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Robust Optimal Power Flow Solution Using
Trust Region and Interior-Point Methods
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Abstract—A globally convergent optimization algorithm for
solving large nonlinear optimal power flow (OPF) problems is
presented. As power systems become heavily loaded there is an in-
creasing need for globally convergent OPF algorithms. By global
convergence one means the optimization algorithm being able to
converge to an OPF solution, if at least one exists, for any choice
of initial point. The globally convergent OPF presented is based
on an infinity-norm trust region approach, using interior-point
methods to solve the trust region subproblems. The performance
of the proposed trust region interior-point OPF algorithm, when
applied to the IEEE 30-, 57-, 118- and 300-bus systems, and to
an actual 1211-bus system, is compared with that of two widely
used nonlinear interior-point methods, namely, a pure primal-
dual and its predictor-corrector variant.

Index Terms—Optimal Power Flow, Trust Region Method,
Interior Point Method, Global Convergence.

NOTATION

x n-vector of optimization variables.
x n-vector of lower bounds to x.
x n-vector of upper bounds to x.
f(x) scalar nonlinear objective function in n unknowns.
g(x) m-vector of equality constraints functions in (4).
∇f(x) n-vector of the gradient of f(x).
∇g(x) n×m gradient matrix (transposed Jacobian) of g(x).
λ m-vector of Lagrange multipliers associated with the

equality constraints gi(x) = 0, for i = 1, . . . ,m.
∇2f(x) n× n Hessian matrix of f(x).
∇2gi(x) n× n Hessian matrix of constraint function gi(x).
Hk n×n Hessian matrix of Lagrange function associated

with problem (4): Hk = ∇2f(x)+
∑m

i=1 λi∇2gi(x).
mk quadratic model function of f(x) around point xk.
∆k trust region size (radius) at iteration k.
∆̄ maximum allowed trust region size.
d n-vector of unknowns in a trust region subproblem.
v n-vector of unknowns in vertical subproblem (10).
ξ the contraction factor of the trust region.
Zk n× (n−m) matrix that spans the null space of the

gradient matrix ∇g(xk), i.e., ZT
k ∇g(xk) = 0.

u (n−m)-vector of unknowns in the horizontal sub-
problem (13).

Ak Hessian matrix in the QP problem (15).
Ck constraint matrix in the QP problem (15).
bk coeficients of the linear term in the QP problem (15).
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w vector of unknowns in the QP problem (15).
r vector of slack variables that transform lower bounds

in (15) into equalities: w + r − Ckw = 0.
R diagonal matrix with Rii = ri.
s vector of slack variables that transform upper bounds

in (15) into equalities: Ckw + s− w = 0.
S diagonal matrix with Sii = si.
π vector of Lagrange multipliers associated with the

lower bound constraints in (15).
υ vector of Lagrange multipliers associated with the

upper bound constraints in (15).
τ vector of Lagrange multipliers associated with the

linear equality constraints in (11).
µk barrier parameter in the interior-point algorithm.
αk step length parameter in the interior-point algorithm.
γ step length reduction factor (γ = 0.9995).
σ centering parameter (σ = 0.2).
ψ(x, η) merit function associated with the problem (4).
ψ̃(d, η) merit function model around the point xk.
pr(dk) predicted reduction in the merit function.
ar(dk) actual reduction in the merit function.
η penalty parameter in the merit function.
η+ a trial value for the penalty parameter η.
dsoc second order correction term to avoid Maratos effect.
OPF Optimal Power Flow.
NLP Nonlinear Programming.
QP Quadratic Programming.
SQP Sequential Quadratic Programming.
SLP Sequential Linear Programming.
PDIP Primal-Dual Interior-Point algorithm.
PCIP Predictor-Corrector Interior-Point algorithm.
TRIP Trust Region Interior-Point algorithm.

I. INTRODUCTION

POWER SYSTEMS in general are currently operating
closer to their security limits. This increases the nonlinear

behavior of power systems’ mathematical models, such as
optimal power flow (OPF) problems. The restructuring of the
power industry has also lead to new complex OPF models
[1]–[3], which require robust and reliable solution techniques.
Thus, this paper aims at presenting a globally convergent
optimization algorithm for solving large-scale nonlinear OPF
problems.

Global convergence is a desirable property for any nonlinear
optimization algorithm, so that one is able to find a solution,
if at least one exists, for any choice of initial point. There are
two classical approaches for globalizing a locally convergent
algorithm: line search procedures, or use of trust regions [4],
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[5]. Motivated by [6], [7], this paper concentrates on trust
region methods due to their significant success in globalizing
algorithms for solving unconstrained optimization problems
and nonlinear systems of equations. Specially, the application
of the trust region technique proposed in [8] and [9] to obtain
robust and reliable solutions of OPFs is described here.

Trust region algorithms are a relatively new class of opti-
mization algorithms that minimize a quadratic approximation
of a nonlinear objective function within a closed region (a
constraint on the size of the step) called the trust region; within
this region the quadratic model can be trusted to be a good fit
to the nonlinear objective function. The achieved reduction in
the quadratic approximation should correspond to a reduction
in the original objective; if that is not the case, then the size
of the trust region is reduced and the approximation model is
solved again. There is a broad family of trust region methods
[4], [5], and they differ from each other mainly in the way
they model the objective function and handle the constraints;
the classical approach is based on a quadratic approximation
for unconstrained minimization. Applications with equality
constraints, functional inequality constraints and simple bound
constraints are described in [10], [11]. The Byrd-Omojokun
technique proposed in [8] and [9] can be seen as a sequential
quadratic programming (SQP) method with a trust region.
It decomposes each constrained SQP subproblem into two
smaller unconstrained subproblems which are easier to solve,
thus making the method attractive for large-scale optimization
applications such as nonlinear OPF problems.

Some applications of trust region methods in power system
optimization can be found in the literature. The authors in
[12] and [13] are the first to use a trust region algorithm to
solve state estimation problems. In [14], another application
of a trust region method to state estimation is presented. The
authors in [15] use a trust region algorithm to solve a reactive
power dispatch OPF problem. In [1], a trust region algorithm
is employed to deal with convergence issues in non-smooth
market-based OPFs. More recently, in [16], a trust region
interior-point OPF algorithm is presented, where the trust
region constraint is defined using the inifinity-norm, leading to
quadratic programming (QP) trust region subproblems that are
solved by an interior-point method. The present paper expands
on the work presented in [16], improving the algorithms
and demonstrating their successful application to large test
systems.

Globally convergent optimization algorithms are by nature
computationally costly, since code complexness and high pro-
cessing times are usually the cost for convergence robustness.
A trust region method can be associated with interior-point
methods to improve efficiency [16]. This can be accomplished
in two main ways: (i) applying a trust region method to
the interior-point logarithmic barrier problem to globalize its
solution, or (ii) applying an interior-point method to solve the
trust region subproblems. In this paper, the latter approach is
followed; thus, the Byrd-Omojokun trust region technique is
first used to decompose each trust region subproblem into two
smaller subproblems which are easier to solve, and second
an efficient primal-dual interior-point algorithm such as the
one described in [17] is employed to solve the generated QP

subproblems.
Several standard methods for solving trust region subprob-

lems are discussed in [4], [5], [18], [19]. However, solving
the subproblems via interior-point methods, as is done in
this paper, allows easy interfacing of the trust region OPF
algorithm with interior-point based OPF programs, which
is an interesting feature. Practical OPF applications require
fast optimization algorithms, such as primal-dual interior-
point methods. However, a well-known problem with these
algorithms is the lack of global convergence, especially for
large system applications. A trust region algorithm allows to
address this issue, and can be used when regular OPF solution
techniques fail, in spite of the higher computational costs.

The major computational implementation issues of the
proposed trust region interior-point algorithm are extensively
discussed in the paper, and its computational performance is
studied using the IEEE 30-, 57-, 118- and 300-bus systems,
and an actual 1211-bus system. Its performance is compared
with that of two widely used interior-point algorithms for
direct nonlinear OPF solution [20]–[22], i.e., a pure primal-
dual and its predictor-corrector variant, bearing in mind that
the main focus of the trust region OPF algorithm is on
convergence robustness rather than rivaling for processing
time.

The paper is organized as follows: In Section II, the basics
of trust region methods for unconstrained minimization are
briefly described, followed by the mathematical development
of the trust region algorithm for solving a general standard
form of OPF problems with nonlinear equality constraints and
simple bounds. Section III presents the proposed solution of
the trust region subproblems by a primal-dual interior-point
method and discusses the major implementation issues. In Sec-
tion IV, numerical results for a power loss minimization OPF
problem for various test systems are presented and extensively
discussed. Section V summarizes the main contributions of the
paper.

II. TRUST REGION METHODS

A. Unconstrained Optimization

Trust region methods were initially developed to solve
unconstrained minimization problems of the form [4]:

min f(x)
s. t.: x ∈ Rn.

(1)

The information gathered about f(x) is used to construct a
model function mk whose behavior near the approximation
point xk should be similar to that of f(x). The function mk

is usually defined as a quadratic function that is derived from
the truncated Taylor series expansion of f(x) around xk, in
the form:

mk(xk + d) = f(xk) +∇f(xk)T d+
1

2
dT∇2f(xk)d (2)

where ∇f(xk) ∈ Rn and ∇2f(xk) ∈ Rn×n are the gradient
and the Hessian of f(x) evaluated at xk, respectively.

If a point x = xk + d is far from xk, then model function
mk(xk + d) may not be a good approximation to f(x); thus,
the solution d∗ = arg min mk(xk + d) does not always
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make sense as a minimization step for f(x). For instance, the
model function Hessian ∇2f(xk) may be indefinite, and there
are directions along which mk(xk + d) is unbounded from
below; in this case, ‖d‖ is infinite. Therefore, to globalize
the algorithm, the search for a minimizer of mk is restricted
to some region around xk, called the trust region. This
trust region is usually a ball defined by the Euclidean norm
‖d‖2 ≤ ∆k, where the scalar ∆k is called the trust region
radius. In principle, any other norm can be used [4]. The trust
region subproblem around the point xk for the unconstrained
minimization problem (1) is then defined as:

min f(xk) +∇f(xk)T d+
1

2
dT∇2f(xk)d

s. t.: ‖d‖2 ≤ ∆k.
(3)

If the candidate solution xk+1 = xk + dk does not produce
a sufficient decrease in f(x), according to a merit function,
then the trust region as given by the radius ∆k is too large.
Hence, to proceed, the radius ∆k is reduced and the trust
region subproblem (3) is solved again.

B. The Byrd-Omojokun Trust Region Method

Trust region methods for general constrained optimization
can be also used to solve highly nonlinear OPF problems of
the general form:

min f(x) (4a)
s. t.: g(x) = 0 (4b)

x ≤ x ≤ x (4c)

where x ∈ Rn is a vector of decision variables, including the
control and the state variables; g : Rn → Rm is a nonlinear
vector function including conventional power flow equations
and other equality constraints such as power balance across
boundaries in a pool operation; and x and x are lower and
upper bounds on the variables x, corresponding to physical
and operating limits on the system.

Trust region methods to solve the constrained problem (4)
usually employ a QP approximation along with a trust region
constraint [6], as follows:

min f(xk) +∇f(xk)T d+
1

2
dTHkd (5a)

s. t.: g(xk) +∇g(xk)T d = 0 (5b)
x ≤ xk + d ≤ x (5c)
‖d‖ ≤ ∆k (5d)

where Hk is the Hessian with respect to x of the Lagrange
function associated with (4), i.e.,

Hk = ∇2f(xk) +

m∑
i=1

λki∇2gi(xk), (6)

and λi is the Lagrange multiplier associated with the equality
constraint gi(x) = 0.

The Byrd-Omojokun trust region technique [8], [9] was
originally developed to solve equality constrained problems,
and later it was adapted by Plantenga [6] to solve problems
with equality constraints and simple bound constraints, such

as (4). As with most nonlinear optimization methods, handling
inequality constraints in trust region methods is not as simple
as handling equalities. Motivated by successful procedures
used in interior-point methods to handle inequalities, mainly
in the dual affine scaling variant [17], Plantenga proposed an
affine scaling transformation for handling the simple bound
constraints. The affine scaling allows for the bound constraints
to be dropped as long as the trust region size is properly
chosen. However, the scaled trust region subproblem becomes
badly ill-conditioned whenever xk approaches the boundary.
To deal with this ill-conditioning, Plantenga then proposed
the inclusion of a logarithmic barrier term into f(x), similarly
to the approach used in the primal-dual interior-point method.
The performance of this approach, however, was not adequate.

Based on [23], in this paper, the trust region is defined using
the infinity norm as opposed to the Euclidean norm, so that
the trust region subproblem can be expressed as:

min f(xk) +∇f(xk)T d+
1

2
dTHkd (7a)

s. t.: g(xk) +∇g(xk)T d = 0 (7b)
x ≤ xk + d ≤ x (7c)
‖d‖∞ ≤ ∆k. (7d)

Since ‖d‖∞ = maxi |di|, the constraints (7c) and (7d) on the
step d can be combined into a single simple bound constraint,
so that the subproblem (7) can be rewritten as:

min f(xk) +∇f(xk)T d+
1

2
dTHkd (8a)

s. t.: g(xk) +∇g(xk)T d = 0 (8b)

max{δ,−∆k} ≤ d ≤ min{δ,∆k} (8c)

where δ = x − xk and δ = x − xk; the “max” and “min”
operators on vectors are applied componentwise.

Because the trust region constraint (7d) is defined using
the infinity norm, all constraints in (8) are linear, so that the
corresponding trust region subproblem is a box-constrained
QP problem. However, regardless the norm used, the trust
region constraint (8c) could limit the size of the step d in such
a way that the equality constraints (8b) become infeasible,
i.e., a step d that satisfies (8b) may not intercept the trust
region (8c), so that the feasible set defined by (8b) and (8c)
may be empty.

If xk is far from satisfying one or more of the linearized con-
straints in (8b) and the trust region size ∆k is small, then the
constraints (8b) and (8c) may be inconsistent, i.e., there is no
step d that satisfies both the linear equality constraint (8b) and
the trust region constraint (8c). On the other hand, the global
convergence of the trust region method depends on being able
to reduce ∆k until the model subproblem accurately represents
the actual problem. Therefore, inconsistent constraints may be
unavoidable in a trust region subproblem. Several approaches
have been proposed for applying a trust region constraint in a
manner that does not generate inconsistent subproblems. The
Byrd-Omojokun approach is used here.

In order to resolve the possible conflict between satisfying
the constraints (8b) and (8c), the solution of (8) by the Byrd-
Omojokun trust region technique is divided into two new
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subproblems, called the vertical (or normal) subproblem and
the horizontal (or tangential) subproblem. It is the ability
of trust region methods to deal with inconsistent linearized
constraints that makes them globally convergent algorithms, as
opposed to some popular sequential optimization approaches
such as SLP and SQP.

1) The Vertical Subproblem: The vertical subproblem is
defined as

min
1

2
‖g(xk) +∇g(xk)T v‖22 (9a)

s. t.: max{δ,−ξ∆k} ≤ v ≤ min{δ, ξ∆k} (9b)

where ξ ∈ (0, 1) is a contraction factor to obtain a tighter
version of the trust region (typically, ξ = 0.8). By ignoring
the constant term 1

2g(xk)T g(xk) in the quadratic objective,
the vertical subproblem (9) can be rewritten as:

min (∇g(xk)g(xk))T v +
1

2
vT∇g(xk)∇g(xk)T v (10a)

s. t.: max{δ,−ξ∆k} ≤ v ≤ min{δ, ξ∆k}. (10b)

The role of the vertical subproblem is to find a vertical
step v that lies well inside the trust region (according to
the contraction factor ξ) and that attempts to satisfy the
equality constraints (8b) as much as possible (minimizing
the squared Euclidean norm of the constraints residuals).
Notably, the vertical subproblem involves the minimization
of a convex quadratic function over a box, so that it always
has a solution that can be obtained by well-known algorithms
for this kind of problem. Standard methods for solving trust
region subproblems are discussed in [4], [5], [18], [19].

2) The Horizontal Subproblem: After solving (10) for the
vertical step vk, the full step dk is obtained by solving the
horizontal subproblem

min ∇f(xk)T d+
1

2
dTHkd (11a)

s. t.: ∇g(xk)T d = ∇g(xk)T vk (11b)

max{δ,−∆k} ≤ d ≤ min{δ,∆k}. (11c)

Note that equality constraint (11b) is a relaxation of equality
constraint (8b), so that (11b) and (11c) are always consistent;
e.g., d = vk is a feasible solution. However, it is the vertical
subproblem (10) that relaxes the original constraints enough to
allow for consistency [6]. The constraint (11b) simply has the
effect of forcing the final step dk to make the same progress as
vk does towards satisfying the linearized equality constraints
while minimizing the quadratic objective function.

The only constraints in the vertical subproblem are simple
bound constraints, whereas the horizontal subproblem (11) has
both simple bounds and linear equality constraints. But one
may also reformulate (11) without equality constraints. To this
end, Byrd and Omojokun proposed to compute dk by means
of a step complementary to vk. Such a step is orthogonal do
vk and belongs to the null space of ∇g(xk). Thus, let Zk be
an n × (n −m) matrix that spans the null space of ∇g(xk),
i.e., ∇g(xk)TZk = 0. Then, the full step d can be computed
from

d = vk + Zku (12)

where u ∈ Rn−m becomes the unknown vector. Using (12)
in (11), observing that vk and Zku are orthogonal, i.e.,
vTk Zku = 0, and ignoring constant terms in the objective
function, the horizontal subproblem (11) can be rewritten
without equality constraints, in the form:

min ∇f̄Tk Zku+
1

2
uTZT

k HkZku (13a)

s. t.: max{δ,−∆k} − vk ≤ Zku ≤ min{δ,∆k} − vk (13b)

where, for shortness, ∇f̄k = ∇f(xk)+Hkvk. The subproblem
(13) is much smaller than (11) but it requires computing the
orthogonal complement Zk.

The basic steps of the Byrd-Omojokun technique for solving
the trust region subproblem (8) are as follows: First, (10) is
solved for the vertical step vk. Then, (13) is solved for the
horizontal step Zkuk, and then using (12) the full step dk is
obtained. Finally, a trial solution is determined as follows:

xk+1 = xk + dk (14)

as long as xk+1 provides a sufficient decrease in a merit
function (see Section III-E); otherwise, the size of the trust
region is reduced and a new candidate solution is computed.

III. IMPLEMENTATION ISSUES

In this section, the solutions of the vertical and horizontal
subproblems are described, and important implementation is-
sues are discussed. In [6]–[9], the trust region is defined using
the Euclidean norm and the subproblems are approximately
solved using the Powell’s dogleg method and the Steihaug’s
conjugate gradient method. In this paper the infinity-norm is
used, and the subproblems are then solved by a primal-dual
interior-point method for QP.

A. Single Standard Form for the Subproblems

A single notation and standard form for the vertical and
horizontal subproblems can be defined, so that they can be
solved by the same interior-point algorithm, as follows:

min bTkw +
1

2
wTAkw (15a)

s. t.: w ≤ Ckw ≤ w (15b)

where the index k stands for a subproblem at iteration k. To
model the vertical subproblem (10), in (15), w = v and

bk = ∇g(xk)g(xk) (16a)

Ak = ∇g(xk)∇g(xk)T (16b)
Ck = I (16c)
w = max{δ,−ξ∆k} (16d)

w = min{δ, ξ∆k}. (16e)

To model the horizontal subproblem (13), in (15), w = u and

bk = ZT
k ∇f̄k (17a)

Ak = ZT
k HkZk (17b)

Ck = Zk (17c)
w = max{δ, −∆k} − vk (17d)

w = min{δ, ∆k} − vk. (17e)
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1. Set kj = 0, choose µ0 > 0 and a starting point y0 such
that (r0, s0, π0, υ0) > 0.

2. Obtain the Newton system to (21) at the current point
ykj , and compute the search direction ∆y from

∇2
yyL(ykj

, µkj
)∆y = −∇yL(ykj

, µkj
).

3. Compute a new solution estimate from

ykj+1 = ykj
+ αkj

∆y

where αkj
is the smallest of the primal and dual steps

αP
kj

= min

{
γ min

∆i<0

{
−rkj

i

∆ri
,
−skj

i

∆si

}
, 1

}
(19a)

αD
kj

= min

{
γ min

∆i<0

{
−πkj

i

∆πi
,
−υkj

i

∆υi

}
, 1

}
(19b)

4. If ‖∇yL(ykj+1, µkj
)‖ ≤ ε, then stop. Otherwise, obtain

µkj+1 = σ
rTkj+1πkj+1 + sTkj+1υkj+1

2p
, (20)

set kj = kj + 1, and return to Step 2.

Alg. 1: Interior-point algorithm for solving (15).

Since the gradient matrix ∇g(xk) is of size n × m with
n > m, the n × n matrix Ak in (16b) is symmetric positive
semidefinite, with n−m linearly independent null vectors.

B. The Primal-Dual Interior-Point Solver

The primal-dual interior-point method to solve the bound
constrained QP problem (15) operates on the modified problem

min bTkw +
1

2
wTAkw − µkj

p∑
i=1

(ln ri + ln si)

s. t.: w + r − Ckw = 0,

Ckw + s− w = 0,

(18)

where r and s are p-vectors of slack variables that transform
the simple bounds into equalities, and µkj > 0 is a barrier
parameter that is monotonically reduced to zero as iterations
progress. Strict positivity conditions on the slacks, r > 0 and
s > 0, are handled implicitly through step length control.

If w∗ is a local minimizer of (18), then there exist vectors of
Lagrange multipliers, (π∗, υ∗), that satisfy the Karush-Kuhn-
Tucker (KKT) first-order optimality conditions:

Rπ − µkje = 0, (21a)
Sυ − µkje = 0, (21b)

w + r − Ckw = 0, (21c)
Ckw + s− w = 0, (21d)

bk +Akw − CT
k π + CT

k υ = 0, (21e)

where R and S are diagonal matrices with Rii = ri and
Sii = si, and e is a p-vector of ones. For compactness of
presentation, one can rewrite (21) in the compact form:

∇yL(y, µkj
) = 0 (22)

where y = (r, s, π, υ, w). The main steps of the interior-point
algorithm for solving (15) are shown in Alg. 1. The large linear
indefinite system solved in Step 2 is:

Π 0 R 0 0
0 Υ 0 S 0
I 0 0 0 −Ck

0 I 0 0 Ck

0 0 −CT
k CT

k Ak




∆r
∆s
∆π
∆υ
∆w

 =

−


Rπ − µkj

e
Sυ − µkj

e
w + r − Ckw
Ckw + s− w
bk +Akw − CT

k π + CT
k υ

 (23)

where Π and Υ are diagonal matrices with Πii = πi, and
Υii = υi. In Step 3, γ = 0.9995 is a safety factor to ensure
that the next point will satisfy the strict positivity conditions on
slacks and dual variables. In Step 4, σ = 0.2 is the expected,
not necessarily realized, cut in complementarity residual.

C. Solving the Horizontal Subproblem Without Zk

Computing the orthogonal complement Zk may be time
consuming, and thus dk should be directly computed from
(11). In this case the problem is not in the standard form (15),
requiring a modification of the Newton system in order to
accommodate the linear equality constraint and corresponding
Lagrange multiplier vector τ . To this end, in (15), w = d and

bk = ∇f(xk) (24a)
Ak = Hk (24b)
Ck = I (24c)
w = max{δ,−∆k} (24d)

w = min{δ,∆k}. (24e)

The Newton system in Step 2 of the IP algorithm becomes:
Π 0 R 0 0 0
0 Υ 0 S 0 0
I 0 0 0 0 −Ck

0 I 0 0 0 Ck

0 0 0 0 0 ∇g(xk)T

0 0 −CT
k CT

k ∇g(xk) Ak




∆r
∆s
∆π
∆υ
∆τ
∆w

 =

−


Rπ − µkje
Sυ − µkj

e
w + r − Ckw
Ckw + s− w
∇g(xk)T (w − vk)
bk +Akw +∇g(xk)τ − CT

k π + CT
k υ

 . (25)

D. Obtaining the Lagrange Multipliers to Evaluate Hk

The Lagrange multipliers associated with the nonlinear OPF
problem (4) are not explicitly computed by the trust region
method. Then, to evaluate the Hessian matrix Hk using (6), in
each trust region iteration, one can use a least-squares estimate
for λk [6], computed from:

(∇g(xk)T∇g(xk))λk = −∇g(xk)T∇f(xk). (26)
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Under the regularity assumption, ∇g(xk) is full rank and
the positive definite system (26) can be efficiently solved by
Cholesky factorization or a conjugate gradient method.

The system (26) is derived from the dual KKT equation of
an NLP problem without bound constraints, i.e., it is suitable
for equality constrained problems only. In the existence of the
bound constraint (4c), the dual KKT equation is

∇f(x) +∇g(x)λ− π̃ + υ̃ = 0. (27)

Due to the sign conditions on the Lagrange multipliers π̃ and
υ̃ associated with the lower and upper bounds, respectively,
a special approach to compute λ is described in [6]. Thus,
assume that the variables x are reordered and partitioned as
x = (xL, xI , xU ), where L is the index set of variables binding
at lower bounds, I of inactive variables, and U of variables
binding at upper bounds; this same index partition convention
is applied to ∇f(x), ∇g(x), π̃ and υ̃. The complementarity
conditions imply that π̃I = π̃U = 0 and υ̃L = υ̃I = 0, so that
the KKT equation (27) becomes∇g(x)L

∇g(x)I
∇g(x)U

λ = −

∇f(x)L
∇f(x)I
∇f(x)U

+

π̃L0
0

−
 0

0
υ̃U

 . (28)

Assuming that ∇g(x)I is full rank, the nonzero Lagrange
multipliers are given by

λ = −(∇g(x)TI ∇g(x)I)−1∇g(x)TI ∇f(x)I (29a)
π̃L = ∇f(x)L +∇g(x)Lλ (29b)
υ̃U = −∇f(x)U −∇g(x)Uλ (29c)

Initially, the sets L and U are obtained as L = {i | xi−xi < ε}
and U = {i | xi − xi < ε}. Next, an estimate λ is computed
by (29a), followed by a check on π̃L and υ̃U given by (29b)
and (29c) to see if they have the correct positive sign. If a sign
error occurs, then one or more of the indices in L and U do
not belong there. The bound with the greatest sign violation
is removed, yielding new index sets. This process is repeated
until no sign errors occur (or sets L and U become empty).

In this paper, advantage is taken of solving the horizontal
subproblem by interior-point methods to devise a very simple,
accurate and inexpensive estimate of the Lagrange multipliers
λk. Thus, simply set λk = τ∗, where τ∗ is the optimal
Lagrange multiplier vector associated with the linear equality
constraint (11b) from the horizontal subproblem in trust region
iteration k (see Section III-C). As shown in Section IV-A,
Table XII, this estimate for λk is accurate and readily available
after solving the horizontal subproblem (11) in each trust
region iteration.

E. Merit Function

Having computed dk, a merit function is used to decide if
this step sufficiently decreases or not the objective f(x). Based
on [6] and [7], the following merit function is used:

ψ(x, η) = f(x) + η‖g(x)‖ (30)

where η > 0 is a penalty parameter that weights constraint
satisfaction relative to objective minimization. A procedure for

choosing and updating η is described in [7]. Thus, given a step
dk, η should be chosen large enough so that dk results in a
reduction of a merit function model around xk:

ψ̃(d, η) = f(xk) +∇f(xk)T d+
1

2
dTHkd

+ η‖g(xk) +∇g(xk)T d‖. (31)

This merit function model is used to obtain the predicted
reduction in the merit function (30), which is defined as:

pr(dk) = ψ̃(0, η)− ψ̃(dk, η) = −∇f(xk)T dk −
1

2
dTkHkdk

+ η(‖g(xk)‖ − ‖g(xk) +∇g(xk)T vk‖) (32)

where the relations dk = vk +Zkuk and ∇g(xk)TZk = 0 are
used. Since vk reduces ‖g(xk) +∇g(xk)T vk‖ with respect to
‖g(xk)‖, the term within parenthesis is positive. The predicted
reduction pr(dk) is used as a measure for accepting or not the
step dk, and for updating the trust region, by comparing it to
the actual reduction, defined as:

ar(dk) = ψ(xk, η)− ψ(xk + dk, η)

= f(xk)− f(xk + dk) + η(‖g(xk)‖ − ‖g(xk + dk)‖)
(33)

If the reduction ratio ar(dk)/pr(dk) is close to 1, then there
is good agreement between the model ψ̃k and the function ψ
over this step, and thus it is safe to expand the trust region
for the next iteration [4]. If ar(dk)/pr(dk) is positive but not
close to 1, then the trust region is not altered, but if it is close
to zero or negative the trust region is reduced. The trust region
update is explained in detail at the end of this section.

A base condition for choosing and updating the penalty η
is that it should be large enough for dk to provide a reduction
in ψ̃(d, η). First, a trial value η+ is obtained as:

η+ = max

{
ηk, 0.1 +

∇f(xk)T dk + 1
2d

T
kHkdk

‖g(xk)‖ − ‖g(xk) +∇g(xk)T vk‖

}
(34)

where ηk is the penalty used in the previous iteration. Next,
the trial value is improved using Alg. 2, proposed in [7]. The
first if condition in Alg. 2 allows for an additional increase in
η+, if little progress is made towards feasibility (‖g(xk)‖ >
1
5‖g(xk−l)‖) and the last two steps were not both successful,
suggesting that the linearized model of the constraints is not a
good fit. Safeguards are included to prevent η+ from changing
too fast (η+ < 5ηk) and to allow increases only when the
parameter is already on the rise (ηk > ηk−l). The second if
condition allows for reductions in η+ only when the iterations
are close to satisfying the equalities, and the reduced η+ is
neither lower than η̄ (the value that ensures a descent step for
the merit function) nor lower than ‖λk‖.

The merit function (30) is non-smooth and suffers from the
Maratos effect [24], performing poorly on some problems.
This effect can be avoided by computing a second order
correction term that is added to dk [6], yielding the trial step

dsoc = dk −∇g(xk)(∇g(xk)T∇g(xk))−1g(xk + dk). (35)

Since computing dsoc increases the computational costs, dsoc
is computed only if the step dk is to be rejected, xk is
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nearly feasible, and ‖vk‖ is small compared to ‖Zkuk‖; these
conditions try to identify the Maratos effect in the proximity of
a feasible point. Based on [6], the introduction of the second
order correction and updating of the trust region and penalty
parameter are described in Alg. 3. The basic steps of the Byrd-
Omojokun technique are summarized in Alg. 4.

1) If ‖g(xk)‖ > 1
5‖g(xk−l)‖, η+ > ηk, η+ < 5ηk, ηk >

ηk−l, and last two steps were not both successful, then

η+ = min
{

5ηk, η
+ + 25(η+ − ηk−l)

}
where k − l is the index of the last successful step.

2) If η+ = ηk, ‖vk‖ <
ξ∆k

10
and ‖g(xk)‖∞ < 104ε, then

η+ = max{η0, η̄, ‖λk‖}

where η̄ is the second term within braces in (34).

Alg. 2: Heuristic for updating the penalty parameter.

1) Compute η+ by Alg. 2, actual reduction ar(dk) by (33)
and predicted reduction pr(dk) by (32).

2) If
ar(dk)

pr(dk)
≥ ρ̄, then set xk+1 = xk + dk, ηk+1 = η+,

∆k+1 ≥ ∆k and return.
3) If ‖vk‖ ≤ 0.8ξ∆k and ‖vk‖ ≤ 0.1‖Zkuk‖, then obtain

dsoc by (35), compute ar(dsoc) and go to step 4. If not,
set xk+1 = xk, ηk+1 = ηk, ∆k+1 ≤ γ‖dk‖ and return.

4) If
ar(dsoc)

pr(dk)
≥ ρ̄, then set xk+1 = xk +dsoc, ηk+1 = η+,

∆k+1 ≥ ∆k and return. If not, set xk+1 = xk, ηk+1 =
ηk, ∆k+1 ≤ γ‖dk‖ and return.

Alg. 3: Updating the trust region and the solution estimate.

1) Set k = 0, choose x0 within bounds, set maximum trust
region size ∆̄ > 0, choose ∆0 ∈ (0, ∆̄), ε ∈

(
0, 1

2

]
and

ρ̄ ∈
(
0, 1

2

]
.

2) If ‖∇f(xk) + ∇g(xk)Tλk‖ < ε and ‖g(xk)‖∞ < ε,
then stop.

3) Solve the vertical subproblem (10) for the step vk.
4) Solve the horizontal subproblem (13) for the step uk.
5) Set the solution of subproblem (5) as dk = vk +Zkuk.
6) Compute pr(dk), ar(dk) and η+ from (32) to (34).
7) Compute xk+1, ηk+1 and ∆k+1 by Alg. 3. Set k = k+1

and go back to step 2.

Alg. 4: The trust region algorithm.

The update of the trust region size shown in Alg. 3 as either
∆k+1 ≥ ∆k or ∆k+1 ≤ γ‖dk‖, with γ ∈ (0, 1), is as follows:
Based on [6], when a step dk (or dsoc) is accepted (in step 2
or step 4 of Alg. 3), the trust region size is increased as:

∆k+1 =


max{2.0‖dk‖,∆k} if ar(dk)

pr(dk) ≥ 0.9

max{1.2‖dk‖,∆k} if 0.3 ≤ ar(dk)
pr(dk) < 0.9

∆k otherwise

(36)

When a step dk is rejected (second if condition in step 2 or
step 4 of Alg. 3), ∆k+1 is reduced to a fraction γ ∈ [0.1, 0.5]
of the failed step length, with γ given by

γ =


1− ρ̄

1− ar(dk)
pr(dk)

if ‖dk‖ = ∆k

ṗ(0)

2
(
ṗ(0)− ar(dk)

pr(dk)

) otherwise
(37)

where ṗ(0) = −∇f(xk)T dk + ηk+1‖∇g(xk)T dk‖. In both
cases the value of γ is kept within the interval [0.1, 0.5].

IV. NUMERICAL RESULTS

The proposed trust region interior-point OPF algorithm
(TRIP) was tested with the IEEE 30-, 57-, 118- and 300-
bus systems, and an actual 1211-bus system. Its performance
can be compared with that of two successful and widely
used interior-point (IP) algorithms for direct nonlinear OPF
solutions: a pure primal-dual (PDIP) and its predictor-corrector
variant (PCIP) [20]–[22]. The OPF problem solved here,
without loss of generality, is the classical active power loss
minimization. The constraints sets include the active and
reactive power balance equations for all buses, and lower
and upper bounds on voltage magnitudes, tap ratios, shunt
susceptances, generators reactive power output, and selected
branch flows. The corresponding mathematical formulation of
this OPF is as follows:

min
∑

(i,j)∈B

gij(V
2
i + V 2

j − 2ViVj cos θij)

s. t.: Pi(θ, V, t)− PGi
+ PDi

= 0, ∀i ∈ N
Qi(θ, V, t)−QGi

+QDi
= 0, ∀i ∈ G

Qi(θ, V, t)−QGi
+QDi

= 0, ∀i ∈ F
Qi(θ, V, t) +QDi

+ bsh
i V

2
i = 0, ∀i ∈ E

Fij(θ, V, t)− fij = 0, {(i, j)} ⊂ B
V min
i ≤ Vi ≤ V max

i , ∀i ∈ N
tmin
ij ≤ tij ≤ tmax

ij , {(i, j)} ⊂ T
bmin
i ≤ bsh

i ≤ bmax
i , ∀i ∈ E

Qmin
i ≤ QGi

≤ Qmax
i , ∀i ∈ G

fmin
ij ≤ fij ≤ fmax

ij , {(i, j)} ⊂ B

(38)

where

Pi(θ, V, t) = Vi
∑
j∈Ni

Vj(Gij cos θij +Bij sin θij) (39)

Qi(θ, V, t) = Vi
∑
j∈Ni

Vj(Gij sin θij −Bij cos θij) (40)

Vi and θi are the voltage magnitude and phase angle (θij =
θi−θj); PGi

and PDi
are active power generation and demand;

QGi
and QDi

are reactive power generation and demand, and
bsh
i is the shunt susceptance, all at bus i; gij is the conductance

of a circuit connecting the bus i to bus j; Yij = Gij + jBij is
the ij-th element of the bus admittance matrix; N is the index
set of all system buses, G of generator buses, F of load buses
with fixed shunt var control, E of load buses eligible for shunt
var control, B of branches (lines and transformers), and T of
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TABLE I
SIZES OF THE POWER SYSTEMS AND THE NONLINEAR OPF PROBLEM (4)

Test System |N | |G| |E| |B| |T | n m p
IEEE 30 30 6 5 41 4 75 60 46
IEEE 57 57 7 5 80 17 143 114 87
IEEE 118 118 54 12 186 9 311 236 194
IEEE 300 300 69 23 411 35 727 600 428
Actual 1211 1,211 312 0 1,567 553 3,165 2,422 1,955

TABLE II
SIZES OF THE TRUST REGION SUBPROBLEMS AND THE NEWTON SYSTEMS

Number of variables Size of Newton systemTest System
v d u

Size of Zk (23)-V (23)-H (25)
IEEE 30 75 75 15 75×15 375 315 435
IEEE 57 143 143 29 143×29 715 601 829
IEEE 118 311 311 75 311×75 1,555 1,319 1,791
IEEE 300 727 727 127 727×127 3,635 3,035 4,235
Actual 1211 3,165 3,165 1,743 3,165×1,743 15,825 13,403 18,247

TABLE III
INITIAL LOADING AND LOSSES

Test System MW Load MVAr Load MW Loss
IEEE 30 283.40 126.20 17.63
IEEE 57 1,250.80 336.40 27.86
IEEE 118 3,668.00 1,438.00 132.48
IEEE 300 23,246.87 7,787.97 408.32
Actual 1211 153,206.80 42,243.10 897.59

TABLE IV
FINAL LOSSES AND NUMBER OF ITERATIONS USING INITIALIZATION I

Number of Iterations Minimum Active LossesTest System
PDIP PCIP TRIP (MW) (Reduction %)

IEEE 30 10 7 2 17.79 -0.91
IEEE 57 11 8 3 24.34 12.63
IEEE 118 14 9 3 118.77 10.36
IEEE 300 15 9 4 378.37 7.33
Actual 1211 18 14 6 881.32 1.81

TABLE V
NUMBER OF ITERATIONS BY TRIP ALGORITHM USING INITIALIZATION I

Number of Iterations Average IterationsTest System ∆0 TRIP IP-Vert IP-Horz IPav-V IPav-H
IEEE 30 1 2 12 12 6.0 6.0
IEEE 57 1 3 18 19 6.0 6.3
IEEE 118 1 3 19 22 6.3 7.3
IEEE 300 1 4 31 38 7.7 9.5
Actual 1211 2 6 36 81 6.0 13.5

transformers with LTCs. Table I shows the size of each set
for the various test systems as well as the number of primal
variables n, number of equality constraints m, and number of
simple bound constraints p of the NLP problem (4).

All algorithms were fully implemented in MATLAB. The
initial slack variables and Lagrange multipliers for the PDIP
and PCIP algorithms are determined as in [22]. For comparison
purposes, in all algorithms the initial x0 is chosen in four
different ways: (i) an initial power flow solution, (ii) a flat
start (i.e., V 0

i = 1 and θ0
i = 0), (iii) the middle point between

limits (e.g., V 0
i = (V min

i +V max
i )/2), and (iv) random points

within limits generated by the MATLAB function rand().
The initializations (ii), (iii) and (iv) surely satisfy the bound
constraints but violate the equality constraints. The initializa-
tion (i) satisfies the equality constraints but most likely violates
bounds. However, note from (8c) that a starting point should

not violate a variable limit by an amount larger than the trust
region size ∆k, otherwise the lower bound in (8c) will be
greater than the upper bound resulting in an ill-posed trust
region subproblem; hence, when an initial variable given by a
power flow solution violates its limit, it must be reset to a value
within limits. In summary, x0 needs not satisfy the equality
constraints but it must be within the interval (x−∆k, x+∆k).

The initialization of the IP algorithm for QP when solving
the vertical and horizontal subproblems is simpler, with v0 = 0
and d0 = v∗, where v∗ is the optimal solution of the vertical
subproblem solved ahead of the horizontal subproblem. The
IP algorithms for QP and NLP use the same parameters:
µ0 = 0.01, γ = 0.9995, σ = 0.2 and ε1 = 10−4. The
parameters of the trust region algorithm are: ∆0 = 1, ∆̄ = 5,
ξ = 0.8, η0 = 2 and ρ̄ = 0.1. Table II shows the number of
variables v in (10), variables d in (11), variables u in (13),
the dimension of the orthogonal complement Zk, the size of
the Newton system (23) when solving either the vertical or the
horizontal subproblem, and the size of the Newton system (25)
when solving the horizontal subproblem without computing
Zk. Table III shows the total system active and reactive power
loads, and the active power losses for the base condition, i.e.,
prior to the application of the optimization.

A. Comparisons

For initialization (i) (power flow solution), Table IV shows
the number of iterations for the PDIP and PCIP algorithms,
the number of outer iterations by the TRIP algorithm, and
the minimum active losses after optimization. The operating
points obtained by all algorithms are exactly the same, and
all algorithms were successful in yielding a solution. The
PCIP algorithm performs better than the PDIP algorithm, as
expected. Note that the number of TRIP iterations is low (an
average of 4 outer iterations per test system); however, because
the cost (processing time) of a single trust region iteration
is nearly 1.5 times the cost of a PDIP solution, the TRIP
algorithm is nearly 6 times slower than the PDIP algorithm,
which is to be expected.

Table V shows the solution details of the TRIP algorithm.
The column ∆0 is the initial trust region size, and the columns
IP-Vert and IP-Horz are the total number of IP iterations
for QP to solve the vertical and the horizontal subproblems,
respectively, in all trust region iterations. The column TRIP
is the number of trust region (outer) iterations; in each outer
iteration one vertical and one horizontal subproblem is formed
and solved. Also shown in Table IV are the average numbers
of IP iterations to solve the vertical (IPav-V) and horizontal
(IPav-H) subproblems. The average number of IP iterations
is reasonably low, and from these numbers one can infer that
the vertical subproblems are easier to solve than the horizontal
subproblems. The IP algorithm for QP performed quite well
solving both subproblems, with the Byrd-Omojokun technique
ensuring the feasibility of the two subproblems.

For the IEEE 300-bus system, the solution by the nonlinear
PDIP algorithm takes 18 iterations (see Table IV). For each IP
iteration for NLP a linear system of size 4,235 (see Table II)
is formed and solved. On the other hand, the solution by the
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TABLE VI
NUMBER OF ITERATIONS USING INITIALIZATIONS (II) AND (III)

Number Iterations - (ii) Number Iterations - (iii)Test System
PDIP PCIP TRIP PDIP PCIP TRIP

IEEE 30 11 9 3 11 9 3
IEEE 57 13 12 5 12 10 5
IEEE 118 14 11 4 13 9 4
IEEE 300 19 12 5 18 12 5
Actual 1211 Fail Fail 6 Fail Fail 9

TABLE VII
NUMBER OF ITERATIONS TRIP ALGORITHM USING INITIALIZATION (II)

Number of Iterations - (ii) Average IterationsTest System ∆0 TRIP IP-Vert IP-Horz IPav-V IPav-H
IEEE 30 1 3 18 18 6.0 6.0
IEEE 57 1 5 30 30 6.0 6.0
IEEE 118 1 4 31 31 7.7 7.7
IEEE 300 1 5 45 44 9.0 8.8
Actual 1211 2 6 55 86 9.2 14.3

TABLE VIII
NUMBER OF ITERATIONS TRIP ALGORITHM USING INITIALIZATION (III)

Number of Iterations - (iii) Average IterationsTest System ∆0 TRIP IP-Vert IP-Horz IPav-V IPav-H
IEEE 30 1 3 18 18 6.0 6.0
IEEE 57 1 5 33 31 6.6 6.2
IEEE 118 1 4 31 30 7.7 7.5
IEEE 300 1 5 45 44 9.0 8.8
Actual 1211 2 9 74 106 8.2 12.9

TRIP algorithm takes 4 outer iterations, which means that 4
vertical and 4 horizontal subproblems are formed and solved,
requiring a total of 31 IP iterations for QP to solve the 4
vertical subproblems, and 38 IP iterations for QP to solve the
4 horizontal subproblems (see Table V). Linear systems of size
3,635 are formed and solved in each of the 31 IP iterations to
solve the vertical subproblems, and of size 4,235 in each of the
38 IP iterations to solve the horizontal subproblems. Clearly,
the trust region algorithm is slower than the direct nonlinear
IP algorithm. However, the trust region OPF algorithm is not
designed to compete in speed with popular OPF solvers, since
its main characteristic is convergence robustness.

To test the performance of the TRIP algorithm for a large
system an actual 1211-bus system is used. The optimization
of this system is challenging because voltage magnitudes in
some buses are very low, the voltage limit ranges are tight,
and no shunt compensation is considered in the optimization.
All algorithms converge when the starting point is an initial
power flow solution (see Table IV), but the PDIP and PCIP
algorithms fail to converge when using a flat start or a middle
point initialization (see Table VI). Poor centrality of the IP
iterates results in step lengths too close to zero early in the
iterations, leading to convergence failure. The TRIP algorithm
converged in all instances, and the solution is further detailed
in Table VII (flat start) and Table VIII (middle point). The
number of outer iterations for the TRIP algorithm is similar for
the three initializations (6 to 9 iterations). The most noticeable
change is the number of IP iterations to solve the vertical
subproblem in the initial trust region iterations when x0 is far
from the optimal solution (see Table IX), e.g., a flat start. This
is probably due to the fact that the objective of the vertical

TABLE IX
CONVERGENCE PROCESS FOR IEEE 300 BUS USING FLAT START

IP iterations Infeasibility Residuals
k Vert Horz Primal Dual (≈) ar/pr ∆k ηk f(xk)

0 - - 8.64x10−1 4.95x10−4 - 1 2 8.20
1 13 9 1.17x10−1 5.43x10−2 0.967 5 2 7.38
2 14 9 2.81x10−2 1.74x10−2 0.964 5 2 4.38
3 6 8 4.13x10−3 2.17x10−2 0.903 5 2 4.25
4 6 9 7.92x10−4 2.22x10−2 0.706 5 2 4.26
5 6 9 2.15x10−5 2.22x10−2 0.978 5 2 4.26

TABLE X
IP CONVERGENCE, VERTICAL SUBPROBLEM, THE FIRST TRUST REGION

ITERATION, IEEE 300 BUS

Infeasibility Residuals Objective
Iter αk Primal Dual Complem. in (10a)

0 - 0.0000 6.53x10+3 1.45x10+1 1.79x10+3

1 0.183 0.0000 5.21x10+3 5.13x10+0 1.20x10+3

2 0.558 0.0000 2.09x10+3 1.15x10+0 2.34x10+2

3 0.413 1.88x10−4 1.00x10+3 6.24x10−1 8.08x10+1

4 0.303 1.48x10−4 3.28x10+2 4.42x10−1 3.97x10+1

10 0.746 3.84x10−8 4.93x10−2 6.32x10−4 5.74x10−1

11 0.827 6.17x10−9 8.51x10−3 1.31x10−4 5.73x10−1

12 0.880 0.00x10+0 1.02x10−3 2.20x10−5 5.73x10−1

13 1.000 0.00x10+0 9.04x10−9 3.15x10−6 5.73x10−1

TABLE XI
IP CONVERGENCE, HORIZONTAL SUBPROBLEM, THE FIRST TRUST REGION

ITERATION, IEEE 300 BUS

Infeasibility Residuals Objective
Iter αk Primal Dual Complem. in (11a)

0 - 0.00x10+00 8.20x10−2 1.34x10+0 1.19x10+1

1 0.835 5.69x10−03 1.47x10−2 3.48x10−1 1.18x10+1

2 0.602 2.42x10−03 5.86x10−3 1.59x10−1 1.18x10+1

3 0.900 1.12x10−14 5.86x10−4 3.16x10−2 1.18x10+1

4 0.847 7.34x10−15 9.23x10−5 6.27x10−3 1.18x10+1

6 0.707 5.25x10−15 7.70x10−6 8.48x10−4 1.18x10+1

7 0.971 6.42x10−15 2.27x10−7 8.21x10−5 1.18x10+1

8 0.838 1.06x10−14 3.67x10−8 2.23x10−5 1.18x10+1

9 0.906 9.71x10−11 3.47x10−9 2.16x10−6 1.18x10+1

TABLE XII
COMPARISON OF LAGRANGE MULTIPLIER ESTIMATES, IEEE 300-BUS

Bus Number PDIP for NLP Estimate by (26) Estimate by τ∗
Largest Smallest Largest Smallest Largest Smallest Largest Smallest

528 176 1.2948 0.9360 0.8438 0.6511 1.2948 0.9360
70 7166 1.2805 0.9616 0.8426 0.6745 1.2805 0.9616

112 166 1.2288 0.9616 0.8385 0.6745 1.2288 0.9616
114 165 1.2240 0.9635 0.8426 0.6761 1.2240 0.9636
204 7023 1.2218 0.9758 0.8438 0.6784 1.2217 0.9758
‖λk‖ 18.9477 12.9563 18.9477

subproblem is to minimize infeasibility (squared residuals) of
the equality constraints, and the higher the initial infeasibility,
the higher the number of IP iterations to solve the vertical
subproblem. However, after 2 or 3 outer iterations the equality
constraints are nearly satisfied and the number of IP iterations
to solve the vertical subproblem becomes very small. The
performance of the algorithms using random initial points is
discussed in Section IV-B.

The convergence of the TRIP algorithm was studied when
the Lagrange multiplier vector λk needed to evaluate Hk is
set to the least-squares estimate (26), as usually done in the
literature, or to the optimal multiplier τ∗ from the horizontal
subproblem (11), as proposed in this paper. The computation
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of λk by (29) is not tested due to its cost. For the cases tested,
the OPF solutions obtained were the same, notwithstanding
different sequences of iterates {xk}. This result is expected,
since the trust region approach still should work when Hk is
only a quasi-Newton approximation of the actual Lagrange
Hessian. Nevertheless, the higher the number of binding
inequalities in the optimal solution is, the less accurate the
least-squares estimate is (26), since the terms π̃L and υ̃U
present in (29) and ignored in (26) become more relevant.
This happens, for instance, with the IEEE 300-bus system. For
this system, Table XII shows the five largest and five smallest
λi’s associated with the active power balance constraints,
as computed by the nonlinear PDIP algorithm (assumed as
reference values), and the λi’s for the same constraints as
obtained by the least-squares estimate (26) and by the optimal
solution of the horizontal subproblem (11); also shown are the
norms of the Lagrange multiplier vectors provided by the three
approaches. Clearly, the most accurate estimate for λk is the
one provided by the horizontal subproblem solution τ∗.

B. Convergence Characteristics and Robustness

Table IX illustrates the convergence processes for the IEEE
300-bus system. The column f(xk) is the nonlinear objective
function in (4); Vert and Horz are the number of IP
iterations to solve the vertical and horizontal subproblems,
respectively, in each outer iteration; Primal and Dual are
the primal and dual infeasibilities, respectively; ar/pr is the
reduction ratio ar(dk)/pr(dk); ∆k is the trust region size; and
ηk is the penalty parameter in the merit function. Note that
the objective function may increase in some iterations, since
the merit function makes a trade-off between reducing the
objective function and satisfying the constraints, and infeasible
points during the iterates may provide lower objective values.
During the iterations, the constraints residual norm has a
penalty ηk forcing the algorithm to find a feasible point, at
the expense of degrading the objective function value. The
size of the trust region usually increases during the iterations;
this should be expected for most of the cases, since close to the
solution the generated points are more likely to be feasible and
the approximation model to be trusted. The dual infeasibility
in the outer iterations (shown in Tables IX and XIV) is only an
approximation, since the Lagrange multipliers from the bound
constraints of the nonlinear OPF problem are not computed
by the trust region approach; the displayed dual values take
into account only the equality constraints yet using a Lagrange
multiplier estimate.

The number of IP iterations to solve the vertical and the hor-
izontal subproblems are nearly constant, changing very little
during the outer iterations. The highest number of IP iterations
usually occurs in the solution of the vertical subproblem in
the initial outer iterations when the starting point x0 is far
from the optimal solution. Tables X and XI demonstrate the
convergence processes of the IP solver applied to the first
vertical and horizontal subproblems in the optimization of
IEEE 300-bus system. In these tables, the column αk refers to
the (common) primal and dual step sizes; columns Primal,
Dual and Complem refer to the primal infeasibility, dual

TABLE XIII
NUMBER OF ITERATIONS AND FINAL LOSSES: INCREASED LOAD

Total Number of Iterations Minimum Active LossesTest System
TRIP IP-Vert IP-Horz (MW) (Reduction %)

IEEE 30 3 18 20 27.74 -0.91
IEEE 57 4 24 28 57.88 7.41
IEEE 118 4 31 30 137.97 9.52
IEEE 300 4 28 31 499.04 8.51

TABLE XIV
CONVERGENCE PROCESS FOR IEEE 300 BUS: INCREASED LOAD

IP iterations Infeasibility Residuals
k Vert Horz Primal Dual (≈) ar/pr ∆k ηk f(xk)

0 - - 5.34x10−1 4.77x10−3 - 2 10 4.56
1 9 9 1.31x10−2 4.24x10−2 0.974 5 10 6.19
2 8 7 1.22x10−2 4.25x10−2 0.452 5 10 10.3
3 6 7 5.24x10−4 7.96x10−2 0.938 5 10 11.0
4 5 8 7.12x10−6 8.24x10−2 1.000 5 10 11.0

TABLE XV
FIFTY (50) RUNS OF TRIP ALGORITHM USING RANDOM STARTING POINTS

Test Number of Outer Iterations Initial Point Infeasibility
System Total Avg Max Min Max-v Min-v Avg-v
IEEE 30 206 4.12 6 3 12.7 4.7 8.4
IEEE 57 264 5.28 9 3 20.0 12.7 15.4
IEEE 118 208 4.16 5 4 72.4 54.2 61.9
IEEE 300 273 5.46 9 4 524.2 154.7 307.1

infeasibility and complementarity residual, respectively; and
column Objective displays the objective function values
(including the constant terms dropped from (10) and (11)).

The primal infeasibility shown in Table X is always zero
because vertical subproblem (10) has no equality constraint,
unlike horizontal subproblem (11), and the bound constraints
are strictly satisfied during the IP iterations. Note that the
complementarity residual is the optimality condition that takes
longer to converge; thus, the number of IP iterations may
be reduced if the barrier parameter is more sharply reduced.
Recall that the objective function from the vertical subproblem
is the Euclidean norm of the linear equality constraints from
the trust region subproblem (8), and note that in trust region
iterations 1 and 2 this objective is nonzero, which means that
the feasible set of the trust region subproblem (8) in iterations
1 and 2 is empty. This example demonstrates the effectiveness
of the Byrd-Omorjokun technique to overcome inconsistency
in the constraints of the approximation model.

One can conclude, from the previous discussion, that OPF
infeasibility may be detected from the vertical subproblem
solution, because the vertical subproblem objective will never
be zero when the OPF problem (4) is infeasible, and, when (4)
is feasible, the vertical objective becomes zero as soon as the
linearized equality constraints are satisfied. Thus, infeasibility
may be detected by monitoring the vertical subproblem solu-
tions. Furthermore, one can argue that the cost of a trust region
iteration may be cut by nearly half by not solving the vertical
subproblem after its objective becomes zero, since from that
iteration on, the linearized equality constraints are compatible
with the trust region constraint, and thus the full step dk can
be obtained by directly solving the trust region subproblem.

To assess the robustness of the trust region OPF algorithm
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two sets of simulations are carried out. One regards the choice
of the initial point, where a set of 50 random starting points
is generated for each test system, and the other regards the
shape/size of the feasible set. For the latter case, the loading
of the system is increased to stress the system [25], so that the
solutions of the OPF problems become more difficult to obtain
with the specified controls and operating limits. To generate
difficult but guaranteed to be feasible cases, the maximum
loading of the systems satisfying the specified operating limits
is obtained by solving the maximum loading OPF problem
[25], where a loading parameter is maximized with the power
balance constraints set as:

Pi(θ, V, t)− PGi
+ (1 + σ)PDi

= 0, i ∈ N
Qi(θ, V, t)−QGi

+ (1 + σ)QDi
= 0, i ∈ G

Qi(θ, V, t)−QGi
+ (1 + σ)QDi

= 0, i ∈ F
Qi(θ, V, t) + (1 + σ)QDi

+ bsh
i V

2
i = 0, i ∈ E

(41)

After computing the maximum loading parameter σ∗, the
power system load is set to a point close to the maximum
loading, i.e., (1 + 0.9σ∗)PDi and (1 + 0.9σ∗)QDi , so that the
system is now significantly stressed, which would force the
associated active loss minimization solution process to face
convergence problems due to the reduction of the feasible set
and some inequalities becoming strongly active. The active
power losses (before the minimization) are 27.49 MW, 62.51
MW, 152.49 MW and 545.43 MW for IEEE 30-, 57-, 118-
and 300-bus systems, respectively. The trust region OPF
algorithm converged in all test runs; Table XIII displays the
corresponding number of iterations for convergence and the
final losses. The convergence process for the IEEE 300-bus
test system is shown in Table XIV. Note that the number of
trust region iterations has not increased with the complexity
of the OPF problems.

Table XV displays the performance of the TRIP algorithm
using random starting points x0. The column Total is the
total number of trust region iterations in the set of 50 test runs;
avg is the average number of trust region iterations; max and
min are the maximum and minimum number of trust region
iterations observed in a single test run out of the 50 runs for
each system; max-v, min-v and avg-v are the maximum,
minimum and average objective values, respectively, of the
vertical subproblem in the first trust region iteration. Note that
the number of trust region iterations changes very little, for
the same test system and among the different test systems.
Also notice from the initial point infeasibility (max-v and
min-v) that the random starting points range from medium
to highly infeasible initial trust region subproblems. Indeed,
the infeasibility of x0 is higher than shown in Table XV, since
the constraints residuals shown in this table are the minimal
ones after performing the first trust region iteration.

The performance (accuracy versus number of iterations) of
the trust region algorithm when using very tight convergence
tolerance has been analyzed. Table XVI displays, for each
IEEE test system and for each trust region iteration, the primal
feasibility residual

max{‖g(xk)‖∞, max
i
{xki − xi}, max

i
{xi − xki }}.

TABLE XVI
OUTER ITERATIONS VS. PRIMAL INFEASIBILITY: INITIALIZATION (I)

Primal Infeasibility
Iter. IEEE 30 IEEE 57 IEEE 118 IEEE 300

0 5.132x10−02 1.356x10−01 2.036x10−01 5.333x10−01

1 6.094x10−03 3.165x10−03 1.449x10−02 1.766x10−02

2 3.447x10−05 5.875x10−04 4.095x10−04 2.566x10−03

3 1.477x10−09 2.608x10−09 2.802x10−07 4.860x10−04

4 - - 2.215x10−13 2.936x10−06

5 - - - 6.414x10−10

Note from Table V (for ε = 10−4, which is a typical tolerance
for OPF applications) and Table XVI that, for the test runs
performed, the accuracy of the solution almost doubles at the
cost of one additional trust region iteration. Thus, the trust
region algorithm handles tight convergence tolerances with
little increase in the number of iterations.

C. Parameter Selection

According to [4], trust region algorithms in general are not
very sensitive to the choice of their parameters. Reference [26]
presents a detailed analysis of the sensitivity of trust region
algorithms for unconstrained optimization to their parameters,
involving 3,940 combinations of parameters (testing 4 param-
eters) which resulted in a grand total of 95,040 test runs. It
is concluded that commonly used “standard” values for the
parameters appear not to be the best choice, and alternative
values are suggested. The most expressive finding is that the
parameter ρ̄ (borderline of ar(dk)/pr(dk) to accept or discard
the computed step dk) should be set to 0.001 instead of the
usual value of 0.1.

In this paper, parameters are chosen based on standard
values reported in the literature (e.g., [4], [7]) and on char-
acteristics of the OPF problem. For example, trust region
constraint (8c) suggests that the initial trust region ∆0 can
be chosen based on the ranges of the variables. As the trust
region algorithm suitably can increase or decrease ∆k in
each iteration, according to the ratio ar(dk)/pr(dk), the choice
of ∆0 is not a critical issue. With regard to η0, in theory,
η should be larger than the largest absolute value of the
Lagrange multipliers, i.e., η > maxi |λi|. Given that when
minimizing losses the multipliers associated with active power
balance constraints are close to unity, and those associated with
reactive power balance constraints are close to zero, η0 = 2
is chosen. Observe that the trust region algorithm updates this
parameter during the iterative procedure.

The contraction factor ξ (typically, ξ = 0.8), the lower ξ
is, the tighter the trust region constraint ‖v‖∞ ≤ ξ∆k is in
the vertical subproblem, and the higher the optimal objective
‖g(xk) +∇g(xk)v∗‖2 shall be. By considering a tighter trust
region in the vertical subproblem (ξ∆k), one allows more
room ((1 − ξ)∆k) to reduce the model objective function in
the horizontal subproblem. Thus, the role of the parameter
ξ is to balance satisfying the linearized equality constraints
against minimizing the model objective. Test runs performed
with ξ ∈ {0.7, 0.75, 0.8, 0.85, 0.9, 0.95} and remaining
parameters using standard values showed no impact on the
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number of outer iterations. However, ξ = 0.9 resulted in a
smoother sequence of the ratios ar(dk)/pr(dk).

The parameter ρ̄ = 0.1 is also typical in the literature
and thus it was used here. This is probably the parameter
that influences the most the performance of the algorithm,
as it is used in deciding whether the computed step dk
should be accepted or not and, consequently, whether the
trust region size should be increased or reduced. In [26],
the authors suggest a smaller value for this parameter, but
in the context of unconstrained optimization; however, for
the test runs presented here, the ratios ar(dk)/pr(dk) are all
greater than 0.1, and thus choosing ρ̄ < 0.1 would have no
effect on the results presented. A detailed analysis of this
parameter in combination with all other parameters involves
the consideration of a rather large number of sets of parameters
and test runs (hundreds of thousands), which is beyond the
scope of the present paper.

V. CONCLUSIONS

This paper has presented in detail an application of the
Byrd-Omojokun trust region technique to solve nonlinear
OPF problems. The proposed OPF algorithms are shown
to be globally convergent and robust, as it is based on
the Byrd-Omojokun technique which is efficient in dealing
with inconsistent constraints that may appear in trust region
subproblems. In the numerical tests performed, considering
highly nonlinear OPF problems and random starting points, the
proposed technique demonstrated the expected convergence
robustness.

The proposed method is roughly 6 times slower than the
PDIP algorithm. However, its main application is to obtain
OPF solutions when standard IP methods fail. Currently, a
number of issues to improve the performance of the proposed
algorithm are being studied, in particular, considering new
merit functions, new rules to update the trust region radius and
using fast approximate solutions of the vertical and horizontal
subproblems.
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