
Gelfand - Tse thin theory
and Coulomb branches

Let A be your favorite IK- algebra,
and

R a commutative subalgebra .

An A - module V is R - Gelfand - Tatlin
-

if dim ,kR . VA for all rev .

Let Wy ( V ) -
- { VEV Im v -

- O for kno )
for X e Max Spec ( R )

.

Lennox V is R - G - T iff V
em!%ap ,

Nhl "

A -

- Wg ) R -
- Uch ) generalizedweight nodules

A-  - Ulgln) R -

- Gelfand - Tsetein subalgebra
-

- C Zhuge . ) ) , Zculgez )
,

2- luges ) )
,  

- - - )

A -
- ACG ,

N )

R=H*CBGxD
Coulomb branch

Basic Q : can you classify simple G - T modules ?

Once you have a 2- d Ext ! this becomes wild
.

More plausible Q : classify simples .



Drozd - Futory - Ov Sienko give a general
answer .

Def We say CAR) has the Harishchandra
property if Rap is finitely generated as

a VR module ta EA .

All examples I listed on the previous page
had this property .

the The category of R - G - T modules
is equivalent to the category of discrete

modules over the category E with

objects : Xe .Ma×Spec( R ) Home Him ) -
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In particular ,
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This is a beautiful idea
, but not very practical

iff you can 't figure out what the algebras An
,

and bimodules
× An : = Honda,

A ) are .



Luckily ,
for Coulomb branches

,
there is a

simple , general answer .

If we consider a Coulomb branch w/ h -
- I

,

then Max Spec ( R ) -
- semi - simple elements C X

, 1) Eg XQ

up to conjugacy .

Let Ny CN be the subspace where this actionintegrates .

Let NJ CN
,

be the subspace where this action has

non - positive weights .

Let G
,

CG be the Levi subgroup and P
,

CG
,

the

parabolic obtained by exponent-eating g , and py=gj .

The ( Nakajima ,
W
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More generally , y -An=0 if they don't lie in the same

affine Wege group orbit
.
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Important special case : A -

-

Ulqenlk

)) R -
- G - T

This is a special case of the Coulomb
branch w/

G -

- GL
, XGLZXGLZX -

- . Xan
- i

N = Mhz ( Q ) X Mzxzkl ) X - -
- XMm×n (G)

The resulting algebra that controls G - T modules

w/ integral weights is aloud the KLR algebra
of type An

,
but I'm  missing a factor of Gln above

.

Reminder type An KLR algebra is the formal

Span of String diagrams we dots ad
labels in Clin ) modulo local relations of the form

¥ - it: -74¥ .

- sii ! !

¥ -
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Assume char 1110=0
.

If we choose an integral weight X af G I honest

co - character )
,

we can diagonalize ,
and get multi sets

C
, , Cz, Cz,

. -
-

CK of size I
,

2
, 3

,
etc

.

We also

have a Cncorresponding to central character of

Ulgeu)
.

Putting these in order
,

we get a word in Chu ]
w/ K copies of K .

Let eccl ) be the corresponding
idempotent in type An KLR algebra .

Let FCKLR be subalgebra where strands w/ label

n never change order .
We draw these red .

for Sls → #I

I 3 2 323

The LKTWWY) The category of G - T modules w/ integral
weights and central character

corresponding

to
.

regular Cn is equivalent to the category
of F - mod with dots nilpotent .

With a bit of extra work
, this allows us to

classify simple G - T modules for gen : they
correspond to dual canonical basis vectors in

Way ?Ou
-

- - - On W where

U -

- U
-

Gen) W -
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Another important example :

Rational Cherednik algebra of GU ,
I

,
n )

.

G -

- Gln N -
-

gen Coyote

HM BGLN ) -

- symmetrized Dunkle- Opdan
operators .

the usual parameter K corresponds to

Scaling flavor on gen .

due to the scaling , we now need weighted
KLR algebras .

If K€0
, My IG

,
is moduli of reps

far a linear quiver .

If K -

- EE
, NIG

,
is Moduli of reps of

e - cycles .

ThmlRSVV.tw ) I Simple modules in cat O )
①

I dual canonical basis vectors in twisted Fock )

This generalizes to Bunke - Opdan modules
,

for an

enlarged
Fock space .

Gill ,p,n ) -

i.
progress ( LePage- w . )



My real interest is the fact these same

algebras HB
*

"4YyxnYy ) show up somewhere totally
different in representation theory .

Consider the category of G - equivariant
D- modules on N

.

Then

H :'( Yxxn Yu) -=Extqft*%,
# Gym)

Thus
,

we have a version of Kostal duality .

betweenthe category of G - T - modules and

this part of DCNIG) .

We can make this more symmetric
-looking if

we pass to category O
.

Fix leggy? This gives a grading element of
ALG , N )

,
i.e .

an element whose adjoint action

is semi - simple with heal eigenvalues .

DI V is in category 6 if the generalized
eigenspaces of } one finite dimensional , span V and

the spectrum is bounded above l in heal part )
,

Note that any module in category 0 is a G - T
module

, since 9 - generalized weight spaces are

R - invariant . Thus
,

we have O C GT
,

and
we can try to understand 6 by picking
out this subcategory .



The Lw) The category 6 for a Coulomb

branch is the category of Modules our

C '

,
the quotient of e by all objects

such that ¥¥¥ Knit -

- a
.

For Gelfand - Tsetlin modules ,
this returns a

Known description of category 6 as a

tensor productcategorisation.

In the hyper toric

case
,

this gives previous work of BLPW .

On the Higgs side
,

we can use I to
define a GIT quotient of Gg T*v→g¥

If you think about stacks
,

we have Mg is an

open subset of T
*

( Wo ) -

- ri
'

LOVE
. Pullback of

micro local D - modules IT
* Oy

,
defines semi - simple

DQ - modules Sy .

The Sy = O iff m,¥¥ gli )
-

- X
,

and in
"

good cases
'

Ext
.

( Sa ,

= Home,
CAM

.

and the objects S
,

contain all simples
in geometric category O on My as summaries .

For these purposes ,
the hypertonic and quiver

cases are good .



This is all a char O story ,
but

its hard to resist saying something about
characteristic p .

The algebra A, is
"

close to
"

the skew group
ring IKE t ] # wi

,
where D,

is the stabilizer
of X in the affine Weyl group .

Char O : WI is a finite Coxeter group .

Char p : Toy is an affine Coxeter group .

The The ring Ax is close to a

Coulomb branch ; its the horology of a

slightly different set of triples .

( Extended category )
.

In the cage of Ulgen) this is a cylindrical
version of the KLR algebra .

This leads you
down the road to tilting bundle fun

,
but a

story far another time
.


