ON THE abc CONJECTURE, II

C. L. STEWART and KUNRUI YU

Abstract
Let x, vy, and z be coprime positive integers with x + y = z. In this paper we give
upper bounds for z in terms of the greatest square-free factor of xyz.

1. Introduction
Let x, y, and z be positive integers, and define G = G(x, y, z) by

G=Gx,y,2) = l_[ p.

plxyz
p aprime

Thus G is the greatest square-free factor of xyz. In 1985, D. Masser [6] proposed a
refinement of a conjecture that had been recently formulated by J. Oesterlé. Masser
conjectured that for each positive real number ¢ there is a positive number c(¢), which
depends on ¢ only, such that, for all positive integers x, y, and z with

x+y=z and (x,y,2) =1, (D

we have
7 < c(e)GTe. )

The conjecture is now known as the abc conjecture. It captures in a succinct way
the idea that the additive and the multiplicative structure of the integers should be
independent, and, accordingly, it has profound consequences (cf. [1], [3], [4], [5],
[11], [13D).

In 1986, C. Stewart and R. Tijdeman [11] obtained an upper bound for z as
a function of G. They proved that there exists an effectively computable positive
constant ¢ such that, for all positive integers x, y, and z satisfying (1),

z <exp (c1G"). 3
The proof depends on a p-adic estimate for linear forms in the logarithms of algebraic
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170 STEWART AND YU

numbers due to A. van der Poorten [8]. In 1991 Stewart and K. Yu [12] strengthened
(3). They proved, by combining a p-adic estimate for linear forms in the logarithms
of algebraic numbers due to Yu [15] with an earlier Archimedean estimate due to
M. Waldschmidt [14], that there exists an effectively computable positive constant ¢
such that, for all positive integers x, y, and z, with z > 2, satisfying (1),

Z < exp (G2/3+cz/loglogG)_ 4)

Our purpose in this paper is to present two further improvements on (4).

THEOREM 1
There exists an effectively computable positive number c¢ such that, for all positive
integers x, y, and zwithx +y =z and (x,y,z) = 1,

z < exp(c G (log G)?). (5)

The key new ingredient in our proof of Theorem 1 is an estimate of Yu [17] for p-adic
linear forms in the logarithms of algebraic numbers which has a better dependence
on the number of terms in the linear form than previous p-adic estimates; for the
Archimedean case, see the earlier work of E. Matveev [7]. We employ this estimate
in order to control the p-adic order of x, y, and z at the small primes p dividing x, y,
and z. Next we combine the contributions from the small primes in order to reduce
the number of terms in our linear forms. We conclude with a further application of
estimates for linear forms in the logarithms of algebraic numbers in a fashion similar
to [12]. Here we appeal to a p-adic estimate due to Yu [16] and its earlier Archimedean
counterpart due to A. Baker and G. Wustholz [2].

An examination of our proof reveals that the impediment to a further refinement
of Theorem 1 is not the dependence on the number of terms in the estimates for linear
forms in logarithms but instead is the dependence on the parameter p in the p-adic
estimates. This fact is highlighted by our next result, which shows that if the greatest
prime factor of one of x, y, and z is small relative to G, then the estimate for z from
Theorem 1 can be improved. In particular, let p,, py, and p, denote the greatest prime
factors of x, y, and z, respectively, with the convention that the greatest prime factor
of 1is 1. Put

p' =min{p., py, p}.
Denote the ith iterate of the logarithmic function by log;, so that log; t = logt and
log; t =log(log;_;t) fori =2,3,....

THEOREM 2
There exists an effectively computable positive number c such that, for all positive
integers x, y, and z withx +y =z, (x,y,z2) =1, and 7 > 2,
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z < exp (p/Gclog3 G*/log, G)’ (6)

where G* = max(G, 16).

Thus, for each ¢ > 0 there exists a number c3(¢), which is effectively computable
in terms of ¢, such that for all positive integers x, y, and z with x + y = z and
(x,y,2) =1,

z < exp(c3(e)p'G®).

Observe that
1/3
P < (pepyps)'” < G'P,
and so we immediately obtain

7 < exp (C3(8)Gl/3+s),
a slightly weaker version of Theorem 1. On the other hand, if p’ is appreciably smaller
than G'/3, (6) gives a sharper upper bound than (5).

For any integer n with n > 1, let P(n) denote the greatest prime factor of n. As
an illustration of the above remark, we deduce from Theorem 2 that there exists an
effectively computable positive number ¢4 such that if x and y are coprime positive
integers with x < y and y > 16, then

log, ylogs y

P=Py(x+)) > cg—y
logy y

(N
where logj y = max{log, y, 1}, a result that improves upon the lower bound of
¢s5log, y obtained by T. Shorey, van der Poorten, Tijdeman, and A. Schinzel [10].
Suppose y > 16, and suppose (1) holds. Then by (6) there exists an effectively
computable positive number cg such that

log G log; G*
loglogy < log P +c6w, ®)
log, G
where G denotes the greatest square-free factor of xy(x + y). Plainly,
G = 1_[ pfexp(Zlogp),
plxy(x+y) p=P
and so, by the prime number theorem, we have
logG < ¢7 P, 9

where c7 is an effectively computable positive number (cf. J. Rosser and L. Schoenfeld
[9, Theorem 9]). Estimate (7) follows directly from (8) and (9).
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2. Preliminary lemmas
For any algebraic number «, let #o(«) denote its absolute logarithmic Weil height, so
that

d
ho(@) = d~! [ log |aa] + ngmax (1 )],
j=1

where the minimal polynomial for « over Z is
agx? + -+ aix +ap = ag(x —aV) .- (x — o).

Let p be a prime number, and put

) -1 if p =3 (mod4),
2 ifp>2, )
) and ap=1i=+—1 if p=1(mod4),
3 ifp=2 ) )
e>ri/3 it p=2.
Put K = Q(ag). Let p be a prime ideal of Ok, the ring of algebraic integers in K.
Suppose that p lies above p with ramification index e, and residue class degree fp.
Note that
{ d f 1 ifp>2, (10)
€y = an =
r T2 ifp=2
(see [15, appendix] for the case p = 1 mod 4 and the case p = 2). For nonzero « in K,
we write ordpo for the exponent to which p divides the fractional ideal generated by

oin K.
Let oy, ..., oty be nonzero elements of K, and put
hj = max (ho(a;), log p),
for j = 1,...,n. Let by, ..., b, be rational integers with absolute values at most

B (> 3). Next put
@zaf‘ a1,

LEMMA 1
Suppose that [K(océ/q,...,oz,i/q) (K] = q"*! ordpa; =0 for j =1,...,n, and
® # 0. Then there exists an effectively computable positive number cg such that

ordy® < —2— ey by log B.

(log p)?

Proof
This follows from [17, Theorem 1] on applying (10). O
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LEMMA 2
Suppose that ordya; = 0 for j = 1,...,n, and suppose that ® # 0. Then there
exists an effectively computable positive number cy such that

h h
ord, ® < P (con)?" L. " ) log B.
log p log p log p

Proof
This follows from [16, Theorem 1] on appealing to (10). O

We also require an Archimedean estimate for linear forms in the logarithms of alge-
braic numbers.

LEMMA 3
Suppose that o1, . .., oy are positive rational numbers, and put

A =biloga; +---+ b, logay,,

where log denotes the principal branch of the logarithm. If A # 0, then there exists
an effectively computable positive number co such that

n
|A| > exp —(clon)2" log B l_[ max (ho(Olj), 1)
j=1

Proof

This is a consequence of [2, Theorem]. O
LEMMA 4

Let oy, ..., 0, be prime numbers with o1 < oy < --- < op. Let ¢ = 2 and

ag e {—1,i}orqg =3 and ap = e2mi/3, and put K = Q(«g). Then
[K(aé/q,all/q,...,a,ll/q) : K] — !
except when g = 2, ag = i, and oy = 2, and in this case

[k (g 1+ 0 ) k| =20,

Proof
This follows from [12, Lemma 3] except when ¢ = 2 and op = —1. In this case, the
proof of [12, Lemma 3] again applies. O
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LEMMA 5
Let 2 = py, pa, ... be the sequence of prime numbers in increasing order. There is
an effectively computable positive constant c11 such that, for every positive integer r,
we have . -

l_[ Dj - (r + 3)’ .

e log p; Cl1
Proof
This is [12, Lemma 4]. |

3. Proofs of Theorems 1 and 2

Note that Theorem 1 holds for z = 2 trivially. Henceforth, let x, y, and z be positive
integers with x +y = z, (x, ¥, z) = 1, and z > 2. We may suppose, without loss of
generality, that x < y. Since z > 2, we see that x < y < z and G > 6. Note that

ford,,x. ord, y. ord 2} < °8% (11)
max{ord,x, ord,y, or < .
P Y Pt log?2
Put G
G = max ( , 16)
PxPyPz
and
r=w(xyz),
the number of distinct prime factors of xyz.
Let c12, c13, . . . denote effectively computable positive constants. By Lemma 5,
~ r r
o (2).
c12
and so .
log G
r<cp—22 (12)
log, G

Putm =r —2if x = 1 (whence p, = 1) and m = r — 3 otherwise. Notice that, by
the arithmetic-geometric mean inequality,

m
1 logG\"
1 .
[1 tep=|— > logp s( = ) : (13)
plxyz plxyz
pé{px.py.pz} pé{px.py.pz}

provided that m is positive. From (12) and (13), we deduce that

log G log; G
1_[ log p < exp <c14—0g o83 ), (14)
log, G

plxyz
pé#ipx.py.rz}
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with the usual convention that the empty product is 1. It also follows from (12) that

log G log; G
< exp (clsw)

)Zr
log, G

(logr (15)

We now estimate ord, (xyz) for each prime p that divides xyz and satisfies
p < eloen?, (16)

First suppose that p | z. Since (x, y,z) = landx+y = z, we have (x, y) = (x,z) =
(v, z2) = 1. Thus, for each prime p that divides z,

ord,z = ord ( ¢ ) ord ( il 1) < ord (<x>4 1) (17)
pL = 12 e r\ —_ — = r\\ ) — 1)
—y -y y

Leta; < --- < ay be the primes that divide either x or y except in the case when
p =1 mod 4 and «; = 2. In that case, we take @ = 1 + i in place of & = 2. Note

that 2% = (1 4+ )8. Write
4
(3) =alar

with by, ..., b, rational integers. We choose ¢, ag, K = Q(ayg), as in §2. Let p be a
prime ideal of Ok lying above p. Since p | z and (x, z) = (y, z) = 1, we have

ordpa; =0,
for j = 1,..., n. Let B denote the maximum of the absolute values of the b;’s. Then,
by (11),
logz
log B < log <8£>. (18)
log?2
Put
x\* b b
0= (;) _1=a11“'ann _17
and note that
ord,® = ord, ®. (19)
By (16), (18), and Lemmas 1 and 4,
ord,® < pclg(logr)* loglogz [] logl. (20)
lalggme
It follows from (12), (14)—(17), (19), and (20) that
log G log; G
ord,z < exp (0170g1—0g~3> log(2py) log py loglog z. (21)
0g>

In a similar fashion, we deduce, for p satisfying (16), that
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log G log; G
ord,y < exp (clgw> log(2py) log p; loglog z (22)
log, G
and that N .
log Glog; G
ord,x < exp ((:19 w> log py log p; loglog z. (23)
log, G

We now define R, S, and T by

R = l_[ lord;x’ S = l_[ lord;y’ T = l_[ lordlz’

l|x,l#px ly,l#py l|z,l#pz
J<ellogr)? J<ellogr)? J<e(logr)?

where / runs through primes. Observe that

R
ho(—S < r(log r)2 max max ord;x, max ord;y |;
— lx lly
1<e(1°g’)2 [<(,(logr)2

hence, by (12), (22), and (23),

R log G log; G
ho(—> < exp (czoﬁ) logmax(py, py) log p; loglog z. 24)
—-S log, G

Similarly, we find that

T log G log; G
ho(—) < exp <cz1 ﬁ) logmax(p,, p;) log pyloglog z (25)
R log, G

and that

T log G log; G
ho(—> < exp (mﬁ) log max(py, p:) log(2py) loglogz.  (26)
S log, G

We are now in a position to estimate ord, (xyz) for each prime p that divides xyz. In
particular, we no longer require condition (16). We first estimate ord ,z for p | z. As
in (17), we have

X
ordyz = ordp(_—y — 1). 27

Puta; = R/(—S), and let

X by by,

_ :alaz an s
where oy, ..., o, are distinct prime numbers and where by, ..., b, are nonzero ra-
tional integers. Since

ooy | G

and
. (logr)?
a] 2 e k)

for j =2,...,nwitha; & {px, py}, we deduce that
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log G
n—3< . (28)
(logr)?
Next observe that _
log G
n?" < exp <cz3 08 ~> (29)
log, G

since if r is at most (log G)'/2, then the result is immediate on noting that n is at

most r, while if r exceeds (log G)'/2, then (29) follows from (28).
Let B = max(|b2], ..., |bsl, 3), and note that (18) follows from (11) as before.

Put x
@:——1:(}{10{32-“0{5" -1,
-y
and observe that (19) holds. Next put

log G log; G
08T 083 ) P [T logmax(. p)- (loglog2). (30)

W, =exp| co ~
PR ( log, G /) (log p)?

le{px,py.pz}
We now apply Lemma 2, taking into account (12), (14), (24), (27), and (29), to
conclude that

(ordpz) log p < W) logmax(px, py). 31
Similarly, if p | y, then, by considering ord, (Z /x — 1) and applying Lemma 2, we
find that

(ordpy)log p < Wplogmax(py, p;); (32)
while if p | x, then, by considering ord, (z /y— 1) and applying Lemma 2, we obtain
(ord,x)log p < Wy logmax(py, p;). (33)
Certainly,
logz = Z(ordpz) log p < r(max(ord,,z) log p). (34)
rlz
rlz
Put

L =logmax(py, py) - logmax(py, p;) - logmax(py, p,).
By (12), (30), (31), and (34), we find that

1 log G log; G
&2 < exp <625 o8 0g~3 ) L 2L. 35)
(loglogz) log, G (log p2)
Since y > z/2 and z > 3,
1
logy > logz —log2 > 1 log z. (36)

Plainly, (34) holds with z replaced by y, and so from (12), (30), (32), and (36), we
deduce that
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1 log G log; G
98z < exp | ca 08 0%3 Py L. 37
(loglog z)? log, G/ (log py)?
Next, either x > yl/ 2_in which case
1 1
logx > Elogy > glogz, (38)

orx < yl/z, in which case

1 1 2\'/?
log (x_—l— y) = log <1 + i) < log <1 + W) < ;< (—) . 39
y y y y <

In the former case, we may appeal to (34) with z replaced by x, and so from (12),
(30), (33), and (38),

1 log G log; G
# < exp <c27 o8 0%3 ) Px 2L. 40)
(loglog z) log, G (log(2px))
In the latter case, put oy = 7/, and write
E = alagz . .a)l’in’
where «», ..., ®, are distinct prime numbers and where b», ..., b, are nonzero ra-

tional integers. Then

x+y z
<log| —= ) =log| — ) =loga plogay + -+ + by logay,.
0 lg( ) lg() logoy +bylogan + - 4 by, log
y Yy

Note that we again have (29). Thus, on applying Lemma 3 and appealing to (11),
(12), (14), (26), and (29), we obtain

log G log; G
loglog (m) > —exp <C28 w) log max(py, p;)
y log, G

-log(2py) log py log p-(loglog z)°.

(41)

On comparing (39) and (41), we see that

logz ( log G log; G
xp | cog————

! . p2) log(2py) log py log p:.
(log log z)2 log, G ) og max(py, p;)log(2py) log py log p;

Therefore, in both cases x > yl/ Zand x < yl/ 2, (40) holds.
Suppose that {p,, py, p.} = {p’, p”, p”’}, and suppose that

p/ < p// < PW-
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It follows from (35), (37), and (40) that

logz ( log G log, G) )4
Xp | €3

(loglog z)2 log, G (log(2p"))?

log p"(log ). (42)

Just as for (14), we have

log Glog; G*

[ logp <exp(es———).
log, G

plxyz

whence, by (42),

logz
(log log z)2

log G log; G* !
orClogs 1) )

log, G (log(2p")*

Theorem 2 follows directly from (43). O

< exXp <C32

To prove Theorem 1, we remark that from (35), (37), and (40),

logz 3
(loglog z)?

10g610g3 é) PxPyDz

< exp| ¢33 =
< (log(2pyx) log py log p:)?

///)6‘
log, G

x (log p")*(log p

Note that we may assume that

o> G

since otherwise Theorem 1 follows from (43). Thus we have
log Z 3 ~ 3
_— G log G)~,

((log log 2)2) < ¢34Gpxpyp:(log G)

and so
logz < C35G1/3(log G)3,

as required. O
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