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ABSTRACT. This paper gives a new perspective on the theory of principal Galois
orders as developed by Futorny, Ovsienko, Hartwig and others. Every principal Galois
order can be written as eFe for any idempotent e in an algebra F', which we call a
flag Galois order; and in most important cases we can assume that these algebras
are Morita equivalent. These algebras have the property that the completed algebra
controlling the fiber over a maximal ideal has the same form as a subalgebra in a skew
group ring, which gives a new perspective to a number of result about these algebras.

We also discuss how this approach relates to the study of Coulomb branches in the
sense of Braverman-Finkelberg-Nakajima, which are particularly beautiful examples
of principal Galois orders. These include most of the interesting examples of principal
Galois orders, such as U(gl,,). In this case, all the objects discussed have a geometric
interpretation which endows the category of Gelfand-Tsetlin modules with a graded
lift and allows us to interpret the classes of simple Gelfand-Tsetlin modules in terms
of dual canonical bases for the Grothendieck group. In particular, we classify Gelfand-
Tsetlin modules over U(gl,,) and relate their characters to a generalization of Leclerc’s
shuffle expansion for dual canonical basis vectors.

1. INTRODUCTION

Let |A| be a Noetherian commutative ring, and W a /n\lonoid acting faithfully on [A} let
L = Frac(A) be the fraction field of A. Assume that W is the semi-direct product of a
finite subgroup W and a submonoid M and that #W is invertible in A. For simplicity,
we assume throughout the introduction that M has finite stabilizers in its action on
MaXSpec.

A principal Galois order (Def. is an subalgebra of invariants of the skew group
ring (L#M)% equipped with (amongst other structure) an inclusion of as a
subalgebra (usually called the Gelfand-Tsetlin subalgebra) and a faithful action on

We call a finitely generated module Gelfand-Tsetlin if it is locally finite under the
action of and thus decomposes as a direct sum of generalized weight spaces. An
important motivating question for a great deal of work in recent years has been the
question:

Question A. Given a principal Galois order [U], classify the simple Gelfand-Tsetlin
modules and describe the dimensions of their generalized weight spaces for the different
mazximal ideals of [[].

Work of Drozd-Futorny-Ovsienko [DFO94, Th. 18] shows that the “fiber” over a
maximal ideal m, of [I'| is controlled by a pro-finite length algebra which naturally
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acts on the corresponding generalized weight space for any U-module and whose simple
modules are the y-generalized weight spaces of the different simple Gelfand-Tsetlin mod-
ules where this generalized weight space is non-zero. Thus, we can rephrase Question [A]
as the question of how to understand these algebras in specific special cases.

One perspective shift we want to strongly emphasize is that taking invariants for a
group action is a very bad idea, and that we should instead consider subalgebras[F]in the
skew group ring of the semi-direct product L#(W x M), which we call principal flag
orders (Def. . So, now the algebra is replaced by the smash product which
in particular contains If we let e € Z[#LW][W] be the symmetrization idempotent,
then for any principal flag order F', the centralizer U = eF'e is a principal Galois order,
and every principal Galois order appears this way.

One can easily check that |[A] will be a Harish-Chandra subalgbra (in the sense of
[DFO94, §1.3]) and so we can apply the results of that paper in this situation as well.
Thus, for any maximal ideal m) we have an algebra which controls the my-
weight spaces for different modules. Let be the stabilizer of A € MaXSpec
and |[A| the completion of |A| with respect to this maximal ideal.

Theorem B. The algebm 1s a principal flag order for the ring and the group
that is, it is a subalgebra of the skew group ring K - such that F\ @5 K = K#W,,

with an induced action on A.

The difference between [F\|and |U,|for m, = m NI is controlled by the stabilizer of
Ain We have that |U,|= e ' » for the symmetrizing idempotent ey in Z[#LW] |\
Thus, generically these algebras will simply be the same.

In particular, by [FO10, Th. 4.1(4)], the center of is the invariants * and
any simple module over ﬁA will factor through the quotient F1 by the unique maximal
ideal of the center. Thus, this gives a canonical way choosing a finite dimensional
quotient of |[F[ through which all simples factor.

Note, the situation will be simpler if we work in the context of [FGRZI18|, where we
assume that:

(%) The algebra [A]is the symmetric algebra on a vector space V', the group W is a
complex reflection group acting on V', M is a subgroup of translations, and [F]
is free as a left [Almodule.

In this case, we can always choose [F] so that [U] and F' are Morita equivalent via
the bimodules eF' and Fe, and the dimension of is easy to calculate: it is just
( --D Furthermore, the quotient by the maximal ideal has dimension and
every simple module as a quotient. In particular, the sum of the dimensions of the
A-generalized weight space for all simple Gelfand-Tsetlin-modules is <

If we consider how the results apply to then they are almost unchanged, except
that we replace the order of the group W with the number of cosets S (v) = for
any maximal ideal my lying over m, in this is the same statistic called S(m., m,)
in [FO14]. With the assumptions (x), the algebra Uél) is S(y)2-dimensional, and the
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sum of the dimensions of the y-generalized weight space for all simple Gelfand-Tsetlin-
modules is < S(7). This seems to be implicit in the results of [FO14] (in particular,
Cor. 6.1) but this perspective makes the result manifest.

1.1. Coulomb branches. These results however are fairly abstract and give no indica-
tion of how to actually compute the algebras U7(1) and understand their representation
theory. However, the most interesting examples of principal Galois orders actually arise
from a geometric construction: the Coulomb branches of Braverman, Finkelberg and
Nakajima [Nakl [BEND]. These include the primary motivating example, the orthogonal
Gelfand—ZetlirH algebras of Mazorchuk [Maz99] (including U (gl,,)), and a number of ex-
amples that seem to have escaped the notice of experts, such as the spherical Cherednik
algebras of the groups G(¢,1,n) and hypertoric enveloping algebras.

The Coulomb branch is an algebra constructed from the data of a gauge group [G] and
matter representation [N] For example:

e In the case where|[G]is abelian and [N] arbitrary, the Coulomb branch is a hyper-
toric enveloping algebra as defined in [BLPW12]; the isomorphism of this with
a Coulomb branch (defined at a “physical level of rigor”) is proven in [BDGH,
§6.6.2]; it was confirmed this matches the BEN definition of the Coulomb branch
in [BEND, §4(vii)].

e In the case where |G| = GL,, and [N| = gl,, @ (C")®¢, the Coulomb branch is a
spherical Cherednik algebra of the group G(¢,1,n) by [KN]. We’ll confirm in
forthcoming work with LePage that the spherical Cherednik algebra for G(¢, p,n)
is also a principal Galois order.

e In the case where

(1.1a) [Gl=GL,, x - - xGL,,_,
(1'1b) [V = M'Un7'Un—1(C) D Mvn—lﬂln—Q ((C) DD MvQ,m ((C)v

the Coulomb branch is an orthogonal Gelfand-Zetlin algebra associated to the
dimension vector (v1, ..., vy) as shown in [Wee| §3.5]. In particular, U(gl,,) arises
from (1,2,3,...,n).

In this case, the algebras Uy) also have a geometric interpretation in terms of convolution
in homology:

Theorem C. The Coulomb branch for any group|G] and representation[N]is a principal
Galois order with |A| = Sym®(t)[h], the symmetric algebra on the Cartan of G with an

extra loop parameter h and the affine Weyl group of G acting naturally on this space.

1A any savvy observer knows, there is no universally agreed-upon spelling of I'eabdana-1lermmn
in the Latin alphabet; in fact it’s not even spelled consistently in Russian, since some authors write
Heitriinn, a different transliteration of the same Yiddish name. We will write “Tsetlin” as this is the
spelling that will elicit the most correct pronunciation from an English-speaker. However, since "OGZ”
is well-established as an acronym, we will not change the spelling of these algebras.
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For each mazimal ideal m, of [}, there is a Levi subgroup [Gl, d G|, with parabolic [P},

and a -submodule such that
UM = HFM({(gP,),g'Py,n) € G, /Py x Gy /Py x N |n € gNy Ng N}
(1.2)

1) ~ _ _
U = @ HPY({(gPy,g'Py,n) € Gy /Py x Gy [Py x N | n € gNT 1 g'N;,})
rY'EeS

for any set & contained in a single orbz't, where the right hand side is endowed with
the usual convolution multiplication (as in [CGIT, (2.7.9)]).

This is a Steinberg algebra in the sense of Sauter [Sau]. One notable point to consider
is that this algebra is naturally graded. Thus, for any choice of and |Worbit .7,
this give a graded lift I'LI(.¥) of the category of Gelfand-Tsetlin modules supported on
this orbit. It’s a consequence of the Decomposition theorem that the classes of simple
modules form a dual canonical basis of the Grothendieck group Ko(I'LL(.¥)).

Algebras in this style have appeared numerous places in the literature. In particu-
lar, in the case of , the algebras that appear are already well-known: they
are very closely related to the Stendhal algebras [T\[I" as defined in [Web17, Def. 4.5]
corresponding to the Lie algebra sl,,, with its Dynkin diagram identified as usual with
the set {1,...,n — 1}. These algebras correspond to a list of highest weights, which we
will take to be v, copies of the n — 1st fundamental weight w,,_1; the dimension vector
(v1,...,0p—1) determining the number times each Dynkin node appears as a label on
a black strand. The author has proven in [Wehd, Cor. 4.9] that the ring T is an equi-
variant Steinberg algebra for the space appearing in . These are algebras closely
related to KLR algebras [KL09|, but instead of categorifying the universal enveloping
algebra U(n) of the strictly lower triangular matrices in gl,,, by [Webl7, Prop. 4.39],
they category the tensor product of U(n) with the v,th tensor power of the defining
representation of gl,,. In particular, the classes of simples modules over this algebra
match the dual canonical basis in this space (which is proven in the course of the proof
of [Webl5, Th. 8.7]).

The center of the algebra is a copy of

n—1
I'= H*(BGLy, x -+ x BGLy, ) = Q) Clyi,- -, Yiw ™.
=1

Quotienting out by the unique graded maximal ideal in this ring gives a quotient 77;
this quotient is, of course, the non-equivariant convolution algebra that appears in (|1.2]).
That is:

Corollary D. For .7 the set of integral elements of MaxSpec(I'), the algebra U;) s
Morita equivalent to the algebra T".

This gives a new way of interpreting the results of [KTW™| §6]; in particular, Corollary
is effectively equivalent to Theorem 6.4 of loc. cit. In particular, this gives us a
criterion in terms of which weight spaces are not zero that classifies the different simple
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Gelfand-Tsetlin modules with integral weights for an orthogonal Gelfand-Zetlin algebra
(Theorem [5.9)).
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2. GENERALITIES ON (GALOIS ORDERS

Following the notation of [Har|, let |A| be a noetherian integrally closed domain, |L]its
fraction field. Note that this implies Hartwig’s condition (A3), and we lose no generality
in assuming this by [Harl Lem. 2.1]. Let be a finite groulﬂ acting faithfully on
and | AW | P Let be a submonoid of Aut which is normalized by
and let W\ which we also assume acts faithfully (this implies Hartwig’s (A1l
and (A2)). Let |£] be the smash product A ] and [iK] 2. Note that
is a[£] module in the obvious way, and thus [K]is a[C}module.

The more general notion of Galois orders was introduced by Futorny and Ovsienko
[FO10], but we will only be interested in a special class of these considered in Hartwig
in [Har], which makes these properties easy to check.

Definition 2.1 ([Har, Def 2.22 & 2.24]). The standard order is the subalgebra
K] = {x K| X @) {1
A subalgebra A is a principal Galois order if[K]4A K]

It is a well-known principle in the analysis of quotient singularities that taking the
smash product of an algebra with group acting on it is a much better behaved operation
than taking invariants. Similarly in the world of Galois orders, there is a larger algebra
that considerably simplifies the analysis of these algebras.

Definition 2.2. The standard flag order is the subalgebra

A= {x €A1 X@) {4}
A subalgebra [F] is called a principal flag order if[K[F|= F] and [W]| d F]

2Note that this is a departure from [Har], where this group is denoted G. We will be most interested
in the case where [[7]is the Weyl group of a semi-simple Lie group acting on the Cartan, so we prefer to
save G for the name of this group.
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It’s an easy check, via the same proofs, that the analogues of Prop. 2.5, 2.14 &
Thm 2.21] hold here: that is [F]is a Galois order inside [F] with [A] maximal commutative;
in order to match the notation of [FO10], we must take G = {1} and M =W x M.

Let e = - D wdm W = Note that C@ via the obvious inclusion, and that
given k E]Zﬁ%'ﬂe element eke € F]acts on [I]by the same operator as k. Thus, k +— eke
is an algebra isomorphism [K] 2 F.

Lemma 2.3. The isomorphism above induces an isomorphism [Cp| = dF k.
Proof. If a then eadl]= edl] C dA| so eae € dKrf. On the other hand, Ktk

acts trivially on the elements of [A] that transform by any non-trivial irrep, and sends [A]
to[A] so indeed, this lies in dFl. O

Thus, we have that for any flag order [F], the centralizer algebra[U] = dF is a principal
Galois order. As usual with the centralizer algebra of an idempotent:

Lemma 2.4. The category of [UFmodules is a quotient of the category of [FlFmodule via
the functor M +— eM; that is, this functor is exact and has right and left adjoints
N @mN and N — Hompn(dF] N) that split the quotient functor.

Furthermore, every principal Galois order appears this way. Consider the smash

product C Endmm, and let @ be a subalgebra satisfying [AFAW|  D| C
Endn(A) C L#W. Note that in this case, since this is true when |D| = AW
or @ = Endm. Let = De (XmeD endowed with the obvious product structure
(using the map eD ®p De .

Lemma 2.5. For any principal Galois order([U], and any D as above, the obvious algebra

map [Fp] makes [F'p| into a principal Galois order such that[U]= dFpk.

Proof. First, note that since D C L#W, can identify eD and De with [A}submodules of

=~ e(L#W) = (L#W )e. Since the natural map (L#W )e ® x| K|@xk e(L#W) = Fis
an isomorphism, this shows that injects into [F] and this is clearly an algebra map.
Thus, we will use the same symbol to denote the image.

First, note that [Fp|is a principal flag order, since I KAW| = W] < F] and by
assumption [Fp| contains the smash product [AH{IW] Furthermore,

dFpk = eDe g UleneDe T UledI] U]

so we have all the desired properties. O

2.1. Gelfand-Tsetlin modules. Now, fix a flag Galois order [F] We wish to
understand the representation theory of this algebra. Consider the weight functors

(M):{mEM|:O for some N > 0}

for A € MaXSpec. The reader might reasonably be concerned about the fact that
this is a generalized eigenspace; in this paper, we will always want to consider these, and
thus will omit “generalized” before instances of “weight.”

Definition 2.6. We call a finitely generated[F}-module M a weight module or Gelfand-
Tsetlin module if M = EBAGM&XSPQC@(M).
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Remark 2.7. One subtlety here is that we have not assumed that [Wy(M) is finite
dimensional. We’ll see below that this holds automatically if the stabilizer of A in 18
finite.

Since many readers will be more interested in the Galois order [U] = €Ff, let us
compare the weight spaces of a module M with those of the [[}module eM. Of course,
in we only have an action of Let v € MaXSpec be the image of A under the
obvious map and

(N) ={meeM | mévm =0VN > 0}.

Lemma 2.8. If M is a Gelfand-Tsetlin [Flmodule, then eM is a Gelfand-Tsetlin

module with
V(e M) = Wy M).

Proof. Let m, ={T|[my} by standard commutative algebra, the other maximal ideals
lying over m,, are those in the orbit W - A. Thus, we have that

(eM) =e- ( @ WeiX(M))
X VI

This space @y g M) has a action induced by the inclusion and is
isomorphic to the induced representation InM ) since it is a sum of subspaces

which it permutes like the cosets of this subgroup. Thus, its invariants are canonically
isomorphic to the invariants for on (Wy[(M). O

2.2. The fiber for a flag order.

Definition 2.9. Fix an integer N. The universal Gelfand-Tsetlin module of weight
A and length N is the quotient ﬁm

This is indeed a Gelfand-Tsetlin-module by [Har, Lem. 3.2]. Obviously, this repre-
sents the functor of taking generalized weight vectors killed by :

Hongn(FY[Fnf", 1) = {m € M [my]'m = 0}.
In particular, every simple Gelfand-Tsetlin-module with Wy(S) # 0 is a quotient of
ﬁ since it must have a vector killed by Taking inverse limit 1&nF |F mﬁ\v , We
obtain an universal (topological) Gelfand-Tsetlin module of arbitrary length. Consider

the algebra
(B3] = lim F/ (FmY +m)F)
As noted in [DFO94] Th. 18], this algebra controls the \ weight spaces of all modules,
and in ticular simple modules.

Let be the subgrof D< which fixes A. For the remainder of this

section, we assume that is finite. This implies that |A| is finitely generated over

L
Definition 2.10. Let be the intersection :IZ(@ with the |K}span

of. Since is the intersection of two subalgebras, it is itself a subalgebra.

This has an obvious left and right module structure over [A] but [A]is not central.
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Lemma 2.11. The image ofﬂ spans F/(FmA +my F) for all N.

Proof. This is essentially just a restatement of the proof of [FOI4, Lemma 5.3]. The
quotient F'/ (F mﬁ\v + miv F ) is finitely generated as a A-A-bimodule, and thus generated
by the images of finitely many elements f1, ..., f, of F. Thus, there is some finite set T
given by the union of the supports in of these elements. We induct on the number
of elements of T that don’t lie in

If ¢ is such an element, then there is some polynomial p € mﬁ\v which does not vanish
at p(t~1-\) for any t € T} that is, p’ is a unit mod m{’. Thus, p'®1—1®p acts invertibly
on the quotient F'/ (F mﬁ\v + mﬁ\v F ), so the elements p’f,, — frp are still generators, but
their support now lies in 7"\ {¢} by [FO10, Lem. 5.2]. Applied inductively, this achieves
the result. (]

Lemma 2.12. The ring[F)] is finitely generated as a left module and as a right module
over |A cmd satisfies FAXA = AF) :i . In fact, Fy is a Galois order for the group

M = Wy and commutative ring |A . using the notation of [FO10].
This shows in particular that A is big at A in the terminology of [DFO94].

Proof. The finite generation is an immediate consequence of the fact that F' is an order.
Similarly, that F)\ has the order property, i.e. its intersection with any finite dimensional
K-subspace for the left /right action of K -/WA is finitely generated for the left /right action
of A is an immediate consequence of the same property for F.

Thus, it only remains to show that FyA = AF) :im Since @ = AF, for any
w E WA, we have w = Y k; f; for k; € K, and f; € F. As in the proof of above, we
can assume that the f;’s have support in some set T', and if ¢ € T" but not in then
we have a polynomial p as before, vanishing at A, but not at t~! - X. Note that we have
W= —p o (p%“'w — wp), with the p' — p being non-zero in K since it does not vanish at

pwt
A. Substituting in our formula for w, we have

k,
w = m(pwtfi - fzp)
Thus, we can inductively reduce the size of T until T' C W,\, so we can assume that
fi dE) O

This shows that is the completion of F) with respect to the topology induced by
the basis of neighborhoods of the identity F ,\m)\ + my NF\. Alternatively, we can think

about this topology by noting that F) is finitely generated overm lm Furthermore
A, is central in F), since it commutes wrth ﬁi in fact, by Lemma 2 12| above and

[FOI0, Th. 4.1(4)], it is the full center of this algebra. Let ) = ml\ d Srnce )\ is
fixed by (by definition), the ideal A still only vanishes at A, that is, for

some k.
Thus, if we let [A|and |A)| be the completion with of the respective rings in the B,\—adic
and [)\-adic topologies, then:

Lemma 2.13. We have an isomorphism of topological rings
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and the ring is a Galois order for M and the ring A.

Proof. The tensor product is the completion of F)\ with respect to the topology
with basis of 0 given by the 2-sided ideals F Since Any for some k, we have
that

FAm)\ + m,\NFA c By ¢ BmY +m) Fy
which shows the equivalence of the topologies, and thus the isomorphism of completions.
Faithful base changes by a central subalgebra obviously preserves the properties of being
a Galois order, so this follows from Lemma [2.12 O

We can use these result to also understand the fiber for [U] as well for any principal
Galois order. By Lemma we can choose a principal flag order with [U]= 4Ff. The
algebra [F}] contains the stabilizer and its symmetrizing idempotent ey. As before,
let v be the image of A in MaXSpec. Let Uy, = e,\, and U, the completion
: N N
@U/(Umv +ml'U).

Lemma 2.14. The algebra U, surjects onto U/(Umjwv + mnyU) for any N, and thus has
dense image in [77 e ,\.

This is sufficiently similar to Lemma and [FOI14, Lemma 5.3] that we leave it as
an exercise to the reader.

2.3. Universal modules. While this is largely redundant with [DFO94], it will be
helpful to explain how we construct simple Gelfand-Tsetlin modules

Definition 2.15. Fix an integer N. The central universal Gelfand-Tsetlin module
of weight A and length N is the quotient N) = F/

Consider the quotient algebra N) : .

Theorem 2.16. The module N) is a Gelfand-Tsetlin module such that

WA(PL) = End(PV) =] A,

More generally, we have that

(2.1) Homp(P[", 1) = {m € M [aym = 0}.
Note that “length N” refers to the maximal length of a Jordan block of an element
of , not of Since @,\ is central in the ideal acts trivially on N). On the

other hand the nilpotent length of the action of on is typically more
than N.

Proof. Equation ([2.1)) is a basic property of left ideals. This is a Gelfand-Tsetlin module
by [Har, Lem. 3. 2
Note that the map |F,\| ) is surjective by [2. lll Of course, the kernel of this

map is ﬂdﬂw :{JH\V This shows that |W_|l\N i /w Slnce is central

in|Fy, it acts trivially on this weight space, and the identification with End lI N)) follows
O

from ([2.1]).
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It follows immediately from [DFO94., Th. 18] that:

Theorem 2.17. The map sending S (S) is a bijection between the isoclasses of
simple Gelfand-Tsetlin modules in the fiber over A and simple 1)—moalules.

SlIlCe ﬂ QI K H 2 dnnensmnal over we have that is at least length
r Al I and UﬁY

--) ove = e)\F) N)e,\
Similarly, we can define a l Utmodule Q,YN) = N)e A= eN))W—VZI such that

W QM) = End(Q) = UM = e[F|Ve,.

More generally, we have that

(2.2) Homm(QY), M) = {n e N | (AFY Ar)m = 0}.

Applying [DF0O94, Th. 18] again shows that the map sending S —{W,|S) is a bijection
between the isoclasses of simple Gelfand-Tsetlin [U}modules in the fiber over v and

(1)

simple Uy ’-modules.

2.4. Weightification and canonical modules. There is another natural way to try to
invariant

construct Gelfand-Tsetlin modules. Consider any |F] lmodule M, and fix an
subset . C MaxSpec.

Definition 2.18. Consider the sums

Z@{meMlmz()} My = D M/mM
res res

Theorem 2.19. The action of F' on M induces a Gelfand-Tsetlin F-module structure
on M~ and M.

Note that even if M is a finitely generated module, the modules M and My may
not be finitely generated, though the individual weight spaces

WA(M?) = {m e M [shm =0}  Wi(My) = M/dhM

will be finitely generated over m! .

Proof. Consider any element f € F] By the Harish-Chandra property, [AlffA] is finitely
generated as a right rnodule, SO is a finite length left [Atmodule. Thus, we
can assume without loss of generality that the image of f in the quotient is a generalized
weight vector of weight pu.

Let be the set of elements of |W|such that w- A = p. Let l :.F. I
be the elements of [F] which are in the [K}span of JW)\. Thus, we can reduce to the case
where f € JF]\. Every element of ,[[V]y induces the same isomorphism o : [A)] =[ A}, such
that a) , 50 we have that for any a € nf\, then af = fo~(a).

Thus, 1fm = 0, we have that nj lfm = 0 SO m =0 and fm € Wy(M~). This
shows that we have an induced action. Snnllarly, given m € M /@M the image fm is
thus a well-defined element of M /I“M This completes the proof. O
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We could similarly consider “thicker” versions of these modules where we replace
EI)\ with powers of this ideal, and direct/inverse limits of the resulting modules. Since
we have no application in mind for these modules, we will leave discussion of them to
another time.

One particularly interesting module to apply this result to is [A] itself. In this case,

A is a Gelfand-Tsetlin module such that Wy (A.») for all A € .. This same
module has been constructed by Mazorchuk and Vishnyakova [MV| Th. 4]. The dual
version of this construction given by taking the vector space dual A* = Hom]k k)
for some subfield k and considering (A*)” has been studied by several authors, in-
cluding Early-Mazorchuk-Vishnyakova [EMV], Hartwig [Har| and Futorny-Grantcharov-
Ramirez-Zadunaisky [FGRZIS|; in particular, it appears to the author that e(A*)” is
precisely the = module V (2, T'(v)) defined in [FGRZ18|, Def. 7.3] when .7
and {2 is a base of the group for any A\ € ..

Based on the structure of this module, we can construct a “canonical” module as in
[EMV], Har]; the author is not especially fond of this name as the embedding of |F]in E
is not itself canonical, if the algebra [F]is the object of interest. For every A € ., we
can consider the submodule C} of Ao generated by Wy (A ») which is clearly finitely (in
fact, cyclically) generated.

-V

Lemma 2.20. The submodule C% has a unique simple quotient C, and corresponds to

the unique simple quotient of Agl? as al)—module under Theorem .

Proof. Given any proper submodule M C Cf, consider M NW)(Ay) d A Yl This must
be a proper submodule, because W) (A &) generates. As amodule, AP has a unique
maximal submodule, the ideal, which thus contains M "Wy (A »). Thus, the sum
of two proper submodules has the same property and thus is again proper. This shows
there is a unique maximal proper submodule, and thus a unique simple quotient. O

In the terminology of [Har], the canonical module is actually the right module Cf
obtained by dualizing this construction with respect to a subfield k. Note that since we
avoid dualizing, our result here is both a bit stronger and a bit weaker than [Har, Thm.
3.3]. That result does not depend on the finiteness of though as a result, one pays
the price of not knowing whether W) is finite dimensional. However, our construction

applies when [A]is arbitrary, making no assumption on characteristic or linearity over a
field.

2.5. Interaction between weight spaces. In this section, we continue to assume that
every weight considered has finite stabilizer in Of course, we are also interested in
the overall classification of modules. Consider two different weights A and p.

Let be the set of elements ofW such that w-u = A. Let - be

the elements of [F] which are in the [K}span of \WJ,. This is clearly a [F)|{F},-bimodule,
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and we have a multiplication NI, &, JI} — NF},. Thus, we can define a matrix algebra:

(2.3) Fl, . ) = AQ 1 : © AQ ‘

>\k1 )\k2 k
More generally, for any subset S C MaxSpec(A), we let [F|.%) be the direct limit of

this matrix algebra over all finite subsets. Note that if . is not finite, this is not a
unital algebra, but is locally unital. This acts by natural transformations on the functor

D AW
Note that if A and p are not in the same orbit of then =0, so (S) naturally

breaks up as a direct sum over the different |W| orbits these weights lie in.
If A\ and p are in the same orbit, then we have a canonical isomorphism AL
induced by any element of \JW},, which identifies the ideals [n)y and [n},. Thus for .~ a

orbit, we can identify these with a single algebra 5ﬂ Dn.
Proposition 2.21. IfS C .77, then[Aly is the center of [F](S).

Proof. As discussed before >< and ,\1 ) is just the bimodule
S)

induced by an isomorphism between these algebras. Thus|F|S) & K|is Morita equivalent
to D< and its center is the subfield I We have that Z()\l, e AR)) =
[As)n Zh ) {A];. 0

Let
[ (s) S F(s)/mELs)
F(s) {HS) em, Al

As a consequence of [DFQ94, Th. 17], we can easily extend Theorem to incor-
porate any number of weight spaces.

Theorem 2.22. The simple Gelfand-Tsetlin [Flmodules S such that [W)|(S) # 0 for
some A € S are in bijection with simple modules overl)(S), sending S — @/\E(S).

We can also extend this to an equivalence of categories: let I'LI(S) be the category of
all Gelfand-Tsetlin modules modulo the subcategory of modules such that (M )=0
for all 4, and I'll(.”) the category of Gelfand-Tsetlin modules where if A ¢ ., we have

WH(M) = 0.

For any finite set S, we have that:

Theorem 2.23. The functor S — Eszl(S) gives an equivalence between I'I(S) and
finite dimensional modules over the completion F(S).
As before, let . be a Orbit in MaxSpec.

Definition 2.24. We call a set of weights S C . complete for the orbit .7 if '1(S) =

I'H(.), that is, if any module M with (M) = 0 for all i satisfies (M) =0 for
all A e 7.
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Note that if S is a finite complete set for the orbit .#, then T'II(.%) = F(S) -fdmod.

Of course, many readers will be more interested in understanding modules of the
original principal Galois order. For simplicity, assume that S only contains at most one
element of each W-orbit. We can derive weight spaces of [U] from those of F' by taking
invariants under the stabilizer Let ey be the idempotent in which projects to
the invariants of , and ey € F(S) the matrix with these as diagonal entries for the
different X € S. Let UM(S) = ex F()(S)ey.

Theorem 2.25. The simple Gelfand-Tsetlin modules S such that (S) # 0 for
~v in the image of S are in bijection with simple modules over U(l)(S), sending S +—

@,\ese(s)-
3. THE REFLECTION CASE

While we worked in Section 2 in the same generality as [Har| so the results we can
prove in this generality are available there, we wish to specialize to a much simpler case.
Let [V] be a C-vector space with an action of a complex reflection group [W] and M a
finitely generated (over Z) subgroup of . We assume from now on that [A| = Sym®(V')
is the symmetric algebra on this vector space, with the obvious induced M-action. Note
that the stabilizer for any A is finite, and in fact a subgroup of W via the
usual quotient map It is generated by the M-translates of root hyperplanes
containing A, and thus is again a complex reflection group, acting by the translation of
a linear action.

This simplifies matters in one key way: the module [A] is a free Frobenius extension
over [Ay] and over [[] Recall that we call a ring extension A C B free Frobenius if B is
a free A-module, and Homy (B, A) is a free B module of rank 1; a Frobenius trace is
a generator of Hom 4 (B, A).

The fact that [A]is free Frobenius over [[]is well-known, and easily derived from results
in [Brol0]: following the notation of loc. cit., we have a map defined by D(J*),
which is the desired trace. In slightly more down to earth terms, we have a unique
element J €A of minimal degree that transforms under the determinant character for
the action on V*; this obtained by taking a suitable power of the linear form defining
each root hyperplane. The Frobenius trace is uniquely characterized by sending this
element to 1 and killing all other isotypic components for the action of W.

In particular, this means that D = Endm, the nilHecke algebra of W, is Morita
equivalent to [[} see for example [Ginl8 Lemma 7.1.5].

Definition 3.1. We call a flag order[F] Morita if the symmetrization idempotent gives
a Morita equivalence between [U|= dFe and[FY; that is if [F]= FHF]

Recall that for a fixed principal Galois order [} we have an associated flag Galois
order Since D = DeD when @ = End[n in the complex reflection case, we have
that the flag order [Fp] is Morita for any principal Galois order in this case.

Thus, for any principal Galois order, we can study the representation theory of the
corresponding flag order instead. This approach is implicit in much recent work in the
subject, which uses the nilHecke algebra, such as [FGRZ, [FGR16, [RZ18|], but many
issues are considerably simplified if we think of the flag order as the basic object.
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It’s easy to see how Gelfand-Tsetlin modules behave under this equivalence. We can
strengthen Lemma [2.8] to:

Lemma 3.2. If[F]is Morita, then we have isomorphisms

Wolear) WMl wofar) = (W,f(enr)) PR

The additional information we learn from the fact that [F]is Morita is that [Wy(M) is

free as a module.
Note that [A{! aﬂ is a local commutative subalgebra of 1). Thus, in any

simple 1)—module, there is a vector where acts trivially. As discussed before, this
means that:

Proposition 3.3. Any simple 1)—moalule appears as a quotient of F,\/F. If is

a free module over (necessarily of rank then dim F\/Fymy = #W,.
Combining this with Theorem above, we have that:

Corollary 3.4. The dimensions of the \-weight spaces in_the simples over [F] in the
fiber over A have sum < dim Fy/Fymy, and thus < if s a free module over .
The dimensions of the y-weight spaces in the simple [UFmodules in the fiber over ~

have sum < ﬂ%zﬂdim Fy/F\my, and thus < if Fy is a free module over .

As mentioned in the introduction, this is essentially a repackaging of the techniques
in [FO14].

The reflection hypothesis also allows us to define a dual version of the canonical
module C:X\. We can consider the quotient C of the module Ay by all submodules
having trivial intersection with Wy (A ).

The algebra is a Frobenius algebra, so its socle as a module is 1-dimensional,
and every non-zero submodule of C’;\ has non-trivial intersection with Wy (A &), and thus
contains this socle. This shows that the intersection of all non-zero submodules is non-
trivial, giving a simple socle C'y C € This will sometimes be isomorphic to C), and
sometimes not.

3.1. Special cases of interest.

Definition 3.5. We call a weight non-singular z'f = {1} and more generally p-
singular z'f has a minimal generating set of p reflections.

Corollary 3.6. If )\ is non-singular, there is a unique simple Gelfand-Tsetlin module
S with[W,|(S) = C and for all other simples S’ we have [W)[(S) = 0.

Of course, a natural question to consider is when two non-singular weights A, u have
the same simple, and when they do not. Of course, they can only give the same simple
if pw =w- A for some w In this case, is the elements of the form w/, and
similarly the elements of the form w=1¢'.

Corollary 3.7. Given A and p as above, we have a simple Gelfand-Tsetlin module S

with [WH|(S) S W,[(S) = C if and only if \F}, - 7l my)
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Now assume A is 1-singular and |F}|is a free module over |A} In this case, = 59, 50
1) is 4-dimensional. Thus, there are 3 possibilities for the behavior of such a weight:

Corollary 3.8. FEzxactly 1 of the following holds:
(1) |F D~ M5(C) and there is a unique simple Gelfand-Tsetlin module S with
W)(S) =2 C? and for all other simples it is 0.

(2) the Jacobson radical ofl) 18 2-dimensional and there are two simple Gelfand-
Tsetlin modules S1, Sy with (Sl) = C and for all other simples it is 0.

(3) the Jacobson radical of Y is 3-dimensional and there is a unique simple Gelfand-
Tsetlin module S with|W)|(S) = C and for all other simples it is 0.

4. COULOMB BRANCHES

4.1. Coulomb branches and principal orders. One extremely interesting example
of principal Galois orders are the Coulomb branches defined by Braverman, Finkelberg
and Nakajima [BFEND]. These algebras have attracted considerable interest in recent
years, and subsume most examples of interesting principal Galois orders known to the
author.

There is a Coulomb branch attached to each connected reductive complex group [G]
and representation Let be the Taylor series points of the group |G} and ((t))
its Laurent series points. Let

4 = (G®)) <[NTH)) [CTH,
equipped with its obvious map 7: Y —| N|((¢)); we can think of this as a vector bundle
over the affine Grassmannian [G]((¢))/|G[t]. Readers who prefer moduli theoretic inter-
pretations can think of this as the moduli space of principal bundles on a formal disk
with choice of section and trivialization away from the origin.

Let H = Ngrv) ° be the connected component of the identity in the normalizer of
[Gl Let Tig, T be compatible maximal tori in the two groups, and Bg, By compatible
choices of Borels, and[G] C @ C H the subgroup generated by|[Gland Ty. Note that Y has
an H-action via h - (g(t),n(t)) = (hg(t)h=!, hn(t)). It also carries a canonical principal
Q-bundle Yq given by the quotient ((t)) X Q >< via the action ¢(t)-(¢'(t), q,n(t)) =
(¢’ (t)g~(t),q971(0), g(t)n(t). We can extend this to an action of @ x C* where the factor
of C* acts by the loop scaling.

Definition 4.1. The (quantum) Coulomb branch is the convolution algebra

A=H2 (x 1 (N]1)),
It might not be readily apparent what the algebra structure on this space is. However,
it is unique determined by the fact that it acts on HI*C 1| = H{ (*) by
(4.1) a*xb=m(ancb))

where ¢ is the inclusion of this algebra into A as the Chern classes of the principal
bundle Y and the obvious inclusion of C[h] = HE (N[t]). We further obtain a module
structure on the @ x C*-equivariant homology of any |G/|t|-invariant subvariety in ;
applying this to {0}, we obtain an action on [} which sends the subalgebra discussed



16 BEN WEBSTER

above to multiplication operators. Obviously there are a lot of technical issues that are
being swept under the rug here; a reader concerned on this point should refer to [BEND]
for more details.

Let Tp = Q/G = Ty/Tg, and tp the Lie algebra of this group. The subalgebra
HE)/GxC*( ) = Sym(t})[h] C A induced by the @ x C*-action is central; borrowing
terminology from physics, we call these flavor parameters. We can thus consider
the quotient of A by a maximal ideal in this ring. This quotient is what is called the
“Coulomb branch” in [BEND|, Def. 3.13] and our Definition [4.1| matches the deformation
constructed in [BENDL §3(viii)]. We’'ll distinguish this situations by referring to them
fixed /generic flavor parameters.

We let (V] . be the Weyl group of|G] . (which is also the Weyl group of @), let|V] . =t;®C-h
where ty is the (abstract) Cartan Lie algebra of H and let [M] the cocharacter lattice of
T, acting by the h-scaled translations

X (v+kh) =v+k{x,v)+ kh.

Note that the action has finite stabilizers on any point where h # 0, but any point with
h = 0 will have infinite stabilizer. We’ll ultimately only be interested in modules over
the specialization A = 1, so this will not cause an issue for the moment. Note that

(A= H5, - () = Sym* () [B] - [T 2 Hggee- (+) = Sym® ()™ [2],
and [M]| x[W]is the extended affine Weyl group of [)] Localization in equivariant coho-

mology shows that the action of (4.1]) induces an inclusion A for the data above;
see [BFND, (5.18) & Prop. 5.19]. Thus, it immediately follows that:

Proposition 4.2. The Coulomb branch is a principal Galois order for this data.

If we fix the flavor parameters, the result will also be a principal Galois order for
appropriate quotient of @

The flag order attached to this data also has an interpretation as the flag BFN algebra
from [Webal Def. 3.2]. Let X = (G|((¢)) X[ N[f])/I, where I is the standard Iwahori,
my: X ’ ) the obvious map and ¢Xo = .~ (N[t]).

Definition 4.3. The Iwahori Coulomb branch is the convolution algebra

[F]= HIC (42,).

This is the Morita flag order associated to A with @ = Endm the nilHecke
algebra of as is shown in [Webal, Thm. 3.3].

As mentioned before, we wish to consider the specializations of these algebras where
h = 1. These are again principal/flag Galois orders in their own right, but are harder
to interpret geometrically. Note that by homogeneity, the specializations of this algebra
at all different non-zero values of h are isomorphic. The specialization h = 0 is quite
different in nature, since in this case, the action of M is trivial.

4.2. Representations of Coulomb branches. In this case, the algebra 1) has a
geometric interpretation. Since we assume that A = 1, when we interpret A as an
element of the Lie algebra ty @ C, the second component is 1. Let [Gl be the Levi
subgroup of [G] which only contains the roots which are integral at A\, and [N]\ the span of
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the weight spaces for weights integral on \. Let be the Borel in such that Lie)
is generated by the roots « such that (\, a) is negative and those in the fixed Borel bg
such that (A, a) = 0; this is the unique Borel in glsPlay such that N Bg.

The element ) integrates to a character acting on . Let be the subspace of
which is non-positive for the cocharacter corresponding to \; this subspace is preserved
by the action of . Consider the associated vector bundle X = ><) and

py the associated map p: X, . If # {1}, then there is also a parabolic
version of these spaces. Let [P} [ Gl\ be the parabolic corresponding to and let

= (G {317

As usual, we have associated Steinberg varieties:
Xy = X x@w, X = {(g1Bh, gfBh. n) | n € gNJ; N g N}, }
3Ky = X X, Xy = {(9Bh, 94B},n) | n € oMy 0 0N )
Y = Ya xqmp Y = {(91Ph, 9fPh, ) | 7 € gVl N g}
AY,, = Ya s, Yi = {(@Pp. 9P} ) | n € gV 1 04D}

Recall that the Borel-Moore homology of an algebraic variety X over C is the hyper-
cohomology of the dualizing sheaf DCx indexed backwards. We use the same convention
for equivariant Borel-Moore homology:

HPM(X) = H ' (Xan; DCx)  HPMO(X) = HG (X ,un; DCx).

Note that this convention makes HZ M’G(X ) into a module over H(X) which is ho-

mogenous when this ring is given the negative of its usual homological grading; similarly,

the group HZ-B M’G(X ) must be 0 if ¢ > dimg X, but this can be non-zero in infinitely

many negative degrees. We let HP MGk (X) denote the completion of —equivariant
Borel-Moore homology this respect to its grading, with all elements of degree < k being
a neighborhood of the identity for all k.

The Borel-Moore homology HZY (X ) has a convolution algebra structure, and HZM (,X,)
a bimodule structure defined by |[CG97, (2.7.9)].

Theorem 4.4. We have isomorphisms of algebras and bimodules

(4.2) )= HBM (x,) NAD = HPY ()

(4.3) >~ HBMEN(X,) ), = HPMEN(\x,)
(4.4) Uil) ~ HPM(Y)) AU = HBM ()
(4.5) Uy = HPMEh (v, AU, = HPMEN (v )

This theorem is a consequence of [Webal, Thm. 4.2], which is proven purely alge-
braically. H. Nakajima has also communicated a more direct geometric proof to the
author. We will include a sketch of that argument here, but there are some slightly
subtle points about infinite dimensional topology which we will skip over.

Proof (sketch). Note first how the left and right actions of [A| on [F]| operate. The left
action is simply induced by the equivariant cohomology of a point, whereas the right
action is by the Chern classes of tautological bundles on [G]((t))/I.
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Consider the 1-parameter subgroup T of [G]x C* obtained by exponentiating A. By the
localization theorem in equivariant cohomology, the completion li n‘ is isomor-
phic to the completion of the Tj-equivariant Borel-Moore homology of (X, completed
with respect to the usual grading. This is easily seen from [GKMO98, (6.2)(1)]: the
Tr-equivariant Borel-Moore homology of the complement of the fixed points is a tor-
sion module whose support avoids A, since the action of T is locally free. Thus, after
completion, the long exact sequence in Borel-Moore homology gives the desired result.
Note that here we also use that since the action of T on the fixed points is trivial, the
completion at any point in t gives the same result.

First note that the fixed points T are isomorphic to via the map 7 : —
[ N((t)) sending an element n of weight —a in to t%n.

We can also apply this to the adjoint representation, and find that the fixed points
of the 1-parameter subgroup on g((¢)); this is a copy of gy, embedded according the
description above. Accordingly, the centralizer of this 1-parameter subgroup in [G|((¢))
is a copy of generated by the roots SLso’s of the roots t M a. The Borel is the
intersection of this copy of [Gly with the Iwahori I.

Now consider the fixed points of T in [G|((¢))/I. Each component of this space is a
—orbit, and these components are in bijection with elements of the orbit W - X; that
is, wI and w'I are in the same orbit if and only if w- X = w’- . If w is of minimal length
with u = w - A, the stabilizer of wI under the action of @ is the Borel EI“ Considering
the vector bundles induced by the tautological bundles shows that elements of @ act
by elements with trivial degree 0 term, i.e. that the homology of this component is ,\ﬁ W

Thus, the fixed points X' break into components corresponding to these orbits as
well, with the fiber over gwl for g and w as defined above is given by a , via
the map ¢ - 7,. The map my maps this to ((t)) via the map 7y o TM_I o g ", so its

intersection with the preimage of is N .

The relevant Tg-equivariant homology group is thus

H"({(dBli ) | 9 Gl NN} = HE(X,,).

Taking quotient by [n), we obtain the non-equivariant Borel-Moore homology of this
variety as desired. This shows that we have a vector space isomorphism in (4.2]).

The row of isomorphisms follow from the same argument applied to 7r*1)
and the affine Grassmannian.

Note that we have not checked that the resulting isomorphism is compatible with
multiplication, and doing so is somewhat subtle. For a finite dimensional manifold X,
we have two isomorphisms between H. (X) and H}(XT) after completion at any non-
zero point in t: pullback (defined using Poincaré duality) and pushforward, which differ
by the (invertible) Euler class of the normal bundle by the adjunction formula. To
obtain an isomorphism H (X x X) and H (X" x XT) that commutes with convolution,
one must take the middle road between these, using pullback times the inverse of the
Euler class of the normal bundle along the first factor, which is the same as the inverse
of pushforward times the Euler class of the normal bundle along the second factor
(effectively, we use the pushforward isomorphism in the first factor, and the pullback
in the second factor). Due to the infinite dimensionality of the factors X and Y, and
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the nature of the cycles we use, neither the pushforward nor the pullback isomorphisms
make sense, but this intermediate isomorphism does.

As we said above, we will not give a detailed account of this isomorphism, since we
have already constructed a ring isomorphism using the algebraic arguments of [Webal.
Savvy readers will notice the Euler class we need to invert in [Webal, (4.3a)] O

The stabilizer is always isomorphic to a parabolic subgroup of the original Weyl

group [W]
Definition 4.5. We call an orbit integral if and.

One especially satisfying consequence of Theorem [£.4]is that the category of modules
with weights in the non-integral orbit is equivalent to that same category for integral
orbit but of the Coulomb branch for the corresponding Levi subgroup [G and subrep-
resentation [N]\.

More precisely, fix an orbit .¥ of and let G’ and N’ for arbitrary
A€ .. Let & C & be an orbit of the subgroup W’ generated by the Weyl
group of G’ and the subgroup M. Let T'II'(.#”) be the category of weight modules with
all weights concentrated .#’for the Coulomb branch of (G’, N’). Note that since all the
orbits of ./ C . are conjugate under the action of this category only depends on
.. Of course, for this smaller group, .’ is an integral orbit. By Theorem (4.4, we have
that:

Corollary 4.6. We have an equivalence of categories T'LI(.) =TI (.").

This equivalence does not change the underlying vector space and its weight space
decomposition; it simply multiplies the action of elements of [F] by elements of the
appropriate completion of [[] to adjust the relations. This can be proven in the spirit
of Theorem by presenting the Coulomb branch of ) as the homology of the
fixed points of the torus action, and noting that the Euler class of the normal bundle
acts invertibly on all the modules in the relevant subcategory.

4.3. Gradings. This is a particularly nice description since the convolution algebras in
question are graded, and a simple geometric argument shows that they are graded free

over the subalgebra with the degrees of the generators read off from the dimensions
of the preimages of the orbits in Xy. For reasons of Poincaré duality, we grade HZM (X))
so that a cycle of dimension d has degree dim X — d, and HBZM( 2X,,) so that a cycle of

dimension d has degree w — d. This is homogeneous by [CGI7, (2.7.9)].

Proposition 4.7. has a set of free generators with degrees given by dim ) —
dim( ) — l(w) ranging over w identified with the Weyl group of .
Proof. The product )2 breaks up into finitely many —orbits, each one of which

contains 1Ev E ) for a unique w = This orbit is isomorphic to an affine bun-

dle over with fiber |Bl/ N wBjw~1), which is an affine space of dimension

¢(w). Furthermore, the preimage of this orbit in X is a vector bundle of dimension
dim( ). his means that under the usual grading on the convolution algebra,
the fundamental class has degree equal to dim X, minus the dimension of this orbit.
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These fundamental classes give free generators over since the homology of each of
these vector bundles is free of rank 1. O

In particular, if these degrees are always non-negative, then all elements of positive
degree are in the Jacobson radical.

Corollary 4.8. If dim(N},) — dim(u[N}; ([N — ¢(w) = 0 for all w then the

sum of (dimW,((S))? over all simple Gelfand-Tsetlin modules is

< #{w ]| dim(Ny) — dim(u{M; [ N}) = £(w)}:
Note that the fact that the algebra 1)(S) is graded allows us to define a graded
lift I'IL of the category of Gelfand-Tsetlin modules by considering graded modules over

[ED O, ).

Following Ginzburg and Chriss [CG97, 8.6.7], we can restate Theorem {4.4] as

[F = Ext® ((p2)-Cx,. (p2)sCx)
k k
(4'6) 1)(5) = Ext® (@(pAi)*CXAi ’ @(p)\i)*CXAi>

i=1 i=1
The geometric description of (4.6 has an important combinatorial consequence when

combined with the Decomposition Theorem of Beilinson-Bernstein-Deligne-Gabber [CG97,
Thm. 8.4.8]:

Theorem 4.9. The simple Gelfand-Tsetlin modules S such that (S) # 0 for some
i are in bijection with simple perverse sheaves IC(Y,x) appearing as summands up to
shift of ©i(px,)«Cx, , with the dimension of(S) being the multiplicity of all shifts
of IC(Y, x).

Note that this result is implicit in [CG97, §8.7] and [Sau, pg. 9] but unfortunately is
not stated clearly in either source.

Proof. By the Decomposition Theorem, (py)«Cx, is a direct sum of shifts of simple
perverse sheaves. In the notation of [CG97, Thm. 8.4.8], we have

(P2)«Cx, = P Ly (i, \) @ IC(Y, Y.
(4,Y,x)
Let Ly, = @;x;Ly,(i,\j) be the Z-graded vector space obtained by summing the
multiplicity spaces. Thus, the algebra 1)(S) is Morita equivalent to

A=Ext*( P IC(Y,X)) B = Ext" (P(py,):Cx,,, P 1C(V1x)
Ly x#0 J Ly, #0
via the bimodule B. By [CG97, Cor. 8.4.4], this algebra is a positively graded basic
algebra with irreps indexed by pairs (Y, x) such that Ly, # 0. Thus, the simple
representations of 1)(S) are the images of these 1-dimensional irreps under the Morita
equivalence, that is, the multiplicity spaces Ly, with the dimension of the different
weight spaces is given by dim Ly, (¥, A), the multiplicity of all shifts of IC(Y,x) in
(PA)*(CXX- 0
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The additive category of perverse sheaves given by sums of shifts of summands of
(px,)«Cx, satisfies the hypotheses of [Web15l Lem. 1.18], and so by [Webl15l Lem. 1.13
& Cor. 2.4], we have that (as proven in [Weba, Cor. 2.20]):

Theorem 4.10. The classes of the simple Gelfand-Tsetlin modules form a dual canon-
ical basis (in the sense of [Webl15l §2]) in the Grothendieck group of T'Ll.

For those who dislike geometry, we only truly need the Decomposition theorem to
prove a single purely algebraic, but extremely non-trivial fact:

Corollary 4.11. The graded algebra 1)(S) 1s graded Morita equivalent to an algebra
which is non-negatively graded and semi-simple in degree 0.

This property is called “mixedness” in [BGS96, Web15|; the celebrated recent work of
Elias and Williamson [EW] gives an algebraic proof of this fact in some related contexts
and could possibly be applied here as well.

4.4. Applications. As before, this description is particularly useful in the 1-singular
case. In this case, we must have ~ Pl

Corollary 4.12. For a 1-singular weight, we are in situation (1) of Corollary if
= , situation (2) if N is codimension 1 in , and situation (3)
otherwise.

Geometrically, these correspond to the situations where the map X is

(1) the projection Xy = P! >< , (2) strictly semi-small or (3) small.

Of course, in the non-singular case, there is no difficulty in classifying the simple
modules where a given weight appears: there is always a unique one. However, it is still
an interesting question when these simples are the same for 2 different weights. Note

that if A\, u are in the same orbit of then M , but the positive subspaces are

not necessarily equal.

Corollary 4.13. Assume that A, u are non-singular and in the same orbit. Then
there is_a simple Gelfand-Tsetlin module with [Wy|(S) and [W,|(S) both non-zero if and

only if .

Outside the non-singular case, we have that:

Lemma 4.14. If \, u are non-singular and in the same orbit, (mdm; =

, then the weight spaces (M) and (M) are canonically isomorphic for all
modules M.

Proof. The diagonal class ><) gives the desired isomorphism. U

Since only finitely many subspaces may appear as as A ranges over an orbit of

Corollary 4.15. Every orbz't has a finite complete set in the sense of Definition

[2-24
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Note that this result is not true for a general principal Galois order.
A seed is a weight v € MaXSpec which is the image of A € MaxSpec such that

[Pl =L Gh.

Theorem 4.16. If X is a seed, there is a unique simple Gelfand-Tsetlin [Utmodule S
with (W, - = C, and for all other simples S’ we have (S') = 0. The weight spaces

of S satisfy leI /.,\ and this bound is sharp zf.;

Proof. First, we note that U )(\1) = (C, so this shows the desired uniqueness. The module

= U is a weight module with S as cosocle satisfying di/(l)) < /
whenever \ ‘ A This shows that desired upper bound.

We has that di /.N if and only if S is also the only Gelfand-Tsetlin
(1) .

module with this welght space non-zero, i.e. if and only if \U},” is a Morlta equivalence.

This is clear if |V .; i,, since in this case E& :l\ with AF ,’ giving the obv1ous

Morita equivalence.

Note that this shows that the module .S discussed above has all the properties proven
for the socle of the tableau module in [FGRZ, Th. 1.1]. Using the numbering of that

paper,
(i
(iii

(iv
(v

The weight -y itself lies in the essential support.

This follows from Corollary

This follows from Theorem [4.16

For any parabohc subgroup W’ C W, we can find a X' such that |N]| l :l and
w’ The result then follows from Corollary [3.4]

\_/\_/\_/\_/

5. THE CASE OF ORTHOGONAL GELFAND-TSETLIN ALGEBRAS

Let us now briefly describe how one can interpret the results of this paper for or-
thogonal Gelfand-Tsetlin algebras [Maz99] over C in terms of [KTWT|. As in the
introduction, choose a dimension vector [v| = (v1,...,v,) and fix complex numbers
(A1 Anp,) € C. Let

[Q={(,r)|1<i<n1<r<u}
Let [U] be the associated orthogonal Gelfand-Zetlin algebra modulo the ideal generated
by specializing x,,, = A, . This is a principal Galois order with the data:

e The ring |A| given by the polynomial ring generated by xz; ; with (4, j) and
t < n. Note that we have not included the variables z, 1,...,Zy,, since these
are already specialized to scalars.

e The monoid given by the subgroup of Aut(A) generated by ¢; ;, the transla-
tion satisfying

©ij(Tre) = (Tre + dindje) @iy
e The groupm = Sy, X+ xSy, _,, acting by permuting each alphabet of variables.
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By definition, U is the subalgebra of |l generated by I' = A" and the elements

Vit1

v H (Tij — Tix1,k)
+ k=1 +
XE=%2 i
= =i —zin)
k#j

We let [F] = Fp| be the corresponding Morita flag order. This is the subalgebra of [7]
generated by U embedded in eFe = K and the nilHecke algebra D = Endr(A).
As mentioned in the introduction, it is proven in [Wee| that:

Theorem 5.1. We have an isomorphism between the OGZ algebra attached to the di-
mension vector [v| and the Coulomb branch for the (G[N)) introduced in (I.1dH1.14) at

h =1, with the variables Ty 1, ..., Ty, corresponding to the flavor parameters. Thus, U
is 1somorphic to the Coulomb branch with the flavor parameters fived by z, = Ay — 5.

Thus, we can apply the results of Section [ to OGZ algebras. An element \ €
MaxSpec(A) is exactly choosing a numerical value x;, = \;, for all (i,7) and the
corresponding v € MaxSpec(I") only remembers these values up to permutation of the
second index. A choice of A partitions the set €2 according to which coset of Z the value
Air lies in. Given a coset [a] € C/Z, let

Qg ={G,r) €Q|Xir=a (mod Z)}.

The maximal ideal A has an integral orbit if there is one coset such that 2 = Q. In
general, let X = {[a] € C/Z | Q) = 0}.

Note that the representation N is spanned by the dual basis to the matrix coefficients
of the maps CY — CV+!  which we denote hS’? for 1 <r<wvpand 1l <s < vpqq.

Proposition 5.2. Given A € MaXSpec, we have that is the span the elements h&";)
such that A\ —Aiy1,s € Z, and is the span of these elements with A\, —Ap11,5 € Z>0.

Remark 5.3. Note that equivalence classes of weights in a orbit with Ny fized
also appears in the discussion of generic regular modules in [EMV) §3.3]. That is,
the subspace Ny changes precisely when the numerator of one of the Gelfand-Tsetlin
formulae vanishes.

We can encapsulate this with an order on the set [(] which is the coarsest such that
(t,7) < (i4+1,8) if N\j, —Aiy1,s € Zeg and (¢,7) > (i+1,5) if X\j, —Aif1,s € Z>9. Lemma
[£.14] then shows that:

Proposition 5.4. We have a natural isomorphism[Wy[(M) W[ M) for any Gelfand-
Tsetlin module M over U if for all pairs (i,r) and r € [1,v;], we have \;, — /\Q,T €7,
and the induced order on the set[Q is the same.

More generally, the Gelfand-Tsetlin modules over this module are controlled by KLRW
algebras, as shown in [KTWT]. If . is not integral, then by Corollary the cate-
gory I'II(.¥) is equivalent to the category of Gelfand-Tsetlin modules supported on the
same orbit for a tensor product ®,ec/zUja) where Uy, is the OGZ algebra attached
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to the set ), that is, to the dimension vector “) given by the number of indices k
such that A;; = a (mod Z). Since the simple Gelfand-Tsetlin modules over this tensor
product are just an outer tensor product of the simple Gelfand-Tsetlin modules over the
individual factors (and in fact, the category I'll(.#) is a Deligne tensor product of the
corresponding category for the factors), let us focus attention on the integral case.

5.1. The integral case. Let .%7 be the orbit where \;, € Z for all (i,7) and
we fix integral values A\, 1 < -+ < Ay,

In this case, we are effectively rephrasing [KTW™, Th. 5.2] in slightly different lan-
guage, and the notation of this paper. Identify I = {1,...,n — 1} with the Dynkin
diagram of sl, as usual. Let be the block of the KLRW algebra as discussed in
[KTWT §3.1], attached to the sequence (wy—1, "+ ,w,—1) with this fundamental weight
appearing v, times and where v; black strands have label i for all i € I. Note that this
algebra contains a central copy of the algebra

n—1
S
Ayz = ® (C[‘ri,la e 7x’i,’l}i] k)
i=1

given by the polynomials in the dots which are symmetric under permutation of all
strands.
Fix a very small real number 0 < € < 1. Given a weight A\, we define a map

x: Q—>R (i, s)| = N\ig — i€ — se?.

Note that under this map, the partial order < is compatible with the usual order on R;
this map thus gives a canonical way to refine < and the order on {2 induced by the usual
partial order on \; s to a total order on €2. The € term is very important for assuring
the compatibility with <, whereas the €? term is essentially arbitrary, and is only there
to avoid issues when two strands go to the same place.

Definition 5.5. Let [w(\)] be the word in [1,n] given by ordering the elements of
according to the function[z] and then projecting to the first index.

Now, consider the idempotent e(\) in where we place a red strand with label w,_1
at forallr=1,...,v,, and a black strand with label i at for all ¢ € I and
s =1,...,v;. The labels of strands read left to right are just the word w(\).

Note that the isomorphism type of this idempotent only depends on the partial order
=<, and it would be the same for any map x that preserves this order. For example,
we would match [KTWT| more closely if we used z(i,s) = 2\; s — ¢ (again with a
perturbation to assure all elements have distinct images) which works equally well. This
choice matches better with the parameterization of I' by the variables w; used in
[BFNal.

Let S C .7 be a finite set. For simplicity, we assume that this set has no pairs of
weights that correspond as in Proposition 5.4 up to the action of [[W] Of course, this
set will be complete if every possible partial order < that appears in the orbit 7% is
realized. Let eg be the sum of these idempotents in

Theorem 5.6. The algebra ﬁs is isomorphic to the completion with respect to its grading
of es, and Fs(l) is isomorphic to e

es modulo all positive degree elements of Ay, .
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This is truly a restatement of [KTW ™, Th. 5.2], but can also be derived from Theorem
using the convolution description of as a convolution algebra based on [Webd,
Th. 4.5 & 3.5]. If you prefer to keep x,, as variables rather than specializing them,
then the resulting algebra is the deformation of [Ty defined in [Webb, Def. 4.1].

This reduces the question of understanding Gelfand-Tsetlin modules to studying the
simple representations of these algebras. The usual theory of translation functors shows
that the structure of this category only depends on the stabilizer under the action
of Sy, on the element (A, 1,...,An,). This is a Young subgroup of the form Sg =
Sg, X -+ x Sg,; of course, a regular block will have all g; = 1. Consider the sequence
of dominant weights g = (¢giwn—1, .-, gewn—1). This corresponds to the tensor product
Sym? (C" 1) @ Sym%(C" 1) @ --- ® Sym%(C*~!), and so by [KTWT, Prop. 3.1], we
have that: K°(7%) = U(g) where n_ is the algebra of n x n strictly lower triangular
matrices and

U(g) :=U(n_) ® Sym? (C" ') ® Sym% (C" ') @ - - - ® Sym% (C" ).

While we have a general theorem connecting simples over to the dual canonical
basis of U(g), because we are looking at a particularly simple special case, this combi-
natorics simplifies.

Following the work of Leclerc [Lec04] and the relation of this work to KLR alge-
bras discussed in [KR11], we can give a simple indexing set of this dual canonical
basis. Consider a simple Gelfand-Tsetlin module S, and the set L(S) of words
for W,[(S) # 0. We order words in the set [1,n] lexicographically, with the rule that
(il, R ,ik_l) > (il, - ,ik).

Definition 5.7. We call a word good if it is minimal in lexicographic order amongst
L(S) for some simple S. Since L(S) is finite, obviously every simple has a unique good
word.

Let GL be the set of words of the form (k,k—1,--- Jk—p) fork <n—1,and 0 < p < k,
and GL be the set of words of the form (n,n —1,--- ,n —p) for 0 < p < n; as noted in
[Lec04, §6.6], these together form the good Lyndon words of the A,, root system in the
obvious order on nodes in the Dynkin diagram (which we identify with [1,n]).

Definition 5.8. We say a word i is goodly if it is the concatenationi = ay - --apby - - - by,
of words for a € GL, and b, € GL' satisfying a1 < ag < --- < ay, in lexicographic order.

Assume for simplicity that the central character (A 1,...,An,) is regular, that is,
Sg = {1}. In this case, a goodly word can always be realized as w(A\?) for a weight A
chosen as follows: pick integers p1,...,pp so that u; < -+ < pp < Ay < - < Ao

Now, choose the set )\2(2 so that uy appears (always with multiplicity 1) if and only if 4
appears as a letter in ay, and A, 4 if and only if ¢ appears as a letter in b,;. This weight

depends on the choice of 4, but all these choices are equivalent via Lemma [4.14]
Theorem 5.9. The map sending a simple Gelfand-Tsetlin module to its good word is a
bijection, and a word is good if and only if it is goodly.

Note that implicit in the theorem above is that we consider the set of all good words
for all different [v]s, but v is easily reconstructed from the word, by just letting v; be
the number of times i appears.
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Proof. Note that the words in G£ index cuspidal representations of the KLR algebra
of type A in the sense of Kleshchev-Ram [KR11]; thus concatenations of these words
in increasing lexicographic order give the good words for type A, and the lex maximal
word in the different simple representations of the KLR algebra of type A by [KR11,
Th. 7.2].

On the other hand, the words GL£' give the idempotents corresponding to the different
simples over the cyclotomic quotient 7“»-1, which are all 1-dimensional. By [Webl7,
Cor. 5.23], every simple over is the unique simple quotient of a standardization of a
simple module over the KLR algebra T and v,, simple modules over 7% 1. The former
module gives the desired words ay - - - a, as described above, and the latter v, simples give
the words in G£'. By construction, the resulting concatenation is lex minimal amongst
those with e(i) not killing the standard module, and survives in the simple quotient
since the image of e(i) generates. Let L be the corresponding simple T, T-module.

The image egL gives a simple module over FS1 for any set S containing the weight
A and thus a simple Gelfand-Tsetlin-module S by Theorem [2.23] We claim that i is
the good word for this simple, since for any other word that appears as w(A) < i, we
can add X to S, and see that by the properties of L, we have that Wy (S) = e(A\)L = 0.
Similarly, this shows that S is the unique Gelfand-Tsetlin-module with this property
since L is uniquely characterized by this property; any other simple S’ comes from a
simple representation L/, which is the quotient of the standardization of a different
word 1 of the form in the statement of the theorem. As we’ve already argued, this
means that i’ # i is its good word. This shows uniqueness and completes the proof. [

Example 5.10. For example, the case of integral Gelfand-Tsetlin modules of slg corre-
sponds to : (1,2,3). Thus, the good words are of the form:

(1[212[3[3]3) (2, 1[2[313[3)
(1]23,2/313)  (1]23]3,213)  (1]2[3]3]3,2)
(2,1]3,21313)  (2,1)33,2[3)  (2,1]3|3]3,2)
(113,213,23)  (1/3]3,2(3,2)  (1/3,23/3,2)
(3,2,13,23)  (3]13,2,1]3,2)  (3,2,1/3[3,2)
(3,213,2,113)  (3]3,213,2,1)  (3,2/3/3,2,1)

Weve included vertical bars | between the Lyndon factors of each word.
In order to construct the actual weights appearing, we choose

,u1:—2<u2:—1<,u3=0<)\371:1<)\3,2:2<)\373:3.

In the usual notation for Gelfand-Tsetlin weights, we have the corresponding weight
spaces A for the words above are:
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1 2 3 1 2 3 1 2 3
-1 1 -1 2 -1 3
—2 —2 -2
1 2 3 1 2 3 1 2 3
-2 1 -2 2 -2 3
-2 -2 -2
1 2 3 1 2 3 1 2 3
1 2 2 3 1 3
-2 -2 -2
1 2 3 1 2 3 1 2 3
1 2 2 3 1 3
1 2 1
1 2 3 1 2 3 1 2 3
1 2 2 3 1 3
2 3 3

Thus, each generic integral block for gls has 17 simple Gelfand-Tsetlin modules.

This Theorem is a little more awkward to state for the singular case where Sy #
{1}. For slightly silly reasons, the good words as we have defined them depend on
the choice of A, «, but we can still consider goodly words i = a; ---apby - - - b,, and the
associated weight AJ). Note that this now only depends on the choice of by, ... , by, up
to permutations under Sg. Using the fact that weight spaces of Sym9 (C") are all 1
dimensional, we can similarly argue that:

Proposition 5.11. For each word i = ay - --apby - - - by, which is lex maximal in its Sg-
orbit, there is a unique simple Gelfand-Tsetlin module S such that (S) # 0, and
W, i»[(S) =0 for alli" of the same form with i' < i.

We will not prove this fact since it involves a considerable investment in combinatorics
we do not want to take the space for here, but one can show that translation from a
regular central character to the singular one fixed above kills the simples whose good
word is not lex-maximal in their Sg-orbit, and induces a bijection between the remaining
simples.

Note that in the course of these proofs, we have also shown that:

Proposition 5.12. IfS is a complete set, then F\S 1s Morita equivalent to the completion
with respect to its grading of for g = (g1wn—1,...,gewn—1), and Fs(l) to the quotient
of this algebra by positive degree elements of Ay, .
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Proof. Since we will never have a black strand between red strands that correspond to
Ank = Ankt1, we have that e(\) € T% embedded as in [Web17, Prop. 4.21] by “zipping”
the red strands. Thus, ﬁs maps into the completion of this algebra, and to show Morita
equivalence, we need to show that the idempotents e()\) for A € S generate T¥ as a
2-sided ideal. This follows because Theorem and Proposition show that the
number of distinct simple Gelfand-Tsetlin-modules is equal to the number of graded
simple T8-modules.

A principal Galois order, usually satisfying U = dFp.

The completion Y&lU/(Um]WV + m,]yVU)
A flag Galois order, usually satisfying E =eFe.

A finite group acting on [A] After Section [3] assumed to
be a complex reflection group acting on [V] by a reflection

representation

The completion of [[\

The completion of

The completion of |7_Y|>\ in the

The quotient algebra

The maximal ideal in |A| corresponding to A € MaXSpec

The gauge group of the Coulomb branch.
The matter representation of the Coulomb branch.

The Levi subgroup in |G| corresponding to cW.
The parabolic subgroup in [G| corresponding to negative

weights of A.

GLOSSARY

A Noetherian algebra with a [W}action. After Section [3] as-
sumed to be the symmetric algebra Sym’ = C[V*]
The W-invariants ‘"‘

in the nh-adic topology
The stabilizer of A € MaXSpec under the action of

The semi-direct product D<

at a fixed maximal ideal A
The stabilizer of A € MaXSpec under the action of

-adic topology
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F(S)
FN)(s)

Ny

By

Glossary

The [Ph-submodule of [N], where A\ acts by non-positive
weights.

The block of the KLRW algebra as discussed in [KTWT]
§3.1], attached to the sequence (wp—1,--- ,wp—1) with this
fundamental weight appearing v, times and where v; black
strands have label ¢ for all ¢ €

The fraction field of [A

The fraction field of [[}, which is also the fixed field

A fixed submonoid of Aut which is normalized by W
The smash product

The smash product %

The invariants

The standard order {X 4 K|| X

The standard flag order {X & F|| X (A = A}

A subalgebra satisfying [A#AIV| zl C Endp(A).

A flag Galois order canonically constructed from [U] and [D] by
considering [Df @ U|emn

The functor of taking generalized weight space for a maximal
ideal in [A] or [T

The fixed points Ay = A
The intersection F 144
The maximal ideal in[A)\ given by [mj Al
The quotient module F/Fn

The quotient

The elements of W such that w - pu = A

The intersection F'N K - W

The algebra defined in ({2.3)) that naturally acts on @@, ﬂ
The quotient F(S)/nVF(S)

A vector space equipped with am action that we hold fixed
The subgroup in GL(V') generated by G and a torus of the
normalizer N(G).

The subspace of [IV| where the cocharacter A acts by integral
weights.

The unique Borel subgroup in [P]\ such that By [G|= B[G}
The dimension vector v = (vy,...,vy,) corresponding to the
quiver gauge theory that gives an OGZ algebra

The index set Q = {(i,7) |1 <i<mn,1 gr

The function [()f — R defined by x(i,s) = \; s — i€ — se for
some 0 < e <1
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Glossary

w(\) The word given by the first indices of the elements of [3 [24] [25]
orderd according to the function

[BDGH]

[BFNa]

[BFNb]

[BGS96]
[BLPW12]
[Bro10]
[CGYT]

[DFO94]

[EMV]

[EW]
[FGR16]

[FGRZ]

[FGRZ18]
[FO10]
[FO14]
[Gin18]
[GKM9]

[Har]
[KL0Y]

[KN]

[KR11]
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