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In 1938, improving on an earli er re sult o f showed that for

each e &#x3E; 0 there exist infinitely nany integers n such that

where p n dénotes the n-th largest prime number and log. = dénotes

the i-th itération of the logarithu function. In 1963, SCHONHAGE [9J showed that
it is possible to replace 1/3 in (1) by where y is Euler’s constante and

RANKIN [8J in the same year improved e03B3/2 to e03B3 (= 1.78...) . In this note, l

would like to give a simple proof of (1) with 1/3 replaced by 1/2.

Let t be a positive integer and let e be a real number with 0  e  1/2 .
Dénote thé interval t) and 

where the product is taken over primes p. Note that by the prime number theoren

Thé number of integers frou 1 y ... , t which are coprine with k is at uost

N + N where N is thé number of positive integers less than or equal to tall of whose prime factors are less than t(1-~)log3t/logat and where N2 is the
number cf positive integers less than or equal to t and having a prime factor

greater than t/log t . It follows fron work of De BRUIJN (in particular (1.3) and
(1.4) of [1] and (1.8) of [2]), that N1 = t/uu(1+o(1)) with 

hence N = o(t/log t) . Further,

hence, (by 22.7.3 and 22.7.4 

Therefore

_, 
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Let S dénote the number of primes which are of the form kz +,e with 1  l  t

and 1  z  k[logat] . By the Brun-Titchmarsh theorem (see Theorem 2 of [6]),
’

Since $(k) = k H (l - i) we have , by theorem (Theoren 429 of [4 J),

We find, fron (2), (3), (4) and (5), that

Thus for sone integer z~ with 1 ~ the interval (kz~ + 1 , kz~ +t)
will contain at most (2/(1 - e) + t/log3 t) prines and so in this in-

terval there will be a gap between consécutive primes, p and p n+ 1 say, of size

at least ((1 - e)/2 + 0(1)) t log t/log2 t . But + t hence,

recall (2),

and (1 2 - ~ 2 + 0(1)) log p log Our result

follows since, by ( 6 ) , log2 pn  ( 1 + o(l)) log t .

The key estimates in the above argument is the estimates for N which allows us

to sieve the integers fron 1 , ... , y t by primes fron T in an efficient nanner.

Ã sirilar estimate also appears in the proofs of RANKIN ([71, [8J) and of SCHÖNHAGE

[9J. RANKIN and SCHÖNHAGE construct, by a sieving process and the Chinese Renainder

Theorem, long intervals free of primes whereas we use the Brun-Titchmarsh theorem

and an averaging argument to this end. MAIER [5] has used a related averaging argu-
ment to show that for each positive integer j there is a positive number c .

J

such that for infinitely many integers n ,
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