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Victor H. Quintana, Fellow, IEEE

Abstract— In this paper, detailed generator, exponential
load and Static VAR Compensator models are incorporated
into both traditional and voltage stability constrained op-
timal power flow problems to study the effect that the dif-
ferent models have on costs and system load-ability. The
proposed models are compared to typical models by means
of a detailed analysis of the results obtained for two IEEE
test systems; interior point methods are used to obtain nu-
merical solutions of the associated optimization problems.
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I. Introduction

AS OPEN access market principles are applied to power
systems, an increased emphasis on using accurate op-

timal power flow techniques will arise, as power systems
will have to be operated at higher loading conditions, with
market influences demanding greater attention to operat-
ing cost versus stability margins. Furthermore, it is shown
in [1], [2], [3] that traditional models may fail to accurately
represent power systems in certain conditions, especially
near stability limits. Hence, this paper examines the effects
of detailed generator models, exponential load models, and
a “power flow” SVC model in traditional Optimal Power
Flow (OPF) and Voltage Stability Constrained Optimal
Power Flow (VSC-OPF) problems. The various VSC-OPF
problems considered here are based on the optimization
formulations proposed in [4], [5], [6].

A detailed generator model is incorporated into OPF
problems to improve the accuracy of the results. It is shown
in [2] that reactive power limits play a significant role in
discrepancies between detailed and non-detailed generator
models. Furthermore, in [7], [8], [9], [10], it is demonstrated
that reactive power limits play a significant role in voltage
collapse of power systems. Therefore, particular attention
is placed here to the modeling of reactive power limits in
generators to study their effects on various OPF solutions.

Load modeling represents a key mechanism in stability
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analysis [1]; therefore, various load models are considered
in this paper. Specifically, voltage dependent load models
are included into traditional OPF and VSC-OPF problems
to study their effect on costs and stability margins.

Finally, because of its influence in voltage stability, a
Static VAR Compensator (SVC) model is also incorpo-
rated into various OPF formulations. These controllers
provide reactive power compensation, increasing the max-
imum transfer capability of a power network [11], [12].
Hence, the steady-state model for SVC controller proposed
in [11] is included here into various OPF problems to de-
termine the effect of this device on the optimal solutions.

This paper is structured as follows: In Section II, a re-
view of voltage stability and the VSC-OPF problems are
presented. In Section III, the generator, exponential load
and SVC models used in this paper are briefly discussed.
Numerical results obtained from the application of the in-
terior point methodologies proposed in [13] to the tradi-
tional OPF and several VSC-OPF problems are presented
and discussed in Section IV, based on simulations carried
out on the IEEE 57-bus and 118-bus test systems. In Sec-
tion V, a summary of the main conclusions and contribu-
tions of the paper is presented.

II. Background Review

The basic background behind the traditional OPF prob-
lem and the addition of voltage stability constraints to the
problem is briefly discussed in this section.

Some fundamental concepts behind voltage stability
analysis are briefly discussed first to better understand the
application of optimization techniques to voltage collapse
based problems.

A. Voltage Stability and Bifurcation Theory

Nonlinear phenomena, especially certain types of bifur-
cations, have been shown to be responsible for a variety of
stability problems in power systems (e.g., [14]). In partic-
ular, the lack of post contingency equilibrium points, typi-
cally associated with Saddle-node bifurcations (SNBs) and
certain types of Limit-induced Bifurcations (LIBs), have
been shown to be the main reason behind several voltage
collapse problems throughout the world. Detailed explana-
tions and examples of these bifurcations in power systems
and their association with voltage stability can be found in
[10].



In general, bifurcation points can be defined as equilib-
rium points where changes in the “quantity” and/or “qual-
ity” of the equilibria associated with a nonlinear set of dy-
namic equations occur with respect to slow varying param-
eters in the system [15]. Since power systems are modeled
by sets of nonlinear differential equations, various types of
bifurcations are generically encountered in these systems
as certain parameters vary.

Given the nonlinear nature of the system and its asso-
ciated equations, the system typically has multiple equi-
librium points. Of interest are the equilibrium points and
parameter values where the system goes from being sta-
ble to unstable, from being unstable to stable, or where
the number of equilibrium points changes with respect to
the bifurcation parameters, which are here referred to as
λ; these points are defined as bifurcation points. These bi-
furcations are mathematically characterized by the eigen-
values of the system Jacobian changing [16]. Thus, when
two equilibrium points “merge” and one of the eigenvalues
becomes zero, one has a saddle-node (SNB), a transcritical
or a pitchfork bifurcation; when a conjugate pair crosses
the imaginary axis, one has a Hopf bifurcation (HB). Gen-
erally, one can expect to encounter SNBs or HBs as the
bifurcation parameters change, as transcritical and pitch-
fork bifurcations can only occur if the system contains some
particular “symmetries” [14].

In power systems, control limits, in particular control
limits associate with generator reactive power limits, have
been shown to yield special bifurcations known as LIBs
[17]; these bifurcations are also generic, i.e., are typically
encountered in power systems. Certain types of LIBs are
characterized by two merging equilibrium points and an
instantaneous “jump” of the eigenvalues from the left-half
plane to the right-half plane; there are no singularities as-
sociated with this bifurcation. As in the case of SNBs,
in these LIBs, the system equilibria locally disappear for
an additional increase or decrease, depending on the direc-
tion of change, of the bifurcation parameters λ. For exam-
ple, when reactive power limits of certain generators are
reached, no local equilibria may exist for increased loading
conditions [10].

Voltage collapses have been shown to be strongly con-
nected to SNBs and some LIBs [10]. As the system ap-
proaches the SNB/LIB point, also referred to as the voltage
collapse point, the stability region of the system decreases
until it becomes zero at the SNB/LIB point, resulting in
a system collapse due to lack of equilibria [18]. Thus, a
voltage stability margin is defined as the “distance”, with
respect to the bifurcation parameters λ, from the “current”
operating point to the voltage collapse or SNB/LIB point;
the system is assumed to be voltage secure if this margin is
“reasonably” greater than zero. In practical systems, oper-
ators would be interested in maintaining the system with a
given voltage stability margin, so that realistic contingen-
cies do not make the system unstable [10].

When operational limits that are not directly linked to
system controls, such as bus voltage or transmission line
limits, are considered in voltage stability analysis, and

these limits are the constraints that define the voltage
stability margin of the system, the associated equilibrium
point does not correspond to a collapse point, since the sys-
tem still presents equilibrium points beyond these limits,
i.e. equilibria do not locally disappear due to these types
of limits. For this reason, in this paper the operating point
at which a SNB, a LIB or an operational limits are reached
will be referred to as a maximum loading point instead
of a collapse point, since the bifurcation parameters λ are
typically associated with the system loading conditions, as
explained in more detail below.

B. OPF Formulations

In general, the traditional OPF problem can be read-
ily modified to include voltage stability criteria by chang-
ing the objective function and adding some additional con-
straints as follows [4], [5], [6]:

min G(xp, ρ, λp, λ∗) (1)
s.t. : F (xp, ρ, λp) = 0

F (x∗, ρ∗, λ∗) = 0
Hp ≤ H(xp) ≤ Hp

H∗ ≤ H(x∗) ≤ H∗
xp ≤ xp ≤ xp

x∗ ≤ x∗ ≤ x∗
ρ ≤ ρ ≤ ρ

ρ∗ ≤ ρ∗ ≤ ρ∗

where the subscripts p and ∗ indicate the current and max-
imum loading points, respectively. G(xp, ρ, λp, λ∗) is the
objective function to be minimized, which has an OPF
component, i.e., production costs or loses, that may be de-
pendent on (xp, ρ, λp), and a voltage stability component
that is a function of λ∗ and possibly of λp, as discussed
below. F : �n → �m generally represents the power flow
equations; and H : �n → �p usually represents transmis-
sion line limits, with lower and upper limits represented
by H and H , respectively. It is assumed that the inequal-
ity constraints defined by the limits on H(xp), H(x∗), xp,
and x∗ can be separated into separate constraints at the
current and maximum loading points. For the basic OPF
model considered in this paper, the vector of dependent
system variables x = {Vl, δ, Qg} ∈ �n, where l stands for
the set of load buses and g represents the set of genera-
tor buses; their lower and upper limits are represented by
x and x, respectively. The power system independent or
control variables ρ = {Vg, Pg, a}, where a represents the
tap settings of the under-load tap changing transformers;
the lower and upper limits on ρ are represented by ρ and
ρ, respectively. Finally, ρ∗ = {Vg∗, Pg∗(Pg, Kg∗), a∗} maps
the control variables at the current operating point, defined
by p, into the maximum loading point to account for gen-
eration changes, since Kg∗ ∈ � is a scalar used to model a
distributed slack bus as follows:

Pg∗ = Pg(1 + Kg∗) (2)



The constraints in (1) define ∗ as a SNB, a LIB or an op-
erational limits point, depending on which limits are active
at the corresponding maximum loading point. The proof
of this is based on the KKT optimality conditions of (1)
and is discussed in detail in [6].

It is important to highlight the fact that in (1), λ stands
for only one parameter instead of several, contrary to what
is proposed in [19], i.e., the optimization is done in a partic-
ular direction of load change. This is not a problem, given
that the optimization would be typically done several times
a day during the operation of the system, as in the case
of any other OPF procedure. This assumption simplifies
the numerical solution process of the optimization prob-
lem, which is already a difficult numerical problem, given
the highly nonlinear behavior of the system constraints and
the effect of limits associated with the inclusion of the max-
imum loading conditions ∗.

Depending on the definition of the objective function
G(·) in (1), one can pursue different optimization strategies
and hence obtain solutions to a variety of distinct problems,
as discussed in [4], [5], [6]. In this paper, only the particular
VSC-OPF problems of Maximum Voltage Stability Margin
(MVSM) and Fixed Voltage Stability Margin (FVSM) are
considered and discussed.

B.1 Traditional OPF

For the traditional OPF, the objective function is defined
as the following quadratic function:

G(Pg) =
∑

g

ag P 2
g + bg Pg + cg (3)

where ag, bg and cg are constants that define the generator
g costs.

B.2 Maximum Voltage Stability Margin (MVSM)

The MVSM problem with constraints incorporated on
the current and critical loading point [6], [20], is a particu-
lar example of (1). The objective function in this case can
be written as

G(λp, λ∗) = −(λ∗ − λp) (4)

where λ∗ > λp > 0. The main idea here is to maximize
the distance to a SNB, LIB or operational limits point,
while guaranteeing the feasibility of the “current” oper-
ating point xp associated with the load level defined by
λp, as well as the feasibility of all control and operational
limits. For example, increasing generator voltage magni-
tude settings generally increases the distance to a maxi-
mum loading point, improving voltage security, but under
lighter loading conditions, higher voltage settings may lead
to over-voltages. Incorporating the current operating point
into the optimization problem can eliminate this problem;
however, it also reduces the space of feasible solutions.

B.3 Fixed Voltage Stability Margin (FVSM)

An alternative approach to accounting for voltage sta-
bility in the OPF problem is to include a voltage stability

inequality constraint. In this formulation, the objective
function is the traditional OPF cost minimization defined
in (3) with the following equality constraint added to (1):

λ∗ − λp ≥ ∆λmin (5)

where ∆λmin represents the minimum acceptable margin
of stability for the system, which is defined by the system
operator.

III. System Modeling

A. Detailed Generator Model

As loading levels in power systems increase, the effect
of generator models increases. Simplified models seldom
incorporate their nonlinear characteristics and parameter
limits properly. The usual treatment of generators as PV
buses may lead to unreliable results in certain types of sys-
tem analyses. It should be pointed out, that since gen-
erator reactive power limits are directly incorporated into
the OPF formulations, the term PV generator model also
considers PQ generator models, since in the optimization
problem, Pg, Vg and Qg are all free to change, subject to
the constraints placed on them. Since limits of the arma-
ture current and field voltage accurately reflect the true
limits of generators, their inclusion in the standard power
flow equations should enhance the model. Therefore, a de-
tailed model of the generator is used in the traditional OPF
and VSC-OPF problems discussed in the previous section.

The model of the synchronous generator used in this sec-
tion is based on the detailed model presented in [21]. It is
assumed that the field current is proportional to the mag-
nitude of the induced voltage and saturation can be ne-
glected. The following equations are used here to describe
the dq-axis generator model in a synchronously rotating
reference frame:

Ef − Vq = RaIq − XdId (6)
−Vd = RaId + XqIq

Vg =
√

V 2
d + V 2

q

Ia =
√

I2
d + I2

q

Pg = VqIq + VdId

Qg = VqId − VdIq

where Id and Iq are the direct and quadrature components
of the armature current Ia; Vd and Vq are the direct and
quadrature components of the terminal voltage Vg and; Ra

and Xd and Xq are the armature resistance and direct and
quadrature synchronous reactances, respectively. The real
and imaginary power injected into the transmission system
by the generator is given by Pg and Qg respectively. For
this model, x in (1) includes the variables Ef , Vd, Vq , Id,
Iq, and Ia, besides Vg and Qg for each generator, with
constraints in Ef and Ia as explained below.

The two main windings in the machine, i.e., the arma-
ture and field windings, must be protected from overheat-
ing. The heating of the armature winding is associated



with its current; therefore, the protection of the armature
winding is implemented by limiting the magnitude of the
armature current Ia. If the terminal voltage is considered
constant, then the armature current effectively sets the ap-
parent power rating of the generator, S̃g = ṼtĨ

∗
a .

In the same manner, the maximum allowable heating of
the field winding sets the maximum field current. Since the
field voltage Ef is directly proportional to the field current,
the field winding limit can be expressed as a limit on Ef .

Based on capability curves [12], [22], [23], the maximum
and minimum armature current and field voltage are de-
fined according to




Ia max

Ia min

Ef max

Ef min


 =




1
Vmin

√
Q2

max + P 2
max

0.0
1

Vmin

√
(Qmax + V 2

t max

Xd
)2 + P 2

max

0.0


 (7)

Since there is no one-to-one mapping between the limits
for the proposed model and the traditional PV model for
all loading levels, this approximation is seen adequate to
demonstrate the differences in the two models.

B. Load Models

Because of the use of aggregate methods to represent
loads, standard PQ models may not accurately reflect the
characteristic of the system in all cases. In this section, dif-
ferent static load models that express the active and reac-
tive powers of loads as a function of the voltage magnitude
at the load bus are considered.

Several voltage dependent load models have been an-
alyzed in voltage stability studies, for example [1], [23].
In this paper, an exponential load model is introduced in
the various OPF formulations. This model represents the
power demand of the load as a function of its terminal
voltage as follows:

Pl = Plo

(
Vl

Vlo

)�1

(8)

Ql = Qlo

(
Vl

Vlo

)�2

where Plo and Qlo are the reference real and reactive powers
consumed at a reference voltage Vlo. The exponents �1 and
�2 depend on the type of load that is being represented.
Thus, for a constant impedance model �1 = �2 = 2; for a
constant current model �1 = �2 = 1; and for a constant
power model �1 = �2 = 0. In this case, Pl and Ql are
added to x in (1), with no limits in their values.

C. Static VAR Compensator (SVC)

Since the early eighties, advances in Flexible AC Trans-
mission Systems (FACTS) controllers in power systems
have led to their application in improving stability of power
networks [24]. Several studies analyzing the application of
FACTS controllers for voltage and angle stability have been
reported in the literature (e.g., [11]). The effect of the SVC
controller on the economic operation and voltage stability

XC

XL

Fig. 1. Common structure for SVC.

iV
XTH
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eB  , α
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Fig. 2. SVC steady state circuit representation.

of the network is the principle motivation behind incorpo-
rating the SVC into various OPF formulations.

The steady state model proposed in [11] is used here
to incorporate the SVC in the OPF problems of interest.
This model is based on representing the controller as a
variable impedance, assuming a SVC configuration with a
Fixed Capacitor (FC) and Thyristor Controlled Reactor
(TCR) as depicted in Fig. 1. In this case, if the SVC bus
voltage is assumed sinusoidal, a Fourier analysis on the
inductor current waveform can be used to demonstrate that
the fixed reactor and bi-directional valve can be modeled
as an equivalent variable reactance Xe of value:

Xe =
πXL

sin 2α − 2α + π(2 − XL

XC
)

(9)

where XL and XC are the fundamental frequency reac-
tance of the inductor and capacitors depicted in Fig. 1,
and α is the firing angle of the valves with respect to the
positive zero crossing of the controller voltage. The model
incorporated in the different OPF implementations is writ-
ten in terms of the equivalent susceptance, Be = −1/Xe,
rather than the corresponding reactance equations, based
on numerical performance as discussed in [11].

The SVC is usually connected to the transmission sys-
tem through a step-down transformer, which can be treated
as other transformers in the system. A steady state cir-
cuit representation of the connection of the SVC through
a step-down transformer is illustrated in Fig. 2, where
Vi is the magnitude of the voltage at the bus which the
SVC controls, VSV C is the voltage across the controller,
XTH is the impedance of the step-down transformer, and



QSV C = V 2
SV CBe is the reactive power that the SVC in-

jects into the power network.
The typical steady state control characteristics of the

SVC when αmin ≤ α ≤ αmax (when α exceeds this limits,
the SVC loses voltage control) can be represented as

VSV C = VREF + XSLISV C (10)

where VREF is a reference voltage for the controller, XSL

is the SVC control slope, and ISV C = VSV CBe.
In terms of the different OPF formulations used in this

paper, the SVC model introduces in (1) four new dependent
variables and one additional independent variable. Thus,
the current ISV C , reactive power QSV C , firing angle α,
and equivalent conductance Be are added to x; the voltage
reference VREF is added to ρ. Constraints are only placed
in α for this model.

IV. Numerical Analysis

The effect of incorporating the detailed generator model,
static load models, and the SVC model into the traditional
OPF and VSC-OPF problems is analyzed here by analyzing
the results of solving these problems for the IEEE 57-bus
and 118-bus test systems. To determine both the effect of
the models and the effect of limits and loading conditions
on the different OPF formulation solutions, the analysis is
done at several loading levels, with and without limits on
generation and bus voltage magnitudes.

For the analysis presented in this section, the OPF prob-
lem is modeled using the generic formulation presented in
(1). The two VSC-OPF formulations discussed in Sec-
tion II are compared to the traditional OPF (minimiza-
tion of operating costs). All these formulations are nonlin-
ear programming problems since the constraints are non-
linear. The objective function for the MVSM problem is
linear, whereas for the traditional OPF and the FVSM for-
mulation the objective function is quadratic, as discussed
in Section II.II-A. The constraints incorporated into each
of the cases include, bus voltage limits, transmission line
limits, generator real and reactive power limits and trans-
former tap limits. These constraints are incorporated at
both the current and the critical loading point when consid-
ering the VSC-OPF formulations. Additional constraints,
as discussed in Section III, are incorporated when using
the detailed generator, load and Static VAR Compensator
models.

Load changes are modeled as follows in all OPF formu-
lations:

Plλ = λ Pl (11)
Qlλ = λ Ql

where λ is the bifurcation or loading parameter, and Pl and
Ql are either constant values or the variables defined in (8)
for the load model studies.

Based on the algorithm presented in [25], a nonlinear
primal-dual predictor-corrector interior point method writ-
ten in Matlab is used to perform the numerical analysis.
Simulations are performed considering various operational

1 1.2 1.4 1.6 1.8 2
10000

20000

30000

40000

50000

60000

70000

80000

90000

λ  [GW]

co
st

 [d
ol

la
rs

/h
]

PV Model
Detailed Model

Fig. 3. Cost versus current loading point for the 57-bus system
when minimizing cost in the traditional OPF for the PV and detailed
generator models.

limits at both the current operating point p and the maxi-
mum loading point ∗. The maximum loading points found
in the numerical results tended to correspond to LIBs or
operational limits rather than SNBs, which is to be ex-
pected since limits where placed on the maximum loading
point ∗.

A. Detailed Generator Model

The difference between the detailed generator model and
the traditional PV model is first compared for a traditional
OPF problem. A plot of the cost versus loading level when
using the two models for the 57-bus system is shown in
Fig. 3. For all loading levels, the costs for the two models
are rather similar. But at higher loading levels, as reactive
power limits for the PV generator model become active,
the detailed generator model yields lower costs, as shown
in Fig. 4. The dashed line in Fig. 4 shows the percent
reduction in operating cost when using the detailed gen-
erator model versus the traditional PV generator model
when solving the FVSM problem. Similarly, the solid line
in Fig. 4 shows the percent reduction in operating cost
when using the detailed generator model versus the tra-
ditional PV generator model when solving the traditional
OPF problem. In both cases, the traditional model pro-
vides a conservative estimate, and although the difference
seems to be small in relative terms, it can easily add up
to significant amounts in real terms. It is important to
highlight the fact that the difference is several orders of
magnitude higher than the tolerance of the optimization
convergence criteria used.

A plot of the maximum loading level (λ∗) versus the
current operating point (λp) when solving the MVSM for-
mulation is shown in Fig. 5. In general, for all loading
levels, the PV and detailed generator model have similar
characteristics, but using the detailed generator model re-
sulted in general in a higher maximum loading level. For



1 1.2 1.4 1.6 1.8 2
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

λ  [GW]

pe
rc

en
t c

ha
ng

e 
in

 c
os

t

Fig. 4. Reduction in total operating cost for the 57-bus system
between the detailed and PV generator models for the FVSM (dashed
line) and traditional OPF formulations (solid line).

1 1.2 1.4 1.6 1.8 2
1

1.2

1.4

1.6

1.8

2

λ  [GW]

λ * [G
W

]

PV Model
Detailed Model

Fig. 5. Maximum loading versus current loading point for the 57-bus
system when solving the MVSM formulation for the PV and detailed
generator models.

both models, at lower loading levels, upper voltage lim-
its for some non-generator buses at the current operating
point limited raising generator voltage settings, which in
turn reduced the maximum loading level. As the current
loading level is increased, these bus voltages decrease, al-
lowing the generator voltage settings to increase, which in
turn results in a higher maximum loading level. For the
PV generator models, reactive power limits limit the max-
imum loading level; for detailed generation models, on the
other hand, current limits define the maximum loading lev-
els, thus yielding higher values in general. For both mod-
els, limits on active power eventually define a fixed upper
limit on the maximum loading level λ∗, which explains why
the maximum loading level of the two models converge at
higher values of λp.
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Fig. 6. Cost versus current loading point for the 57-bus system when
solving the traditional OPF problem for different load models.

Similar results were obtained for the 118-bus test system.

B. Exponential Load Models

In traditional voltage stability analysis, constant
impedance and current load models tend to have larger
stability margins than constant power. This is attributed
to the fact that the actual power consumption of the load
decreases as the bus voltage decreases for both constant
current and impedance models, resulting in a less stressed
system.

The different load models are first incorporated into the
traditional OPF problem (i.e., the OPF problem with no
stability constraints). A plot of the cost versus loading level
using the three load models for the 57-bus system is shown
in Fig. 6. For all loading levels, the constant impedance
model results in the lowest cost, followed by the constant
current model, and finally the constant power model. Gen-
erator voltage settings for the constant current/impedance
models tend to be low to reduce the amount of power ab-
sorbed by the loads. With the constant power load model,
the generator voltage levels tend to be higher to reduce
loses in the lines. The relative cost differences for the three
models do not change greatly with increased loading.

Next, the MVSM formulation is applied to both test sys-
tems. Figure 7 shows the plot of the maximum loading
level λ∗ versus the current operating point λp for the 57-
bus when solving the MVSM formulation with full opera-
tional limits at the maximum loading point. For all three
load models, the maximum loading level λ∗ increases as
the current operating point λp is increased, a characteris-
tic previously noticed and explained. The observed behav-
ior of the voltage dependent loads (constant current and
impedance loads) is due to the interaction between limits
becoming active and the voltage dependency of the loads.
When using these load models, the solution to the problem
tends to lower voltage levels to reduce the power levels of
the loads. However, bus voltages reaching lower limits at
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Fig. 7. Maximum loading versus current loading point for the 57-
bus system when solving the MVSM formulation for different load
models.

the maximum loading point λ∗ force increases in voltage
settings at the current operating point, resulting in some
non-generator buses at the current operating point reach-
ing upper voltage limits, similar to the behavior observed
when using constant power load models.

The effect of limits on the behavior of the MVSM formu-
lation is further illustrated by modifying the voltage limits
of the 57-bus system to the limits proposed in [26]. Gen-
erally, the modified 57-bus system has higher maximum
voltage limits and lower minimum voltage limits than in
the original data; some of the reactive power limits are
higher, but the reactive power limit for one of the genera-
tors is substantially reduced. No changes were applied to
the active power limits.

Figure 8 illustrates the results obtained by applying the
MVSM formulation to the modified 57-bus system with
only generator real and reactive power limits at the max-
imum loading point. For lower loading levels, all three
load models exhibit similar behavior as the original sys-
tem. However, as the current loading point is increased, the
MVSM starts to decrease for the constant current and con-
stant impedance models. This behavior can be explained as
follows: When using constant current and impedance mod-
els, lower limits on the voltage at the current loading level
tend to limit the MVSM. As the loading level increases,
generator voltage levels have to be increased to prevent
voltage levels at non-generator buses from becoming too
low at the current point. But increased generator voltage
levels result in increased reactive power output from the
generators (especially at the maximum loading point); the
increased reactive power demand results in a lower stability
margin as reactive power limits are reached (generator at
Bus 1). For the constant current and constant impedance
models, all the solutions obtained without voltage limits on
the maximum loading point had one load bus voltage at a
minimum setting. For any increases in load, this bus volt-
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load models.
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Fig. 9. Maximum loading versus current loading point for the mod-
ified 57-bus system when solving the MVSM formulation with oper-
ational limits at the critical point for different load models.

age would drop below an acceptable operating level. When
using the constant power load model, power limits at the
maximum operating point are reached at about λp = 1.75
GW, thus limiting any further increases in the maximum
loading point.

The effect of incorporating operational limits on the
maximum loading point λ∗ is shown in Fig. 9 when solv-
ing the MVSM formulation for the modified 57-bus system.
For all three load models, incorporating lower voltage lim-
its at the maximum loading point results in lower values of
λ∗, but ensures that all loading points between the current
and the maximum operating level are acceptable operat-
ing points. When using constant impedance load models,
at low loading levels, similar characteristics as before are
observed; a limit on a generator’s reactive power output at
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Fig. 10. Total operating cost for the different load models when
solving the FVSM formulation for the 57-bus system.

the maximum loading point is reached at about λp = 1.85
GW, and no further improvements can be made to op-
timize the maximum loading point, with the MVSM re-
maining constant for larger values of λp. For the constant
current model, all generator reactive power upper limits
are reached with the generator settings at the initial load-
ing point, causing the value of λ∗ to remain constant for all
remaining values of λp. The negative slope of λ∗ versus λp

does not appear, because no voltages at the current loading
point are at lower limits, as that would imply that those
bus voltages would be below their operational limits at the
critical loading point.

Figure 10 is a plot of the total operating costs when solv-
ing the FVSM formulation for the three load models. As
expected, the characteristics are similar to those obtained
when using the traditional OPF problem, the only differ-
ence is that, for a given loading condition λp, the costs
are higher, as expected, since the system is now forced to
maintain a minimum distance to a maximum loading point.

Similar results were obtained for the 118-bus test system.

C. Static VAR Compensator

Finally, the power flow SVC model is incorporated into
both the traditional OPF and the VSC-OPF formulations.
A SVC model was placed at one of the buses (Bus 31) of
the 57-bus system using the SVC data presented in [11].
The SVC placement is chosen based on the eigenvectors of
the zero eigenvalue at a SNB or the “tangent” vector at a
LIB at the maximum loading point, as explained in detail
in [11].

Figure 11 shows the difference in total operating costs for
the 57-bus system with the SVC controller in the system
versus no SVC when solving the traditional OPF problem.
As expected, the effect of the SVC on reducing operating
costs is more significant at higher loading levels.

The effect of the SVC controller on the maximum load-
ing level of the system when solving the MVSM formula-
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Fig. 11. Difference in total operating costs for the 57-bus system
with a SVC versus no SVC when solving the traditional OPF (solid
line) and the FVSM formulation (dashed line) with operational limits
at the maximum loading point.
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Fig. 12. Difference in maximum loading point for the 57-bus system
with a SVC versus no SVC when solving the MVSM formulation with
no limits at the maximum loading point.

tion, with no limits being enforced at the maximum loading
point, is illustrated in Fig. 12. As depicted, the SVC signif-
icantly increases the loadability of the system. Figure 13
shows the results obtained when enforcing limits at the
maximum loading point for the MVSM formulation. For
all loading points the SVC enhances the stability margin,
but the amount of improvement decreases because of lim-
its. This further illustrates the significant effect of limits
on these types of problems.

Incorporating the SVC controller into the FVSM formu-
lation resulted also in reduced costs, as shown in Fig. 11.
However, observed that the benefits of incorporating the
SVC are greater in this case than in the traditional OPF
problem.
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Similar results were obtained for the 118-bus system.

V. Conclusions

In this paper, a detailed generator model is incorporated
into the traditional OPF and VSC-OPF problems. The ef-
fect of the different generator models on the total operating
costs and stability margins for a couple of test systems is
studied, resulting in the detailed generator model yielding
lower costs and higher margins.

Three static load models are also analyzed when applied
to the traditional OPF and VSC-OPF problems. The char-
acteristics of the load models and their effect on costs and
stability margins for different operational limits are ana-
lyzed through the results obtained for various case studies.
In the VSC-OPF problems, it is observed that the lowering
of generator voltage settings to reduce generator power out-
put when using constant impedance and constant current
load models leads to the need for including full operational
limits on the current and the maximum loading point.

Finally, a power flow SVC model is incorporated into
both the traditional OPF and the VSC-OPF formulations.
It is shown that adding a SVC to the system results in
lower operating costs, especially at higher loading levels.
Furthermore, and as expected, the SVC improved the sys-
tem loadability and hence the stability margins; however,
limits at the maximum loading point tend to reduce these
stability “gains”.
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from the Escuela Politécnica Nacional (EPN), Quito-Ecuador in 1984,
where he was a Professor for several years. His MS (1988) and PhD
(1991) degrees in Electrical Engineering are from the University of
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