRESENTATION OF INTEGERS BY BINARY FORMS
C. L. STEWART AND STANLEY YAO XIAO

ABSTRACT. Let F be a binary form with integer coefficients, non-zero discriminant
and degree d with d at least 3. Let Rr(Z) denote the number of integers of absolute
value at most Z which are represented by F. We prove that there is a positive
number Cr such that Rp(Z) is asymptotic to CpZ1.

1. INTRODUCTION

Let F' be a binary form with integer coefficients, non-zero discriminant A(F') and
degree d with d > 2. For any positive number Z let Rr(Z) denote the set of non-zero
integers h with |h| < Z for which there exist integers x and y with F'(x,y) = h. Denote
the cardinality of a set S by |S| and put Rp(Z) = |Rp(Z)|. There is an extensive
literature, going back to the foundational work of Fermat, Lagrange, Legendre and
Gauss [12], concerning the set Rp(Z) and the growth of Rp(Z) when F' is a binary
quadratic form. For instance in 1908 Landau [26] proved that if Fy(z,y) = 2? + 32
then

(1.1) Rp(Z) ~ CoZ/(log Z)'/?

with Cp, the Landau-Ramanujan constant [14], given by
1/2

1 1
(1.2) Co= |3 1T

2
p=3 (mod 4) 1 p

where the product is over primes congruent to 3 modulo 4. See [6], [7] and [§] for more
recent treatments of these topics. For forms of higher degree much less is known. In
1938 Erd6s and Mahler [I1] proved that if F is irreducible over Q and d is at least 3
then there exist positive numbers ¢; and ¢y, which depend on F', such that

Rp(Z) > c1Z1
for Z > cs.

Put

(1.3) Ap = p({(z,y) €ER* 1 |F(z,y)| < 1})

where p denotes the area of a set in R%. In 1967 Hooley [18] determined the asymptotic
growth rate of Rp(Z) when F' is an irreducible binary cubic form with discriminant
which is not a square. He proved that
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(1.4) Rp(Z) :Ang—f-O(Z%(loglOgZ)_Wlo) ]

In 2000 Hooley [23] treated the case when the discriminant is a perfect square. Sup-
pose that

F(l’, y) = bgl'g + b2x2y + b1$y2 + boyg.
The Hessian covariant of F' is

qr(z) = Az* + Bx + C,

where
A= bg - 3b3b1, B= b2b1 - 9b3b0 and C = b% - 3b2b0.
Put
A(F
(1.5) (F)

= ged(A4, B,C)

Hooley proved that if F' is an irreducible cubic with by and by divisible by 3 and A(F)
a square then there is a positive number « such that

2 2 2
= - — 3 3 -
(1.6) Rr(2) (1 3m> ApZ5 +0 (Z (log Z) ) .
We remark that if F' is a binary cubic form then
32(1/3)
—_— if A(F
[A(F)[s Ap =
2
VB(/3) e A (py < 0.

['(2/3)
where I'(s) denotes the gamma function. In [1] Bean gives a simple representation
for Ap when F' is a binary quartic form.
Hooley [22] also studied irreducible quartic forms of the shape
F(z,y) = az* + 2ba*y* + cy’.

Let € > 0. He proved that if a/c is not the fourth power of a rational number then

A 1 1
(1.7) Rp(Z) = TFZE + Op. (Z£+s) .
Further if a/c = A*/C* with A and C coprime positive integers then
_ AF 1 i 8.
(1.8) Ri(2) = F (1 - m) Z% + Op. (237 ) .

In addition to these results, when d is at least 3 and F' is the product of d linear
forms with integer coefficients Hooley [24], [25] proved that there is a positive number
CF such that for each positive number &

(1.9) Rp(Z) = CpZi + Op. (279,

where 73 is g and 7, is %l — % if d exceeds 3.
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Browning [5], Greaves [13], Heath-Brown [16], Hooley [19], [20], [2I], Skinner and
Wooley [33] and Wooley [36] have obtained asymptotic estimates for Rp(Z) when F
is of the form z? + y? with d > 3. Furthermore, Bennett, Dummigan and Wooley
[2] have obtained an asymptotic estimate for Rr(Z) when F(x,y) = az? + by? with
d > 3 and a and b non-zero integers.

For each binary form F' with integer coefficients, non-zero discriminant and degree
d with d > 3 we define S in the following way. If F' has a linear factor in Rz, y] we
put

(12
To if d = 3 and F is irreducible over Q
4 ) .
- if d =3 and F has exactly one linear factor over Q
5 . :

(1.10) Bp = 9 if d = 3 and F has three linear factors over Q
5 if4<d<8
i
(d—2)Vd+3 -
1

1 if d > 9.

L d —

If F does not have a linear factor over R then d is even and we put

3
—— ifd=4,6,8
dv/d

(1.11) Br =
1
y if d > 10.

We shall employ a similar strategy to the one used by Hooley [25] to prove (1.9) in
order to establish the following result.

Theorem 1.1. Let F' be a binary form with integer coefficients, non-zero discriminant
and degree d with d > 3. Let € > 0. There exists a positive number C'r such that

(112 Re(Z) = Cp 2} 4 Op, (2974,
where Br is given by and .

The proof of Theorem depends on some results of Salberger in [30] and [31],
which are based on a refinement of Heath-Brown’s p-adic determinant method in [17],
an argument of Heath-Brown [I7] and a classical result of Mahler [27]. When d is 3
and F' is reducible we appeal to a result of Heath-Brown on integer points on non-
singular cubic forms [16] and to work of Hooley [24] and Xiao [3§], [39]. In addition,
and crucial for our proof, we shall elucidate the structure of the lattices associated
with the automorphism group of F' and its subgroups. Theorem [L.1], together with
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Theorem [1.2] contains all previous estimates for Rp(Z).

Let A be an element of GLy(Q) with

A — (CLl &2) '
as ag

Put Fa(x,y) = F(a1x + agy, azx + agy). We say that A fixes F' if Fy = F. The set
of A in GLy(Q) which fix F is the automorphism group of F' and we shall denote it
by Aut F'. Let G and G3 be subgroups of GLy(Q). We say that they are equivalent
under conjugation if there is an element 7' in GLy(Q) such that Gy = TGT 1.

The positive number Cp in (1.12)) is a rational multiple of Ar and the rational
multiple depends on Aut F'. There are 10 equivalence classes of finite subgroups of
GL2(Q) under GLy(Q)-conjugation to which Aut F' might belong and we give a rep-
resentative of each equivalence class together with its generators in Table 1.

Table 1
Group | Generators Group | Generators
e ) o (o)
e (3 Y) o, (Y 0) (3 )
Cs (—01 —11> Dy ((1) (1)) ’ (—01 —11)
oo 1(40) . (5 0) (4 o)
o (1) oo (5 0) (4 1)
Since the matrix —1 = _01 _01) is in Aut F' if and only if the degree of F' is

even, we see from an examination of Table 1 that if the degree of F'is odd then Aut F'
is equivalent to one of Cy, C3,D; and D3 and if the degree of F' is even then Aut F
is equivalent to one of Cy, Cy4, Cq, Do, Dy and Dg.

Note that the table has fewer entries than Table 1 of [34] which gives representatives
for the equivalence classes of finite subgroups of GLs(Z) under GL5(Z)-conjugation.
This is because for ¢ = 1,2, 3 the groups D; and D} are equivalent under conjugation
in GL2(Q) but are not equivalent under conjugation in GLy(Z). Further every finite
subgroup of GLy(Q) is conjugate to a finite subgroup of GLy(Z), see [2§].
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Let A be the sublattice of Z? consisting of (u,v) in Z? for which A <u

all A in Aut F', and put

) is in Z2 for

(%

(1.13) m = d(A),

where d(A) denotes the determinant of A. Note that m = 1 when Aut F' is equal to
either C; or C,. Observe that the conjugacy classes of C; and Cy in GLy(Q) consist
only of themselves.

When Aut F' is conjugate to D3 it has three subgroups G, G2 and G35 of order 2
with generators Ay, A; and As respectively, and one, G4 say, of order 3 with generator

Ay Let A; = A(A;) be the sublattice of Z? consisting of (u, v) in Z? for which A; (u)
v

is in Z? and put

for i = 1,2,3,4. We remark that my is well defined since, by (3.7), A4 does not
depend on the choice of generator Aj.

When Aut F' is conjugate to D, there are three subgroups Gy, G and G5 of order
2 of Aut F/{#I}. Let A; be the sublattice of Z? consisting of (u,v) in Z? for which

u
A is in Z? for A in a generator of G; and put
v

(1.15) m; = d(A;)

forv=1,2,3.

Finally when Aut F' is conjugate to Dg there are three subgroups G, G5 and Gz
of order 2 and one, G4 say, of order 3 in Aut F'//{£I}. Let A; be in a generator of G;
for i = 1,2,3,4. Let A; = A(A;) be the sublattice of Z?* consisting of (u,v) in Z? for

which A; (u) is in Z? and put
v

(1.16) m; = d(A;)

fori=1,2,3,4.

Theorem 1.2. The positive number Cp in the statement of Theorem [1.1] is equal to
WrAp where Ag is given by and W is given by the following table:
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Rep(F) | Wg Rep(F) | Wg
|
C 1 D, 1— —
2m
1 1 1
C - D “(1-—
2 2 ? 2 < 2m>
2 1 1 1 2 4
Cs 1—— D, 1— - - - +—
3m 2my  2ms  2m3  3my  3m
1 1 1 1 1 1 3
C —(1-— D ~(1- - - =
! 2 ( 2m) ! 2 ( omy  2my  2my 4m)
1 2 1 1 1 1 2 4
C “(1-—= D ~(1- - - - —
0 2 < 3m> ¢ 2 < 2y 2my  2ms  3my | 3m)

Here Rep(F) denotes a representative of the equivalence class of Aut F' under GL2(Q)
conjugation and m,my, mq, m3, my are defined in (1.15),(1.14}), (1.15), and .

We remark, see Lemmal3.2] that if Aut F'is equivalent to Dy then m = lem(mq, ma, ms),
the least common multiple of mq, mo and ms, and if Aut F' is equivalent to D3 or Dg
then m = lem(my, mg, mg, my).

Observe that if F'is a binary form with F'(1,0) # 0 and A = (Zl 22) is in Aut
3 Q4

. a1+ a
then A acts on the roots of F' by sending a root «a to 1= "2 If A fixes a root
aso + ay
then

aza? + (ag — ar)o + ay = 0.
If F' is an irreducible cubic then a has degree 3 and so

a3:a4—a1:a2:0,

10 -1 0
A:(O 1) orA:(O _1).

10
01
Aut F' which fixes a root of F' is the identity matrix I.

hence

But since F' has degree 3 we see that A = . Therefore the only element of

If Ain Aut F' does not fix a root it must permute the roots cyclically and thus
must have order 3. Further, since any element in Aut I’ of order 2 would fix a root of
F, we find that Aut F is GLy(Q)-conjugate to Cs, say Aut F' = TC3T~! with T in
GL2(Q). Forms invariant under Cj are of the form

G(z,y) = ax® + b’y + (b — 3a)wy® — ay®
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with a and b integers; see (74) of [34]. Notice that
A(G) = (b* — 3ab + 9a*)*.
Then F' = G for some G invariant under C3 and so
A(F) = (det T)°A(QG).
We conclude that if F' is an irreducible cubic form with discriminant not a square
then Aut F' is C; and so Wr = 1; thus Hooley’s result follows from Theorems
and . When Aut F' is equivalent to C3 then Wrp = 1 — 31 where m is the

m

determinant of the lattice consisting of (u,v) in Z? for which A “) s in Z2 for all
v

Ain Aut F'. By Lemma it suffices to consider the lattice consisting of (u,v) in

Z? for which A(u) is in Z? for a generator A of Aut F. Hooley has shown in [23]
v

that the determinant of the lattice is m and so (1.6 follows from Theorems[l.1|and[1.2]

Now if F(z,y) = az* + bx®y? + cy* and the discriminant of F is non-zero then

Aut F' is generated by (_01 _01) and ((1) _01> and so is equivalent to Dy unless

a/c = A'/C* with A and C coprime positive integers. In this case Aut F is generated

by ( A?C O(/]A> and (—/? /C OéA> and so is equivalent to D,. In the first instance

1
m=1and Wy = 1 and we recover Hooley’s estimate 1} In the second case m; =1
and my = m3z = m = AC and so

1 1

which gives (1.8]).

If follows from the analysis on page 818 of [34] that when F' is a binary cubic form
with non-zero discriminant Aut F' is equivalent to Cq, C3, Dy or D3 whereas if F' is
a binary quartic form with non-zero discriminant Aut F' is equivalent to Cy, Cy, Dy
or Dy. In [38] and [39] the second author gives a set of generators for Aut £ in these
cases and as a consequence it is possible to determine Wy explicitly in terms of the
coefficients of F.

In the special case that F is a binomial form, so F/(z,y) = az® + by?, it is straight-
forward to determine Aut F'; see Lemma [3.3] Then, by Theorems and [L.2] we
have the following result.

Corollary 1.3. Let a,b and d be non-zero integers with d > 3 and let
F(z,y) = ax® + by®.

Then holds with Cr = WgpAr and with Br given by when d is even
and ab > 0 and given by otherwise. If a/b is not the d-th power of a rational
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number then

—_

if d is odd,
Wgp =

if d is even.

A\
If% = (E) with A and B coprime integers then
1— ! if d is odd
if d is odd,
wr=4, 2]AB|
- f d is even.
1 i
Further if d is odd then
['(1—2/d)['(1/d) N I'%(1/d)
Ap = d|ab|1/d I'(1—1/d) I'(2/d)

while if d is even
2 T2(1/d)
d|ab|/4 T'(2/d)

4 r/dra-2/d)
AF_d]abP/d Tl = 1/d) if ab < 0.

and

Finally we mention that there are other families of forms where one may readily
determine Wp. For instance let a, b and k be integers with a # 0, 2a # +b and k& > 2
and put

(1.17) F(z,y) = ax® + ba*y" + ay®
The discriminant of F' is non-zero since a # 0 and 2a # +b. Further, Dy is plainly
contained in Aut I’ and there is no larger group which is an automorphism group of a
binary form which contains D4. Therefore Dy is Aut F'. It now follows from Theorem
that Wr =1/8 since m; = mg =mz =m = 1.
2. PRELIMINARY LEMMAS
We shall require a result of Mahler [27] from 1933. For a positive number Z we put
Nr(Z) = {(z,y) € 2 : 0 < |F(z,y)| < Z}

and
Np(Z) = |Nr(2)].

Lemma 2.1. Let F be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. Then, with Ar defined by , we have

(2.1) Ne(Z) = ApZi + Op (2°)
where 0 = 1/d if F' does not have a linear factor in Rlz,y] and 0 = 1/(d—1) otherwise.
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Proof. Mahler proved (2.1)) with § = 1/(d — 1) under the assumption that F is irre-
ducible. A special case of Theorem 3 in [35], due to Thunder, covers the more general
situation where we suppose that F' has non-zero discriminant.

If F has no linear factor in R[z,y| then the region {(z,y) € R?*: |F(z,y)| < Z} is
closed and bounded with boundary length L say. Further if x and y are integers with
F(z,y) = 0 then (z,y) = (0,0). Thus
(2.2) INF(Z) — ApZi| < 1+ 4(L + 1),
see for example [9], [27], and since L = Op(Z4) the result follows.

Lemma 2.2. Let F be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. Let Z be a positive real number and let v be a real number larger
than 1/d. The number of pairs of integers (x,y) with

(2.3) 0<|F(z,y)| <Z

for which
max{|z|, [y[} > Z7
18
Or (Z% log Z + ZHd—?W) .

Proof. We shall follow Heath-Brown’s proof of Theorem 8 in [I7]. Accordingly put
S(Z;0) = |{(x,y) €Z*: 0 < |F(x,y)| < Z,C < max{|z|, |y|} < 2C, ged(z,y) = 1}|

and suppose that C' > Z7. Heath-Brown observes that by Roth’s theorem S(Z;C') =
0 unless C' < Z2. Further,

(2.4) S(Z;C) < 1+
Put

SW(Z:C) = {(z,y) € 22 : 0 < |F(z,y)| < Z,C < max{|z].[y[}. ged(w, y) = 1}].
Therefore, on replacing C' by 2/C in for j = 1,2, ... and summing we find that

gd-2"

Z
SW(Z,0) < log Z + ——

Cd-2"
Next put
SNZ;C) = {(z,y) € Z*: 0 < |F(x,y)| < Z,C < max{|z|, [y}
Then
z C
2) (7. w2 =
SOzoy< Y S (hd, h)
hSZl/d
Z
< Z (logZ+W)
h<z1/d

< Zilog Z +

Cd—2
and our result follows on taking C' = Z7.
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We note that instead of appealing to Roth’s theorem it is possible to treat the
large solutions of (2.3) by means of the Thue-Siegel principle; see [3] and [34]. As a
consequence all constants in the proof are then effective. O

We say that an integer h is essentially represented by F' if h is represented by F
and whenever (xq,%), (x2,%2) are in Z? and

F(ifl,yl) = F($27?/2) =h
then there exists A in Aut F' such that
-0
Y1 Y2
Observe that if there is only one integer pair (z1,y;) for which F(z1,y1) = h then h
is essentially represented since I is in Aut F'.

Put
N}l)(Z) ={(z,y) €Z*:0 < |F(z,y)| < Z and F(z,y) is essentially represented by F'}
and
J\/}S?)(Z) ={(z,y) €Z*: 0 < |F(z,y)| < Z and F(z,y) is not essentially represented by F'}.
Let NO(2) = IN9(Z)] for i = 1,2.

Let X be a smooth surface in P? of degree d defined over Q, and for a positive
number B let Ni(X; B) denote the number of integer points on X with height at
most B which do not lie on any lines contained in X. Colliot-Théleéne proved in the
appendix of [I7] that if X is a smooth projective surface of degree d > 3 then there
are at most Oy(1) curves of degree at most d — 2 contained in X. This, combined
with Salberger’s work in [3I], implies that for any € > 0, we have

(2.5) N\(X;B) = 0. (B¥+€> it d = 3.

Heath-Brown [16] obtained a better estimate for N;(X; B) when d = 3 and the surface
X contains three lines which are rational and co-planar. In particular, he proved that
in this case we have

(2.6) Ni(X;B) = Ox. (B%+f) .

Further, by the main theorem of the global determinant method for projective surfaces
of Salberger [30], which has been generalized to the case of weighted projective space
in Theorem 3.1 of [37], and controlling the contribution from conics contained in a
projective surface X, as was done by Salberger in [29], we obtain

(2.7) N(X:B) = Oy, (B%+E + Bl+€) it d > 4.

To make use of ([2.6)), we shall require the following lemma, which is a consequence
of a result in [38], [39] characterizing lines on surfaces X of the shape

X : F(xy,29) — F(x3,24) =0

when F'is a binary form of degree either 3 or 4. In particular the degree three case
allows us to deduce the following:
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Lemma 2.3. Let F' be a binary cubic form with integer coefficients and non-zero
discriminant. Let X be the surface in P® given by the equation

F(xy,29) — F(x3,14) = 0.
Then X contains three rational, co-planar lines if F is reducible over Q.
Proof. We first show that X contains three rational, co-planar lines if F' has a rational
automorphism of order 2. Since all elements of order 2 in GLy(Q) are GLo(Q)-
conjugate to (93) and the property of X having three rational, co-planar lines is
preserved under GLo(Q)-transformations of F, we may assume that 7' = (1) is
in Aut F'. In particular, we assume that F' is symmetric; an elementary calculation

shows that F'is divisible by the linear form x +y. By Lemma 5.2 in [38] we see that
X(R) contains the lines

{[s,t,s,t] : s,t € R}, {[s,1,t,8] : s,t,€ R}, {[s,—s,t,—t] : s,t € R}
in P3(R). These lines all lie in the plane given by the equation
$1+ZL‘2—$3—[E4:O.

Each of these three lines is rational, hence X contains three rational, co-planar lines.
Now by Theorem 3.1 of [38] F' is reducible over Q if and only if Aut F' contains an
element of order 2, which completes the proof. [l

Lemma 2.4. Let F be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. Then, for each € > 0,

(2.8) NP(Z) = Op. (2°7%9)
where Br is given by and .

Proof. By the work of Hooley [24], (2.8)) holds with g given by 5/9 when the degree
of F'is 3 and F splits into linear factors over Q and so we shall assume in the balance
of the proof that this is not the case. Let € > 0. If F' has a linear factor over R put

( 1—79 if d = 3 and F' is irreducible over Q,
3 . . :
- if d =3 and F' is reducible over Q,
’]’] =
vd if4<d<8,
dvd —2v/d + 3
1
— if d > 0.
\d—1 ' =9
If F does not have a linear factor over R put
L
=—-+e.
T4

We shall give an upper bound for N }2)(Z) by following the approach of Heath-
Brown in his proof of Theorem 8 of [I7]. We first split N, }2)(Z ) into two sets:
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(1) Those points (z,y) € N}Z)(Z) which satisfy max{|x|,|y|} < Z",
and
(2) Those points (z,y) € N}Q)(Z) which satisfy max{|z|, |y|} > Z".

We will use (2.5, (2.6)), and (2.7 to treat the points in category (1). Let us put
G(x) = F(x1,x2) — F(x3,14).
We shall denote by X the surface defined by G(x) = 0. Notice that X is smooth since
A(F) #£0.
Let No(X; B) be the number of integer points (ry, 7o, 73, 74) in R* with max Iri| < B

for which (ry, 72, 73,74), viewed as a point in P2, is on X but does not lie on a line in
X; here we do not require ged(rq, g, r3,74) = 1. Then

Ny(X;B) < ZB:Nl (X; E)

t
t=1

and so, by (2.5), (2.6), (2.7), and Lemma [2.3]
Nyo(X;B) = O. (B%QJ“S) if d = 3 and F is irreducible,

No(X:;B) = Op. (B%+€> if d =3 and F is reducible,

and

No(X; B) = Oy, <B%+E + BHE) if d > 4.
Therefore
(2.9) Ny (X Z") = Ope (2°77°) .

It remains to deal with integer points on X which lie on some line contained in X.
Lines in P may be classified into two types. They are given by the pairs
UIT1 + UsTy + U3x3 + Ugry = 0, V33 + vy = 0,
and by
1 = Uu1T3 + ULy, Ty = U3T3 + UgTy.
Suppose the first type of line is on X. Then one of vz, v4 is non-zero, and we may
assume without loss of generality that v3 # 0. We thus have
— 0y
T3z = —XT4.
U3
Substituting this back into the first equation yields
—U4 U3Vy — Vzly
UIX] + UsZo = —U3—— Ty — ULy = ————X4.
U3 U3
Substituting this back into F'(xy, z5) = F(z3,14) and assuming that uzvy — vsuy # 0,
we see that
—y

F(z1,29) = F <—x4, x4) = 29F(—vy/vs, 1)

U3

d
—U4 V3Uy U2V3

F{—1 Ty + To | .
U3 U3V4 — V3U4g U3V4 — U4V3
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If F(—vy/v3,1) # 0, then we see that F'is a perfect d-th power, which is not possible
since A(F') # 0. Therefore we must have F'(xq,x2) = 0 which is a contradiction. Now
suppose that uzv, = vsuy. We see that uq, us cannot both be zero. Assume without
loss of generality that u; # 0. Then

F(xy,29) = :L“gF(—UQ/ul, 1),

which is not possible since A(F') # 0. Therefore we must have F(—ug/us,1) = 0, so
once again F(z1,x2) = 0.

Now suppose that X contains a line of the second type. Suppose that ujuy = usus.
Since at least one of uq, us and one of ug, uy is non-zero, we may assume that u; and
uz are non-zero. Then we have

UL, = U UzT3 + Uguzly = Uy (UzTs + Usly),

hence
(u3/u1)x1 = U3T3 + ULy = To.
Thus F(z1,x9) = F(x3,24) implies that

F(xs,14) = 29F (1, uz/uy) = (uzrs + uawq)®(uy Jus) F (1, uz/uy).

As before we must have F(x3,24) = 0.

The last case is a line of the second type and for which ujus # usus. Such a line
yields the equation

F(x3,14) = F(ujs + usxy, usxs + usxy).

If (rq,7r9,7r3,74) is an integer point on X on such a line and there is no element A of
Aut F which maps (r1,72) to (rs,r4) then it follows that at least one of uy, us, uz and
uy is not rational. Therefore, (71, 79,73, 74) must lie on a line which is not defined over
Q and hence has at most one primitive integer point on it. Thus there are at most
O (Z") integer points whose coordinates have absolute value at most Z” which lie on
it. Since X is smooth it follows from a classical result of Salmon and Clebsch, see
p. 559 of [32] or [4], that there are at most O4(1) lines on X and so at most O4(Z")
integer points whose coordinates have absolute value at most Z" on lines on X which
are not defined over Q. This, together with , shows that the number of points
in category (1) is at most
Op. (2°7%9).

When F has a linear factor over R we apply Lemma with v = 7 to conclude
that the number of points in category (2) is at most Op, (Z°7¢). Otherwise we may
write

F(I‘,y) = H[@(I,?J)

with say L;(x,y) = A\jo + 6,y where \; and 6; are non-zero complex numbers whose
ratio is not a real number. But then

|L](:L‘,y)| >>>\j19j max(|x|, |y|)

and so
|F (2, )| >p max(|z], [y])?.
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Therefore in this case the number of points in category (2) is at most Op.(1) and the
result now follows. U

In [I7] Heath-Brown proved that for each e > 0 the number of integers h of absolute
value at most Z which are represented by F' but not essentially represented by F is

(2.10) Or. (730 te)

whenever F' is a binary form with integer coefficients and non-zero discriminant.
This follows from the remark on page 559 of [I7] on noting that the numerator of
the exponent should be 12d 4+ 16 instead of 12d. Observe that the exponent is less

than 2/d for e sufficiently small. It follows from (2.10) that Lemma holds with
Br replaced by the larger quantity given by the exponent of Z in (2.10f). To see this

we denote, for any positive integer h, the number of prime factors of h by w(h) and
the number of positive integers which divide h by 7(h). By Bombieri and Schmidt [3]
when F is irreducible and by Stewart [34] when F' has non-zero discriminant, if A is
a non-zero integer the Thue equation

(2.11) F(z,y) = h,

has at most 2800d" (" solutions in coprime integers = and y. Therefore the number
of solutions of (2.11)) in integers = and y is at most

(2.12) 28007 (h)d' ™.
Our claim now follows from ({2.10)), (2.12)) and Theorem 317 of [15].

Lemma 2.5. Let F' be a binary form with integer coefficients, non-zero discriminant

and degree d > 3. Then with Ap defined as in ,
N(Z) = ApZi + Op, (277 %)
where Br is given by and .

Proof. This is an immediate consequence of Lemmas and since @ is less than
or equal to Or . O

3. THE AUTOMORPHISM GROUP OF F' AND ASSOCIATED LATTICES
For any element A in GLy(Q) we denote by A(A) the lattice of (u,v) in Z? for
which A <u) is in Z2.

(%

Lemma 3.1. Let F' be a binary form with integer coefficients and non-zero discrim-
inant. Let A be in Aut F'. Then there exists a unique positive integer a and coprime
integers ay, as, as, ay such that

(3.1) A=t (al a2> ,
a \a3 a4

and

(3.2) a = d(A(A)).
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Proof. Let A = (al a2> and write
3 gy
a;
o = —
a
for 1 = 1,2,3,4 where a is the least common denominator of the «;’s. Note that
ay, as, as,ay are coprime since A is in Aut F' and so |det(A)| = 1. This yields the

form given in (3.1). Then A(A) is the set of (u,v) in Z* for which
a1u+ av =0 (mod a)

and
azu+ asv =0 (mod a).

For each prime p let k& be the largest power of p which divides a. We define the
lattice A®)(A) to be the set of (u,v) in Z? for which

(3.3) au+aw =0 (mod p")
and

(3.4) asu+aw =0 (mod pb).
Then

(3.5) A(A) = [ AP(A),

where the intersection is taken over all primes p.

Since aq, as, az and a4 are coprime at least one of them is not divisible by p. Suppose,
without loss of generality, that p does not divide a;. Suppose also that k is positive.
Then a; ' exists modulo p*. Thus if (3.3) holds then

u= —a;'ayv (mod p¥)
and becomes
(3.6) (aray — asaz)v =0 (mod p").
But A is in Aut F' and so | det(A)| = 1. Thus
laray — asas| = a?

and (3.6) holds regardless of the value of v. Therefore the elements of the lattice
A®)(A) are determined by the congruence relation (3.3)). This is also true if k is 0. It
follows that

d(AP(A)) = p*
and by (3.5) and the Chinese Remainder Theorem we obtain (3.2)). O

Lemma 3.2. Let F' be a binary form with integer coefficients, non-zero discriminant
and degree d > 3. If A is an element of order 3 in Aut F' then

(3.7) A(A) = A(A?).
If Aut F' 1s equivalent to D3, Dy or Dg then
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Further m = lem(my, ma, mg) when Aut F is equivalent to Dy and m = lem(my, ma, mg, my)
when Aut F' is equivalent to D3 or Dg.

Proof. Let us first prove (3.7). Then either A or A% is conjugate in GLo(Q) to
0 1

and we may assume we are in the former case. Let T be an element

-1 -1
[t 1o
(3.9) T = (tg t4) ,
where tq,1s,t3 and t4 are coprime integers for which
(01
(3.10) A=T (_1 1 T.

Put ¢t = t1t4 — tgtg. Then

1 (t1t2+t2t3+t3t4 12+ 12 + toty )

A —
t —t1ty — t3 — tl —t1ty — T3ty — t1to

and
A2 _ 1 —t1tg — tgty — 1ty _t% _ t421 — toly
t o+ 15+ ity tity + taty + tats

hence A(A) is the set of (u,v) € Z? for which

(3.11) (tits + tots + tats)u + (15 + t + taty)v =0 (mod ?)
and

(3.12) (tits + 12 + 13 u + (tity + tsty +tits)v =0 (mod t).
Similarly, A(A?) is the set of (u,v) € Z? for which

(3.13) (trta + tity + tats)u + (5 + ¢ + taty)v =0 (mod ¢)
and

(3.14) (13 4 12 4 tits)u + (tots + taty +tita)v =0 (mod t).

On noting that t1ty = tats (mod t) we see that the conditions (3.11)) and (3.12 - are

the same as ) and (| - hence
A(A) = A(A2).

Suppose that Aut F' is equivalent to D, under conjugation in GLy(Q). Then there
exists an element T in GLy(Q) given by with 1, %o, 13 and t4 coprime integers
for which Aut I’ = T7'D,T. Put t = t,t, — tot3 and note that ¢t # 0. The lattices
Ay, Ay and Az may be taken to be the lattices of (u,v) in Z? for which

T-'A,T (“) €72
v

0 01 1 0
= (o) = (o) 4= %)

Thus A; consists of integer pairs (u,v) for which

(3.15) (tita + tsta)u+ (5 +t)v =0 (mod ¢)

where
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and
(3.16) (13 + 12)u + (tity +tsty)v =0 (mod ).
A5 consists of integer pairs (u,v) for which
(3.17) (tity — tst))u+ (3 —t5)v =0  (mod t)
and
(3.18) (t] — t3)u + (tity — tsty)v =0 (mod t)
and Az consists of integer pairs (u,v) for which
(3.19) 2tatzu + 2t5t, v =0 (mod ¢)
and
(3.20) 2t1tzu + 2t5tz3v =0 (mod ¢),

where in (3.19) and (3.20]) we have used the observation that
t1t4 = t2t3 (IIlOd t)

For each prime p we put h = ord,t. Deﬁne A for ¢ = 1 2,3 to be the lattice of

(u,v) in Z? for which the congruences ([3.15]) and - and , and

and - 3.20)) respectively hold with ¢ replaced by p" and deﬁne A P) to be the lattlee for
which all of the congruences hold. We shall prove that for some reordering (i, j, k) of
(1,2,3) we have

(3.21) AP S AP = AP

It then follows that

(3.22) AP AAP = AP QAP NAY = AP

for any pair {r, s} from {1,2,3}. But since

(3.23) (AP NAP) = A, N A, and (AP = A,
P P

we see that (3.8) holds. Further

mase{a (A7) . (1) . (1)} =

and so d(A) is the least common multiple of d(A;), d(As) and d(Ag)

It remains to prove . Put
g1 = ged(tity + tata, t1 + 13, 15 + 3, 1),
g2 = ged(tity — tata, t] — 15,15 — 13, 1)
and
g3 = ged(2tats, 2taty, 213, t).
We shall show that ged (g1, g2) is 1 or 2 and that

(3.24) ged(g1, 92) = ged(g1, g3) = ged (g2, g3).

Notice that if p divides g; then 2 = —t2 (mod p) and t2 = —t2 (mod p) while if p
divides gy then t? = tZ (mod p) and t% = t2 (mod p) and if p divides g3 then p divides
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tot3, 2taty and 2t1t3. Thus if p divides ged(gs, g2) then p divides 23, 2¢2, 2¢2 and 2t2;
whence p = 2 since ged(ty, to,t3,t4) = 1. Next suppose that p divides ged(g1,g3).
Then p divides 2tot4 and ¢3 = —t3 (mod p) and p divides 2¢,t3 and t3 = —t2 (mod p).
Since ged(tq, o, t3,t4) = 1 we find that p = 2. Finally if p divides ged(gs, g3) then, as
in the previous case, p = 2. Observe that

(3.25) 0 = ordy g1 = ordy go < ords g3

unless (t1, ta, t3,14) is congruent to (1,0,1,0),(0,1,0,1) or (1,1,1,1) modulo 2 and in
these cases

(3.26) 1 = ordy g; = ords g3 < ords gs.

Thus (3.24)) follows from ([3.25]) and (3.26]).

For each prime p put h; = ord,g; for i = 1,2,3. Then, by (3.24)), for some
rearrangement (i, j, k) of (1,2,3) we have

hi > hj = hy,

As in the proof of Lemma m, A§p ) is defined by a single congruence modulo p"~"
for i = 1,2,3. We check that t divides the determinant of any matrix whose rows are
taken from the rows determined by the coefficients of the congruence relations ,
(B-16), B.17), (3-18), (B.19), and (3.20). Furthermore 2¢ divides the determinant of
such a matrix if (¢1, to, t3,t4) is congruent to (1,0,1,0),(0,1,0,1) or (1,1,1,1) modulo
2. Since h; = hy, we see that the congruences modulo p"~" define identical lattices
Ag.p ) and AP Further, since h; > hj, A§~p ) is a sublattice of A and follows
when Aut F' is equivalent to Dy.

Suppose now that Aut F is equivalent to D3 under conjugation in GL(Q). There
exists an element T in GLo(Q), as in (3.9), with t1,¢s, 3 and ¢, coprime integers for
which

Aut F =T 'D,T.

Define t = tit4 — tot3. The lattices A1, Ay, A3 and A4 may be taken to be the lattices
of integer pairs (u,v) for which

T'AT (“) e 72
v
where

0 1 1 0 -1 -1 0 1
(0 (0o () w1,

Thus A; consists of integer pairs (u,v) for which

(3.27) (tity —tsty)u+ (t2 —t2)v =0 (mod t)
and
(3.28) (3 —t3)u+ (tity — tsty))v =0 (mod t).

As consists of integer pairs (u,v) for which

(3.29) (tity + tots + tity)u + (12 + 2toty)v =0 (mod t)
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and

(3.30) (13 4 2t1t3)u + (tity + tots +tit,))v =0 (mod t).

A3 consists of integer pairs (u,v) for which

(3.31) (tity + tots + tst))u + (2tat, +tDHv =0 (mod t)
and

(3.32) (2t1t3 + t3)u + (tity + tots +tsty)v =0 (mod t).

A4 consists of integer pairs (u,v) for which

(3.33) (tity + tots + tats)u + (15 + tats +13)v =0 (mod ?)
and

(3.34) (t] + tats + t3)u + (tite + tity + t3t4)v =0 (modt).

For each prime p we put h = ord,t. Deﬁne A for 1 = 1, 2 3 4 to be the lattlce
of ( v) in Z? for which the congruences and - and (
and , and (3.33)) and ([3.34)) respectlvely hold with t replaced with p and deﬁne
A®) to be the lattice for which all the congruences hold. We shall prove that for some
reordering (i, 7, k,1) of (1,2,3,4) we have

(3.35) AP S AP = AP = AP

It then follows that

(3.36) AP AAP) = AP AAP A AP A AP = A®)

for any pair {r, s} from {1,2,3,4}. But since

(3.37) (AP NAP) = A, N A, and AP = A,
p p

we conclude that (3.8) holds. Further

s {14 4(07) 1 (1) ) a0

and so d(A) is the least common multiple of d(A;), d(As), d(A ) and d(A4)

It remains to prove . Put
g1 = ged(tity — taty, t] — t5,t5 — 15, 1),

g2 = ged(tity + tots + tity, B + 2tits, 5 + 2taty, 1),

g3 = ged(tity + tots + tata, 2tits + 3, 2taty + 15, 1),
and

g4 = ged(tity + toty + taty, 17 + tity + 15,15 + toty + 15, 1).

Suppose that p is a prime which divides ged(gy, go). If p divides ¢; then since p divides
t2 — 2 we see that p divides t3. Similarly if p divides ¢, then since p divides 2 — 2 we
see that p divides t4. Since ty, 1o, t3 and ¢4 are coprime either p does not divide t; or p
does not divide t5. In the former case since p divides 7 + 2t,t3 we find that p divides
t; + 2t3. Thus t? = 42 (mod p) and since t? = t2 (mod p) we conclude that p = 3.
In the latter case since p divides t2 + 2tyt, we again find that p = 3. In a similar
fashion we prove that if p is a prime which divides ged(g;, g;) for any pair {i, j} from
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{1,2,3,4} then p = 3.

Denote by E the set consisting of the 4-tuples (1,1,1,1), (-1, —-1,—-1,—1), (1, —1,1, —1),

(-1,1,-1,1), (1,0,1,0), (—=1,0,—1,0), (0,1,0,1) and (0,—1,0,—1). One may check
that if (1, t9,t3,t4) is not congruent modulo 3 to an element of E then for some
reordering (i, 7, k, ) of (1,2,3,4) we have

(3.38) 0 = ord; g; = ords g; = ords g < ords g;.

If (t1,t2,13,t4) is congruent modulo 3 to an element of E then there is some re-
ordering (4, j, k,1) of (1,2,3,4) such that

(3.39) 1 = ords g; = ords g; = ords g < ords g;.
To see this we make use of the fact that
(3.40) ords g1 < ords(t] —13), ordsgo < ords(t: + 2t1t3),

ords g3 < ords(2t1t3 + 13) and ords g4 < ords(t3 + t1t3 +13),

to deal with the first six cases. To handle the remaining two cases, so when (ty, to, t3,t4)
is congruent modulo 3 to (0,1,0,1) or (0,—1,0,—1), we appeal to (3.40) but with ¢,
and t3 replaced by t; and t4 respectively.

It now follows from (3.38]) and (3.39) that ged(gy, g2) is 1 or 3 and
(3.41)

ged(g1, g2) = ged(g1, 93) = ged(g1, 94) = ged(ge, 93) = ged(gz, 94) = ged(gs, g4)-
For each prime p put h; = ord, g; for i = 1,2, 3,4. Then, by (3.41] for some reordering
(,7,k,1) of (1,2,3,4) we have
hi > hj = hy = hy.

As in the proof of Lemma , AE” ) is defined by a single congruence relation modulo
p~" and Ag-p ),A,(f ) and Al(p ) are defined by single congruences modulo p"~. We
check that t divides the determinant of any matrix whose rows are taken from the
rows determined by the coefficients of the congruence relations (3.27)), (3.28)), (3.29),
(3.30), (3.31)), (3.32)), (3.33)) and and that 3t divides the determinant of such a
matrix if (¢1,%2,t3,t4) is congruent to an element of £. Then since h; = h, = h; we
see that the congruences modulo p"~" define identical lattices so

Ag'p) — Alip) — Al(p)‘

Further, since h; > hj, Agp ) is a sublattice of A” and thus (3.35) holds and (3.8)
follows when Aut F' is equivalent to Djs.

Finally we remark that (3.8) holds when Aut F' is equivalent to Dg by the same
analysis we used when Aut F' is equivalent to Ds.
O

Lemma 3.3. Let a and b be non-zero integers and let d be an integer with d > 3.
Put
F(z,y) = ax® + by
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If a/b is not the d-th power of a rational number then when d is odd

10
Aut F — { (0 1) }
and when d is even

B wy 0, - s
AutF—{(O wg)’wle{l’ 1},z_1,2}.
d

If C_ 2 with A and B coprime integers then when d is odd

L
B 10 0 B/A
wer={(5 V) (s "0")}
and when d is even
o w1 0 0 w4B/A o
AutF-{(O wg)’(ng/B 0 ) w; € {1,—1},i = 1234}

Proof. Let
(33
U3 Uy

be an element of Aut F. Then w1, us, us, uy are rational numbers with

(3.42) UUg — Uy = F1.

Since F(u1x + ugy, usx + ugy) = F(z,y) we see on comparing coefficients that
(3.43) aud +bud = a, aud + bul = b

and

(3.44) adud ™ = —budu?

for j=1,---,d—1.

Suppose that ujus # 0. Then by (3.44), we have uzuy # 0 as well. Therefore we

may write
d—1 2 d—2
ug (wa)T L () (1
<U1> (U2> B (Ul) (U2) ’

which implies that wyus — ususz = 0, contradicting (|3 . Therefore, ujus = 0 and
similarly usuys = 0. Further, by -, either wjuy = +1 and u2 = wu3 = 0 or
usuz = +1 and u; = uy = 0. In the first case, by ( -, we have u1 =1 and u4 =1,

hence if d is odd we have u; = u4 = 1 while if d is even we have u; = +1 and uy = 1.

a
In the other case, by (3.43)), we have ud = — and this is only possible if there exist

coprime integers A and B with

a A

b BT

In that case u3 = A/B if d is odd and ug3 = £A/B if d is even. Thus, by (3.42 -,
= B/Aif d is odd and uy = £B/A if d is even. Our result now follows
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4. PROOF OF THEOREMS [[.1] AND

If Aut F is conjugate to C; then every pair (z,y) € Z? for which F(z,y) is es-
sentially represented with 0 < |F(z,y)| < Z gives rise to a distinct integer h with
0 < |h| < Z. It follows from Lemma [2.4] and Lemma [2.5( that

Rp(Z) = ApZi + Op, (2°7+9)

and we see that Wy in this case is 1. In a similar way we see that if Aut F' is conjugate

to Cq then
Ap 2
RF(Z) = TFZE + OF,€ (ZBFJrg) .

Next let us consider when Aut F' is conjugate to C3. Then for A in Aut I with
A # I we have, by Lemma [3.2 A(A) = A(A?) = A. Thus whenever F(z,y) = h
with (x,y) in N}”(Z) N A there are two other elements (z1,y1), (z2,y2) for which
F(z;,y;) = h for i = 1,2. When (x,y) is in Z? but not in A and F(z,y) is essentially
represented then F'(x,y) has only one representation.

Let wy,ws be a basis for A with wy = (a1,a3) and wy = (ag, ay4). Put Fp(z,y) =
F(ai1x + agy, azx + aqgy) and notice that

(4.1) INe(Z) N A| = Nk, (2).
By Lemma [2.]]
(4.2) Np(Z) = Ap, 2 + O, (V@)
Since the quantity |A(F)[Y/¥4=Y AL is invariant under GLy(R)
(4.3) (AR AR = |A(E) V9D AR,
and we see that
(4.4) Ap, = MAF = %
Therefore by , and

A

(4.5) IN#(Z)N Al = 2228 1+ 0 (Z*)

m

Certainly N, }2)(Z ) N A is contained in N, }2)(2 ) and thus, by 1) and Lemma [2.4]
A

(4.6) ND(Z) A = Z£ 77 4 Op, (2°r).
m

Each pair (z,y) in N, I@(Z )N A is associated with two other pairs which represent the
same integer. Thus the pairs (z,y) in NF(})(Z) N A yield

Ap
3m
integers h with 0 < |h| < Z. By Lemma and the number of pairs (z,y) in
N}l)(Z) which are not in A is

(4.7) Zi+ O (2°77%°)

(4.8) (1 - %) ApZi 4 O, (Z2°FF)
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and each pair gives rise to an integer h with 0 < |h| < Z which is uniquely represented
by F. It follows from (4.7, (4.8) and Lemma that when Aut F' is equivalent to

C3 we have
2 2
Rp(Z) = (1 - %) ApZa + Op. (Z°7).

A similar analysis applies in the case when Aut F' is equivalent to Dy, Dy, C4 or Cg.
These groups are cyclic with the exception of Dy but Do/{41} is cyclic and that is
sufficient for our purposes.

We are left with the possibility that Aut F' is conjugate to D3, D4 or Dg. We first

consider the case when Aut F' is equivalent to Dy. In this case, recall (4.6)), we have
A
NEH(Z)NAl = —2 28+ Ope (2°07°)
m

and since each h for which h = F(xz,y) with (z,y) in /\/}9)(2) N A is represented by
8 elements of N}l)(Z) the pairs (z,y) of NS)(Z) N A yield

Ar

4.9 —

(4.9) v

terms h in Rp(Z). By Lemmawe have A;NA; = Afor 1 <i < j < 3; whence the

terms (x,y) in Ay, Ay or Az but not in A for which (x,y) is in N}l)(Z) have cardinality

1 1 1 3
(— +—t— - —) ApZi 4 O, (2°7F9) .
my mo ms m

Zi + Op, (2°7)

If (z,y) is in Ay, Ay or A3 but not in A and h = F(z,y) is essentially represented then
h has precisely four representations. Accordingly the terms in

N Z)nA,1<i<3

which are not in A contribute
1/ 1 1 1 3
(4.10) - (— +—+ — - —) ApZi + Op. (ZPre)
4\m; mg msg m
terms to Rp(Z). Finally the terms (z,y) in N}l)(Z) but not in A; for i = 1,2, 3 have
cardinality equal to
1 1 1 2
<1 -———— - —+ —) ApZi + Op, (ZBF“) .
mq mo ms m
Each integer h represented by such a term has 2 representations and therefore these
terms (x,y) contribute

1 1 1 1 2
(411) — (1——————+_) AFZ§+OF75 (ZﬁF—i-E)
2 my Mg M3 m
terms to Rp(Z). It now follows from (4.9)), (4.10), (4.11) and Lemma [2.4] that
1 1 1 1 3 2
Rp(Z)=={1- — — 2 ) ApZi+ Op. (2°rte
#(2) 2< 2m;  2my 2m3+4m> rZi+ Ore (27777,

as required.
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We now treat the case when Aut F' is conjugate to D3. As before the pairs (z,y)
of Nt(Z) N A yield
Ap

6m

(4.12) Zi + O, (Z°F)

terms in Rp(Z). Since A;NA; = A for 1 <i < j <3 by Lemmal[3.2] the pairs (z,y)
in NIQ)(Z) N A; for i = 1,2,3 which are not in A contribute

1 1 1 3 2
4.13 — =V ApZa+ Op. (Z°r*e
( ) (le + 2msy + 2ms 2m> rée+Ur, ( )

to Rp(Z). Further, the pairs (z,y) in ./\/'l(ml)(Z) N A4 which are not in A contribute

(4.14) <L - i) ApZi + Op, (2°F+9)

3m4 3m

terms to Rp(Z). Furthermore the pairs (x,y) in N, }1)(Z) which are not in A; for
1t =1,2,3,4 contribute, by Lemma 3.2}

1 1 1 1 3
(4.15) (1 ——————— — 4+ —> ApZi 4 O, (Z°7F)
mi Mo ms my m

terms to Rp(Z). It then follows from (4.12), (4.13)), (4.14), (4.15)), and Lemma
that

1 1 1 2 4 2
RF(Z): (1— 5 — — — —|——> AFZE +OF,€ (ZBF+€)

my  2moy  2ms  3my  3m

as required.

When Aut F' is equivalent to Dg the analysis is the same as for D3 taking into
account the fact that Aut F' contains —/ and so the weighting factor Wy is one half
of what it is when Aut I is equivalent to D3. This completes the proof of Theorems

LI and .21

5. PROOF OF COROLLARY [L.3]

We first determine Wr. By Lemma if a/b is not the d-th power of a rational
then when d is odd Aut F is equivalent to C; and, by Theorem [1.2) Wy = 1 while
when d is even we have m = 1 and Aut F' is conjugate to Dy and so by Theorem

1
we have Wy = T Suppose that
a Al
b B
with A and B coprime non-zero integers. If d is odd then Aut F' is equivalent to D,
by Lemma [3.3] Notice that

(0 (2 )
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and that A2 and B? are coprime integers. Therefore by Lemmal3.1] we have m = |AB]|
and Wrp =1 — m when d is odd. If d is even Aut F' is equivalent to D, with

my = 1,my = mg = m = |AB| and by Theorem [L.2] we have

1 1
Wr=7 (1_ 2|AB|)'

We now determine Ap. We first consider the case F(z,y) = az® + by**, with a

and b positive. Then
Ap = / / dxdy.
az2k+by2k§1

Note that Ap is four times the area of the region with az?* + by?** <1 and with z
and y non-negative. Make the substitution az* = u, by** = uv,u,v > 0. Then we

see that
-1
/ / ey ab Tarnian Y dudv

00 ,1/2k—1
= d
k(ab)l/% /O (1+v)E "

The above integral is B(1/2k,1/2k) where B(z,w) denotes the Beta function and
thus, see 6.2.1 of [10],

1 T2(1/2k)
k(ab)' /2 T(1/k)

Ap =

Next, we treat the case F(z,y) = az®* — by?* with a and b positive. The region
{(x,y) € R?: |F(z,y)| < 1} has equal area in each quadrant, so it suffices to estimate
the area assuming z,y > 0. We further divide the region into two, depending on
whether az? — by?* > 0 or not. Let Ag) denote the area of the region satisfying
z,y > 0,0 < F(z,y) < 1. We make the substitutions az®* = u,by** = uv with
u,v > 0. Then

L, a0
§AF =A, = /A<a:c2k—by2k<l dzdy

T y>0

~1
/ / Ty ab FTETAYA dudv

1 1/2k—1

- k(ab)l/% /0 (1—U)l/kd“
1 T(1/2k)T(1 - 1/k)
 4k(ab)l/2k T(1—1/2k)
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2k+1 2k+1

Next, we treat the case when F(z,y) = az®*™! + by = u and

by***! = uv. We thus obtain

. 1
ﬁ|ab|1/(2k+1) _ 1 / |v|2k+1 Ldv
2 202k + 1) J_o |1 + v|?/(2k+1)

. We put az

1 0o =2k/(2k+1) g, L —2k/(2k41) g, 0o =2k/(2k+1) gy
T 202k + 1) (/0 (1 + 0)2/@+D) +/0 (1 — v)2/@+D) +/1 (1 — v)2/Ck+D)

1 I (m) | V)P Ga) PG T ()
22k +1) \ I'(527) I (3257) I (357)
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