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Abstract

A methodology for eliminating algebraic equations
from power system models is proposed. The proposed
model has applications in steady state power system
analysis and transient stability studies. The steady
state solution of the proposed model is compared to
traditional load ow solution techniques using a sample
system. The transient response of the proposed model is
also compared to a traditional transient stability model
by simulating a three phase fault in the system.
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I. Introduction

Voltage stability problems in power systems may
occur for a variety of reasons, from voltage control
problems with automatic voltage regulators (AVR) and
under-load tap-changer (ULTC) transformers, to insta-
bilities created by di�erent types of bifurcations. Sev-
eral conference proceedings, for example, [1], summa-
rize most of the voltage stability problems and discuss
techniques and models proposed by several researchers
relating to the area of bifurcation theory.

This paper examines a generalized algorithm to re-
move all nonlinear algebraic equations from the system
model. In the current literature of bifurcation analy-
sis, either the generator or the load are modeled using
di�erential equations, but the transmission system is
generally modeled using algebraic equations. A model
for incorporating transmission line dynamics into bifur-
cation analysis is presented in [2], but the model can
not be applied to all power system problems.

In Section II the traditional system is review. The
proposed dynamic model is then presented, using a gen-
eralized format so that it can be applied to any load ow
and stability problem in Section III. A comparison be-
tween the traditional and proposed algorithms is done
using a sample system in Section IV. Conclusions are
given in Section V.

0-7803-4314-X/98/$10.00 c1998IEEE

II. Traditional System Model

In power system analysis, the time frame associated
with the dynamics being considered can vary dramat-
ically. The time response of exciter and some con-
trollers are fast, whereas mechanical devices such as
boiler controllers have very slow transients. Compo-
nents of the power system can be described dynami-
cally, but in most models some dynamics are excluded.
For example, when analyzing the switching of power
electronic devices, which have very fast dynamics, the
slow dynamics of transformer taps and boilers are ig-
nored. When analyzing components with fast dynamics
the analysis is done for only a short period of time, usu-
ally measured in milliseconds. When considering com-
ponents with slower dynamics, the dynamics of faster
components are usually ignored. When the dynamics
of a component are ignored, the di�erential equation
used to model that component is transformed into an
algebraic constraint. The system is then described using
a di�erential algebraic model:

_x = f(x; y; �) (1)

0 = g(x; y; �) (2)

If all the dynamics of the power system are considered,
the equations (1) and (2) can be written as:

_x = f(x; y; �) (3)

_y = g(x; y; �) (4)

In stability analysis, models are generally composed
of di�erential-algebraic equations which can be written
in the form of equations (1) and (2). Typically, the dy-
namics associated with transmission lines are ignored,
since the time response of the transmission line is very
fast as compared to the other system components. The
transmission system is modeled by introducing algebraic
constraints which typically correspond to the classical
power ow model. This leads, for certain loading con-
ditions, to numerical di�culties, as the constraints may
become singular, rendering the model unsolvable. The
proposed system model incorporates the dynamics asso-
ciated with the transmission line and impedance loads,
without the need for additional data.
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Fig. 1. Transmission line single line diagram

III. Proposed System Model

Most power system stability analyses make the as-
sumption that equation (2) is non-singular and, there-
fore, can be directly or indirectly substituted into (1).
Intuitively this approach does not seem acceptable in
all cases. For example, if the transmission system is
approaching the traditional maximum power transfer
limit, the interaction between the dynamically modeled
load and/or generators with the transmission system
may play a signi�cant role in resulting bifurcation prob-
lems.
Figure 1 illustrates a generic dq-axis single line dia-

gram for a branch between two buses. ULTC transform-
ers have been placed at each bus to make the algorithm
more general. If no transformer is present, then the tap
setting is �xed at unity and the di�erential equation
used to model the transformer is excluded. Kirchho�'s
voltage law for this circuit in a dq reference frame[3]
gives:

aijvqi �
vqj

aji
= Riq + !Xijiq +Xij

d
dt
iq (5)

aijvdi �
vdj

aji
= Rid � !Xijid +Xij

d
dt
id (6)

Equations (5) and (6) may be written in the standard
format of equation (1) as follows:

_iq = 1
Xij

(aijvqi �
vqj
aji
� Riq � !Xijiq) (7)

_id = 1
Xij

(aijvdi �
vdj
aji
� Rid + !Xijid) (8)

In order to numerically isolate variables, shunt ca-
pacitance is incorporated into the model. This prevents
complicated expressions from arising due to combining
equations from one transmission line into another or
with a load. The bus voltages is hence described by the
following linear di�erential equation:

_vq = 1
C
iq � !id (9)

_vd = 1
C
id + !iq (10)

where v is the voltage across the capacitor, i is the cur-
rent thought the capacitor and C is the shunt capaci-
tance. In most cases, shunt capacitance are part of the

existing model, but if there is no capacitance present,
a value of 10�5 pu is used without a signi�cant impact
on the circuit. A shunt resistor is used at generator
buses to de�ne the voltage for the automatic voltage
regulator. The EPRI simulation package, EMTP, uses
a similar numerical method in de�ning voltages at gen-
erator buses [4].
Including equations (7) through (10) into the system

model increases the number of di�erential equations in
the model by two for each line and bus.
To further eliminate non-linear algebraic equations,

the system generators are modeled using di�erential
equations. In typical stability studies, generator mod-
els include dynamic behavior for the stator d and q
axis current, the �eld current, the �eld voltage, auto-
matic voltage regulator and governor models. Non-slack
generators are modeled without a governor as the me-
chanical power is �xed for these machines, since they
represent constant power-voltage machines. A detailed
generator model can be found in [3]
Non-slack bus generators are incorporated into the

model by considering their frequency characteristics. In
steady state, the frequency of each of the generators
must be equal to the frequency of the system which is
controlled by the slack bus. If a generator's frequency
is greater than the system frequency, the mechanical
power input of this generator is greater than its electri-
cal power output. As the generator increases in speed,
the angle between this generator's d-q reference will in-
crease relative to the system's d-q reference. The op-
posite applies when the non-slack generator's frequency
is less than the system frequency. In balanced steady
state operation, the rate of increase between the rela-
tive angles of the reference frames is zero, but the value
of the angle may not be zero. That is:

_�21 = 0 (11)

�21 = c (12)

�21 = �2 � �1 (13)

where the subscripts 12 are used to represent the angle
� between the two reference frames denoted as 1 and 2,
and c is a constant.
To accurately model frequency deviations, it is impor-

tant that reference frame transformations are included
to transform parameters from the system d-q axis to
the non-slack generators' d-q axis frame. The standard
transformation between reference frames is [3] :

f
00

qd =
0 K

00

f 0qd (14)

0K
00

=

�
cos(�21) �sin(�21)
sin(�21) cos(�21)

�
(15)



where f represents any of the electrical variables (cur-
rent, voltage, ux linkage). Because of its structure,
equation (14) is invertible for any value of �21, as the
determinant of equation (15) is always equal to one.

The transformation presented above is then used to
transform voltages and currents from non-slack genera-
tor dq reference frames to the transmission system's dq
reference frame, which is determined by the slack gen-
erator's frequency. To de�ne the angle �21, the rotor
speed of the non-slack generator is required, i.e.

_!r = !e
2H

(Te � Tm) (16)

where Te and Tm are the electro-magnetic torque and
mechanical torque respectively; !e is the base angular
frequency; and !r is the angular speed of the rotor. As
described above, the behavior of the angle �21 is a func-
tion of the di�erence between the non-slack generator
speed !r and the angular frequency of the system !1,
i.e.:

_�21 = !r � !1 (17)

IV. Numerical Example

Numerical simulationswere performed on a three bus,
two generator power system illustrated in Fig. 2. The
generator located at BUS 1 acts as the system slack
bus, and the generator at BUS 2 is a constant voltage-
power controlled bus. The parameters for each of the
generators are given in Table I. An impedance load
is connect to each of the buses, with the greatest load
occurring at BUS 3. The parameters for the impedance
loads are given an Table II, and the parameters for the
transmission system are given in Table III.
The steady state results are shown in Table IV. To

ensure the reliability of the proposed algorithm the so-
lution was also found using a traditional load ow algo-
rithm. The percent di�erence between the results of the
two algorithms, shown in the last column of Table IV,
demonstrates that the algorithms converge with only
minor di�erences to the same solution.

The time domain simulation of the system when a
three phase ground fault is applied at BUS 2 is shown
in Figs 3 and 4. The fault was applied for 150 millisec-
onds before being cleared. Figure 3 is the time domain
response using the proposed algorithm, and Fig. 4 is the
response using the typical transient stability model of
the same system. The transient stability model makes
the assumption that the frequency of the system does
not vary signi�cantly and uses phasors to model the
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Fig. 2. Transmission Line Single Line Diagram
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Fig. 3. Transient response of Generator 2 machine angle �21 with
a three phase ground fault applied at Bus 2 at t = 0:1s for 150
milliseconds.
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Fig. 4. Proposed models response of Generator 2 machine angle
�21 with a three phase ground fault applied at Bus 2 at t = 0:1s
for 150 milliseconds



TABLE I

Synchronous Generator Parameters

Variables Generator 1 Generator 2

H 2.3700 s 2.8000 s
!base 377 rad/s 377 rad/s
Rs 0.0014 pu 0.0014 pu
Rfd 0.0079 pu 0.0706 pu
Xls 0.0535 pu 0.0535 pu
Xfd 0.0706 pu 0.0706 pu
Xq 0.0461 pu 0.0461 pu

Xd 0.0695 pu 0.0695 pu

TABLE II

Impedance Load Parameters

Bus Number R L

Bus 1 7.0727 pu 0.0281 s
Bus 2 5.4080 pu 0.0191 s
Bus 3 1.2252 pu 0.0054 s

TABLE III

Transmission Line Parameters

Sending Bus Receiving Bus Rline Lline

Bus 1 Bus 2 0.0100 pu 1.5915e-04 s
Bus 1 Bus 3 0.0800 pu 6.3662e-04 s
Bus 2 Bus 3 0.0600 pu 4.7746e-04 s

transmission system. The �gures indicate that the pro-
posed model can be used to accurately perform tran-
sient stability analysis.
Because the time constants of the proposed model

associated with the transmission system are very small,
numerical integration is computationally intensive. The
use of explicit integration methods, such as the Runge-
Kutta was not feasible in this case due to time and
memory requirements; implicit methods methods were
successfully applied.

V. Conclusions

In this paper, a new model is proposed for modeling
power systems in bifurcation studies. The model was
also shown to be accurate for transient stability stud-
ies. The typical transient stability model is a subset
of the proposed model, since transient stability models
consider dynamics of generators and loads but not dy-
namics of the transmission system. The \quasi-steady-
state" phasor models used in transient stability studies
to represent the transmission system has been replaced
by dynamic variables. The proposed model makes no
assumptions about uctuation in the system frequency,
which are ignored in typical transient stability models.
The disadvantage of the proposed model is some nu-

merical integration problems due to the large di�erences
in time constants of the di�erent element modes, al-
though implicit integration techniques can be used to

TABLE IV

Load Flow Results - Dynamic Algorithm

Variable Value % di�. to
Traditional Algorithm

Bus 1 q-axis Voltage 1.0296 pu n/a
Bus 1 d-axis Voltage 0.0303 pu n/a

Bus 1 Voltage Magnitude 1.0300 pu 0
Bus 1 Voltage Angle 0� 0

Bus 2 q-axis Voltage 1.0391 pu n/a
Bus 2 d-axis Voltage 0.0431 pu n/a
Bus 2 Voltage Magnitude 1.0400 pu 0
Bus 2 Voltage Angle 0:6924� 1.5
Generator 2 Machine Angle 1:3592� n/a

Bus 3 q-axis Voltage 0.9539 n/a
Bus 3 d-axis Voltage 0.0943 n/a
Bus 3 Voltage Magnitude 0.9586 0
Bus 3 Voltage Angle 3:9612� 0.15

partly overcome this problem. However, the proposed
model can be used to eliminate "singular" algebraic con-
straints.
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