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Recently Shorey and Stewart [10] proved the following result.

Theorem 1, ‘Let a, b, ¢ and d be integers with bzndac and acd non-zero.

If x, y and t are integers with ix| and t ]arger than one satisﬁy1ng

ax 2t. + bxty " cyZ

a4, | " (1)

then the maximum of ixi, |y] and t is_less than C, a number which is
effectively computable in terms of a, b, ¢ and d. |

One feature of the above result is that the exponent t is a
variable. The proof depends in part upon a precise Tower estimate for
linear forms in the Togarithms of algebraic numbers due to Baker [1].
This estimate is essentially best possible in ferms of the height of one
of the algebraic numbers. R. Tijdeman [12] made use of a similar esti-
mate for his proof that there are only finitely many solutions of
Catatan's équatiﬂn-xm*yn = 1, in integers x, ¥y, m and n all larger
than one. Tijdeman s advance initiated much wurk on expnnentia] Diu-
phantine equatiuns, and in [13] he has chronic1ed progress in this
area, If t is equal to one in (1) and a, b, ¢, d are integers with d
noN-Zero and b2*4ac positive and not a perfect square then Gauss proved,
in contrast to Theorem 1, that if.

axz + bxy + cyz.

=d.,

has one solution in integers x and y then the equation has infinitely
many solutions in integers x and y. o

As an intermediate step in the proof of Theorem 1 we show that a
certain binary recurrence sequence is a pure power only finitely many
times. In fact we are ahle to prove such a result in general., Let r
and $ be integers with r2+4s non-zero. Let Un and 1y be integefs and put
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forn=2,3, ... . Then for n20 we hare

u, = aol’ + bg" | B : | (2}
where o and B are the twe_reets of X2-rX-s and
3 = UD B'Ul . b - UI‘UU{I
ﬂ-ﬂ B o _ _
whenever o # 8. The sequence of integers (”n)n=0 is a binary recurrence

sequence. It s said to be non-degenerate if abaB 1s non-zero and
a/B is not a root of unity. We proved with T. N. Shorey [10]:

Theorem 2. Let d be a non-zero integer and let u , defined as in (2},
be the n-th term of a non-degenerate binary. recurrence eequenee If

dxq =U

for 1ntegere X and g Ierger than one,_then the maximum of x, g and n is
Jess than C, a number which is effeetivelz_eemputab1e in terms of a, e,
b, B and d. | |

If {u )n .o 15 @ non- degenerate binary recurrence sequence then |up |
tends to infinity with n hence i, is a pure power for only finitely
many integers n.. For the proof we first show that q is bounded and to |
this end we employ the estimate of Baker [1] referred to above when o ?
and 8 are real, while if o and 8 are not real we appeal to a p-adic
analogue of Baker's result due to van der Poorten [8]. We next bound |
% by means of a result of Kotov [4). Let-K be -an algebraic number | ;
tield, let m and n be distinct integers withm >2 and n>3, and let a, - ?
B, x and y be non-zero algebraic integers frem K with x and. y coprime,

In 1976 Kotov proved that the greatest prime fecter of Norm /Q(ux +8y")
tends o infinity with max {|NermeQ{x)|, |NermK/Q(y)i} and this is |
useful for us here. 'To eenc]ude we use the fact that Iu l tende to
infinity w1th n to bound n. |
Petho [6] has obtained a similar result to Theerem 2. He proved

that if we suppose, in addition to the hypotheses of Theorem 2, that r

and s ere eeprime then the max1mum of X, g and n is less than a numbey
 which is effect1re]y cemputab]e in terme of a, «, b, B and the greatest
prime facter of d. Petho ebeerred that for n 20

2 2

. |
Upgl = PUpyqy = SU = tB) '. . | _(3)
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where t = u2 - U, - suz -Since {3) is solvable in terms of u. .

~ 1 0°1 0° | - B n+l
there exists an integer z such that

{r2+4sJuﬁ = 22 - 4t(u6)" . | - (4)

Ta cunc1ude, Petho replacea u, by dx3 in the abnve equatiun and employs

a result of Shorey, van der Pﬂﬂrten, Tijdeman and Schinze1 L9l ‘They

proved that if feQlz, y1is a binary form with f(1, 0) # 0 such that

f{z, 1} has k(22) distinct roots and if fnr non-zero 1ntegers, W, X,
q(22), z and vy

wd = £z, y)

with z and y coprime, [z]>1 and gk z 6 then

Max i!wlj l}f. % IQI! Izi! lyl}{c 3

where C 1s a positive number which is effectively computabie in terms
of f and the greatest prime factor of Wy .

~ For the_Fihnnacci sequence (tn)ﬁﬂﬂ Cohn [3] proved that tn is a
square or twice a square only when n is 0, 1, 2, 3, 6 or 12. Petho
[7] has shown that t is a perfect cube only when n is 0, 1, 2 or 6.
At Oberwolfach in April of this year Mignotte and wa1dschm1dt remarked
‘that indeed the distance from t to the clusest square tends to inf1nity

with n. If° t, = (o- ﬁ")!(u~ and Vo = +B for n > 0 then we have
2 n o_ o
Vp - (m-B) tn = 4{aB) = +4 . (5) .
Let x and ¢ be integers and assume t = x®c. Since (a-8)° =
vB e sxt 4 100kt + 8ch 2 4 ' (6)
. .

Since 5 + lUcK2 + B¢l + 4 has distinct roots it follows from Siegel's
theorem [11] on the finiteness of the number of solutions of the hyper-
e1liptic equation that all the integers Vi which are solutions of (6)

are less than some fixed positive number in absolute value hence, since
lv,| tends to infinity with n, n is bounded. The result now follows.
Combining the argument of Mignotte and Waldschmidt with that of Petho

and [10 ] we see that the distance between Uy and the cliosest pure power
tends to infinity with n whenever U, is the n-th term of a non-degenerate
binary recurrence sequence for which of * £1, In particular, it suffices
to show that if x, g, ¢ and n are integers with xq ey, and g 2 2
then n is bounded in terms of a, a, b, 8 and ¢. If [x| is larger than



320

one then by Lemma. 6 ef.{lﬂl,fq'ie so bounded. We new_ergee as ebeve_.l
with (4) in place of {5). Note that t is not zero since aB = =1.and. -
the sequence is non-degenerate. |

For linear recurrence sequences of erder larger than two not much
is Known, Let U, be the n-th term of a general Tinear recurrence
eequence whose eseeeieted ehereeteriet1e peiynemieI nas ene root of
largest absolute value.’ In th1e case Shorey and Stewart (10] have
preved, euhseet te eeme hypetheeee te avoid degeneracy, that U, s not
a q-th power fer 1erger then C, where C is an effectively cemputeb]e
positive number which does not depend on n. In fact we use a result of
this sort together with a generalization to algebraic number fields of-
Baker's theorem {21 on solutions of the hypere111ptic equet1en to prove
the following theorem eencerning simultaneous quedretie equetiens |

Theorem 3. .Let a, b, ¢, 4, &, bl, <y Qﬂﬂidi be integers with a, c, d,
a5 el and d, non-zero. Assume the simyltaneous equations

A - (7)

ex2+bxy+cy2 - dzq J S | | o '[8)

_heee eelut1ene in 1ntegere X y,'z, and q w1th |z end Q 1erger than one.

Let el and “2 be the reete ef 1x2+b1x+c1 If 0y end O are not reete

. of axZ+bx+c, b2 # 4a;cy and. 5% # 4 ac then the maximum of |x|, |¥], 12| »
-and g 1s 1ess then C, a number which is- effeet1ve1y computable in terms

of a, b, ¢, d, aj, by, c; and d,. o |

Mordell, p. 59 of [5], showed that if q = 2 then the simultaneous -

equations (7) and (8) have only finitely many solutions in integers x,

¥ and 7z since they correspond to solutions of a finite number of equations

involving binary quartic forms and by a result of Thue they are finite

in. number,
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