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ABSTRACT. In this article we prove that there exists an infinite set of prime
numbers with the property that the sequence 1 = n; < n2 < --- of positive
integers made up of primes from the set is well spaced. For example we prove
that there is an infinite set of prime numbers for which

nit1 —n; > n;/ exp((logni)'/?)
fori=1,2,....

1. INTRODUCTION

Let T be a set of prime numbers and let 1 = n; < ny < --- be the sequence of
positive integers all of whose prime factors are from T'. Let |T'| denote the cardinality
of T. If T is a finite set, Tijdeman [I5] proved in 1973, improving earlier work
of Pélya [II] and Siegel [I3], that there exist positive numbers C; = C1(T') and
Cy = Co(T), which are effectively computable in terms of T, such that

(1.1) niv1 — n; > ni/(logng)t
for n; > 3 and
(1.2) nig1 —n; < n;/Ca(logn;) "I~

for infinitely many positive integers i. Further, Tijdeman [I5] proved in 1974 that
there are positive numbers C3 and Cy, which are effectively computable in terms
of T, such that if n; > C3, then

niv1 —n; < ni/(logn;)s.
Prior to this Wintner had asked Erdds [3] if there is an infinite set of primes T'
for which

lim n;yq — n; = oco.
71— 00
Tijdeman [15] answered Wintner’s question in the affirmative. He proved that for
each real number a with 0 < o < 1 there exists an infinite set of primes T'(«) for
which
(1.3) Njp1 — Ny > n}fa
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for i = 1,2.... In this note we would like to refine (I3) in two ways. The first
refinement is an elaboration of Tijdeman’s result and concerns the size of the primes
in T(«). We shall prove that for each positive real number ¢ there is a positive
number C = C(a, ¢) and an infinite set of primes T(a) = {p1, pa, ... } with

pr < CT(Z/a+E)r2
for which ([3]) holds. More precisely, we shall prove the following.

Theorem 1.1. Let a be a real number with 0 < o < 1. There is a positive number
¢ = c(a), which is effectively computable in terms of o, and an infinite set of prime
numbers T'(«) = {p1,p2,...} with

tr/2 < pr < tra

where

(1.4) t, = r2r2/°‘(log 37")”2

forr=1,2,... such that if 1 =ny < mng < --- is the sequence of positive integers
all of whose prime factors are from T(«), then

(15) Nit1 — Ny > n%fo‘

fori=1,2....

Our second refinement involves strengthening inequality ([3]). We shall prove
that it is possible to find infinite sets of primes T' for which the positive integers
generated by them are more widely spaced than (3.

In order to state our next result we introduce the set £ of continuous functions
¢ : R — R for which p(p(z)) = €. £ is an uncountable set and it is possible to
characterize the elements of £. In particular ¢ is injective since the exponential
function is injective. Further, since the image of R under the exponential function
is (0,00) and ¢ is continuous, the image of R under ¢ is (8, 00) for some negative
real number . Therefore the image of (—oo, 6] is (,0]. But notice that once we
have specified a negative real number § and a continuous injective map ¢ from
(—00,0] to (0,0], we can extend ¢ to an element of £ in the following recursive
manner. Put e;(z) = e* and

er(z) = e 1@ for k=23,....
Then put ag =6, a; =0 and
o; :61'(9), Q2541 262(0) for i = 1,2,....

Next put Iy = (—o00,6] and I; = (o, aj41] for j =0,1,2,... and map ¢ from I;
to Ij4q for j =1,2,... by defining ¢(z) for  in I; to be e¥, where y is in I;_; and
©(y) = z; see Hardy [4] for such a construction.

Observe that since ¢ is a continuous and injective map from (—oo, 8] to (6,0]
it is increasing on (—o0, 6] and in fact on all of R. Let ¢! : (6,00) — R denote
the function which is the compositional inverse of ¢ so that ¢ o ™! is the identity
function on (0, 00) and ¢! o ¢ is the identity function on R. Then ¢~! is injective
and increasing. In particular, if 0 < z < y, then p~1(z) < ¢~!(y). While there is
no function ¢ in £ which can be extended to an analytic function on C, Kneser [0]
showed that there are such functions which are real analytic. Szekeres [14] proposed
a way to pick an element from £ in a canonical manner; see also [2].
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We shall be interested in the growth of functions from &, a topic studied by Hardy
[]. He proved that their rate of growth cannot be measured by the logarithmic-
exponential scale. Put ¢;(z) = logz for z > 1 and put

L (x) =log(lp—1(x)) for z > er_1(1)
for k=2,3,.... Then for ¢ in £ and k a positive integer,
(1.6) er((6e(2))?) < (@) < ensr((l(@)"?)

for x sufficiently large, as is readily checked. Functions from £ have arisen in studies
of computational complexity [9].

Let ¢ be in €. We denote by F,,(z) the function from Rt to R* which is 1 for
x at most e® and is given by

(1.7) F,(z) = p(log z loglog x)'°&1oe®
for x > e®.

Theorem 1.2. Let o € £. There exists an infinite set of primes T such that if
1 =mn1 <ng < --- is the sequence of positive integers all of whose prime factors
are from T, then

(1.8) Njg1 — Ny > nl/Fg,(nl)

Let k be a positive integer and let § be a real number with 0 < # < 1. It can be
checked that when ¢ is in &, then

Fy(x) < er((tr(x))?)
for x sufficiently large. As a consequence we are able to deduce the following result.

Corollary 1.3. Let k be a positive integer. There is an infinite set of primes T},

such that if 1 = ny < ng < --- is the sequence of positive integers all of whose
prime factors are from Ty, then

(1.9) Nijp1 — Ny > "z’/ek((ék(”i))l/z)

fori>1.

It follows from (L2) that we cannot replace e ((¢x(n;))/?) in (LA) by (logn;)°
with ¢ a positive real number for any infinite set of primes 7. We remark that the
exponent 1/2 in ([LA) can be replaced by 6 for any real number 6 with 0 < 0 < 1,
provided that T}, is replaced by T} . Further, on taking £ = 1 in Corollary 1.3 one
finds that there is an infinite set of primes for which

(1.10) nip1 —ni > ni/ exp((logng)'/?)

fori=1,2,....

For the proofs of Theorems 1.1 and 1.2 we shall employ the strategy Tijdeman
used to prove ([3)). The key ingredient in the proofs is a lower bound for linear
forms in the logarithms of rational numbers. Whereas Tijdeman appealed to an
estimate of Baker [I], we shall apply an estimate of Matveev [7,[g].
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2. LOWER BOUNDS FOR LINEAR FORMS IN THE LOGARITHMS
OF RATIONAL NUMBERS

For any rational number o we have o« = r/s with r and s coprime integers with
s positive. We define H(«), the height of «, by

H{(a) = max(|r], |s|).

Let aq,...,a, be positive rational numbers with heights at most Aq,..., A, re-
spectively. Suppose that A; > 3 for ¢ = 1,...,n and that logag,...,loga«, are
linearly independent over the rationals where log denotes the principal value of the
logarithm. Let by,...,b, be non-zero integers of absolute value at most B with
B > 3 and put

A=bjloga; + -+ b, logay,.

Lemma 2.1. There exists an effectively computable positive number co(> 1) such
that
log |A| > —cjlog Ay - - -log A, log B.

Proof. This follows from Theorem 2.2 of Nesterenko [I0]. Nesterenko’s result is a
special case of the work of Matveev [7)[g]. O

We remark that while there is an extensive literature on estimates for linear
forms in the logarithms of algebraic numbers due to Baker and others, Matveev
was the first to establish an estimate for A with the factor ¢ in place of n°" for
some positive real number . Such weaker estimates would lead to a version of
Theorem 1.1 with 212 /o in the exponent in ([[4) replaced by (2 + 6)r?/a. We also
note that the work of Matveev and of Nesterenko is completely explicit, and so ¢
may be made explicit.

3. PROOF OF THEOREM 1.1

Let a be a positive real number and let cq, ¢, ... denote positive numbers which
are effectively computable in terms of «. Suppose that c is a positive number which
exceeds c1,...,cs, where ¢y, ..., c5 are defined below, and define ¢, for r = 1,2, ...
as in ([4]). We shall construct primes pq, ps, ... with

(3.1) ti/2 <pi <t
for i = 1,2,... so that (LH) holds for the integers generated by pi,...,p, for
r=1,2,.... The result then follows by taking T'(«) to be {p1,p2,...}.

For each real number x let w(z) denote the number of primes of size at most .
By Corollary 3 of [12],

(3.2) 7(z) — w(z/2) > 3z/(101log x)

for x > 41. Let ¢ satisfy
(log3)t > 41.
Since t; = (log 3)° and c exceeds ¢y, there is, by (82), a prime p; with

(33) 20<t1/2 <p1 <t;.
The sequence 1 =nj < ng < --- of integers generated by p; satisfies n; = p’fl for
1=1,2,... and certainly

17
Nig1 — N >ng >n;

fori=1,2,... and any « with 0 < o < 1.
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Suppose now that r is a positive integer and p1, ..., p, have been constructed to
satisfy (B and so that (IH) holds for the integers generated by py,...,p,. Then
we shall prove that there is a prime p,; satisfying (3 with ¢ = r+ 1 and so that
(T3 holds for the integers generated by pi,...,pr4+1. We do so by bounding the
number of primes p with

(34) tr+1/2 <p<tr
for which this is not the case. Accordingly suppose that p is a prime satisfying (3.4)
for which the sequence 1 =n; < ng < --- of integers generated by p1,...,p,, p does

not satisfy (LI for all positive integers i. Put b = n;y1 and a = n;, where i is the
smallest index for which (L)) fails. Observe that a and b are coprime and also that

(3.5) 1<b/a<l+a“
Further, p divides one of a and b since (LI) holds for the integers generated by
D1y, Pr. PUt

a/:p?l...p?‘Tpa and b:p?lprpﬁ
with aq, ..., ap,, B1,. .., By, B non-negative integers. By ([B.5) b is at most 2a and
by B3) a > p1 > 23, so
log b log 2a
36 e Ty )ty ) S S
( ) ma‘X{ala y Qe y (U /81 B’F B} log 23 log 23

We shall now bound loga from above by Lemma 2.1 with n = r + 1 and

A= (B —ai)logps + -+ (Br — o) logp, + (8 — a)log p.

Since ¢ > ¢; and (log3)“* exceeds 41, we see that ¢4 > 2t. for r = 1,2,..., and
SO

< loga.

p1 <p2 <---<pr<p;
hence logps,...,logp,,logp are linearly independent over the rationals. We find

that
(3.7 log(b/a) > exp(—chlogt, - - -logt, 1 loglog a).
By (B3, since log(1 + =) < z for any positive real number z,
(3.8) log(b/a) < a™“.
Put
(3.9) y=a (cologt, 1) .
It follows from B7), (BR) and (B9) that

loga

logloga

If x and y are real numbers with x > 3 and y > 1 and y/logy < x, then y < 2z log .
Thus, since ¢y > 1,

(3.10) loga < 2ylog~.

Since a and b are coprime, at least one of o and f is zero and at least one
of a; and ; is zero for ¢ = 1,...,r. Thus the number of possible 2r + 2-tuples
(a1, ..., ar,,B1,..., 8-, 0) associated with a prime p satisfying (4] for which
(T3 does not hold for all positive integers i is at most

(3.11) (1+2loga)™tt.
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Each such 2r 4+ 2-tuple determines an interval in which p must lie. In particular, if
we put A = p¢* P por—Br we find from (B3) that

A<pP~ < A(l+a™?).
Put A; = AV~ If 8 > «, then
A <p<A(1+4+a9),
whereas if & > 3, then
(1+a " )YE=9 4 <p < Ay

and in both cases p lies in an interval of length at most A4;/a®. In the former case
A; < p, while in the latter case A; < 2p since a® > 1. Therefore each 2r + 2-
tuple determines an interval in which p must lie of length at most 2¢,1/a®. Since
2a > b>p > t.11/2 we see that the number of primes determined by each 2r 4 2-
tuple is at most 1 + Sti;f. Thus, since t,41 > 1, the number of such primes is at
most Qti;‘f‘. Therefore, by [B.I0) and (BII) there are at most

(3.12) 9t 5 (14 4ylogy) !

primes from the interval (¢,41/2, t,4+1] which extend {p1,...,p,} to give a sequence
for which (L3]) does not hold. But by ([B.2]) there are at least 3t,41/(10logt,4+1)
primes in (t,41/2,t,41], and so provided that this number exceeds ([BI2) we can
choose pr41 from (t,41/2,t,41] so that (LH) holds for the sequence of positive
integers generated by {p1,...,pr+1} as required.

Thus it suffices to check that

30(1 + 4ylogy) " logt, 41 < t2,4.
For ¢ > ¢; we find that
(3.13) logt, < cr?log 3r
for r =1,2,.... Further, from 3) and BI3), for ¢ > c3,
(3.14) v < a Heoe(r +1)%log3(r + 1))t < (r + 1)20 ) (log 3(r + 1))cx(r+D/4
for r =1,2,.... By B3I4), for ¢ > cq,
(3.15) 1+4ylogy < (r+1)20 Y (log 3(r 4 1))cx(r+1)/2
for r =1,2,.... Finally, by BI5), for ¢ > cs,
30(1 + 4ylog )" log tryq < (r+ 1)20FD (log 3(r + 1)) +D" — g |

for r=1,2,... as required.

4. PROOF OF THEOREM 1.2

Let ¢ € £ and define F,, as in (7). We shall construct recursively an increasing
sequence of primes pq, po, ... with the property that for each positive integer r the
set of positive integers generated by {p1,...,p.} satisfies (LJ). The result follows
by taking T to be {p1,p2,...}.

Certainly the set of positive integers generated by {p;} satisfies (L.8) whenever
p1 is an odd prime. We shall take p; = 23. Suppose that we have determined
primes p; < ps < -+ < p, such that the set of integers, all of whose prime factors
are from {p1,...,p,}, satisfies (8). We shall prove that there is a prime p,;1 with
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Pr+1 > pr such that (L) holds for the integers generated by {p1,...,pr+1}, and
the result will then follow.

Accordingly let ¢ be a real number with p, < t/2 and let p be a prime with
t/2 < p <t for which (8] does not hold for {p1,...,prp}. fl=ny <ng <--- is

the sequence of positive integers all of whose prime factors are from {p1,...,p, p},
then for some integer i we have
(4.1) Ni41 — Ny S nl/Fg,(nz)
Put n;41 = b and n; = a with

a:p‘lll-..p?Tpa a,nd b:pfl-..pfrpﬂ’
where «aq,...,q.,a,pB1,...,08,, 8 are non-negative integers. Since ¢ is non-
decreasing, so is F,, and we may choose ¢ minimal in ([£I]) and thus ensure that a
and b are coprime. Thus at least one of «; and ; is zero for i = 1,...,r. By our

inductive hypothesis p divides ab, and since a and b are coprime, p divides exactly
one of a and b. Further
(4.2) max(ay, 5;) < (logb)/logp; < (log2a)/log23 <loga

fori=1,...,r.

We shall now bound log a from above. Notice that a is not 1 and so a is divisible
by a prime of size at least p; = 23; hence log a exceeds 3. It follows from (£2]) and
Lemma 2.1 withn =7+ 1 and

A =log(b/a) = (61 — a1)logpr + - + (Br — o) log pr + (B — ) logp

that

(4.3) log(b/a) > exp(—ch T logp; - - - log p, log t log log a).
On the other hand, by (@IJ),

(4.4) 0 < log(b/a) < Fy(a)™".

Since a > e° by (1), (@3) and ({4),
log p(log alogloga) < cjt?
1

log p; - - - log p, log t.
Put ¢ = CSH logpy - - -log p,. Since ¢~ is defined and increasing on the positive

real numbers,

(4.5) logalogloga < ¢ *(t°%).

Since max(a, §) is at most log a, it follows from ([@2]) and (LX) that there are at
most
(4.6) el ()

possible 2r +2-tuples (a1, ..., o, f1, ..., B, ) for which [@I) holds for the inte-
gers generated by {p1,...,p,, p} with t/2 < p < t. Each such 2r+2-tuple determines
an interval in which p must lie. In particular, if we put A = p’fﬁm cp2r B we
find from (£I)) that
A< pP <A+ Fyla)™h).

If B > a, then

AV B=) < p < Al/(ﬁ—a)(l + Fy,(a)_l),
whereas if & > 3, then

(14 Fp(a)™ )= AV B0 < p < AVE=0);
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and in both cases p lies in an interval of length at most AV (3= /F_(a).

By choosing ¢, hence also p and a, sufficiently large we can ensure that F,(a)
exceeds 2, and so A8~ is at most 2¢t. Therefore each 2r + 2-tuple determines
an interval in which p must lie of length at most 2t/F,(a). Since 2a > b >p > t/2
and since F|, is non-decreasing, we see that the number of primes determined by
each 2r + 2-tuple is at most

14 (2t/F,(t/4)).
But F,(t/4) > F,(t)/4 and t exceeds F,(t) by (L8) and (1) for ¢ sufficiently

large. Thus at most 9t/ F,,(t) primes are determined by each 2r+2-tuple. Therefore,
by (&0, there are at most

(4.7) (9t Fp (1)) (07" ()"

primes from the interval (¢/2,¢] which will extend {p1,...,p.} to give a sequence
for which (L8) does not hold. But for ¢ sufficiently large there are at least t/2logt
primes in (¢/2, ], and so to be sure that there is a prime p for which (L8]) holds with
{p1,-..,pr,p} it suffices to check that ¢/2logt exceeds [T). But 18logt < ¢~ 1(t°)
for t sufficiently large, and so it suffices to check that

(™ H(t9) 2 < Fu(1).
Since r 4 2 is less than loglogt for ¢ sufficiently large, we need only check that
0 H(t%) < p(logtloglogt)

or, equivalently,
t¢ < p(p(logtloglogt)) = tloeloet,
But this plainly holds for ¢ sufficiently large and the result follows.
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