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SOME REMARKS ON PRIME DIVISORS OF SUMS OF INTEGERS

C.L. Stewart

Denote the cardinality of a set X by [X{ and for any integer n
tet P(n) denote the greatest prime factor of n with the convention
P{0) = P{x1)=1, In [1), Balog and Sdrkézy proved that if N ds a suf-
ficiently large positive integer and A and B are subsets of
{1,...,N} with ’(EA][BI}1X23~10N1x21ﬂgﬁl then there exist integers a
in A and b 1in B such that |

(1)  pgan) > (JAl1B)) 2/ (16 Tog ).

The key ingredient in the proof of their result is the large sieve ine-
quality. More generally let N be a positive ihteger and let Ai""’ﬂk
be non-empty subsets of {1,...,N}. Recently Sdrkdzy and Stewart [9] de-
rived estimates for the greatest prime factor of terms of the form

Ag 4 ooy where 450053 are chosen from the sets Aj,...,ﬁk res-
pectively. Of particular use in this connection is the Cauchy-Davenport
lemma, see [2].

Cauchy-Davenport Lemma. Llet p be a prime number, let A and B8 be

subsets of Z/pZ and put A+B= {a+blacA, beB}. Then
|A+B| > min{|A]| +{B| - 1,p}.

Let € be a positive real number. Using the Cauchy-Davenport lemma

Sdrkozy and Stewart (9] proved that if
K

X 1.5.1*| > (1+e)N,
i=1
then for any prime number p with N<p<{1+g/2)N there exist ¥ in

Ai’ for i= 1,...,k, such that
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P(ET+¢..+ﬂk)=D

whenever N ds 1arger than a number which is effectively computable in

terms of ¢ and k. Denote the geometric mean of ]A e slAd by T,
so that | |
k-
T= (1711 ‘A'I | )‘Uk'

i

By combining the Cauchy-Davenport lemma with the large sieve inequality
Sdrkdzy and Stewart [9] were able to generalize the result of Balog and
Sérkdzy referred to earlier. In particular, if N 1s larger than a num-
ber which is effectively computable in terms of % and |

T> aN/2q0gn,

“then there exist a; in Ay, for d=1,00..k,  such that

P{a1 + e +ak) > kT/{141097).

Further, by combining the Cauchy-Davenport Temma with Gallagher's larger
sieve, Sdrkdzy and Stewart [9) showed that if IA | < |A;|  for

= 1,...,k and e fs any positive real number then there exist Y

in A for 1% 1,...,k such that

P(a1 + ... +ak] > £A1 I/’N‘l!,kil-al

provided that N s darger'than a number which is effectively computa-
ble in terms of e and k.

Notice from (1) that if |[A] >> N and |B| >> N then there exist
a in A and b in B such that |

(2) - P{a+b) > Nang

‘Balog and Sdrkdzy [1] also employed the Hardy~L1tt1ewund circle method
in this context and they astablished a somewhat weaker result by this
approach; in place of N/Tog N in (2) their argument yielded N/(1ng|ﬂ)2.
Recently Sdrk#zy and Stewart [10} were able to show by means of the cir-
cle method that if |A[ >> N and |8] >> N then there exist a in A
and b in B such that | |

P(atb) >> .
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This is an immediate cunsequente uf.the following thenrem.'Pﬁt
R= 3n/(1Al18]) 12,

Theorem 1 (S&rkdzy and Stewart {10]). Let N be a positive integer,
let A and B be subsets of {1,...,8} and let ¢ be a positive real
number. There exist effectively computable positive absolute constants
Cq and Cy and a pnsitivé number N1 which iy effectively computable
in terms of ¢ such that if N is greater than N, and

(|AIEBE)1/2 S N5f5+E’

then there exist atleast cy{[A[{B|)/Tog N pairs (a,b) with a in A
and b in B for which |

(3) | | Pla+h) > c1(|AHB|)”2/(1ﬂg R 1oglog R).

Notice that if t 1is a positive integer with t at most N1/2 and

we put A== {ntin€Z”, nt<N} then for all a in A and b 1in B,

P(ash) < max {P(t), 2[N/t]} < 2(N/t]
< 2(|a{B))"%,

and thus (3) 1s close to best possible.

Put vy= czﬂlug R loglogR, where ¢, is an effectively computable
positive constant. For each positive integer n define d, to be 1
if n can be written as mp with 1<{m<y and p a prime number with
2N/y <p<4N/y and 0 otherwise. For any real nmumber x denote e2TIX
by ef{x) and put |

4N
S{a)= =

d e(no).
n=1 n ’

Fla)= £ elao), Gla)= X e{(bo)

a&h beB '
and |
~ - " 2N
H{a) = Fla)a{a) = r e((atb)a)= = h elna)
afh,beB n=1
with
h = T 1
n a+b=n

ach,beB
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Next define. by

1 1 2N 4N
J = J' Fla)6la)S{~a)do = J T £ hd e{{n-m)a)da
. U n: m=1

Notice that if d, is positive then P(n} > %? while if hn is positi-

ve there exist a in A and b in B such that n=a+b. To establisn
Theorem 1 it suffices to show that |

(4) J > ¢, |A][B|/10g X,

where €y is an effectively computable positive constant. We remark that
in [1}, Balog and Sdrkézy studied essentially the same integral J. For
the proof of (4; we employ a result of Heath-Brown and Iwaniec on the
difference between consecutive prime numbers, a refinement, due to
Vaughan, of Vinogradov's fundamental lemma on exponential sums over pri-
me numbers and, on several bccasinns, the‘Brun-Titchmarsh theorem,

The above results apply only when A and B or A1,,..,Ak are
fairly “dense" subsets of  {1,...,N}. When this is not the case sieve
methods and the circlie method must be replaced by eiementary arguments
or methods from Diophantine approximation. For any positive integer n
let w(n) denote the number of distinct prime factors of n. In 1934,
Erdss and Turdn (4] proved that if A is a finite set of positive inte-
gers with |Al =k then, for k>2,

(5) ol 1 (a+a’)) > {Tog(k/3)}/10g 2.

a,a'eA
Thus, by the prime number thenhem?theré exist integers a1' and 2, in
A such that

P(a1+a2)_ > ¢4 logk Toglogk ,

where Cq is an effectively computable positive constant. The proof gi- |
ven by Erdds and Turdn is elementary and ingenious. Erdds and Turdn con-
jectured that a similar result to (5) should hold when the summands are
drawn from two different sets A and B. In particular, see {3], they
conjectured that to every s there is an f(s) so that if k> f(s)

and 1<a,<...<a and 1<by<...<b, are any two sets of positive
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(6) of 1 (ag+bs}) > s,

1<i<k

1<{3<k
In [111 Stewart and Tijdeman resoived the conjecture by an elementary
argument. They showed that one can replace s on the right hand side of
inequality (6} by 'cswg k/loglog k , where Cg is an effectively com-
~ putable positive constant. In fact it is possible to improve this further
by using a resuit by Evertse [5].

Theorem 2 (GyBry, Stewart and Tijdeman [7)). Let A and 8 be sets
of positive integers with k= [A| > [B} > 2. Then

w1 {(a+b)) > cc logk,
ach,beB

where Cg¢ is an effectively compuiable positive constant.

| A slightly weaker version of Theorem 2 can be deduced from earlier
© work of Lewis'ahd Mahler, see [121. As before, we see, on applying the
orime number theorem, that if A and "B are sets of positive integers
with k= |A| > |B} > 2 then there exist a in A and b in B for

which
(7) - P(a+b) > ¢, Tog k Toglog k,

where Cy is an effectively computable positive constant. Stewart and
Tijdeman have proved that {7} is close to best possibie by showing that,
in general, it is not possible to replace the right hand side of inequa-
1ity (7) by (1og k)2+": for any positive real number . It is however
possible to improve upon (7) if there are sufficiently large terms of the
form a+b and the greatest common divisor of all a‘s and b's 15 one,
as the next result shows.

Theorem 3 (Gydry, Stewart and Tijdeman [7]). Let ¢ be a positive reatf
number, let k be an integer with k>2 and let ;1 <'a2< vae <2y and
b be positive integers. If the greatest common divisor of ay,...58y
and b 1is one then

Pla, ... ak(a1+b)_... (ak+b)] > win{{1-g)k Tog k, cg 10glog (ak+b)) ,

for k:>k0(a), where kﬂ(e) is a positive real number which is effecti-
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‘vely computable in terms of & and Cq “is an éffective!y computable-
positive constant.

The proof of Theorem 3 depends upon estimates for linear forms in
the logarithms of algebraic numbers due to Baker and, in the p-adic ca~
se, due to van der Poorten. Finally we mention that GySry, Stewart and
Tijdeman [9] have shown that if 89,3, and” b run through positive {n-
tegers with g.c. d(a1,a2,b)-ﬂ1 then F(a1a2(a1+b)(a2+b)) tends to in-

finity with the maximum of 84,3, and b. This is proved by appea]ing
to results of Evertse [6] or van der Poorten and Schlickewei [8] which
in turn depend upon the work of Schlickewei on the p-~adic version of the
Thue~Siegel~Roth-Schmidt theorem.



(1]

(2]

[3]

(4]

(5]

(6]

71

(8)
[9]
[10)
[11]

{12]

223

BIBLIOGRAPHY

A. Balog and A. S&rkBzy.- On sums of sequences of integers II,
Acta Hath Hung , to . appear. |

H. ?ggenpert‘— A h1ster1ea1 note, J. London Math. Soc. 22 (194?),
101

P. Erdis.~ Problems in number theory and combinatorics, Proc.
Sixth Manitoba Conf. Numerical Math. (Univ. Manitoba, Winnipeg,
Man., 1976), 35-58, Congress Numer , 18, Utiiitas Math. , -

Winnipeg, Man., 19?7

P. Erdds and P. Turdn.- On a problem in the elementary theory ef
numbers, Amer Math. Menth]y 41 (1934), 608-611.

J.H. Evertee.- On equations in S-units and the Thue-Mahler equa-
tion, Invent. Math. 75 (1984), 561-584,

J.H. Evertse -~ On sums of S~units and linear recurrences, Compo-
sitio Math., 53 (1984), 225-244,

K. Gydry, C.L. Stewart and R. Tijdeman.- On prime factors of sums
of integers, to appear.

A.J. van der Poorten and H.P. Schlickewei.- The growth conditions
for recurrence sequences, Macquarie Math. Report 82-0041

{1982).

A. Sdrkbzy and C.L. Stewart.~ On divisors of sums of integers I,
Acta Math. Hung., to appear.

A. Sdrkdzy and C.L. Stewart.- On divisors of sums of integers II,
J. reine angew. Math., to appear.

C.L. Stewart and R. Tijdeman.- On prime factors of sums of inte-
gers II, Proc. Number Theory Conf. Sydney, to appear.

C.L. Stewart and R. Tijdeman.- On prime factors of sums of inte-
gers, Univ. Leiden Math. Inst. Report 11 (1985).

C.L. Stewart

Department of Pure Mathematics
University of Waterloo
Waterloo, Ontario

CANADA

N2l 3G1



