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Outline

• Unquantized anomalies in topological semimetals. 

• 3D Fractional Quantum Hall effect in magnetic Weyl 
semimetals. 
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What is topological about topological semimetals?

• But other kinds of topological semimetals don’t have any 
obvious “topological” response. 

• Does it mean that they are not really “topological” in any 
sense once interactions are included?

• No, but the responses are more subtle. 
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Weyl semimetal may be thought of as a gapless topological phase protected by the chiral anomaly,
where the symmetries involved in the anomaly are the U(1) charge conservation and the crystal
translational symmetry. The absence of a band gap in a weakly-interacting Weyl semimetal is
mandated by the electronic structure topology and is guaranteed as long as the symmetries and
the anomaly are intact. The nontrivial topology also manifests in the Fermi arc surface states and
topological response, in particular taking the form of an anomalous Hall e↵ect in magnetic Weyl
semimetals, whose magnitude is only determined by the location of the Weyl nodes in the Brillouin
zone. Here we consider the situation when the interactions are not weak and ask whether it is possible
to open a gap in a magnetic Weyl semimetal while preserving its nontrivial electronic structure
topology along with the translational and the charge conservation symmetries. Surprisingly, the
answer turns out to be yes. The resulting topologically ordered state provides a nontrivial realization
of the fractional quantum Hall e↵ect in three spatial dimensions in the absence of an external
magnetic field, which cannot be viewed as a stack of two dimensional states. Our state contains
loop excitations with nontrivial braiding statistics when linked with lattice dislocations.

Weyl semimetal is the first example of a bulk gap-
less topological phase [1–4]. The gaplessness of the bulk
electronic structure in Weyl semimetals is mandated by
topology: there exist closed surfaces in momentum space,
which carry nonzero Chern numbers (flux of Berry cur-
vature through the surface), which makes the presence
of a band-touching point inside the Brillouin zone (BZ)
volume, enclosed by the surface, inevitable. This pic-
ture, however, relies on separation between the individual
Weyl nodes in momentum space, which involves symme-
try considerations. In particular, either inversion or time
reversal (TR) symmetry need to be violated in order for
the Weyl nodes to be separated. In addition, crystal
translational symmetry needs to be present, since other-
wise even separated Weyl nodes may be hybridized and
gapped out.

A very useful viewpoint on topology-mandated gap-
lessness is provided by the concept of quantum anomalies.
The best known example of this is the gapless surface
states of three dimensional (3D) TR-invariant topologi-
cal insulator (TI). The relevant anomaly in this case is
the parity anomaly: the ✓-term topological response of
the bulk 3D TI [5] violates TR (and parity) when evalu-
ated in a sample with a boundary. This anomaly of the
bulk response must be cancelled by the corresponding
anomaly of the gapless surface state [6], which is simply
the parity anomaly of the massless 2D Dirac fermion [7–
9].

Analogously, the gaplessness of the bulk spectrum
in Weyl semimetals may be related to the chiral
anomaly [10, 11]. Suppose we have a magnetic Weyl
semimetal with two band-touching nodes, located at
k± = ±Q = ±Qẑ. Crystal translations in the z-direction
act on the low-energy modes near the Weyl points as chi-

ral rotations

T †
z c

†
±QTz = e⌥iQc†±Q, (1)

where we have taken the lattice constant to be equal to
unity (we will also use ~ = c = e = 1 units throughout
the paper). However, the chiral symmetry of Eq. (1) is
anomalous: an attempt to gauge this symmetry fails and
produces a topological term [12]

S = � 1

4⇡2

Z
dt d3r Qµ✏

µ⌫↵�A⌫@↵A� , (2)

which expresses the impossibility to conserve the chi-
ral charge and underlies all of the interesting observable
properties of Weyl semimetals. In particular, variation of
Eq. (2) with respect to the electromagnetic gauge poten-
tial gives the anomalous Hall conductivity of the Weyl
semimetal

�xy =
1

2⇡

2Q

2⇡
, (3)

which depends only on the separation 2Q between the
Weyl nodes in momentum space. By Wiedemann-Franz
law, Eq. (3) also implies a thermal Hall conductivity

xy = �xy
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=

Q
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3

◆
, (4)

which, alternatively, may also be viewed as a manifesta-
tion of the chiral-gravitational mixed anomaly [13, 14].
In the Supplementary Material we discuss a more for-
mal, but physically equivalent, way to describe the chiral
anomaly in a Weyl semimetal [15].
Tuning the node separation 2Q between 0 and 2⇡ real-

izes the transition between a trivial and an integer quan-
tum Hall insulator in 3D [16, 17], which has to proceed
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Wiedemann-Franz law:
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• 2π flux line carries fractional charge per unit cell: 
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Magnetic Weyl semimetal

• 2π flux line carries fractional charge per unit cell: 

• This is a more “topological” property than Hall conductivity 
since Hall conductivity contains a length scale: 
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• Unlike Hall conductivity, this is also generalizable to other 
topological semimetals. 
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Topological term
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Topological term
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@µuz ! @µuz + zµ

• Consider deformed crystal:

• Account for the fact that atomic position is only defined 
modulo primitive translation:

Manjunath & Barkeshli Nissinen & Volovik Song et al. 
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Topological term

• Focus on topological part of the action, which involves 
only gauge fields:

<latexit sha1_base64="5Rpwomq/V6pY8iBLJ5gVcCzoYs0=">AAACJ3icbZBNS8NAEIY3flu/oh69LBbBiyURUS9K1YvHilYLTSmbzaQu3WzC7kapIf/Gi3/Fi6AievSfuG0jaHVg4dl3ZpiZ1084U9pxPqyx8YnJqemZ2dLc/MLikr28cqniVFKo05jHsuETBZwJqGumOTQSCSTyOVz53ZN+/uoGpGKxuNC9BFoR6QgWMkq0kdr24Tk+wFvYCyWhGcuz7bxgT6Tmh72EGYUJje+wdwtBB/DRNwT4qG2XnYozCPwX3ALKqIha2372gpimEQhNOVGq6TqJbmVEakY55CUvVZAQ2iUdaBoUJALVygZ35njDKAEOY2me2Wig/uzISKRUL/JNZUT0tRrN9cX/cs1Uh/utjIkk1SDocFCYcqxj3DcNB0wC1bxngFDJzK6YXhNjkzbWlowJ7ujJf+Fyu+LuVtyznXL1uLBjBq2hdbSJXLSHqugU1VAdUXSPHtELerUerCfrzXoflo5ZRc8q+hXW5xceK6RC</latexit>

S = � i

2

⌫

2⇡

Z
z ^A ^ dA

• ν is charge per unit cell on the 2π flux line.
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x,y,t
z shear of the periodic boundary conditions in x,y,t along z.  
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z = Nz number of unit cells along z.
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z = n number of dislocation lines enclosed by C.



Generalization to Dirac semimetal

• Pair of Dirac nodes on a rotation axis, protected by C4 symmetry.
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Na3Bi

• Topological term should involve U(1), translation, and 
rotation gauge fields. 

kz

ϵ(kz)
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Lowest Landau level

•     Can infer topological term by examining rotation operator 
eigenvalues in the LLL. 
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where the Dirac fermion lives on the boundary @X3. For
our example, A is the electromagnetic gauge field. The
axial charge is nothing but the crystal momentum, so we
should set B = �kF z – here we temporarily treat the
gauge field z as continuous (defined in R instead of Z),
and recall that the charges under z are nothing but the
momenta of the fermion modes ±kF . Using the Luttinger
theorem 2kF = 2⇡⌫ and the fact that dz = 0 for z 2
H1(X3,Z) (the z gauge field is discrete at the end of the
day), the total anomaly becomes

� ⌫

Z

X3

zdA = ⌫

Z

@X3

z ^A , (19)

which is just Eq. (14). Importantly, the BdA anomaly
becomes trivial as a bulk term, but on the boundary it
produces a nontrivial counter term which forces the IR
theory to be nontrivial.

Now we will demonstrate how this basic (1+1)d chiral
anomaly may be generalized to more complex situations,
involving other crystalline symmetries, such as rotations.

B. Z⇥ Z2 anomaly

Discrete symmetries, such as discrete lattice rotations
and translations, do not admit local charge densities (in
contrast to U(1)). Nevertheless the charges of these dis-
crete symmetries are globally defined and much of the
discussion from the previous example can be generalized
accordingly. We now discuss the simplest example with
lattice Z translation in ẑ direction and an on-site Z2 sym-
metry. For later use we interpret this Z2 as a C2 rotation
around the ẑ axis.

Consider a (1 + 1)d spinful fermionic square lattice
model with translational symmetry in z, and C2 symme-
try, described by the following Hamiltonian

H =
1

2

X

i

⇣
c†i�

zci+1 �mc†i�
zci + h.c.

⌘
,

=
X

k

(cos k �m) c†k�
zck , (20)

where � corresponds to the spin-degree of freedom, and
we have two zero energy nodes at momentum k = ±Q,
with Q = cos�1 (m). The dispersion is shown in Fig. 3.
The gaplessness of the band dispersion is protected by
the combination of C2 = �z symmetry and translational
symmetry. The total C2 charge QC2 , defined through the
C2 eigenvalue eiQC2 for the many-body ground state, is
determined by the filling fraction ⌫ = 2Q/2⇡ of the band
with C2 eigenvalue �1:

QC2 = ⇡⌫Lz +O(1) , (21)

where ⌫ = 2Q/2⇡ describes the separation between
the band-touching nodes. A trivial symmetric gapped
ground state with C2 may only be a product state in C2

charges of either 0, or ⇡ at every sites. Thus the total

E

2�Q�
kk1 k2 k3 k4

0

E

Q�Q k

FIG. 3. (Color online) Band dispersion corresponding to
the Hamiltonian in Eq. (20). The filled red and blue states
correspond to di↵erent C2 eigenvalue states. The sum of the
individual filled charges gives the total C2 charge which may
be non-trivial, leading to a Z⇥ Z2 chiral anomaly.

C2 charge of a trivial symmetric system can correspond
to 0 or ⇡Lz respectively. We see that a trivial state is
unable to capture the total charge of the system for a
fixed general nodal separation of 2Q/2⇡ /2 Z. One can
also heuristically understand the “anomaly” of Eq. (21)
in a similar way as the previous example: the C2 charge
in Eq. (21) is not properly quantized for certain Lz when
⌫ /2 Z, so an additional �QC2 ⇠ O(1) has to be added.
In general �QC2 will be non-analytic in 1/Lz and there-
fore should come from some nontrivial IR modes, like the
gapless fermions in our example.
Parallel to the U(1) ⇥ Z anomaly case, this inability

to form a trivial state at certain nodal separations is the
result of a Z ⇥ Z2 chiral filling anomaly associated with
the z translation and C2 symmetries. Analogous to the
U(1)⇥Z anomaly, the e↵ect of the C2 charge is encoded
in the following topological term

S = ⇡⌫

Z
z ^ c , (22)

where c 2 H1(M,Z2) is the C2 gauge field which is the
on-site spin rotation gauge field.1 The general trivial
states correspond to ⌫ 2 Z.
By construction, when we vary the action in Eq. (22)

with respect to the time component of the C2 gauge field,
ct, we arrive at the QC2 in agreement with Eq. (21). In
addition, varying with respect to zt, we obtain

Ptot(�c) =

I

Cz

�S

�zt
= �⇡⌫�c , (23)

where �c =
H
Cz

cz is the C2 flux. This means that a
nontrivial C2 flux (a periodic boundary condition twisted
by C2) induces a nontrivial momentum. What appears
inconsistent is that even a trivial flux �c = 2 also induces

1
Strictly speaking we should be using the cup product [ for dis-

crete gauge fields. But for most purposes in this paper it su�ces

to consider the standard wedge product ^.

<latexit sha1_base64="ffqljq0n5FiIgq8lbBwNDw6Y9a0=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQmqgAWpogtjkehDakPkuE5r1bEj26Gqoiws/AoLAwix8g9s/A1umwFajnSlo3Pute89Qcyo0o7zbS0tr6yurRc2iptb2zu79t5+U4lEYtLAggnZDpAijHLS0FQz0o4lQVHASCsY1iZ+64FIRQW/0+OYeBHqcxpSjLSRfPuo5qcV2O2JEUdSilEGryC5TynsxjTz7ZJTdqaAi8TNSQnkqPv2l3kJJxHhGjOkVMd1Yu2lSGqKGcmK3USRGOEh6pOOoRxFRHnp9IoMnhilB0MhTXENp+rviRRFSo2jwHRGSA/UvDcR//M6iQ4vvZTyONGE49lHYcKgFnASCexRSbBmY0MQltTsCvEASYS1Ca5oQnDnT14kzbOye152byul6nUeRwEcgmNwClxwAargBtRBA2DwCJ7BK3iznqwX6936mLUuWfnMAfgD6/MHdw6X7A==</latexit>

C4# = ei⇡
<latexit sha1_base64="rzGStd6Z1Y7kynmDwkYdH/JEkjA=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVEiroRit24rGAf0MYwmU7aoZOZMDNRSogbf8WNC0Xc+hfu/BunbRbaeuDC4Zx7ufeeIGZUacf5tgpLyyura8X10sbm1vaOvbvXUiKRmDSxYEJ2AqQIo5w0NdWMdGJJUBQw0g5G9YnfvidSUcFv9TgmXoQGnIYUI20k3z6o+2kV9pIYSSkeMngJyV1KoZP5dtmpOFPAReLmpAxyNHz7q9cXOIkI15ghpbquE2svRVJTzEhW6iWKxAiP0IB0DeUoIspLpx9k8NgofRgKaYprOFV/T6QoUmocBaYzQnqo5r2J+J/XTXR44aWUx4kmHM8WhQmDWsBJHLBPJcGajQ1BWFJzK8RDJBHWJrSSCcGdf3mRtE4r7lnFvamWa1d5HEVwCI7ACXDBOaiBa9AATYDBI3gGr+DNerJerHfrY9ZasPKZffAH1ucP8L2V7A==</latexit>

C4" = ei0

<latexit sha1_base64="v+2FTMKT3YUzV2X5ar92SRChMVw=">AAACFnicbVDLSsNAFJ34rPVVdelmsAhuLEkp6kYo7caFSAv2AU0Ik+mkHTqZhJmJGEO+wo2/4saFIm7FnX/j9LHQ1gMXDufcy733eBGjUpnmt7G0vLK6tp7byG9ube/sFvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxRvWx37kjQtKQ36okIk6ABpz6FCOlJbdw2nTTulvJ4CW0IwptHsMb9wHavkA4rcFr915XkqXlsZ25haJZMieAi8SakSKYoeEWvux+iOOAcIUZkrJnmZFyUiQUxYxkeTuWJEJ4hAakpylHAZFOOnkrg8da6UM/FLq4ghP190SKAimTwNOdAVJDOe+Nxf+8Xqz8CyelPIoV4Xi6yI8ZVCEcZwT7VBCsWKIJwoLqWyEeIp2I0knmdQjW/MuLpF0uWWclq1kpVmuzOHLgEByBE2CBc1AFV6ABWgCDR/AMXsGb8WS8GO/Gx7R1yZjNHIA/MD5/AFPCnaE=</latexit>

QC4 = ⇡⌫Nz
BLxLy

2⇡

<latexit sha1_base64="6h4FofQ8jZqhiEWDxD8msnMxmgA=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVU2KqBuh6MZlC/YBTSiT6aQdOpmEmYlQQnHjr7hxoYhbv8Kdf+O0zUJbD9zL4Zx7mbknSDhT2nG+raXlldW19cJGcXNre2fX3ttvqjiVhDZIzGPZDrCinAna0Exz2k4kxVHAaSsY3k781gOVisXiXo8S6ke4L1jICNZG6tqHnkjRNfJCiUlWQfWxaV7Cznrjrl1yys4UaJG4OSlBjlrX/vJ6MUkjKjThWKmO6yTaz7DUjHA6LnqpogkmQ9ynHUMFjqjys+kJY3RilB4KY2lKaDRVf29kOFJqFAVmMsJ6oOa9ifif10l1eOVnTCSppoLMHgpTjnSMJnmgHpOUaD4yBBPJzF8RGWCThjapFU0I7vzJi6RZKbsXZbd+Xqre5HEU4AiO4RRcuIQq3EENGkDgEZ7hFd6sJ+vFerc+ZqNLVr5zAH9gff4AOZeWDA==</latexit>

⌫ =
2Q

2⇡/d



Topological term

•     Can infer topological term by examining rotation operator 
eigenvalues in the LLL. 

<latexit sha1_base64="v+2FTMKT3YUzV2X5ar92SRChMVw=">AAACFnicbVDLSsNAFJ34rPVVdelmsAhuLEkp6kYo7caFSAv2AU0Ik+mkHTqZhJmJGEO+wo2/4saFIm7FnX/j9LHQ1gMXDufcy733eBGjUpnmt7G0vLK6tp7byG9ube/sFvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxRvWx37kjQtKQ36okIk6ABpz6FCOlJbdw2nTTulvJ4CW0IwptHsMb9wHavkA4rcFr915XkqXlsZ25haJZMieAi8SakSKYoeEWvux+iOOAcIUZkrJnmZFyUiQUxYxkeTuWJEJ4hAakpylHAZFOOnkrg8da6UM/FLq4ghP190SKAimTwNOdAVJDOe+Nxf+8Xqz8CyelPIoV4Xi6yI8ZVCEcZwT7VBCsWKIJwoLqWyEeIp2I0knmdQjW/MuLpF0uWWclq1kpVmuzOHLgEByBE2CBc1AFV6ABWgCDR/AMXsGb8WS8GO/Gx7R1yZjNHIA/MD5/AFPCnaE=</latexit>

QC4 = ⇡⌫Nz
BLxLy

2⇡
<latexit sha1_base64="5baigSKdFK7J6zojQRUoqeGFXy4=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBjWWmFHUjVN24rGgv0CklkznThmYyQ5JR6tD3cOOruHGhiCvBhW9jehG09YfAx3/OIef8XsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSaFKIx7JhkcUcCagqpnm0IglkNDjUPd6F8N6/RakYpG40f0YWiHpCBYwSrSx2rniNT7Fh5hhN5CEpq5IBmlxgF0mNL7H7h34HcC0XfpBH5+1c3m7YI+EZ8GZQB5NVGnnPlw/okkIQlNOlGo6dqxbKZGaUQ6DrJsoiAntkQ40DQoSgmqlo9sGeN84Pg4iaZ7ZaeT+nkhJqFQ/9ExnSHRXTdeG5n+1ZqKDk1bKRJxoEHT8UZBwrCM8DAr7TALVvG+AUMnMrph2iQlJmzizJgRn+uRZqBULzlGheFXKl88ncWTQLtpDB8hBx6iMLlEFVRFFD+gJvaBX69F6tt6s93HrnDWZ2UF/ZH1+AzjKnxE=</latexit>

S = �i
⌫

2

Z
z ^ c4 ^ dA

• Rotation gauge field accounts for local rotations of the 
coordinates: 

<latexit sha1_base64="ssrvN/AZwEpJHeg/1UjePT6Oay0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lKUY9FLx4r2A9oQ9lsN+3S3U3YnQil9C948aCIV/+QN/+NSZuDtj4YeLw3w8y8IJbCout+O4WNza3tneJuaW//4PCofHzStlFiGG+xSEamG1DLpdC8hQIl78aGUxVI3gkmd5nfeeLGikg/4jTmvqIjLULBKGYSG9RLg3LFrboLkHXi5aQCOZqD8ld/GLFEcY1MUmt7nhujP6MGBZN8XuonlseUTeiI91KqqeLWny1unZOLVBmSMDJpaSQL9ffEjCprpypIOxXFsV31MvE/r5dgeOPPhI4T5JotF4WJJBiR7HEyFIYzlNOUUGZEeithY2oowzSeLARv9eV10q5Vvatq7aFeadzmcRThDM7hEjy4hgbcQxNawGAMz/AKb45yXpx352PZWnDymVP4A+fzByeOjak=</latexit>c4



Topological term

•     Can infer topological term by examining rotation operator 
eigenvalues in the LLL. 

<latexit sha1_base64="v+2FTMKT3YUzV2X5ar92SRChMVw=">AAACFnicbVDLSsNAFJ34rPVVdelmsAhuLEkp6kYo7caFSAv2AU0Ik+mkHTqZhJmJGEO+wo2/4saFIm7FnX/j9LHQ1gMXDufcy733eBGjUpnmt7G0vLK6tp7byG9ube/sFvb22zKMBSYtHLJQdD0kCaOctBRVjHQjQVDgMdLxRvWx37kjQtKQ36okIk6ABpz6FCOlJbdw2nTTulvJ4CW0IwptHsMb9wHavkA4rcFr915XkqXlsZ25haJZMieAi8SakSKYoeEWvux+iOOAcIUZkrJnmZFyUiQUxYxkeTuWJEJ4hAakpylHAZFOOnkrg8da6UM/FLq4ghP190SKAimTwNOdAVJDOe+Nxf+8Xqz8CyelPIoV4Xi6yI8ZVCEcZwT7VBCsWKIJwoLqWyEeIp2I0knmdQjW/MuLpF0uWWclq1kpVmuzOHLgEByBE2CBc1AFV6ABWgCDR/AMXsGb8WS8GO/Gx7R1yZjNHIA/MD5/AFPCnaE=</latexit>

QC4 = ⇡⌫Nz
BLxLy

2⇡

• Temporal component of c4 couples to the rotation charge.

• For any xy-cycle enclosing a π/2 disclination line in the z-direction:

<latexit sha1_base64="5baigSKdFK7J6zojQRUoqeGFXy4=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBjWWmFHUjVN24rGgv0CklkznThmYyQ5JR6tD3cOOruHGhiCvBhW9jehG09YfAx3/OIef8XsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSaFKIx7JhkcUcCagqpnm0IglkNDjUPd6F8N6/RakYpG40f0YWiHpCBYwSrSx2rniNT7Fh5hhN5CEpq5IBmlxgF0mNL7H7h34HcC0XfpBH5+1c3m7YI+EZ8GZQB5NVGnnPlw/okkIQlNOlGo6dqxbKZGaUQ6DrJsoiAntkQ40DQoSgmqlo9sGeN84Pg4iaZ7ZaeT+nkhJqFQ/9ExnSHRXTdeG5n+1ZqKDk1bKRJxoEHT8UZBwrCM8DAr7TALVvG+AUMnMrph2iQlJmzizJgRn+uRZqBULzlGheFXKl88ncWTQLtpDB8hBx6iMLlEFVRFFD+gJvaBX69F6tt6s93HrnDWZ2UF/ZH1+AzjKnxE=</latexit>

S = �i
⌫

2

Z
z ^ c4 ^ dA

<latexit sha1_base64="4Cxn/SKsBzf5kRfJknxLltNDtI4=">AAAB/nicbVBNS8NAEJ34WetXVDx5WSyCp5KUol6EYi8eK9gPaEPYbLft0s0m7G7EEAr+FS8eFPHq7/Dmv3Hb5qCtDwYe780wMy+IOVPacb6tldW19Y3NwlZxe2d3b98+OGypKJGENknEI9kJsKKcCdrUTHPaiSXFYcBpOxjXp377gUrFInGv05h6IR4KNmAEayP59nGPCe1ndT97TCcTRPwqukaub5ecsjMDWiZuTkqQo+HbX71+RJKQCk04VqrrOrH2Miw1I5xOir1E0RiTMR7SrqECh1R52ez8CTozSh8NImlKaDRTf09kOFQqDQPTGWI9UoveVPzP6yZ6cOVlTMSJpoLMFw0SjnSEplmgPpOUaJ4agolk5lZERlhiok1iRROCu/jyMmlVyu5FuXJXLdVu8jgKcAKncA4uXEINbqEBTSCQwTO8wpv1ZL1Y79bHvHXFymeO4A+szx/yu5TR</latexit>Z

Cxy

c4 = 1



Topological term

<latexit sha1_base64="5baigSKdFK7J6zojQRUoqeGFXy4=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBjWWmFHUjVN24rGgv0CklkznThmYyQ5JR6tD3cOOruHGhiCvBhW9jehG09YfAx3/OIef8XsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSaFKIx7JhkcUcCagqpnm0IglkNDjUPd6F8N6/RakYpG40f0YWiHpCBYwSrSx2rniNT7Fh5hhN5CEpq5IBmlxgF0mNL7H7h34HcC0XfpBH5+1c3m7YI+EZ8GZQB5NVGnnPlw/okkIQlNOlGo6dqxbKZGaUQ6DrJsoiAntkQ40DQoSgmqlo9sGeN84Pg4iaZ7ZaeT+nkhJqFQ/9ExnSHRXTdeG5n+1ZqKDk1bKRJxoEHT8UZBwrCM8DAr7TALVvG+AUMnMrph2iQlJmzizJgRn+uRZqBULzlGheFXKl88ncWTQLtpDB8hBx6iMLlEFVRFFD+gJvaBX69F6tt6s93HrnDWZ2UF/ZH1+AzjKnxE=</latexit>

S = �i
⌫

2

Z
z ^ c4 ^ dA

<latexit sha1_base64="gYZvJgw8XL7WiqUteOKXhx05G8k="></latexit>

S = �i
⌫

4⇡

Z
z ^ (A+ ⇡c4) ^ d(A+ ⇡c4) + i

⌫

4⇡

Z
z ^ (A+ 0c4) ^ d(A+ 0c4)

• At low energies Dirac semimetal may be viewed 
as a time-reversed pair of Weyl semimetals:



Topological term

• Not invariant under gauge transformation:

<latexit sha1_base64="5baigSKdFK7J6zojQRUoqeGFXy4=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBjWWmFHUjVN24rGgv0CklkznThmYyQ5JR6tD3cOOruHGhiCvBhW9jehG09YfAx3/OIef8XsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSaFKIx7JhkcUcCagqpnm0IglkNDjUPd6F8N6/RakYpG40f0YWiHpCBYwSrSx2rniNT7Fh5hhN5CEpq5IBmlxgF0mNL7H7h34HcC0XfpBH5+1c3m7YI+EZ8GZQB5NVGnnPlw/okkIQlNOlGo6dqxbKZGaUQ6DrJsoiAntkQ40DQoSgmqlo9sGeN84Pg4iaZ7ZaeT+nkhJqFQ/9ExnSHRXTdeG5n+1ZqKDk1bKRJxoEHT8UZBwrCM8DAr7TALVvG+AUMnMrph2iQlJmzizJgRn+uRZqBULzlGheFXKl88ncWTQLtpDB8hBx6iMLlEFVRFFD+gJvaBX69F6tt6s93HrnDWZ2UF/ZH1+AzjKnxE=</latexit>

S = �i
⌫

2

Z
z ^ c4 ^ dA

• This makes gapless Dirac points necessary, except for 
certain values of ν.

<latexit sha1_base64="NnzDNScdCkmWaoVLKF6FOuUBs0U=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBEEoSSlqMuiG5cV7APaEG6mk2bo5MHMRCmhOzf+ihsXirj1F9z5N07aLLT1wIUz59zL3Hu8hDOpLOvbWFpeWV1bL22UN7e2d3bNvf22jFNBaIvEPBZdDyTlLKItxRSn3URQCD1OO97oOvc791RIFkd3apxQJ4RhxHxGQGnJNY+IW8d9wYaBAiHiB5y/z7DWgCcBuGbFqlpT4EViF6SCCjRd86s/iEka0kgRDlL2bCtRTgZCMcLppNxPJU2AjGBIe5pGEFLpZNM7JvhEKwPsx0JXpPBU/T2RQSjlOPR0ZwgqkPNeLv7n9VLlXzoZi5JU0YjMPvJTjlWM81DwgAlKFB9rAkQwvSsmAQggSkdX1iHY8ycvknatap9Xa7f1SuOqiKOEDtExOkU2ukANdIOaqIUIekTP6BW9GU/Gi/FufMxal4xi5gD9gfH5A4T1l9A=</latexit>

c4 ! c4 + 4↵
<latexit sha1_base64="Vd3JVn5DDqIevKj3kI3lE+RJuB0=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkpSRF0W3bisYB/YhDKZTtqhk0mYmQglFPwVNy4Ucet3uPNvnLRZaOuBgcM593LPnCDhTGnH+bZKK6tr6xvlzcrW9s7unr1/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOML7J/c4jlYrF4l5PEupHeChYyAjWRurbRx7myQgjjwnkRViPgiB7mPbtqlNzZkDLxC1IFQo0+/aXN4hJGlGhCcdK9Vwn0X6GpWaE02nFSxVNMBnjIe0ZKnBElZ/N4k/RqVEGKIyleUKjmfp7I8ORUpMoMJN5QrXo5eJ/Xi/V4ZWfMZGkmgoyPxSmHOkY5V2gAZOUaD4xBBPJTFZERlhiok1jFVOCu/jlZdKu19yLWv3uvNq4LuoowzGcwBm4cAkNuIUmtIBABs/wCm/Wk/VivVsf89GSVewcwh9Ynz/leJV1</latexit>

↵ 2 Z

<latexit sha1_base64="9HtAFE/KJxnaQHKxjLGuDwuzrBI=">AAACE3icbVC7SgNBFJ31bXxFLW0uBkEUwq6IWgZtrETRPCAbwt3JJDtkdnaZmVXikn+w8VdsLBSxtbHzb5zEFJp4YOBwzrncuSdIBNfGdb+cqemZ2bn5hcXc0vLK6lp+faOi41RRVqaxiFUtQM0El6xsuBGsliiGUSBYNeieDfzqLVOax/LG9BLWiLAjeZtTNFZq5veuwVe8ExpUKr6Da9iHQ/BRJCGCn3Dg4MsULpr3YMMFt+gOAZPEG5ECGeGymf/0WzFNIyYNFah13XMT08hQGU4F6+f8VLMEaRc7rG6pxIjpRja8qQ87VmlBO1b2SQND9fdEhpHWvSiwyQhNqMe9gfifV09N+6SRcZmkhkn6s6idCjAxDAqCFleMGtGzBKni9q9AQ1RIja0xZ0vwxk+eJJWDondUPLg6LJROR3UskC2yTXaJR45JiZyTS1ImlDyQJ/JCXp1H59l5c95/olPOaGaT/IHz8Q2QmJwU</latexit>

S ! S + 4↵⇡i⌫Nzn



Charge on disclination 

• A nontrivial consequence is that disclination along z direction 
carries a noninteger charge per unit cell:

<latexit sha1_base64="951sFsyKP76KyNjnA0mTfOeqCKI=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahbkpSRN0IRTeupAX7gCaEyXTSDp1MwsxEqCEbN/6KGxeKuPUf3Pk3TtsstPXAhcM593LvPX7MqFSW9W0UlpZXVteK66WNza3tHXN3ry2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3Q98Tv3REga8Ts1jokbogGnAcVIackzD5te2qrYJxm8hE4gEE4dnmRpLYO33oNnlq2qNQVcJHZOyiBHwzO/nH6Ek5BwhRmSsmdbsXJTJBTFjGQlJ5EkRniEBqSnKUchkW46/SKDx1rpwyASuriCU/X3RIpCKcehrztDpIZy3puI/3m9RAUXbkp5nCjC8WxRkDCoIjiJBPapIFixsSYIC6pvhXiIdBZKB1fSIdjzLy+Sdq1qn1Xt5mm5fpXHUQQH4AhUgA3OQR3cgAZoAQwewTN4BW/Gk/FivBsfs9aCkc/sgz8wPn8AnlmXZQ==</latexit>

QU(1) =
⌫

2
Nz

• This is in general incompatible with a trivial insulator. 

<latexit sha1_base64="5baigSKdFK7J6zojQRUoqeGFXy4=">AAACG3icbZDLSgMxFIYzXmu9VV26CRbBjWWmFHUjVN24rGgv0CklkznThmYyQ5JR6tD3cOOruHGhiCvBhW9jehG09YfAx3/OIef8XsyZ0rb9Zc3NLywuLWdWsqtr6xubua3tmooSSaFKIx7JhkcUcCagqpnm0IglkNDjUPd6F8N6/RakYpG40f0YWiHpCBYwSrSx2rniNT7Fh5hhN5CEpq5IBmlxgF0mNL7H7h34HcC0XfpBH5+1c3m7YI+EZ8GZQB5NVGnnPlw/okkIQlNOlGo6dqxbKZGaUQ6DrJsoiAntkQ40DQoSgmqlo9sGeN84Pg4iaZ7ZaeT+nkhJqFQ/9ExnSHRXTdeG5n+1ZqKDk1bKRJxoEHT8UZBwrCM8DAr7TALVvG+AUMnMrph2iQlJmzizJgRn+uRZqBULzlGheFXKl88ncWTQLtpDB8hBx6iMLlEFVRFFD+gJvaBX69F6tt6s93HrnDWZ2UF/ZH1+AzjKnxE=</latexit>

S = �i
⌫

2

Z
z ^ c4 ^ dA



TR-invariant Weyl semimetal

kz

ϵ(kz)

<latexit sha1_base64="4uQGcCqfc9thpu3dClCWNS/FzWg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoioh6LXjy2YD+gDWWzmbRLN5u4uymU0t/hxYMiXv0x3vw3Jm0O2vpg4PHeDDPzvFhwbWz72yqsrW9sbhW3Szu7e/sH5cOjlo4SxbDJIhGpjkc1Ci6xabgR2IkV0tAT2PZG95nfHqPSPJKPZhKjG9KB5AFn1KSS2yAXpOejMJQ0Sv1yxa7ac5BV4uSkAjnq/fJXz49YEqI0TFCtu44dG3dKleFM4KzUSzTGlI3oALsplTRE7U7nR8/IWar4JIhUWtKQufp7YkpDrSehl3aG1Az1speJ/3ndxAS37pTLODEo2WJRkAhiIpIlQHyukBkxSQlliqe3EjakijKT5pSF4Cy/vEpal1Xnuuo0riq1uzyOIpzAKZyDAzdQgweoQxMYPMEzvMKbNbZerHfrY9FasPKZY/gD6/MHfXaQnw==</latexit>

Q+ �Q

<latexit sha1_base64="Cuaz+shSQGHTTLAjIS2t7siXijo=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBiyURUY9FLx5bsB/QhrLZTNqlm03c3RRK6e/w4kERr/4Yb/4bkzYHbX0w8Hhvhpl5Xiy4Nrb9bRXW1jc2t4rbpZ3dvf2D8uFRS0eJYthkkYhUx6MaBZfYNNwI7MQKaegJbHuj+8xvj1FpHslHM4nRDelA8oAzalLJbZAL0vNRGEoapX65YlftOcgqcXJSgRz1fvmr50csCVEaJqjWXceOjTulynAmcFbqJRpjykZ0gN2UShqidqfzo2fkLFV8EkQqLWnIXP09MaWh1pPQSztDaoZ62cvE/7xuYoJbd8plnBiUbLEoSAQxEckSID5XyIyYpIQyxdNbCRtSRZlJc8pCcJZfXiWty6pzXXUaV5XaXR5HEU7gFM7BgRuowQPUoQkMnuAZXuHNGlsv1rv1sWgtWPnMMfyB9fkDgJKQoQ==</latexit>
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�Q+ �Q

• Minimal model is obtained by breaking rotations and 
inversion in a type-I Dirac semimetal. 



Lowest Landau levels
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FIG. 4. (Color online) The blue (red) band in Fig. 3 is shifted
to the right (left) by �Q. C2 symmetry is not necessary for the
protection of the states anymore as indicated by the colour
hybridisation. Instead, the filled states now possess a non-
trivial total momentum, leading to a Z⇥ Z chiral anomaly.

only the translational symmetry remains

H =
X

hi,ji

h
cos �Qc†i�

zcj �mc†i�
zci +�c†i�

xci

� i

2
sin �Q(c†i cj � c†jci)

�

=
X

k

c†k [(cos �Q cos k �m)�z +��x � sin �Q sin k] ck.

(28)

We now have have positive chirality gapless nodes at ±k+
and negative chirality gapless nodes at ±k�, with k± =
Q±�Q (taking the C2 symmetry breaking parameter� to
be negligible for simplicity). This is essentially a shifted
version of the two overlayed bands studied in the previous
section, shown in Fig. 3, where each band is moved by �Q
in opposite directions as shown in Fig. 4. The low energy
modes in this model are solely protected by translational
symmetry in the z direction, which suggests the existence
of an anomaly relating to the translational gauge field.

A key feature of this shifted dispersion is the existence
of total ground state z-component of the crystal momen-
tum given by

Pz =

k+X

kz=k�

kz �
�k�X

kz=�k+

kz = ⇡�Lz +O(1) , (29)

where � = 2Q�Q/⇡2 (defined mod 2). This relation is
similar to Eq. (13) and (21), with the symmetry charge
being the total momentum. Similar to the previous ex-
amples, the O(1) piece in Eq. (29) is required for proper
momentum quantization: 2⇡LzPz 2 Z. For � = 1 the
O(1) piece can simply be �Pz = ⇡. For fractional � /2 Z
one can show that the O(1) piece has to take some non-
trivial form, in particular it can not be analytic in 1/Lz.
This means that for � 2 [0, 1) some nontrivial IR modes
(like gapless fermions) are needed. Equivalently, a short-
range entangled ground state must have � equal to either
0 or 1 – the latter can be realized by a product state with
an odd number of fermions in each unit cell.

We comment on a subtlety with the above discussion.
One may worry that the coe�cient � in Eq. (29) is not
well defined since Pz is only defined mod 2⇡. In particu-
lar, we may arbitrarily shift � ! �+ ⌘ by simply adding
a factor 2⇡ b⌘Lc to the sequence. One way to view this
issue is to regard di↵erent choices of � as being di↵erent
choices of Brillouin zones over which we do our ground
state summation in Eq. (29). Thus our job is to fix such
a summation convention that allows us to uniquely de-
termine �.
To specify how � is determined we demand the follow-

ing condition on the momentum choice:

P (L)

2⇡
 P (L+ 1)

2⇡
 P (L)

2⇡
+ 1 , P (2) = ⇡ , (30)

which corresponds to determining ground state momen-
tum via purely counting momenta within 0 and 2⇡.
These two demands uniquely determine the sequence of
Ps(L) as L ! 1 and thus a unique �. Using such a
sequence of ground state momenta Ps(L), we may then
determine � via the procedure

� ⌘ lim
L!1

Ps(L)

⇡L
. (31)

To further elucidate the process, let us first consider
the trivial case of a fully-filled band with one electron
per unit cell. If we choose periodic boundary conditions
we may obtain an exact expression for the ground state
momentum P (L) = ⇡L�⇡, where �⇡ is the O (1) term in
Eq. (29). Such a P (L) automatically satisfies conditions
in Eq. (30), and via procedure (31) yields � = 1 as ex-
pected. It is important to note that in this case the O (1)
term is of an analytic nature in 1/L which expresses the
trivial nature of the system and allows for an insulator
to reproduce such a behaviour. However for non-trivial
systems the O (1/L) piece comes about due to the dif-
ference between a summation of filled state momenta at
L, and the momentum integral in the thermodynamic
limit. This pattern is highly configuration and length
dependent due the di↵erence between the gapless mode
momenta defined in the thermodynamic limit and the
corresponding well-defined filled momentum at L. This
sort of di↵erence behaves non-analytically in 1/L and can
only be feasibly reproduced by a gapless or long-range
entangled state.
To further support the nontriviality of the Z ⇥ Z

anomaly, in Appendix B we perform an explicit stability
analysis using Luttinger liquid theory. Now we continue
by discussing the action that expresses the presence of a
total gauge-invariant ground state momentum.

1. Anomaly term

Expressing the Z⇥Z anomaly as a topological term is
a little more subtle than in the previous two examples. If
the spacetime forms a simple torus T 2, i.e. simple peri-
odic boundary condition in both time and space, then the

• Nonzero total momentum:
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⇡2
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BLxLy

2⇡



• Temporal component of z couples to the total momentum.
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BLxLy
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Topological term
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Charge on dislocation

• Charge on a screw dislocation along z:
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C. TR-invariant Weyl semimetal

Finally, let us discuss the most nontrivial case, that of
a TR-invariant Weyl semimetal. In a TR-invariant Weyl
semimetal the nodes always occur in multiples of four
since there are pairs of nodes of equal chirality, related
to each other by TR. We will first discuss an example
in which all the nodes lie on the z-axis, which is closely
related to the (1 + 1)d system, discussed in Section III.
We will then generalize to the situation when the nodes
are not on the same line.

1. Nodes separated in the z direction

The simplest model for a TR-invariant Weyl semimetal
may be obtained from the model of a type-I Dirac
semimetal Eq. (45) by adding a C4 symmetry breaking
perturbation ��xsx and an inversion-breaking perturba-
tion g sin kz�zsz. The Weyl node locations kz = ±Q±�Q
are nontrivial solutions of the equation

g2 sin2 kz = �2 +m2(kz) . (59)

When a magnetic field is applied along the z-axis, the
resulting LLL structure is identical to the (1+1)d system,
discussed in Section III C, and shown in Fig. 4.

Extending the (1 + 1)d anomaly action Eq. (36) to
(3 + 1) dimensions, we then obtain5

S = ��

2

Z
z ^ dz ^A . (60)

where � = 2Q�Q/⇡2. This action describes two dis-
tinct manifestations of the nontrivial topology of a TR-
invariant Weyl semimetal. One is the nontrivial ground
state momentum, which appears in the presence of an
external magnetic field. This may be obtained by vary-
ing the action with respect to the time component of the
translation gauge field zt

Pz = ⇡�LzNLLL , (61)

where N = Cx ⇥ Cy ⇥ Cz with C↵ being the circum-
ference cycle along the direction ↵̂,

R
Cx⇥Cy

dA/2⇡ =

CDW order parameter in the vortex core carries C4 charge ⇡/4,

which appears to be fractional and therefore disallows vortex

condensation. However, notice that a bulk Bogoliubov fermion

(not the vortex zero modes) sees the vortex as a ⇡-flux, so if a

vortex sits on a C4 axis the bulk fermion will carry C4 angular

momentum (2n+ 1)⇡/4 (n 2 Z4). So the ⇡/4 charge associated

with the vortex CDW domain wall can be canceled by bring in

a bulk fermion into the vortex. The domain wall can then be

condensed to give a trivially gapped vortex, which can then be

gapped and produce a symmetric insulator.
5
Under a small gauge transform A ! A + d↵, the invariance of

this action is guaranteed by the relation
R
dzdz = 0 discussed in

Sec. III C 1.

�x
�z

b = �z

�z

FIG. 6. (Color online) Cartoon of a screw dislocation, repre-
sented by a lattice shear strain along the green surface. The
defect line is shown in bold green with a Burgers vector b = ẑ.

BLxLy/2⇡ = NLLL, and we have taken dz = 0 assum-
ing a perfect crystal without dislocations. We see that
the total momentum is exactly the expected momentum
output as in Sec. III C with NLLL copies from the LLL
degeneracy. (ii) The second physical phenomenon can be
seen with a screw dislocation where

R
Cxy

dz = b, with the

magnitude of Burgers vector b = ẑ (Fig. 6). Varying
with respect to At gives a fractional 1D charge density
on the screw dislocation

⇢ = ��

2
b . (62)

We comment on the role of time-reversal symmetry
here. The response term Eq. (60) does not require time-
reversal. But if time-reversal is broken, a Hall conduc-
tance term Eq. (37) can be induced as the Weyl nodes
can shift in asymmetric ways. A large gauge transform
A ! A + 2⇡Nz (N 2 Z) will then shift the coe�cient
of the term Eq. (60). The anomaly is therefore sharply
defined only in the absence of Hall conductance.
Analogously to the previous cases, topologically non-

trivial nature of the TR-invariant Weyl semimetal also
manifests in the impossibility of gapping out the Weyl
nodes without either breaking translational symmetry or
inducing topological order. The analysis here is essen-
tially identical to the type-I Dirac semimetal case above
and we will not show the details for this reason. One
starts with a gapped BCS state, obtained by separately
pairing right- and left-handed Weyl fermions at time-
reversed momenta, described by Eq. (54). A ⇡-flux vor-
tex then binds right- or left-moving 1D Weyl fermion
modes, which transform nontrivially under translations,
since the modes exist at nonzero momenta, correspond-
ing to the locations of the Weyl nodes. Since the left-
and right-handed Weyl nodes are located at di↵erent mo-
menta, not related to each other by any symmetry, pair-
ing the corresponding left- and right-moving 1D Weyl
fermion modes in the vortex core is impossible without
breaking translational symmetry.

2. Nodes separated in the xz-plane

Weyl nodes in a TR-invariant Weyl semimetal in gen-
eral are not located on the same line, as in the special ex-
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Unquantized anomalies and interactions

• Unquantized anomalies imply gapless modes with weak 
interactions. 

• Does this remain true when the interactions are not weak?

• Interactions may always simply tune the coefficient of the 
anomaly term to a trivial value, need to fix the coefficient 

to make this question nontrivial. 

• Can we gap out Weyl nodes in magnetic Weyl semimetal 
while keeping the Hall conductivity fixed?
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Weyl semimetal may be thought of as a gapless topological phase protected by the chiral anomaly, where
the symmetries involved in the anomaly are the Uð1Þ charge conservation and the crystal translational
symmetry. The absence of a band gap in a weakly interacting Weyl semimetal is mandated by the electronic
structure topology and is guaranteed as long as the symmetries and the anomaly are intact. The nontrivial
topology also manifests in the Fermi arc surface states and topological response, in particular taking the
form of an anomalous Hall effect in magnetic Weyl semimetals, whose magnitude is only determined by the
location of the Weyl nodes in the Brillouin zone. Here we consider the situation when the interactions are
not weak and ask whether it is possible to open a gap in a magnetic Weyl semimetal while preserving its
nontrivial electronic structure topology along with the translational and the charge conservation
symmetries. Surprisingly, the answer turns out to be yes. The resulting topologically ordered state
provides a nontrivial realization of the fractional quantum Hall effect in three spatial dimensions in the
absence of an external magnetic field, which cannot be viewed as a stack of two dimensional states. Our
state contains loop excitations with nontrivial braiding statistics when linked with lattice dislocations.
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Weyl semimetal is the first example of a bulk gapless
topological phase [1–4]. The gaplessness of the bulk
electronic structure in Weyl semimetals is mandated by
topology: there exist closed surfaces in momentum space,
which carry nonzero Chern numbers (flux of Berry
curvature through the surface), which makes the presence
of a band-touching point inside the Brillouin zone (BZ)
volume, enclosed by the surface, inevitable. This picture,
however, relies on separation between the individual Weyl
nodes in momentum space, which involves symmetry
considerations. In particular, either inversion or time
reversal (TR) symmetry need to be violated in order for
the Weyl nodes to be separated. In addition, crystal trans-
lational symmetry needs to be present, since otherwise even
separated Weyl nodes may be hybridized and gapped out.
A very useful viewpoint on topology-mandated gapless-

ness is provided by the concept of quantum anomalies. The
best known example of this is the gapless surface states of a
three-dimensional (3D) TR-invariant topological insulator
(TI). The relevant anomaly in this case is the parity
anomaly: the θ-term topological response of the bulk 3D
TI [5] violates TR (and parity) when evaluated in a sample
with a boundary. This anomaly of the bulk response must
be canceled by the corresponding anomaly of the gapless
surface state [6], which is simply the parity anomaly of the
massless 2D Dirac fermion [7–9].
Analogously, the gaplessness of the bulk spectrum in

Weyl semimetals may be related to the chiral anomaly
[10,11]. Suppose we have a magnetic Weyl semimetal with
two band-touching nodes, located at k# ¼ #Q ¼ #Qẑ.

Crystal translations in the z direction act on the low-energy
modes near the Weyl points as chiral rotations

T†
zc†#QTz ¼ e∓iQc†#Q; ð1Þ

where we have taken the lattice constant to be equal to unity
(we will also use ℏ ¼ c ¼ e ¼ 1 units throughout the
Letter). However, the chiral symmetry of Eq. (1) is
anomalous: an attempt to gauge this symmetry fails and
produces a topological term [12]

S ¼ −
1

4π2

Z
dtd3rQμϵμναβAν∂αAβ; ð2Þ

which expresses the impossibility to conserve the chiral
charge and underlies all of the interesting observable
properties of Weyl semimetals. In particular, variation of
Eq. (2) with respect to the electromagnetic gauge pote-
ntial gives the anomalous Hall conductivity of the Weyl
semimetal,

σxy ¼
1

2π
2Q
2π

; ð3Þ

which depends only on the separation 2Q between theWeyl
nodes in momentum space. By Wiedemann-Franz law,
Eq. (3) also implies a thermal Hall conductivity

κxy ¼ σxy

!
π2k2BT

3

"
¼ Q

2π2

!
π2k2BT

3

"
; ð4Þ
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• Chiral anomaly turns out to be consistent with a 
gapped fractionalized state at one particular value 

of the Weyl node separation. 



Vortex condensation

• Induce fully gapped superconductivity in Weyl 
semimetal. 

• Destroy SC coherence by condensing vortices while 
keeping the pairing gap: this produces an insulator 

(superconductor to insulator transition). 

• Chiral anomaly places strong restrictions on the 
procedure and prohibits a simple insulator, has to 

have topological order. 



Weyl superconductor

• BCS: pairing k and -k states, i.e. internodal pairing. 

k

ϵ



Weyl superconductor

• FFLO (Fulde-Ferrell-Larkin-Ovchinnikov): pairing 
states on the opposite side of each Weyl point, i.e. 

intranodal pairing. 

k

ϵ



BCS pairing 

• Weak BCS pairing can not open a gap, since the two 
chiralities are not mixed by the pairing term:

2

prohibit opening a gap without either breaking the pro-
tecting symmetry or creating an exotic state with topo-
logical order, as was recently discussed extensively in the
context of strongly-interacting surface states of 3D TR-
invariant TI [19–23]. In this Letter, we aim to answer an
analogous question in the case of a 3D Weyl semimetal:
can one open a gap in a Weyl semimetal without break-
ing translational or charge conservation symmetries and
while preserving the chiral and the gravitational anoma-
lies, which lead to the electrical and thermal Hall con-
ductivities of Eqs. (3) and (4)?

To answer this question we will adopt the strategy
of Ref. [19]. Namely, we will start by inducing a
phase-coherent superconducting state in a magnetic Weyl
semimetal (with only a single pair of nodes for simplic-
ity, although the results readily generalize to any odd
number of node pairs), which violates the charge conser-
vation. We then attempt to produce a gapped insulator
by proliferating vortices and restoring the charge conser-
vation symmetry, while keeping the pairing gap intact. In
order to make this procedure well-defined, we will assume
the superconducting pairing to be weak, i.e. the induced
gap is taken to be much smaller than vF Q, where vF is
the Fermi velocity of the Weyl cones. In this case it is
impossible to gap out the Weyl nodes by simply pushing
them to the edge or the center of the BZ, where they
can mutually annihilate without breaking translational
symmetry.

It is easy to see that, in this situation, a BCS-type
pairing of time-reversed states can not produce a gapped
superconductor [24–27]. Indeed, consider a singlet pair-
ing BCS Hamiltonian for a pair of Weyl nodes
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which means that the superconducting state remains gap-
less as the two Weyl fermions are not mixed by the pair-
ing term.

It is, however, possible to open a gap by inducing
a Fulde-Ferrell-Larkin-Ovchinnikov (FFLO)-type super-
conducting state instead, where states ±Q ± k on each
side of the two Weyl nodes are paired [25, 26]. Since pair-
ing in the FFLO state may (approximately) be taken to
occur independently in each Weyl cone, let us consider a
single (right-handed) Weyl fermion with singlet pairing
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which is simply the Hamiltonian of a Dirac fermion
of mass �. This, however, leads to a density modu-
lation and thus broken translational symmetry. Since
�(Q) ⇠ hc†Q+kc

†
Q�ki carries momentum 2Q, a gauge-

invariant density modulation % ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which is not restored even when the
superconductivity is destroyed by proliferating vortices.
This is true, except when Q = G/4, where G is the
smallest nonzero reciprocal lattice vector. In this case
a gapped FFLO state does not break translational sym-
metry. We will thus concentrate on the Q = G/4 case
henceforth.

An important question is what happens to the Fermi
arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (8), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [28].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ. This implies that, while the elec-
trical Hall conductivity in the FFLO state is no longer
the same as in the nonsuperconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the gravitational anomaly is una↵ected
by the formation of the FFLO state.

We now try to restore the charge conservation symme-
try by proliferating vortices in the superconducting or-
der parameter. If the vortices can be condensed, we will
obtain a gapped state that respects the charge conserva-
tion. This state must have �xy = e

2
/4⇡, since the chiral

anomaly must match the gravitational anomaly when the
charge conservation is present. Let us consider a straight-
line vortex of vorticity n along the z-direction, which we
will take to coincide with the direction of the vector 2Q,
separating the pair of Weyl nodes. The corresponding
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In other words, the gravitational anomaly is una↵ected
by the formation of the FFLO state.

We now try to restore the charge conservation symme-
try by proliferating vortices in the superconducting or-
der parameter. If the vortices can be condensed, we will
obtain a gapped state that respects the charge conserva-
tion. This state must have �xy = e
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anomaly must match the gravitational anomaly when the
charge conservation is present. Let us consider a straight-
line vortex of vorticity n along the z-direction, which we
will take to coincide with the direction of the vector 2Q,
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through the intermediate Weyl semimetal phase [18], un-
like in 2D, where there is a critical point (plateau tran-
sition). The chiral anomaly also leads to the appearance
of Fermi arc surface states, since the action in Eq. (2)
fails to be gauge invariant in the presence of a boundary,
which makes the existence of a boundary-localized state
necessary [19].

Apart from giving rise to topological response and pro-
tected surface states, anomalies can also place strong re-
strictions on the possible e↵ect of electron-electron in-
teractions. In particular, anomalies prohibit opening
a gap without either breaking the protecting symme-
try or creating an exotic state with topological order,
as was recently discussed extensively in the context of
strongly-interacting 2D surface states of 3D symmetry-
protected topological orders [20, 21] in bosonic [22] and
fermionic [23–30] systems. In this Letter, we aim to
answer analogous questions in the case of a 3D Weyl
semimetal: can one open a gap in a Weyl semimetal with-
out breaking translational or charge conservation sym-
metries while preserving the chiral and the gravitational
anomalies, which lead to the electrical and thermal Hall
conductivities of Eqs. (3) and (4)? What would be the
universal properties of such gapped phases? We note here
that e↵ects of strong correlations in topological semimet-
als have been addressed before in Refs. [31–35], but from
di↵erent viewpoints.

To answer these questions we will adopt the strategy
known as “vortex condensation”, which has been suc-
cessful in the context of 2D surface states of 3D bulk
TI [24, 25]. We will start by inducing a phase-coherent
superconducting state in a magnetic Weyl semimetal
(with only a single pair of nodes for simplicity, although
the results readily generalize to any odd number of node
pairs), which violates the charge conservation. We then
attempt to produce a gapped insulator by proliferating
vortices and restoring the charge conservation symmetry,
while keeping the pairing gap intact. In order to make
this procedure well-defined, we will assume the supercon-
ducting pairing to be weak, i.e. the induced gap is taken
to be much smaller than vFQ, where vF is the Fermi ve-
locity of the Weyl cones. In this case it is impossible to
gap out the Weyl nodes by simply pushing them to the
edge or the center of the BZ, where they can mutually
annihilate without breaking translational symmetry. In
the language of the anomaly, we are demanding that the
coe�cient of the anomaly Q, which takes continuous val-
ues and is thus not strictly protected, is fixed throughout
the procedure.

It is easy to see that, in this situation, a BCS-type
pairing of time-reversed states can not produce a gapped
superconductor [36–39]. It is, however, possible to open
a gap by inducing a Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO)-type superconducting state instead, where states
on each side of the two Weyl nodes are paired [37, 38].
Since pairing in the FFLO state may (approximately) be

taken to occur independently in each Weyl cone, let us
consider a single (right-handed) Weyl fermion with sin-
glet pairing
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which is simply the Hamiltonian of a Dirac fermion
of mass �. This, however, leads to a density modu-
lation and thus broken translational symmetry. Since
�(Q) ⇠

P
khc

†
Q+kc

†
Q�ki carries momentum 2Q, a gauge-

invariant density modulation %(Q) ⇠ �⇤(�Q)�(Q) will
carry momentum 4Q. In general, this breaks transla-
tional symmetry, which may not be restored even when
the superconductivity is destroyed by proliferating vor-
tices. This is true, except when Q = G/4, where G
is the smallest nonzero reciprocal lattice vector. In this
case a gapped FFLO state does not break translational
symmetry. We will thus concentrate on the Q = G/4
case henceforth.
An important question is what happens to the Fermi

arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (6), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [40].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ [15]. This implies that, while the
electrical Hall conductivity in the FFLO state is no longer
the same as in the non-superconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the chiral-gravitational mixed anomaly
is una↵ected by the formation of the FFLO state.
We now try to restore the charge conservation sym-

metry by proliferating vortices in the superconducting
order parameter while keeping the pairing gap for the
Weyl fermions. If the vortices can be condensed with-
out breaking the translational symmetry, we will obtain

carries momentum 2Q. 
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tional symmetry, which may not be restored even when
the superconductivity is destroyed by proliferating vor-
tices. This is true, except when Q = G/4, where G
is the smallest nonzero reciprocal lattice vector. In this
case a gapped FFLO state does not break translational
symmetry. We will thus concentrate on the Q = G/4
case henceforth.
An important question is what happens to the Fermi

arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (6), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [40].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ [15]. This implies that, while the
electrical Hall conductivity in the FFLO state is no longer
the same as in the non-superconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the chiral-gravitational mixed anomaly
is una↵ected by the formation of the FFLO state.
We now try to restore the charge conservation sym-

metry by proliferating vortices in the superconducting
order parameter while keeping the pairing gap for the
Weyl fermions. If the vortices can be condensed with-
out breaking the translational symmetry, we will obtain

carries momentum 4Q. 
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through the intermediate Weyl semimetal phase [18], un-
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tices. This is true, except when Q = G/4, where G
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case a gapped FFLO state does not break translational
symmetry. We will thus concentrate on the Q = G/4
case henceforth.
An important question is what happens to the Fermi

arc surface modes of the Weyl semimetal in the FFLO
state. The Fermi arc is in principle una↵ected by pair-
ing since it is spin-polarized. However, due to the e↵ec-
tive doubling of degrees of freedom, induced by pairing,
which is corrected by the factor of 1/2 in Eq. (6), the
Fermi arc get copied to the part of the BZ outside of the
Weyl points, and occupies the range of 4Q, which always
coincides with the size of the new BZ, reduced by the
translational symmetry breaking in the FFLO state [40].
When Q = G/4, however, this range is identical to the
size of the original BZ, which is another way to see why
the FFLO state does not break translational symmetry
when and only when the Weyl node separation is exactly
half the size of the BZ [15]. This implies that, while the
electrical Hall conductivity in the FFLO state is no longer
the same as in the non-superconducting Weyl semimetal
due to the breaking of the charge conservation symmetry,
the thermal Hall conductivity remains una↵ected and is
determined by the length of the Fermi (Majorana) arc
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In other words, the chiral-gravitational mixed anomaly
is una↵ected by the formation of the FFLO state.
We now try to restore the charge conservation sym-

metry by proliferating vortices in the superconducting
order parameter while keeping the pairing gap for the
Weyl fermions. If the vortices can be condensed with-
out breaking the translational symmetry, we will obtain

carries momentum 4Q. 

• In other words, FFLO does not break translational 
symmetry when Weyl node separation is exactly 

half the reciprocal lattice vector.

Q = G/4
<latexit sha1_base64="ju1NNGp9LwNGl84GyjheJ92dbm0=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFcFWTWtCNUHShyxbsBdpQJtNJO3RyYWYihFBfxY0LRdz6IO58G6dpFtr6w8DHf87hnPndiDOpLOvbKKytb2xuFbdLO7t7+wfm4VFHhrEgtE1CHoqeiyXlLKBtxRSnvUhQ7Lucdt3p7bzefaRCsjB4UElEHR+PA+YxgpW2hmY5Hbgeas3QNcrobnZeH5oVq2plQqtg51CBXM2h+TUYhST2aaAIx1L2bStSToqFYoTTWWkQSxphMsVj2tcYYJ9KJ82On6FT7YyQFwr9AoUy9/dEin0pE9/VnT5WE7lcm5v/1fqx8q6clAVRrGhAFou8mCMVonkSaMQEJYonGjARTN+KyAQLTJTOq6RDsJe/vAqdWtW+qNZa9UrjJo+jCMdwAmdgwyU04B6a0AYCCTzDK7wZT8aL8W58LFoLRj5Thj8yPn8AfCGTXQ==</latexit>



Majorana surface state

• Fermi arc becomes Majorana surface mode, which occupies 
twice the momentum interval of the Fermi arc, i.e. 4Q. 
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Vortex condensation in FFLO state

• n-fold vortex (Φ=nhc/2e) in FFLO paired state: get n 
chiral Majorana modes in the vortex core.

3

where r =
p
x2 + y2, �(r) is the real magnitude of the

superconducting order parameter and ✓ is the azimuthal
angle in the xy-plane. The eigenstates ofH may be easily
found explicitly if one assumes �(r) = � = const [8]. In
this case one finds exactly n chiral modes, localized in
the vortex core, with the following wavefunctions
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where Np is a normalization factor given by

Np =
⇡3/2v2F
�2

�(1 + n/2)�(n� p+ 1)�(p)

�(n/2 + 1/2)
, (12)

which is finite and positive when p = 1, . . . , n. As men-
tioned above, these localized modes are chiral with the
dispersion ✏p(kz) = vF kz. The degeneracy of the chiral
modes with respect to the eigenvalue p is not protected
and is lifted when perturbations, such as a finite Fermi
energy, are introduced. A finite Fermi energy leads to a
term �✏F ⌧z in the BdG Hamiltonian Eq. (10). The prob-
lem may no longer be solved exactly (except at kz = 0),
but may be solved perturbatively. At first order one ob-
tains

✏p(kz) = ✏F

✓
1� 2p

n+ 1

◆
+ vF kz. (13)

Thus, even though the degeneracy is lifted, exactly n
fermionic modes are still always present at zero energy
in the core of an n-fold vortex. This is in contrast to
the analogous problem of vortex bound states in a su-
perconducting 2D Dirac fermion [9], in which case there
is always a single zero mode for odd vorticities and no
zero modes for even vorticities. The left-handed Weyl
node will have an identical set of modes, but with the
left-handed dispersion (simply send vF ! �vF ).

The nontrivial helical Majorana modes in a straight,
vertical vortex with odd vorticity can also be understood
using the argument in the main text. Recall that a Ma-
jorana zero mode is induced whenever a odd vortex pen-
etrates the xy-plane. For a straight, vertical vortex the

translation Tz is a good symmetry. We can therefore view
the vortex line as a 1D translationally-invariant chain
with one Majorana zero mode per unit cell. Such a sys-
tem has a Lieb-Schultz-Mattis type of constraints on the
low energy theory, and cannot be gapped without break-
ing translation symmetry [10].

For even vorticity, taking ✏F = 0, pairs of Majorana
modes may be combined into chiral 1D Weyl modes.
Since the charge conservation is already violated, pairing
terms are always present for these Weyl modes, and they
are gapped out by the ordinary BCS pairing interaction
of the form

H = vF
X

kz

[kzc
†
kz
⌧zckz

+�(c†kz
i⌧yc†�kz

+ h.c.)/2], (14)

where the eigenvalues of ⌧z label the chirality of the 1D
Weyl modes. This state is also stable to small fluctua-
tions in ✏F since it is gapped. Thus vortices with even
vorticity do not have zero modes in their cores.
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• Any even number 2n of Majorana vortex modes may be 
combined into n 1D Weyl fermion modes, which are 

gapped out by pairing:
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Vortex condensation in FFLO state

• Any even number 2n of Majorana vortex modes may be 
combined into n 1D Weyl fermion modes, which are 

gapped out by pairing:

3
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the vortex line as a 1D translationally-invariant chain
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• An odd number of Majorana modes can not be 
eliminated without breaking translational symmetry, thus 

a fundamental SC vortex may not be condensed. 
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Vortex condensation in FFLO state

• A double vortex does not have Majorana modes, but 
may still not be condensed. 

• This follows from the fact that the insulating state we 
want to obtain must preserve the chiral anomaly, i.e. 

must have a Hall conductivity of half conductivity 
quantum per atomic plane:

�xy =
1

2⇡

2Q

2⇡
=

1

4⇡
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Vortex condensation in FFLO state

• A vortex will induce a charge when intersecting an 
atomic plane:

• A pair of such charges will have semion exchange 
statistics. 

✓ = 2⇡2�xy =
⇡
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5

III. PHYSICS OF THE 3D FRACTIONAL
QUANTUM HALL LIQUID

Let us see that this theory indeed describes the cor-
rect physics, which was introduced in Ref. 18. The
total Lagrangian density is given by L = Lf (�aµ) +
Lb(Aµ, aµ, bµ⌫ , cµ), where Lf (�aµ) is given by Eq. (11)
plus an FFLO (or strong enough BCS) pairing term,
which gaps out the Weyl nodes. Spinon pairing produces
a Meissner term for the gauge field aµ. Since Lf is de-
fined on a lattice and aµ is a compact gauge field, the
Meissner term has the form � cos(2aµ), which makes aµ

a Z2 gauge field. A vison excitation of this Z2 gauge field
corresponds to ⇡ flux (hc/2e flux in normal units), which
is the superconducting flux quantum.54

Integrating out bµ⌫ in Eq. (24) produces a Meissner
term for the combination Aµ + aµ + 2cµ, which means
that at low energies we have

cµ = �Aµ + aµ

2
. (25)

This makes cµ a Z4 gauge field, since cµ is also compact.
This emergent Z4 gauge theory structure corresponds to
the following electron fractionalization pattern

 = fb1b2, (26)

where b1,2 are charge-1/2 bosons. We will discuss the
physical meaning of this fractionalization in greater detail
below.

Let us now minimally couple the gauge fields bµ⌫ and
cµ to the corresponding conserved current sources jµ⌫

and jµ

Lb =
i

2⇡
(Aµ + 2cµ)✏µ⌫�⇢@⌫b�⇢ � 2i

4⇡
✏zµ⌫�cµ@⌫c�

+ ibµ⌫jµ⌫ + icµjµ, (27)

where we have ignored the coupling to the spinons at this
point. The currents jµ⌫ and jµ describe vortex loop and
quasiparticle excitations correspondingly. Let us first set
jµ⌫ = 0 and integrate out bµ⌫ . This gives

Lb = � i

8⇡
✏zµ⌫�Aµ@⌫A� � i

2
jµAµ. (28)

The first term gives electrical Hall conductivity

�xy =
1

4⇡
=

e
2

h

⇡

2⇡
, (29)

which is identical to the Hall conductivity of a Weyl
semimetal with Q = ⇡/2. The second term tells us that
quasiparticle excitations are bosons that carry charge-
1/2.

Now let us set jµ = 0 instead and integrate out cµ. We
obtain

�Lb

�cµ
= � i

⇡
✏zµ⌫�@⌫c� +

i

⇡
✏µ⌫�⇢@⌫b�⇢ = 0. (30)

� = ⇡
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FIG. 2. (Color online) Induced charges and exchange statis-
tics for intersections of flux ⇡ and 2⇡ vortex lines with the
xy-plane. A ⇡-flux line induces a charge-1/4 and a localized
Majorana mode, while a 2⇡-flux line induces a charge-1/2
semion.

We may solve this equation assuming that all fields are
uniform in the z-direction. This corresponds to a mean-
field picture of our 3D incompressible liquid as a stack of
independent 2D incompressible liquids. This gives

cµ = �2bµz. (31)

What is the physical meaning of bµz? Consider jµz,
which is the component of the vortex current, minimally
coupled to bµz. If all other components of jµ⌫ are zero,
jµz corresponds to a straight-line vortex parallel to the
z-axis. Intersection of this vortex line with the xy-plane
may be viewed as a particle, to which the one-form gauge
field bµz is minimally coupled. Plugging Eq. (31) into
Eq. (27), and rescaling variables bµz ! bµz/2 we obtain

Lb =
2i

4⇡
✏zµ⌫�bµz@⌫b�z �

i

2⇡
Aµ✏zµ⌫�@⌫b�z + ibµzjµz.

(32)
This describes a stack of 2D FQH liquids of bosons in the
⌫ = 1/2 Laughlin state. Integrating out bµz we obtain

Lb = � i

8⇡
✏zµ⌫�Aµ@⌫A� +

i

2
Aµjµz �

i

8⇡
✏zµ⌫�c̃µ@⌫ c̃�,

(33)
where we have written jµz = ✏zµ⌫�@⌫ c̃�/2⇡ for conve-
nience. Eq. (33) tells us that intersection of a vortex line,
parallel to z, with the xy-plane, behaves as a particle of
charge-1/2 and semionic statistics ✓ = ⇡/2, see Fig. 2.
As discussed in Ref. 18, this semionic self-statistics of an
isolated intersection of a 2⇡ vortex with the xy-plane,
which occurs, for example, when a dislocation with the
Burgers vector along the z-axis is inserted into the sys-
tem, is what prevents condensation of 2⇡ vortex loops.
In our derivation in the previous section this was mani-
fested in the impossibility of writing down a theory with
2⇡ vortices condensed, i.e. with a unit coe�cient in front
of cµ in the first term in Eq. (24), while maintaining a
properly quantized coe�cient of the Chern-Simons term



Vortex condensation in FFLO state

• Following the same logic, quadruple vortices have 
bosonic statistics and thus may be condensed without 

breaking any symmetries. 

• This is an insulating state that preserves the chiral 
anomaly and does not break any symmetries.
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Nontrivial generalization of FQHE to 3D 4

either charge conservation or translational symmetry and
has an electrical Hall conductivity �xy = e

2
/4⇡ and a

thermal Hall conductivity xy = (1/4⇡)(⇡2
k

2
BT/3). This

is an insulating state that preserves all the symmetries
and both the chiral and the gravitational anomaly of a
Weyl semimetal with 2Q = ⇡.

Condensation of 4⇡/e vortices leaves behind a Z4 topo-
logical order and leads to fractionalization of the electron
quantum numbers [32]. To understand the nature of this
order it is useful to describe the state we have obtained by
vortex condensation, using a parton construction instead,
which may be viewed as dual of the vortex condensa-
tion picture. Z4 gauge symmetry motivates the following
ansatz

c = b1b2f, (16)

where b1,2 are two flavors of charge e/2 spinless boson,
while f is a neutral spin-1/2 fermion. Eq. (16) is invariant
under

b1,2 ! i
n
b1,2, f ! (�1)n

f, n 2 Z4. (17)

The neutral fermion experiences the same electronic
structure as the original Weyl semimetal and is assumed
to form the same FFLO state, that does not violate
translational symmetry. The neutral Fermi arc sur-
face state then leads to the thermal Hall conductivity
xy = (1/4⇡)(⇡2

k
2
BT/3), which is equivalent to a layered

p + ip superconductor [33]. The two-component charge-
e/2 boson forms a layered bosonic integer quantum Hall
state [34, 35], with each layer described by the Chern-
Simons theory

L =
1

4⇡

X

IJ

✏
µ⌫�

aIµKIJ@⌫aJ� � e

4⇡

X

I

✏
µ⌫�

Aµ@⌫aI�,

(18)
where

K =

✓
0 1
1 0

◆
. (19)

The layering periodicity coincides with the crystal peri-
odicity of the Weyl semimetal and does not break transla-
tional symmetry. This gives the electrical Hall conductiv-
ity of �xy = 2(e/2)2/2⇡ = e

2
/4⇡ per layer and the ther-

mal Hall conductivity xy = 0. This gapped insulating
state thus reproduces exactly the chiral and the gravita-
tional anomalies of the Weyl semimetal, while preserving
its translational and charge conservation symmetries.

In addition to realizing the chiral and the gravitational
anomalies of the Weyl semimetal, the above state also
provides a realization of the fractional quantum Hall ef-
fect (FQHE) in 3D, which may not be regarded as sim-
ple layering of weakly-coupled 2D FQHE systems. As
discussed above, a magnetic Weyl semimetal with two
Weyl nodes is an intermediate phase between an ordi-
nary 3D insulator with �xy = 0 and an integer quan-
tum Hall insulator with �xy = e

2
/2⇡. We may tune

�xy
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FIG. 2. (Color online) Hall conductivity as a function of

the magnetization with a fractional plateau corresponding to

�xy = e2/4⇡ three-dimensional FQHE.

between the two phases by varying a TR-breaking pa-
rameter, i.e. magnetization m. One may view this as
an analog of tuning the filling factor by an applied mag-
netic field in the case of the 2D quantum Hall e↵ect.
There are two critical values of the magnetization, mc1

and mc2, which correspond to transitions from the ordi-
nary insulator to the Weyl semimetal and from the Weyl
semimetal to the integer quantum Hall insulator corre-
spondingly. The function Q(m), which determines the
separation between the pair of Weyl points and the Hall
conductivity �xy(m) = e

2
Q(m)/2⇡

2 as a function of the
magnetization, is model-dependent, but becomes univer-
sal near each critical point. For noninteracting electrons,
we have [17]

Q(m) ⇠ A1(m � mc1)
1/2

, ⇡ � A2(mc2 � m)1/2
, (20)

where A1,2 are nonuniversal coe�cients. We then claim
that, in the presence of strong electron-electron interac-
tions, a fractional plateau may exist in �xy(m), at which
the Hall conductivity is quantized to half the value of the
integer plateau, �xy = e

2
/4⇡, as shown in Fig. 2. This

state shares some similarities with the recently proposed
fractional excitonic insulator [36], in the sense that it is
realized at stoichiometric band filling by gapping band-
touching points, instead of relying on a fractional filling
of a topologically-nontrivial band.

We would like to note that related issues have been
addressed before in Refs. [37, 38] (see also Refs. [39–41])
using an exactly solvable model of the Mott transition,
the Hatsugai-Kohmoto model [42]. This model is inte-
grable due to the interaction being restricted to satisfy
center-of-mass conservation in real space, which leads to

• In the presence of interactions, smooth evolution of the Hall 
conductivity with the magnetization in a Weyl semimetal may 

be interrupted by a half-quantized plateau. 
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BF theory of the 3D FQHE

• 2D FQHE: Chern-Simons theory.
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Odd-denominator Laughlin state

• Excitations are quasiparticles (vortices), which carry 
fractional charge and fractional statistics:
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BF theory of the 3D FQHE
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• Neutral fermions (couple to aμ). 

• Charged bosons (couple to cμ).

• Vortex loops (couple to bμν). 

• aμ is a Z2 gauge field, while cμ is a Z4 gauge field.  

Thakurathi & AAB
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5

III. PHYSICS OF THE 3D FRACTIONAL
QUANTUM HALL LIQUID

Let us see that this theory indeed describes the cor-
rect physics, which was introduced in Ref. 18. The
total Lagrangian density is given by L = Lf (�aµ) +
Lb(Aµ, aµ, bµ⌫ , cµ), where Lf (�aµ) is given by Eq. (11)
plus an FFLO (or strong enough BCS) pairing term,
which gaps out the Weyl nodes. Spinon pairing produces
a Meissner term for the gauge field aµ. Since Lf is de-
fined on a lattice and aµ is a compact gauge field, the
Meissner term has the form � cos(2aµ), which makes aµ

a Z2 gauge field. A vison excitation of this Z2 gauge field
corresponds to ⇡ flux (hc/2e flux in normal units), which
is the superconducting flux quantum.54

Integrating out bµ⌫ in Eq. (24) produces a Meissner
term for the combination Aµ + aµ + 2cµ, which means
that at low energies we have

cµ = �Aµ + aµ

2
. (25)

This makes cµ a Z4 gauge field, since cµ is also compact.
This emergent Z4 gauge theory structure corresponds to
the following electron fractionalization pattern

 = fb1b2, (26)

where b1,2 are charge-1/2 bosons. We will discuss the
physical meaning of this fractionalization in greater detail
below.

Let us now minimally couple the gauge fields bµ⌫ and
cµ to the corresponding conserved current sources jµ⌫

and jµ

Lb =
i

2⇡
(Aµ + 2cµ)✏µ⌫�⇢@⌫b�⇢ � 2i

4⇡
✏zµ⌫�cµ@⌫c�

+ ibµ⌫jµ⌫ + icµjµ, (27)

where we have ignored the coupling to the spinons at this
point. The currents jµ⌫ and jµ describe vortex loop and
quasiparticle excitations correspondingly. Let us first set
jµ⌫ = 0 and integrate out bµ⌫ . This gives

Lb = � i

8⇡
✏zµ⌫�Aµ@⌫A� � i

2
jµAµ. (28)

The first term gives electrical Hall conductivity

�xy =
1

4⇡
=

e
2

h

⇡

2⇡
, (29)

which is identical to the Hall conductivity of a Weyl
semimetal with Q = ⇡/2. The second term tells us that
quasiparticle excitations are bosons that carry charge-
1/2.

Now let us set jµ = 0 instead and integrate out cµ. We
obtain

�Lb

�cµ
= � i

⇡
✏zµ⌫�@⌫c� +

i

⇡
✏µ⌫�⇢@⌫b�⇢ = 0. (30)

� = ⇡

<latexit sha1_base64="ujJMFw0/XmSoA41mnlUqaKKfE+k=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9C0YvHCvYDm1A22027dLMJuxOhlP4LLx4U8eq/8ea/cdvmoK0PBh7vzTAzL0ylMOi6305hZXVtfaO4Wdra3tndK+8fNE2SacYbLJGJbofUcCkUb6BAydup5jQOJW+Fw9up33ri2ohEPeAo5UFM+0pEglG00qNfHwhyTfxUdMsVt+rOQJaJl5MK5Kh3y19+L2FZzBUySY3peG6KwZhqFEzyScnPDE8pG9I+71iqaMxNMJ5dPCEnVumRKNG2FJKZ+ntiTGNjRnFoO2OKA7PoTcX/vE6G0WUwFirNkCs2XxRlkmBCpu+TntCcoRxZQpkW9lbCBlRThjakkg3BW3x5mTTPqt559er+vFK7yeMowhEcwyl4cAE1uIM6NICBgmd4hTfHOC/Ou/Mxby04+cwh/IHz+QNiQZAZ</latexit>

q = 1/4

<latexit sha1_base64="1h25QEUMlwR+s/GFKrR9uDXAg4s=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKe5KQD0IQS8eI5gHJEuYnXSSIbOz68ysEJZ8hBcPinj1e7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HbqN59QaR7JBzOO0Q/pQPI+Z9RYqflIrol3VukWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/Ozp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6O+lxhcyIsSWUKW5vJWxIFWXGJlSwIXiLLy+TxnnZq5Sv7iul6k0WRx6O4BhOwYMLqMId1KAODEbwDK/w5sTOi/PufMxbc042cwh/4Hz+AGAPjk4=</latexit>

�

<latexit sha1_base64="w6h9Bf4+M1acskkgMSQ1DM2KxtA=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKQL0FvXiMYB6QLKF3MpuMmccyMyuEJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCAzlTNKmZZbTTqIpiIjTdjS+nfntJ6oNU/LBThIaChhKFjMC1kmt3hCEgH654lf9OfAqCXJSQTka/fJXb6BIKqi0hIMx3cBPbJiBtoxwOi31UkMTIGMY0q6jEgQ1YTa/dorPnDLAsdKupMVz9fdEBsKYiYhcpwA7MsveTPzP66Y2vgozJpPUUkkWi+KUY6vw7HU8YJoSyyeOANHM3YrJCDQQ6wIquRCC5ZdXSeuiGtSq1/e1Sv0mj6OITtApOkcBukR1dIcaqIkIekTP6BW9ecp78d69j0VrwctnjtEfeJ8/isuPIQ==</latexit>

� = 2⇡

<latexit sha1_base64="YhFa+3eKge3a4lCYP1nodEwmh98=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kthepBKHrxWMF+QHcp2TTbhmazIckKZenf8OJBEa/+GW/+G9N2D9r6YODx3gwz80LJmTau++0UNja3tneKu6W9/YPDo/LxSUcnqSK0TRKeqF6INeVM0LZhhtOeVBTHIafdcHI397tPVGmWiEczlTSI8UiwiBFsrOT7rTFDN6iGfMkG5YpbdRdA68TLSQVytAblL3+YkDSmwhCOte57rjRBhpVhhNNZyU81lZhM8Ij2LRU4pjrIFjfP0IVVhihKlC1h0EL9PZHhWOtpHNrOGJuxXvXm4n9ePzXRVZAxIVNDBVkuilKOTILmAaAhU5QYPrUEE8XsrYiMscLE2JhKNgRv9eV10qlVvXr1+qFead7mcRThDM7hEjxoQBPuoQVtICDhGV7hzUmdF+fd+Vi2Fpx85hT+wPn8AS2ikH8=</latexit>

q = 1/2

<latexit sha1_base64="o+pTAtL9kj8ibaYsAN2hz/mSK6w=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8xd0QUA9C0IvHCOYByRJmJ51kyOzsOjMrhCUf4cWDIl79Hm/+jZNkD5pY0FBUddPdFcSCa+O6387K6tr6xmZuK7+9s7u3Xzg4bOgoUQzrLBKRagVUo+AS64Ybga1YIQ0Dgc1gdDv1m0+oNI/kgxnH6Id0IHmfM2qs1Hwk18Q7L3cLRbfkzkCWiZeRImSodQtfnV7EkhClYYJq3fbc2PgpVYYzgZN8J9EYUzaiA2xbKmmI2k9n507IqVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjL9nfS4QmbE2BLKFLe3EjakijJjE8rbELzFl5dJo1zyKqWr+0qxepPFkYNjOIEz8OACqnAHNagDgxE8wyu8ObHz4rw7H/PWFSebOYI/cD5/AF0Hjkw=</latexit>

✓ = ⇡/2

<latexit sha1_base64="1t31PbBhXCYKJVjQPwiqrvl3jq0=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPgKe6GgHoQgl48RjAPyK5hdtJJhsw+mOlVwpL/8OJBEa/+izf/xkmyB00saCiquunu8mMpNNr2t5VbWV1b38hvFra2d3b3ivsHTR0likODRzJSbZ9pkCKEBgqU0I4VsMCX0PJHN1O/9QhKiyi8x3EMXsAGoegLztBIDy4OARm9om4szirdYsku2zPQZeJkpEQy1LvFL7cX8SSAELlkWnccO0YvZQoFlzApuImGmPERG0DH0JAFoL10dvWEnhilR/uRMhUinam/J1IWaD0OfNMZMBzqRW8q/ud1EuxfeKkI4wQh5PNF/URSjOg0AtoTCjjKsSGMK2FupXzIFONogiqYEJzFl5dJs1J2quXLu2qpdp3FkSdH5JicEoeckxq5JXXSIJwo8kxeyZv1ZL1Y79bHvDVnZTOH5A+szx8O1ZGX</latexit>

FIG. 2. (Color online) Induced charges and exchange statis-
tics for intersections of flux ⇡ and 2⇡ vortex lines with the
xy-plane. A ⇡-flux line induces a charge-1/4 and a localized
Majorana mode, while a 2⇡-flux line induces a charge-1/2
semion.

We may solve this equation assuming that all fields are
uniform in the z-direction. This corresponds to a mean-
field picture of our 3D incompressible liquid as a stack of
independent 2D incompressible liquids. This gives

cµ = �2bµz. (31)

What is the physical meaning of bµz? Consider jµz,
which is the component of the vortex current, minimally
coupled to bµz. If all other components of jµ⌫ are zero,
jµz corresponds to a straight-line vortex parallel to the
z-axis. Intersection of this vortex line with the xy-plane
may be viewed as a particle, to which the one-form gauge
field bµz is minimally coupled. Plugging Eq. (31) into
Eq. (27), and rescaling variables bµz ! bµz/2 we obtain

Lb =
2i

4⇡
✏zµ⌫�bµz@⌫b�z �

i

2⇡
Aµ✏zµ⌫�@⌫b�z + ibµzjµz.

(32)
This describes a stack of 2D FQH liquids of bosons in the
⌫ = 1/2 Laughlin state. Integrating out bµz we obtain

Lb = � i

8⇡
✏zµ⌫�Aµ@⌫A� +

i

2
Aµjµz �

i

8⇡
✏zµ⌫�c̃µ@⌫ c̃�,

(33)
where we have written jµz = ✏zµ⌫�@⌫ c̃�/2⇡ for conve-
nience. Eq. (33) tells us that intersection of a vortex line,
parallel to z, with the xy-plane, behaves as a particle of
charge-1/2 and semionic statistics ✓ = ⇡/2, see Fig. 2.
As discussed in Ref. 18, this semionic self-statistics of an
isolated intersection of a 2⇡ vortex with the xy-plane,
which occurs, for example, when a dislocation with the
Burgers vector along the z-axis is inserted into the sys-
tem, is what prevents condensation of 2⇡ vortex loops.
In our derivation in the previous section this was mani-
fested in the impossibility of writing down a theory with
2⇡ vortices condensed, i.e. with a unit coe�cient in front
of cµ in the first term in Eq. (24), while maintaining a
properly quantized coe�cient of the Chern-Simons term

• Intersections of vortex loops 
with atomic planes are 

anyons. 



Conclusions

• Topological semimetals may be characterized by unquantized (i.e. 
having tunable coefficients) anomalies.

• The anomalies may be expressed as topological terms, involving 
electromagnetic as well as crystal symmetry gauge fields.

• These topological terms describe fractional electric charges, 
induced on symmetry defects, such as flux lines, dislocations and 
disclinations. 

• Chiral anomaly in a magnetic Weyl semimetal is consistent with a 
fully gapped fractionalized insulator, which is a nontrivial 
generalization of the fractional quantum Hall liquid to three 
dimensions. 


