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On the representation of k-free integers by binary
forms

C.L. Stewart and Stanley Yao Xiao

Abstract. Let F' be a binary form with integer coefficients, non-zero
discriminant and degree d with d at least 3 and let r denote the largest
degree of an irreducible factor of F' over the rationals. Let k be an integer
with k& > 2 and suppose that there is no prime p such that p* divides
F(a,b) for all pairs of integers (a,b). Let Rrx(Z) denote the number of
k-free integers of absolute value at most Z which are represented by F'. We
prove that there is a positive number Cp,j, such that Rp (Z) is asymptotic

to CF’kZ% provided that k exceeds 7= or (k,r) is (2,6) or (3,8).

1. Introduction

Let F be a binary form with integer coefficients, non-zero discriminant A(F') and
degree d with d > 3. For any positive number Z let Rp(Z) denote the set of
non-zero integers h with |h| < Z for which there exist integers # and y such that
F(z,y) = h. Denote the cardinality of a set S by |S| and let Rp(Z) = |Rr(Z)|.
In [37] Stewart and Xiao proved that there exists a positive number Cr such that

(1.1) Rp(Z) ~ CpZi.

Such a result had been obtained earlier by Hooley in [16], [21], [23] and [24] when
F is an irreducible binary cubic form, when F is a quartic form of the shape

F(z,y) = az® + bx?y® + cy*.

and when F' is the product of linear forms with integer coefficients. In addition, a
number of authors including Bennett, Dummigan, and Wooley [1], Browning [5],
Greaves [11], Heath-Brown [13], Hooley [19], [20], [22], Skinner and Wooley [34]
and Wooley [40] obtained asymptotic estimates for Rp(Z) when F is a binomial
form.
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Let k be an integer with & > 2. An integer is said to be k-free if it is not
divisible by the k-th power of a prime number. For any positive number Z let
Rrir(Z) denote the set of k-free integers h with |h| < Z for which there exist
integers = and y such that F(z,y) = h and put Rpx(Z) = |[Rrr(Z)|. Extending
work of Hooley [16], [18], Gouvéa and Mazur [8] in 1991 proved that if there is
no prime p such that p? divides F(a,b) for all pairs of integers (a,b), if all the
irreducible factors of F' over Q have degree at most 3 and if € is a positive real
number then there are positive numbers C; and Cs, which depend on € and F,
such that if Z exceeds C; then

(1.2) Rpo(Z) > CoZi—.

This was subsequently extended by Stewart and Top in [36]. Let r be the largest
degree of an irreducible factor of F' over Q. Let k be an integer with & > 2 and
suppose that there is no prime p such that p* divides F(a,b) for all integer pairs
(a,b). They showed, by utilizing work of Greaves [10] and Erdés and Mahler [6],
that if & is at least (r —1)/2 or k = 2 and r = 6 then there are positive numbers
C3 and C4, which depend on k and F', such that if Z exceeds C5 then

(1.3) Rpi(2) > CuZ4.

The estimates (1.2) and (1.3) were used by Gouvéa and Mazur [8] and Stewart
and Top [36] in order to estimate, for any elliptic curve defined over Q, the num-
ber of twists of the curve for which the rank of the Mordell-Weil group is at least 2.

For any real number z let [2] denote the least integer u such that < w.
In 2016 [41] Xiao extended the range for which (1.3) holds by generalizing the
determinant method of Heath-Brown [14] and Salberger [31], [32] to the setting of
weighted projective space. He proved that if

(1.4) k>min{zg, m —2},

and (k,r) is not (3,8) then (1.3) holds. In addition, the related problem of esti-
mating Bp(Z), the number of pairs of integers (x,y) with max(|z|, |y|) < Z for
which F(z,y) is k-free, has been studied by Browning [4], Filaseta, [7], Granville
[9], Greaves [10], Helfgott [15], Hooley [25], [26], Murty and Pasten [28], Poonen
[30] and Xiao [41]. Recently Bhargava [2] and Bhargava, Shankar and Wang [3]
have extended these estimates to the case of discriminant forms.

By building on the method used to prove (1.1) we shall give the first asymptotic
estimates for Rp(Z). We shall do so under the assumption that k satisfies (1.4).

Theorem 1.1. Let F' be a binary form with integer coefficients, non-zero discrim-
inant and degree d with d > 3 and let r denote the largest degree of an irreducible
factor of F' over the rationals. Let k be an integer with k > 2 and suppose that there
is no prime p such that p* divides F(a,b) for all pairs of integers (a,b). Suppose
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that (1.4) holds. Then there exists a positive number Cp, such that

(15) Rei(2) = CraZt +Opx (7% /g1.0(2))
where
log Z loglog Z if (k,r) #(2,6) or (3,8)
(d—2)(0.7043) . B
(1.6) grr(Z) = (log Z) d if (k,r) = (2,6)
loglog Z -3 _ B
(eel) " )= (9

Throughout this article we make use of the standard notation ”O”, ”0” and
”~” for instance as in Section 1.6 of [12], with the convention that the implicit
constant denoted by the symbol ”O” may be determined in terms of the subscripts
attached to it.

For a positive number Z we put

Np(Z) ={(z,y) € 2* : 1 < |F(a,y)| < Z}

and
Np(Z) = |Np(Z)|.
We also put
(1.7) Ap = p({(z,y) € R? 1 |[F(a,y)] < 1})

where (+) denotes the area of a set in R?%. In 1933 Mahler [27] proved that if F is
a binary form with integer coeflicients and degree d with d > 3 which is irreducible
over Q then

Np(Z) = ApZi + Op (Zﬁ> .

The assumption that F' is irreducible may be replaced with the weaker requirement
that F" has non-zero discriminant; see [39)].

Let k£ be an integer with £ > 2. For a positive number Z we put
Nri(Z) = {(z,y) € Z* : F(x,y) is k-free and 1 < |F(z,y)| < Z}

and
Npi(Z) = [Nex(Z)]

For each positive integer m we put

pr(m) = [{(i,5) € {0,--- ,m =1}*: F(i,j) =0 (mod m)}|
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and

Apg = H (1 _ ,OF(QJZk)) 7

p p

where the product is taken over the primes p. Observe that the product converges
since k > 2 and pr(p¥) is at most p?*=2 + dp” provided that p does not divide the
discriminant A(F), see [35]. Further Apj, = 0 whenever there is a prime p such
that p* divides F(a,b) for all (a,b) in Z2. Next we put

(1.8) crk = ArkAp.

In order to prove Theorem 1.1 we shall first establish the following result which is
an analogue of Mahler’s theorem for the case of k-free values assumed by a binary
form.

Theorem 1.2. Let F' be a binary form with integer coefficients, non-zero discrim-
inant and degree d with d > 3 and let v denote the largest degree of an irreducible
factor of F over Q. Let k be an integer with k > 2 and suppose that (1.4) holds.
Then, with cpy, defined by (1.8), we have

(1.9) Nik(Z) = cunZ + Oy (2 /94,0(2))

with gk »(Z) given by (1.6).

Let A be an element of GLy(Q) with

A— ay a2
- az Q4 ’

Put Fa(z,y) = F(a1z + agy, asx + agy). We say that A fixes F if F4 = F. The
set of A in GLo(Q) which fix F' is the automorphism group of F and we shall
denote it by Aut F. Let G; and G2 be subgroups of GL2(Q). We say that they
are equivalent under conjugation if there is an element 7' in GL2(Q) such that
Gy = TGoT~t. There are 10 equivalence classes of finite subgroups of GLa(Q)
under GL3(Q)-conjugation to which Aut F' might belong, see [29] and [37], and we
give a representative of each equivalence class together with its generators in Table
1 below.
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Table 1

Group Generators Group Generators
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(
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0
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—_
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o

)
)
)
)

Let A be the sublattice of Z? consisting of (u,v) in Z? for which A(%) is in Z?
for all A in Aut F.

When Aut F' is conjugate to Ds it has three subgroups G, G2 and G3 of order
2 with generators A;, A and Aj respectively, and one, G4 say, of order 3 with
generator Ay. Let A; = A(A;) be the sublattice of Z? consisting of (u,v) in Z? for
which A; (Z) is in Z2 for i = 1,2, 3, 4.

When Aut F' is conjugate to Dy there are three subgroups G1,G2 and Gg of
order 2 of Aut F//{+I} where I denotes the 2 x 2 identity matrix. Let A; be the
sublattice of Z? consisting of (u,v) in Z? for which A(¥) is in Z? for A in a gener-
ator of G; for i =1,2,3.

Finally when Aut F' is conjugate to Dg there are three subgroups G1, G2 and
G35 of order 2 and one, G4 say, of order 3 in Aut F//{£I}. Let A; be in a generator
of G; for i =1,2,3,4. Let A; be the sublattice of Z? consisting of (u,v) in Z? for
which A; (Z) is in Z2 for i = 1,2, 3, 4.

Let L be a sublattice of Z2. We define ¢ F.k,L in the following manner. For any
basis {wy,wa} of L with w; = (a1,a3) and wy = (ag,a4) we define F,,, o, (z,y) =
F(a12 + asy, asx + agy). Notice that if {w],w)} is another basis for L then it is
related to {wy,ws} by a unimodular transformation. As a consequence,

CFly wp.k = CF, sk

Wl
and so we may define cgy, ;, by putting

CFk,L = CF, k-
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Observe that if L = Z? then cpy 1, = cpy. For brevity, we shall write

(110) C(L) = CF,k,L~

We are now able to determine the positive number Cpy in (1.5) of Theorem
1.1 explicitly in terms of Aut F' and the lattices described above.

Theorem 1.3. The positive number Cr, in the statement of Theorem 1.1 is given
by the following table:

Rep(F) | Cry Rep(F) [ Cry

C; CF K D, crp — C(;X)

C C};k D % (CF,k - C(§)>

C, crp— 2c;A) D, S c(12\1) B c(gg) B c(gg) - 20(??4) N 4céA)

c. | <CF,,€ - C(QA)> D, |1 (CM _ c(gl) B 0(12\2) B C(Q?’) . 3ciA)>

C % <CF’k B QCéA)) D, % (cp,k B C(;\l) B C<§2> B c(;xg) B 20(3A4) 4c;A)>

Here Rep(F) denotes a representative of the equivalence class of Aut F' under
GL2(Q)-conjugation, A and A;’s are defined above, cpy is as in (1.8), and c(A)
and c(A;) as in (1.10).

Recall (1.1). We remark that while Cry is equal to ApiCr when Aut F is
conjugate to either C; or Cy, in general Cp, is different from Ap ;Cr. For instance
if G(z,y) = 823 + y3 then, by Lemma 3.3 of [37], Aut G = ((é (1)) , (g 1(/)2>>
so Aut G is conjugate to D; and, by Corollary 1.3 of [37],

3
-Ag.
146

(1.11) Ce

Furthermore A, the sublattice of Z? consisting of (u,v) in Z? for which A(") is in

Z? for all A in Aut@, is generated by w; = (1,0) and wy = (0,2). Observe that

(1.12) Gy o (T, y) = 8(353 + y3)

and so when £ is 2 or 3 we have A\g,, . , = 0 since pg (2%) = 22F. Thus, when

kis 2 or 3, ¢(A) = cq,, .,k = 0 and, by Theorem 1.3,

w1,wo

(1.13) Car = cak
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hence, by (1.8) and (1.11),
4
(114) CG,k = g)\G,kCG~

We conjecture that the estimates for Rpx(Z) in Theorem 1.1 and for Npx(2)
in Theorem 1.2 apply without hypothesis (1.4).

Conjecture 1.4. Let F be a binary form with integer coefficients, non-zero dis-
criminant and degree d with d at least 3. Let k be an integer larger than 1. Then
either cpi =0 or

(1.15) Npi(Z) ~ CF,k'2%

where cpy is defined by (1.8). If there is no prime p such that p* divides F(a,b)
for all pairs of integers (a,b) then

(1.16) Rpp(2) ~ CppZi

where Cp, is the positive number given by Theorem 1.5.

Let F be a binary form with integer coefficients, non-zero discriminant and
degree d with d > 3. Granville [9] established an asymptotic estimate for B s(Z),
the number of pairs of integers (z,y) with absolute value at most Z for which
F(z,y) is squarefree subject to the abc conjecture, see eg. [38]. Let k be an
integer with & > 1. The same analysis allows one to give an asymptotic estimate
for Bp(Z), the number of pairs of integers (z,y) with absolute value at most
Z for which F(x,y) is k-free. We may use such an estimate in conjunction with
the arguments used to prove Theorem 1.1 and Theorem 1.2 in order to prove
Conjecture 1.4, see the final paragraph of Section 6. In particular, Conjecture 1.4
follows from the abc conjecture.

2. Preliminary lemmas

Let F(z,y) be a binary form with integer coefficients, non-zero discriminant and
degree d with d > 3. Suppose that F' factors over C as

d

(2.1) F(z,y) = [[(viz + Biy)

=1

and put
d

H(F) =[] VI + 182
i=1
Then H(F) does not depend on the factorization in (2.1).

A special case of Theorem 3 of Thunder [39] is the following explicit version of
a result of Mahler [27].
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Lemma 2.1. Let F be a binary form with integer coefficients, non-zero discrimi-
nant and degree d > 3. Let Z be a real number with Z > 1. Then, with Ap defined
by (1.7), we have

Np(Z)— ApZi

~0 (Zﬁ%(F)H) ,

where the implied constant is absolute.

We may write

d
22) Fla,y) = a[[(@—aw)

where a is a positive integer and ay, . .., ag are the roots of F(z, 1) provided that y
is not a factor of F(x,y). In the latter case, since the discriminant of F is non-zero,
we have

d—1
(2.3) F(z,y) = ay [[ (= — ai).

i=1
Put

2 lrgjagk(L (%))

(2.4) Bp =

min(1, min |a; — o)
i#]

where k = d if (2.2) holds and k = d — 1 if (2.3) holds.

Lemma 2.2. Let F be a binary form with integer coefficients, non-zero discrimi-
nant and degree d with d > 3. Let Z be a real number with Z > 1. For any positive
real number B larger than Er the number of pairs of integers (x,y) with

0<|F(z,y)| < Z

for which
1
max(|z], [y[) > Z4p

18

Or <Zé log(1+ Z) + é;) .
Proof. We shall follow Heath-Brown’s proof of Theorem 8 in [14]. Accordingly put
8(2:C) = {(z,y) € 2% : 0 < |F(w,y)| < Z,C < max(|z], |y|) < 20, ged(w,y) = 1}.
Suppose that

(2.5) C>ZiEp.
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Heath-Brown observes that by Roth’s theorem S(Z;C) = 0 unless C <p Z2 .

Suppose that we are in the case when (2.2) holds and that (z,y) is a pair of
integers with ged(z,y) = 1,
0<|F(z,y)<Z

and
(2.6) C < max{|z|, |y|} < 2C
Further suppose that ig is an index for which

|z — aipy| < |z — a;yl
for j =1,...,d. Note that then
(2.7) |z — aiyy| < ZY4

We have two cases to consider. The first case is when max(|z|, |y|) = |y|. In
this case we have, for j # ig,

(2.8) |z — gyl = |(z — aigy) + (i, — )yl = |aiy — oyllyl = |z — @iy
and, by (2.5), (2.6) and (2.7),
(2.9) %m — ajllyl — & — aipy| > %\% — ;| 2V Ep — 2V > 0.
Thus, by (2.8) and (2.9),
(210) 7~ azul > Slas, — allyl > S, — lC.

The second case is when max(|x|, |y|) = |z|. Then
(2.11) Jovig (z = ay)| = (v, — )z +aj (@ — aspy)| = |y — o] — |y l|o — iyl
and, by (2.4), (2.10) and (2.11),
(212)  Llai, — allel ~ lolle — syl > gl — 5|2V Bp ~Jay|24/ > 0.
Thus, by (2.11) and (2.12),

1
2.13 —ay| > —— |, — a;|C.
( ) |I’ Oé]y| = 2‘0&i0||a 0 Oé]|

It now follows from (2.6), (2.10) and (2.13) that
(2.14) C<r |lzr—ajyl <r C.

We obtain (2.14) in a similar fashion when (2.3) holds.
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Thus, by (2.14),
(2.15) |z — iyl <r Z/COL

The number of coprime integer pairs (z,y) satisfying (2.6) and (2.15) for some
index ig is an upper bound for S(Z;C) and therefore, by Lemma 1, part (vii) of
[14],

Z

Put
SO(2:C) = {(2,y) € Z2: 0 < |F,y)| < Z,C < max(fz], |y]), ged(z,y) = 1}].

Therefore on replacing C by 2/C in (2.16) for j = 1,2,--- and summing we find
that

S (z:C) <plog(1+ Z) + Gis

Next put
S2(Z,0) = |{(x,y) € Z* : 0 < |F(z,y)| < Z,C < max(|z], |y|)}|.

Then 7
S¥(z;0)<p > SW ( )

he’ h
hSZl/d

and since C' > Zi Er we see that

C Z\1
W (hd) Er,

hence
s@(z;c log(1+ Z z
(Z;0) <F Z og(1+ )+W
hSZl/’i
Our result now follows on taking C' = Z %B since 8 > Ep. O

For any positive real numbers Z and S put
Nr(2,8) = {(x,y) € 2% : |F(z,y)| < Z,max(|z], |y]) < Z4B}].

Lemma 2.3. Let F be a binary form of degree d > 3 with integer coefficients and
non-zero discriminant. Let Z be a real number with Z > 1. Let Er be as in (2.4)
and suppose that B is a real number with f > Epr. Then

Nr(Z,B) = AF2% + Op (Zﬁ +Z%B+Z%ﬂ7(d72)).
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Proof. This follows from Lemma 2.1 and Lemma 2.2 on noting that the number of
pairs of integers (z,y) with max(|z|, |y|} < Z4 8 for which F(z,y) = 0 is at most

Op (Zéﬁ) O

In order to facilitate the determination of the main terms in Theorems 1.1 and
1.2 we introduce the quantity NF(Z, B), which is the number of pairs of integers
(z,y) such that |F(z+61,y+62)| < Z and max(|z+ 61|, |y+62|) < Z 8 whenever
0<f;<land0<6, <1.

Lemma 2.4. Let F be a binary form with integer coefficients, non-zero discrimi-
nant and degree d > 3. Let Z be a real number, let Er be as in (2.4) and suppose
that B is a real number with Zye > 8> Ep. Then

Np(Z,8) = Apz +Op (277 + 23572 4 Z3gi-1),
Proof. Plainly
(2.17) Np(Z,8) < Np(Z,B).

Note that for integers x,y with (z,y) # (0,0) there is a number k with K > 1,
which depends on F, such that for (6, 6s) in R? with |6;| < 1 for i = 1,2 we have

|F(z + 01,y + 02)] < |F(z,y)| + & max(|z], [y])?~*.
Put
L oNd-1
(2.18) 2y =7~k (ZEB)

and observe that we may assume that Z exceeds a positive number depending on
1
F and, in particular, that Z; > 1. Thus if max(|z|, |y|) < Z48 and

[F(z,y)| < Z1
then, for (01,62) € R? with |6;| <1 for i = 1,2, we have
(2.19) |F(x+61,y+62)| < Z.

Furthermore, since g < Z'/ d2,

d—1\ @
(2.20) Z% _Zi=z4% g4 (1 _ “51>
Zd
and so
d—1
o £ 2h =B o (e,

1
Since k > 1 and 8 > 2, if max(|z|, |y|) < Z{ S then

(2.22) max(|z| + 1,|y| + 1) < Z43
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and hence, by (2.19) and (2.22),
(2.23) Np(Zy,8) < Np(Z,8)

for Z sufficiently large in terms of F'. Note that

2
d-1\ @
(2.24) Zi = (Z K (Zéﬁ) > =714+ 0p (Z%ﬂd*) .
The result now follows from Lemma 2.3, (2.17), (2.23) and (2.24).

O

We now put, for a real number Z, an integer k£ with k£ > 2 and positive numbers
v and f3,

Npi(2,7,8) = {(w,y) € 2% : |F(x,y)| < Z,max(|a|, [y]) < 273 and
F(x,y) is not divisible by p* for any prime p with p < ~},
and
Nei(Z,7) = {(z,y) € Z*: 0 < |F(x,y)| < Z and F(x,y) is not divisible by
p* for any prime p with p < ~}|.

Lemma 2.5. Let F be a binary form with integer coefficients, non-zero discrimi-
nant and degree d with d > 3. Let Z be a real number with Z > 4 and let k be an
integer with k > 2. Then

Nrg ( 5 108 Z) = cppZa 4+ Opy (Z%/(logmoglog Z))

with cp . given by (1.8).

Proof. We have

Nr g ( 2kd10gZ) = Np ( klegZ (log Z) ) +OF7;€( i(log Z) )
+Ors ({(zy) € 220 < [Fla,y)| < Z and max((al,y]) > 24 (log 2)°}).

By Lemma 2.2, since d > 3,
(2.25)

_ 2 6
Np)k( 2kdlogZ> —Np,k( 2kd10gZ (log Z) ) +Ory (Zd/(logZ) )

Next we put

=V(d,k,2) = H pk’

p<log Z/(2kd)
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where the product is taken over primes p. By the Prime Number Theorem,
(2.26) V=0 (Z*ﬁ*) .
For each pair of integers (a,b) we define B(a,b) by

B(a,b) = {(t,u) eR?:aV <t < (a+ 1)V,bV <u < (b+1)V}.
Observe that B(a,b) is a square in R2. We say that B(a,b) is admissible if
(2.27) |F(t,u)] < Z and max(|t], |u]) < Zi(log Z)8

whenever (¢,u) is in B(a,b). Let B; denote the number of admissible squares
B(a,b). We have

By = Np <517 (log Z)G)
and so by Lemma 2.4 and (2.26), since d > 3,
Z4 Z\™1 Z4 Z
(2.28) By = AFW +Or ((Vd) + Vi(log 270 + 7(1og Z)G(d—1)> )
Therefore the number of pairs of integers (z,y) which are in one of the admissible

squares is B1V?2 and so is

2
(2:29) ApZi 4+ Op (Zdllv“ + 2 24V (log Z)G(d1)> :

(log 2)8
By Lemma 2.3
(2:30) Np(Z,(log 2)°) = ApZ1 + O (Zf + Z(log Z)® + Z i (log Z)—6<d—2>)

and so the number of pairs of integers (z, y) for which |F'(z, y)| < Z and max(|z|, |y|) <
Z(log Z)% which are not in an admissible square is

(2.31) Or (ZﬁV% + Z%/(log Z)6 + Z5V(10g Z)G(dfl)) .

We may now apply the Chinese Remainder Theorem to conclude that within each
admissible square the number of integer pairs (x, y) for which F(z,y) is not divisible

by p* for any prime p with p < ﬁ log Z is precisely

I (-2

p<log Z/(2kd)

Thus the number of integer pairs (x,y) in some admissible square and for which
F(z,y) is not divisible by p¥ for any prime p with p < 5-log Z is

(2.32) B ] (1—”F(pk))v2.

2k
p<log 7/ (2kd) b
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Therefore, by (2.28), (2.31) and (2.32),

1 pr(p* 2
p<log Z/(2kd)

Or (Zﬁ Vi 4+ 21V (log Z)5@Y + Z7 /(log Z)ﬁ) .

By(2.26) and (2.33),
(2.34)

1 k 2 2
N (Z, 5 log Z) =4r ] (1 - f’;(;; )) 23 + 0w (21 /(0g 2)°) .

2kd
p<log Z/(2kd)

Note that the number of integer pairs (a,b) with 0 < a < p¥ and 0 < b < p*
for which p divides both a and b is p?*~2. Further the number of pairs (a,b) for
which p does not divide both a and b and for which F(a,b) = 0 (mod p¥) is at
most dp”* provided that p does not divide A(F), see [35]. Thus for primes p which
do not divide A(F’), we have

(2.35) pr(p*) < p** 7%+ dpF < (d+1)p**2,

since k > 2. Put

P = H (1 _ PF(QJZk)) P = H (1 B pF(;;k)>

p<log Z/(2kd) p P

and i

pr(p")

t= Z log(l 2 )
p>log Z/(2kd)
Then
. t2 t3
P, —P=P(e —1):—P<—t—2!—3!—--->.

Since t is negative,
(2.36) 0<P—-P <-—Pt.

Further,

K
—t=Opy Z pr(p®)

2k
p>log Z/(2kd) p

and by (2.35),

1
(2.37) —t=0p} >S5

p>log Z/(2kd) p
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We have

O SR S

Slog 2/ (2kd) ¥ =0 o log 2 110z Z p?
p>log J=V 23 e <p<2J T

and so, by the Prime Number Theorem,

(2.38)
1 = 20t log Z 1
Z P:Ok Z((jJrl)log?floglogZ) 221 (log Z)?
p>log Z/(2kd) j=0

1
=0 | ——= | -
F (longoglogZ)

Therefore, by (2.36), (2.37) and (2.38),

1
2.39 P=P +0 —_— .
( ) 1+ Crk (longoglog Z)

It now follows from (2.34) and (2.39) that

1

(2.40) Npk (Z, i

log Z) = cF,kZ% +Ory (Z%/(longoglog Z)) ,
as required. O

We say that an integer h is essentially represented by F if whenever (z1,y1), (22, y2)
are in Z?2 and

F(Il,yl) = F(fz,yz) =h

then there exists A in Aut I’ such that

G- G
Y1 Y2
We remark that if there is only one integer pair (z,y) for which F(z,y) = h then
h is essentially represented since [ is in Aut F'.

For any positive number Z let Rg)(Z ) denote the number of integers h with
0 < |h| < Z which are represented by F' but which are not essentially represented
by F. For each binary form F' with integer coefficients, non-zero discriminant and
degree d with d > 3 we define S in the following way. If F' has a linear factor in
R[x,y] we put
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(2.41)
12
I if d = 3 and F is irreducible over Q
4 . .
Z if d = 3 and F has exactly one linear factor over Q
5 . .
Br = 9 if d = 3 and F has three linear factors over Q
. S if4<d<8
(d—2)vVd+3 -
1
71 ifd>9.

If F does not have a linear factor over R then d is even and we put

3

aVd
(2.42) Br =

if d=4,6,8

é if d > 10.
In [37], Stewart and Xiao, building on work of Heath-Brown [14], Salberger
[31], [32] and Colliot-Thélene [14], proved the following result.
Lemma 2.6. Let F be a binary form with integer coefficients, non-zero discrimi-
nant and degree d with d > 3. Then for each € > 0,
Rg)(z) = Op, (ZBF-i-a)

where Br is given by (2.41) and (2.42).
The proof of Lemma 2.6 is based on the p-adic determinant method of Heath-
Brown as elaborated in [14].

Recall that if F' is a binary form we denote by A the sublattice of Z? consisting
of integer pairs (u,v) for which A(Z) is in Z? for all A in Aut F. Further, if Aut F’
is conjugate to D3, D4 and Dg we define A; for ¢ = 1,2,3,4 as in our discussion
following Table 1 in the introduction.
Lemma 2.7. Let F be a binary form with integer coefficients, non-zero discrimi-
nant and degree d > 3. If A is an element of order 3 in Aut F' then

A(A?%) = A(A).
If Aut F is equivalent under conjugation in GLa(Q) to D3, Dy or Dg then
AZQAJ:AfO’I‘Z#]
Lemma 2.7 is Lemma 3.2 of [37] .
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3. Outline of the proof of Theorem 1.2

Let Ny denote the number of integer pairs (x,y) for which
(i) 0<|F(z,y)| < Z,

and

(ii) p*{ F(z,y) for 1 <p < 5 log Z.

By Lemma 2.5
(3.1) N, = chZ% + Or (Z%/(longoglogZ)> .

Our objective is to show that the number N of integer pairs for which (i) holds
and

(iii) p* 1 F(z,y) for p a prime,

satisfies a similar estimate to (3.1). To that end let N2 denote the number of
integer pairs (z,y) for which (i) holds and p divides both z and y for some prime
p> 5 log Z.

Let F(1,0) = u and F(0,1) = v. Notice that we may suppose that uv # 0
since if uv = 0 we may replace F' by F4 where A is a unimodular 2 x 2 matrix and
Fa(1,0)F4(0,1) # 0. Next observe that if 2 and y are integers and p is a prime
which divides F(z,y) and y but does not divide = then p divides u. Similarly if
p divides F(z,y) and x but does not divide y then p divides v. We shall suppose
that Z is sufficiently large that

1
(3.2) |luv| < %logZ.

Thus if p is larger than Tid log Z, divides F'(x,y) and does not divide both = and y
then p does not divide either x or y. Let N3 denote the number of pairs of integers

(x,y) for which (i) holds and for some prime p with

1
i < 9
2kdlogZ<pf (log Z2)

we have p*|F(z,y) and p { ged(z,y). Let N, denote the number of integer pairs
(2,y) for which (i) holds and for some prime p with

VA

log Z)° < Z

p¥|F(z,y) and p { ged(x,y). Finally let N5 denote the number of integer pairs
(z,y) for which (i) holds and for some prime p with

VA

(log2)° ~ P
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p*|F(z,y) and p { ged(x,y). Then
(3.3) N = N;+ O(N2+ N3 + Ny + Ns).
In order to establish Theorem 1.2 it suffices, by (3.1) and (3.3), to prove that
Ni = Opy (Z%/U(Z))
for i = 2,3,4 and 5 where
(3.4) u(z) =log Zloglog Z

when k and r satisty (1.4) with (k,7) not (2,6) or (3,8),

(3.5) u(z) = (log ) 7
with 6 = 0.7043 when (k,r) is (2,6) and
(3.6) u(z) = (loglog Z/loglog log Z)l_%
when (k,7) is (3, 8).
We may suppose that F' factors over QQ as
t
(3.7) F(z,y) =[] Fiz,y)

i=1

with F; in Z[z,y] and irreducible over Q for ¢ = 1,--- ,¢. Let r; be the degree of
F;fori=1,---,t and put

(3.8) r=max(ry, - ,r).

4. An estimate for N, and for N3

Notice that if p divides a and band 0 < |F(a,b)| < Z then |F(a,b)| = p?|F(a/p,b/p)|,
so p < Zi. As a consequence

(4.1) No=0 > '{(x,y)EZQ:O<IF(9€,y)SIiH

1
ﬁ log Z<p<Zd

Further, by Lemma 2.1, for each prime p with p < Z57

(4.2) H(x,y) €720 < |F(z,y)| < pZdH :AFpr + Or <<;)> .
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Thus by (4.1) and (4.2),

v

1
(4.3) NQZOF( > 2 Z
55a 108 Z<p
hat

It now follows from (2.38) and (4.3) t
(4.4) Ny = Op (2% /(log Zloglog Z)) .

The integer pairs (a,b) with F(a,b) = 0 (mod p*) and for which p does not
divide both @ and b lie in at most d sublattices Lg of Z2, provided that p does not
divide the discriminant A(F') of F, see [10]. Further, if p does not divide uv then
each sublattice Ly is defined by a congruence of the form

a=60b (mod p")

for some integer § with 0 < 6 < p*. Let (a1,a3) and (ag,a4) be a basis for Ly
chosen so that max(|a1], |az],|as|, |as|) is minimized. Then

max(Ja1, azl, |as], [a]) < p".

Put
Fr,(z,y) = F(aiz + a2y, azx + asy)

and notice that
|NF(Z) N Lyl = NFLQ (2).

Observe that
H(FL,) < 4% H(F).

Therefore by Lemma 2.1
NFLg (Z) = AFL(_, Z% +OF (pkd(d—Q)Zdlj)

and, since the lattice Ly has determinant p”,

ApZi
(4.5) NFLQ(Z) - P};k +0p (pkd(d—z)Z—dil) .
Thus
2 1
N3 =Opy | Z1 E =

p
515 log Z<p<(log Z)?

=Opy | 27 Z % ;

515 log Z<p

and so, by (2.38),

(4.6) N3 =Opy (Z%/(longog log Z)) .
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5. An estimate for IN,4

In order to estimate N4 we note that

(5.1) Ni=0 (Nf) + Nf))

where IV, il) is the number of integer pairs (x,y) for which

(5.2) max(|z, [y|) < Z7(log 2)"/?

and for which p* divides F(z,v) for some p with

(5.3) (log 2)° < p < Z/(log Z)°

which does not divide both z and y. Further Nf) is the number of integer pairs
(z,y) for which 0 < |F(z,y)| < Z and

max(|, [y|) > Z4 (log 2)"/.
By Lemma 2.2 we have, since d is at least 3,
(5.4) N® = o (Z% /(log Z)%) .

It remains only to estimate N, il) and we shall do so by a modification of an argu-
ment of Greaves [10] based on the geometry of numbers.

Recall (3.7). For i =1,...,t we let Ni}i) be the number of integer pairs (z,y)
for which F(z,y) # 0, (5.2) holds and p* divides F;(z,y) for some prime satisfying
(5.3) which does not divide both = and y. Notice that if p divides F;(z,y) and
Fj(x,y) with ¢ # j then p divides A(F). We may suppose that Z is sufficiently
large that (log Z)? exceeds |A(F)|. Then

(5.5) NV = o) + -+ N

Suppose that (a,b) is an integer pair for which p* divides Fj(a,b) for some
prime p satisfying (5.3) which does not divide both a and b. Then, since p does
not divide wv by (3.2) and (5.3), (a,b) belongs to one of at most r; lattices Ly
defined by a congruence

a=60b (mod p").

Following Greaves [10] we let M = M (6, p"*) denote the minimal positive value of

max(|a|, |b]) as we range over (a,b) in Lg. For any real number X let Ny (X)

denote the number of pairs (a,b) in Ly for which |a| < X and |b] < X. Then, by
Lemma 1 of [10],

4X? X

. Nop(X) < — — 1).

(5.6) 0.6(X) < o +O(M>+O()
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(Note that in the statement of Lemma 1 of [10] a term O (1) has been omitted.)
It then follows from (5.6) with X = Z# (log Z)2 that

N < > > Nok(X)

2
(log 2)°<p<z 1 (log 2)~° ?

3 7 3
< 3 3 <4Z (;ng) +0 (Z]\;;ngzk; >+0(1)>.

2
(log 2)°<p<z 1 (log 2)~° ?

For each prime p we have at most d terms 6 in the inner sum. Thus

(5.7)
1
N =0r | Z3(0g 2) 3 —
(log Z)° <p<Z 7 (log Z)—2
1 z 1 2 —10
+ Op Zd(logZ)Z Zz ZW -I-OF(Zd(lOgZ) )
(log Z)°<p<Zd (log Z)—° 0
Certainly

(5.8) Z ik o} Z ik

p D
(log Z)° <p<Z 3 (log Z)—° (log Z)°<p

(W)

1
O — ).
((log Z)g)
Further, since M (6, p*) is at least 1,

(5.9) > > m =Op (Zﬁ(log Z)z) .

1
(log Z)?<p<Z2d (log Z)? 0

I
.

It remains to estimate S where
1
S = E g —_—
. ) - M (0, p*)
Z2d (log Z)?2<p<Zd (log Z)—*°

Notice that if r; = 1 then Fy(z,y) = Op(Z1(log Z)7) and so if p* divides Fj(z,y)
then, since k > 2, p = Op(Z2a (log Z)%).Thus if r; = 1 then

(5.10) S =0p(1).
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We shall now estimate S under the assumption that r; > 1. We put S = S1+S55
where S7 is the sum over pairs p, 0 with

1

(log Z)°

M(0,p") >

and Sy is the sum over the other pairs (p, 8). Certainly

(log Z2)3
5.11 S =0 S ‘
( ) ! F Zd

2
p<Zd(log Z)~*°

VA
=Or (am) |

On the other hand S5 consists of the sum over pairs p, 8 with

1

Zd
1<M< ——
7 = (log Z)%’

and p > Z;?(log Z)2. To each pair p,f we may associate a pair of integers (r, s)
for which max(|r|,|s|) = M(6,p*). Note that since r; > 1 we have F;(r,s) # 0.
Further there are at most Op(1) pairs (p,0) with p > Z2a(log Z)? which can be
associated with a given pair (r, s) since F(r,s) = Op(Z#). Thus

(5.12) Sy =0 > % > oo

1<s<Z# (log Z)-5 OSTSs  pF|F(rs)
F(r,s)#0
1
p>Z2d (log Z)?

= Op (Z%(log Z)—5) .
Therefore, by (5.5), (5.7), (5.8), (5.9), (5.10), (5.11) and (5.12),
(5.13) NY = Opy, (Z%/(log Z)%) .
Further, by (5.1), (5.4) and (5.13),

(5.14) Ny = Op, (Z% /(log Z)%) .

6. An estimate for Ny

For any real number T let Bj (1) denote the number of pairs of integers (z,y)

with max(|z|, |y|) < T and for which F(z,y) is divisible by p* with p a prime larger
than T2 /(log T)'2. We shall suppose that T?/(log T')'? exceeds |A(F)|. Then

(6.1) B o (T) = O(Bp, 4 (T) + ... + BE, x(T)).
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If » <2k + 1 then Greaves used Selberg’s sieve to prove that
(6.2) Bj, (T) = Opy (T )

for ¢ = 1,---,¢. This follows from the proof of Lemma 4 of [10] on taking z =T
and 7 = (log T)~'¢; Greaves required the constraint n > (log7")~2 but it may be
replaced with the weaker constraint 7 > (log7)~!¢. Xiao dealt with the case when

7Tk

1
18 r 2
in [41] by means of the determinant method applied to weighted projective spaces.
It follows from [41] that in this case

(6.3) B, 1(T) = Op (T?/(log T)*)
fori=1,---,t. Therefore for % > 1—78
(6.4) Bp i (T) = Opy (T?/(log T)*) .

By a result of Helfgott, see the proof of Theorem 5.2 of [15], when (k,r) is (2, 6)
(6.5) Bjo(T) = Oz (T°/(log T)°)

where
6 = 0.7043.

Hooley in 2009 established an asymptotic estimate for the number of integer
pairs (z,y) in a box for which F(z,y) is cubefree when F' is a binary form of
degree 8 with integer coefficients which is irreducible over the rationals, see [25]
and Theorem 2 of [26]. Xiao [42] extended this work to decomposable forms F'
and an examination of his proof yields an explicit error term from which we find
that

(6.6) B 5(T) = Op (T?/(loglog T/ logloglog T))
when (k,r) is (3,8).
Define g(T') by

(log T)* if TE > %
(6.7) g(T) =< (log T)° if (k,r) =(2,6)

loglogT/logloglogT if (k,r) = (3,8).
Then by (6.4), (6.5) and (6.6),

(6.8) By i(T) = Opy (T?/9(T))
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for (k,r) satisfying (1.4).
Put

1

(6.9) f(@) =g ()"

Let N5(1) be the number of integer pairs (z,y) for which F(x,y) # 0 and p*|F(z,vy)
for some prime p with

(6.10) p>Zi/(log Z)°
which does not divide both xz and y and for which

(6.11) max(|z], |y]) < Z7 f(2).

Further, write NEEQ) for the number of integer pairs (x,y) for which 0 < |F(z,y)| <
Z and

(6.12) max(|z|, ly|) > Z7 f(2).

Notice that N5 = O (Nél) + Néz)). By Lemma 2.2,

=

(613) NP =0p (23/5(2)"2) = O (2% /9(2

7).
Furthermore, on taking 7' = Z1 f(Z), we see from (6.8) and (6.9) that

NV = Op (2 1(2)2/9(27 1(2)))

Since ¢(T) is eventually increasing and tends to infinity with T it follows from (6.9)

that f(Z) is at least 1 for Z sufficiently large. We then have g(Z1) < g(Z1 f(Z))
and so

N = Opy (28 1(2)2/9(2%))
But f(Z)2/g(Z7) = f(Z)~%2, by (6.9), and thus

d—

NV = Opy, (Z%/g(zé)T) .

N

Therefore
(6.14) N5 = Opy (27 /9(2%) 7).
Theorem 1.2 now follows from (3.1), (3.3), (4.4), (4.6), (5.14), (6.7) and (6.14).

If F' is a binary form with integer coefficients, nonzero discriminant and degree
at least 3 and k is an integer larger than 1 then there exists a positive monotone
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increasing function g;(¢) on the positive real numbers with 0 < g;1(¢) < log(t + 2)
for all positive real numbers ¢ and

Jim () =ox
such that
(6.15) By y(T) = Op (T?/g1(T))
subject to the abc conjecture. Granville [9] showed this when & = 2 and his

argument extends readily to the general case. Arguing as above we deduce that
Conjecture 1.4 holds for Np;(Z). With this estimate for Ng(Z) we are then able
to establish Conjecture 1.4 for Rp,(Z) as in the next section.

7. The proof of Theorems 1.1 and 1.3

If Aut F' = C; then every integer pair (z,y) for which F(x,y) is essentially repre-
sented with 0 < |F'(z,y)| < Z gives rise to a distinct integer h with 0 < |h| < Z.
It follows from Theorem 1.2 and Lemma 2.6 that

(7.1) Rpi(Z) = CF,kzg +OFk (Z%/U(Z))

where u(z) is defined as in (3.4) when k and r satisfy (1.4) with (k,r) not (2,6)
or (3,8), as in (3.5) when (k,r) is (2,6) and satisfies (3.6) when (k,r) is (3,8).
Similarly if Aut F' = C then (7.1) holds with %CFJC in place of cp .

Suppose now that Aut F' is conjugate to C3. Then for A in Aut F with A # T
we have, by Lemma 2.7, A(A) = A(A?). Thus whenever (z,y) is in A, F(z,y) = h
and h is essentially represented there are exactly two other pairs (z1,y1), (22, ¥y2)
for which F(x;,vy;) = h for i = 1,2. When (x,y) is in Z2 but not in A and F(z,y)
is essentially represented then F'(x,y) has exactly one representative.

Let {wi,ws} be a basis for A with wy = (a1,a3) and ws = (a2, a4) and such
that max(|a1],|az|, |as|, |a4) is minimized. Recall that

Fw17w2 (I’ y) = F(alx + a2y, asr + a4y)'

Since
|NF,k(Z) N A| = Nle,wQ.,k<Z)7

by Theorem 1.2 we have
(7.2) Wirs(Z) VA = e(0)ZF + O (27 fu(2))

Note that since wy and wq are chosen so that max(|ai|, |az|, |as|,|as]) is minimized
the implicit constant in the error term may be determined in terms of F' and
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k. By (7.2) and Lemma 2.6 the number of integer pairs (z,y) in A for which
0 < |F(z,y)] < Z and F(z,y) is k-free and essentially represented is

c(A)Z% +Ork (Z%/u(z)) .

Each pair (z,y) is associated with two other pairs which represent the same integer.
These pairs yield

(7.3) %Z% + OF (Z%/u(z))

integers h with 0 < |h| < Z. Tt now follows from Theorem 1.2 and Lemma 2.6 that
there are

(7.4) (e — c(A)Z% + Opy, (Z% /u(z))

integer pairs (z,y) not in A for which F(z,y) is k-free and essentially represented
and each pair gives rise to an integer h with 0 < |h| < Z which is uniquely
represented by F'. It follows from (7.3) and (7.4) that when Aut F' is equivalent to
C3 we have

Rpu(Z) = <cF7k - zc(A)) Z% + Ops (z% /u(z)) .

A similar analysis applies to the case when Aut F' is equivalent to Dy, D5, C4 or
Cg. These groups are cyclic with the exception of Dy but Dy /{£1} is cyclic and
that is sufficient for our purposes.

We are left with the possibility that Aut F' is conjugate to D3, D4 or Dg. We
first consider the case when Aut F' is equivalent to Dy4. In this case (7.2) holds
as before and since each h which is essentially represented by F' and for which
h = F(z,y) with (z,y) in A is represented by 8 integer pairs the number of k-free
integers h with 0 < |h| < Z for which there exists an integer pair (z,y) in A with
F(z,y)=his
(7.5) C;—A)Z% + Op (27 /u(2)

By Lemma 2.7 A; N A; = A for 1 <4 < j <3 and so the number of integer pairs
(z,y) in Ay, Ay or As but not in A for which F(z,y) is essentially represented and
k-free with 0 < |F(x,y)| < Z is, by Theorem 1.2,

(e(A1) + c(As) + ¢(As) — 3¢(A)) ZF + Opy, (Z% /u(z)) .

Each such integer F'(x,y) has precisely four representatives and so the terms in
A1, Ao, A3 but not in A contribute

(7.6) (c(Ar) + ¢(As) + ¢(As) — 3¢(A)) ZF + Opy, (Z% /u(z))

1
4
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terms to Rpx(Z). Finally the terms (z,y) in Np(Z) but not in Ay, Ay or A for
which F'(x,y) is essentially represented have cardinality

(e — (A1) = e(As) = c(Ag) +2¢(A)) ZF + Opy (27 /u(2))

Each integer represented by such a term has 2 representations and therefore these
terms contribute

(7.7) % (crp — c(Ar) — ¢(As) — ¢(Ag) + 2¢(A)) ZF + Opy, (Z% /u(z))

terms to Rpx(Z). It now follows from (7.5), (7.6), (7.7) and Lemma 2.6 that
_l’_

(CF,lc B c(/2\1) B c(gg) B c(/2\3) SCELA)> Z% 4 Opy, (Z%/u(z)) ,

N =

Rpi(Z) =
as required.

Next suppose that Aut F' is conjugate to D3. As before the pairs (z,y) in
NEi(Z) N A for which F(z,y) is essentially represented yield

(7.8) %Z% +Opy, (Z%/u(Z))

terms in Rpx(Z). Since A; NA; = A for 1 < i < j <3 by Lemma 2.7 the pairs
(x,y) in Npp(Z) N A; for i = 1,2,3 which are not in A and which are essentially
represented contribute

(7.9) (c(;h) + c(12\2) + 0(12\3) - 30(2A)> Z7 + Opn, (Z%/u(z))

terms to Rpx(Z). The pairs (z,y) in Npi(Z) N Ay which are not in A and for
which F(x,y) is essentially represented contribute

(7.10) (C(A4) - C(A)) 73 4 Opy, (Z% /u(z))

3 3

terms to Rpx(Z). Finally the pairs (z,y) in Npi(Z) which do not lie in A; for
i =1,2,3,4 contribute, by Lemma 2.7,

(711)  (cpp — c(A1) — e(As) — e(As) — c(As) + 3¢(A)) ZF + O (Z% /u(z))
terms to Rpx(Z). It then follows from (7.8), (7.9), (7.10), (7.11) and Lemma 2.6

that

Ren(Z) = <F b ey elhy) 2l 4c;A>> 744054 (7/0(2)

as required.
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When Aut F' is equivalent to Dg the analysis is the same as for D3 taking into
account the fact that Aut F' contains —I and so the weighting factor is one half of
what it is when Aut F' is equivalent to D3.

Finally we note that, since there is no prime p such that p* divides F(a,b)
for all pairs of integers (a,b), ¢ is a positive number. Since an integer which is
essentially represented by F' has at most | Aut F'| representations we have

Cri > cpi/| Aut F|

and, since the order of the automorphism group of F' is at most 12, the order of
Dg, we deduce that Cry, is positive. This completes the proof of Theorems 1.1
and 1.3.
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