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Abstract|This paper presents the bifurcation analy-

sis of an aggregated induction motor load with under-

load tap-changer transformer and impedance. Di�er-

ent modeling levels with their respective di�erential-

algebraic equations are studied, to determine the min-

imum dynamic model of the aggregated system load

that captures the most relevant features needed for

voltage collapse studies of power systems. An aggre-

gated model of a realistic load is used to illustrate the

ideas presented throughout the paper.
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I. Introduction

Voltage stability problems in power systems may occur for
a variety of reasons, from voltage control problems with au-
tomatic voltage regulators (AVR) and with under-load tap-
changer (ULTC) transformers, to instabilities created by dif-
ferent types of bifurcations. Several conference proceedings
and technical reports, e.g. [1, 2], summarize most of the volt-
age stability problems and state-of-the-art analysis techniques
proposed by several researchers during the past decade, par-
ticularly those related to bifurcation theory.

Local bifurcations have been shown to cause system-wide
voltage collapses and oscillatory problems in power networks
[3, 4, 5, 6], leading in some cases to chaotic behavior of the
corresponding mathematical model [4, 7, 8]. These bifurca-
tions are characterized by changes in the eigenvalues of the
system equilibria as certain parameters in the system change.
Typically, as generation, load and/or other system parame-
ters slowly vary, the system moves from one stable equilib-
rium point (s.e.p.) to another. However, for certain values of
these parameters, either one system eigenvalue becomes zero
(saddle-node, transcritical and pitchfork bifurcations) lead-
ing to voltage collapse problems, or a complex conjugate pair
crosses the imaginary axis form left to right of the complex
plane (Hopf bifurcations) generating undesirable voltage os-
cillations that also drive the system to voltage collapse, as
demonstrated in the present paper and [9]. Although steady
state models generally su�ce to locate these types of bifurca-
tions, the resulting phenomena is dynamic, leading to stability
problems throughout the network. Of these bifurcations, only
saddle-nodes and Hopfs are generic, i.e., they are expected to
occur in the system as the parameters change, unless there
is some special symmetry on the system model that leads to
transcritical and/or pitchfork bifurcations [10, 11]; this par-
ticular issue is thoroughly discussed in [9] for a power system
model.

Several authors have demonstrated the importance of load
modeling in voltage stability studies, especially in the location
of the bifurcation points and the corresponding system dy-
namic response [5, 6]. However, there is no general agreement

in the power system community as to which particular load
models are adequate for these types of study. Various reduced
load models have been proposed in [12, 13, 14, 15, 16, 17] to
capture the basic dynamic voltage response of the load in the
system. In [18], the authors study the e�ect on voltage col-
lapse of combined induction motor and impedance loads by
means of lab measurements and computer simulations using
some of these reduced load models. The present paper dis-
cusses a somewhat similar issue but from the point of view
of bifurcation theory, using a comparable approach to the one
used in [19] to study the e�ect on system bifurcations of di�er-
ent generator models. Thus, the paper focuses on discussing
the e�ect of di�erent models of aggregated induction motor
loads, including ULTC and impedances, in system bifurcations
and their corresponding e�ect on voltage collapse phenomena,
proposing the use of a particular reduced dynamic induction
machine model to adequately represent motor loads in voltage
collapse studies.

Distinct methods have been proposed to successfully aggre-
gate multiple induction motors and impedance loads. This
paper uses the methodology and example proposed in [20] for
aggregating impedances and induction motors, adding a basic
dynamic model of a ULTC transformer to study the overall
behavior of the load from the point of view of the transmission
system for �fth, third and �rst order induction motor models.

The paper is structured as follows: In section II, the basic
equations used to model a ULTC and aggregated impedances
and induction motor loads are presented. The system example
used throughout the paper is also introduced in this section.
Section III briey introduces some basic concepts of bifurca-
tion theory, and relates them back to well known concepts
of motor stability through the use of torque-speed character-
istics. In this section, the tools and methodologies used for
bifurcation analysis are presented and discussed as well. The
results of applying bifurcation theory to the sample system for
di�erent motor models are analyzed in section IV, together
with the e�ect of these models on the voltage collapse of the
overall system. Based on these results, a reduced order load
model is proposed in section V for adequately representing the
load in voltage collapse studies.

II. System Models

A typical power system load extracted from [21] (Fig. 1)
is used throughout the paper as a test system. This load is
composed of 5 large induction motors of 5,600 HP (1, 3 and 4)
and 1,600 HP (2 and 5), plus 5 distribution transformers and
transmission lines. Each induction motor is assumed to have
an additional impedance load connected at its terminals. The
generator in bus 10 is used to model the power system feeding
the load through an ideal ULTC, to represent a typical supply
scheme.

Using the techniques described in [20], the load may be
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Fig. 1. Example of a realistic power system load from [21]. An
equivalent generator and a ULTC have been added to the original
system to represent a typical supply network.
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Fig. 2. Aggregated load model for the test system of Fig. 1. The
generator is modeledwith a simple Thevenin equivalent to represent
the supply power system.

aggregated to reduced the system to the model depicted in
Fig. 2, assuming a balanced three-phase system. The aggre-
gated load is composed of a single induction motor and a static
impedance load. The models used to represent the di�erent
elements of this reduced system are described below.

A. Generator

The generator was modeled with a simple Thevenin equiva-
lent, so that one can gain insight into the load behavior with-
out obscuring the analysis with complex generator models.
(For a detailed description of the e�ect of di�erent genera-
tor models in bifurcation and voltage collapse analysis review
[19].) The generator is used as the system reference, i.e.,
eVth = Vth 6 0

0. Thus, the active and reactive powers P and
Q delivered by the generator at the ULTC terminals can be
described by the following equations, where eV1 = V1 6 �1:

P = �VthV1
Xth

sin �1 (1)

Q = � V 2
1

Xth

+
VthV1
Xth

cos �1

B. ULTC

The ULTC is assumed to be an ideal device, i.e., saturation
and losses are neglected and any internal reactance is lumped
into Xth. Therefore, the real and reactive power being injected
at the ULTC from the Thevenin source is equated to the real

and reactive demand of the load:

P = V 2
2 G+ PIM (2)

Q = V 2
2 B +QIM

where PIM and QIM represent the powers absorbed by
the equivalent machine component of the load model, and
V 2
2 G and V 2

2 B represent the powers absorbed by the static
impedance component of the load model.

To simplify the analysis of the aggregated load while re-
taining some of the important voltage control features of the
ULTC, this paper assumes a continuous control of V2 with no
limits. However, in practice, V2 would typically be controlled
discretely by the transformer taps within certain limits. The
following equations were used to model the behavior of the
ideal ULTC:

V2 = aV1 (3)

_a =
1

Tt
(V20 � V2)

where a stands for the tap shift on the secondary side with
respect to a nominal 1 p.u. value, V20 is the control set point,
and Tt represents the ULTC time constant. For the simula-
tions presented in this paper, Tt is assumed to be much smaller
than the typical range of 1 to 2 minutes, to better observe the
system dynamic response during voltage collapse.

C. Induction Motor

The induction motor is modeled using the standard set
of p.u. dq0 equations for a synchronously rotating reference
frame connected to a balanced three-phase sinusoidal supply
[22], i.e., for eV2 = V2 6 �2,

vqs =
p
2 V2 cos �2 (4)

vds = �p2 V2 sin �2

vqs = Rsiqs +  ds + _ qs=!e

vds = Rsids �  qs + _ ds=!e

0 = Rr iqr + S dr + _ qr=!e

0 = Rr idr � S qr + _ dr=!e

 qs = Xlsiqs +Xm(iqs + iqr)

 ds = Xlsids +Xm(ids + idr)

 qr = Xlriqr +Xm(iqs + iqr)

 dr = Xlridr +Xm(ids + idr)

Te =  qr idr �  driqr

_!r =
!e
2H

(Te � Tl)

PIM = 1=2 (vqsiqs + vdsids)

QIM = 1=2 (vqsids � vdsiqs)

Here, the machine slip S = 1�!r=!e. The stator s and rotor
r variables v, i, and  stand for the dq voltages, currents, and
ux linkages, respectively. Te corresponds to the electromag-
netic torque generated by the machine, H represents the p.u.
machine inertia, and !e = 2�f stands for the synchronous
reference frame speed.
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The mechanical load torque Tl is simulated as a linear func-
tion of the rotor speed as follows:

Tl =
k

!e
!r (5)

where the constant k is used as a slow varying parameter to
simulate changes in the mechanical load and, hence, in the
load power demand; therefore, k represents the loading factor
of the induction motor and the system. The analysis presented
in this paper can be extended to any type of mechanical torque
Tl, including constant and nonlinear mechanical loads.

Equations (4) are also known as the �fth order model of
the induction motor (5 di�erential equations). Seventh or-
der models to simulate a second rotor circuit for deep bar
rotors are not discussed in this paper; however, these models
can be readily reduced to �fth order models as shown in [23].
Observe that by including the stator dynamics in the motor
model, the Thevenin impedance Xth model used to represent
the feeding system is certainly insu�cient to simulate the type
of high frequency (above 60 Hz) dynamic phenomena typically
associated with this model. Nevertheless, for the type of bi-
furcation (eigenvalue) analyses carried out in this paper, the
authors do not believe that this would be a signi�cant issue,
since one is basically concerned with subsynchronous dynamic
problems; the latter is con�rmed by the results shown below
for the sample system.

Reduced order models can be easily obtained from equa-
tions (4) by eliminating certain derivative terms. Thus, if the
stator ux linkage transients are ignored, i.e., _ qs = _ ds = 0,
the model is reduced to a third order model. Furthermore,
if the rotor ux linkage transient terms are also ignored, i.e.,
_ qr = _ dr = 0, the model is reduced to a �rst order model
with only one di�erential equation that simulates the mechan-
ical dynamics. Finally, by eliminating all di�erential terms in
(4), the induction motor is reduced to a simple steady state
model represented by the impedances depicted in Fig. 2 with
a constant slip of S. Observe that to reduce the order of the
model, di�erential equations are basically replaced by alge-
braic constraints in the induction motor model.

D. Sample System Data

The aggregated load data for the system of Fig. 1 was ex-
tracted from [21], and is shown in Table I. Notice the relatively
small value chosen for the ULTC time constant Tt, so that the
load voltage V2 recovers signi�cantly faster than one would ex-
pect for typical values of Tt; nevertheless, this time constant
is still much larger than the aggregated induction motor time
constants, and, therefore, the overall dynamic performance
does not experience qualitative changes due to this approxi-
mation. The value of the Thevenin impedance Xth was chosen
so that \realistic" voltage values are obtained throughout the
simulations.

III. Bifurcation Analysis

The scalar variable k in (5) was chosen as the \loading" or
\bifurcating" parameter, as changes to this parameter have
an e�ect on the mechanical load of the system, which result
in changes to the active and reactive power demands with the
corresponding e�ect on the load voltage; this is the typical sit-
uation encountered in voltage collapse studies. To carry this
analysis, the nonlinear equations of the system were linearized
at each equilibrium point for the di�erent induction motor

TABLE I
Aggregated Load Data (100MVA, 4KV Base)

Variable Value

Rs 0.07825
Xls 0.8320
Xm 16.48
Rr 0.1055
Xlr 0.8320
H 0.1836 s
!e 2�60 s�1

G 0.06047
B 0.03530
Xth 0.2
Tt 5 s
V20 1

models. This linearized representation was then used to deter-
mine the stability of the system equilibrium points by means
of eigenvalue analysis. Of particular interest are the values
of k where the equilibrium points go from being stable to
unstable, or from being unstable to stable, or when the num-
ber of these equilibrium points change. The operating points
where these changes in stability occur are known as bifurcation
points, and are typically characterized by system eigenvalues
becoming zero (saddle-node, transcritical and pitchfork bifur-
cation), or by complex conjugate eigenvalue pairs crossing the
imaginary axis (Hopf bifurcations).

The phenomena may be explained more rigorously by using
the following vector representation of equations (1), (2), (3),
(4) and (5):

_x = f(x;y; �) (6)

0 = g(x; y; �)

Here, x 2 <n is a vector of state variables, y 2 <m is a vector
of algebraic variables, and � 2 < is any positive parameter in
the system that changes slowly, moving the system from one
s.e.p. to another until a bifurcation is encountered. The values
of n and m change depending on the induction motor model
used to simulate the load. For example, when the �rst order
induction motor model is used, n = 2 (1 di�erential equation
for the ULTC and 1 di�erential equation for the induction
motor) and m = 11 (n + m = 13 in all cases). The scalar
parameter � is de�ned as the load torque parameter k.

For the one-parameter dynamical system (6), non-
singularity of the Jacobian Dyg(�) along system trajectories of
interest, guarantees a well posed system [24] or strictly causal
system [25, 26]. Thus, for this assumption, the following ap-
plies:

y = h(x; �)

) _x = f(x;h(x; �); �)

= s(x; �) (7)

If Dyg(�) becomes singular, then the model represented by (6)
breaks down. When this occurs, some algebraic constraints
should be transformed into di�erential equations to remove
the singularity by changing the system models [27], or by using
singular perturbation techniques [24]. (For a detailed analy-
sis of the dynamic behavior of systems with singular Dyg(�)
review [28].)
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A. Saddle-Node Bifurcations

Saddle-node bifurcations are characterized by two equilib-
rium points of (6), typically one stable (s.e.p.) and one unsta-
ble (u.e.p.), merging at the bifurcation point (x0; y0) for the
parameter value �0. This equilibrium point has a simple and
unique zero eigenvalue of Dxsj0 in (7), which corresponds to
singularities of D(x;y)F j0, where F (�) = [fT (�) gT (�)]T in (6)
[27]. If the two merging equilibria coexist for � < �0, then the
two equilibrium points disappear when � > �0, or vice versa.

The saddle-node bifurcation phenomenon can be more
clearly illustrated with the help of the steady state torque
characteristics of the aggregated induction motor and its cor-
responding mechanical load in Fig. 3. A requirement of
the system is that at equilibrium points the electromagnetic
torque Te and the mechanical load Tl are of equal magnitude,
as expected from (4). Therefore, system equilibrium points
occur at the points of intersection between the two curves in
Fig. 3; the number of intersections between the two curves
represent the number of equilibrium points for a given value
of k. The slope of the mechanical torque varies directly with
the bifurcation parameter � = k, as governed by equation (5);
therefore, as k varies, the number of intersections (equilibrium
points) between the curves change in two distinct places, in-
dicating the presence of two saddle-node bifurcations. Similar
observations can be made for di�erent mechanical loads, such
as constant torque models.

The value of k for which the mechanical load Tl intersects
the maximum of the electromagnetic torque Te curve corre-
sponds to the maximum loading point of the system. This
point is typically referenced as the \knee" of the system power-
voltage or PV curve. For the linear torque model used in this
system, the number of crossings between the electromagnetic
torque Te and the mechanical load Tl change from 3 to 1 after
this maximum loading point; hence, a saddle-node bifurcation
occurs in this case on the lower half of the PV curve, \after"
the knee. If a constant torque model were used, the number
of crossings between the two curves would change exactly at
the maximum of the electromagnetic torque, indicating that
a saddle-node occurs right at the knee of the PV-curve. Sim-
ilar observations have been made for a variety of load and
generator models in [6, 19, 29]. The di�erences between max-
imum loading points and actual bifurcation points are clearly
depicted in Figs. 5 and 7, as discussed below.

B. Hopf Bifurcations

Hopf bifurcations do not yield any changes in the number
of equilibrium points. These types of bifurcations are char-
acterized by a complex conjugate pair of eigenvalues for the
equilibrium point (x0; y0; �0) of (6) lying on the imaginary
axis of the complex plain. When the parameter � changes,
the complex conjugate pair moves away from the imaginary
axis, either to the right or to the left of the axis. In this
case, stable or unstable limit cycles (system oscillations) ap-
pear or disappear. Depending on the stability of these limit
cycles and where they occur with respect to the bifurcation
value parameter value �0, the Hopfs can be either subcritical
or supercritical [10, 11].

C. Dection Methods

Direct and continuation methods can be used to detect bi-
furcations [11]. Direct methods have been successfully ap-
plied to determine the exact location of saddle-nodes in power
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Fig. 3. Steady state torque characteristics of the aggregated induc-
tion motor and mechanical load, for k = 0:3. The crossing points
of the electromagnetic torque Te and the mechanical torque Tl cor-
respond to the system equilibrium points (stable and/or unstable).

systems [30, 31]; however, these methods present serious nu-
merical di�culties when used to locate Hopf bifurcations in
di�erential-algebraic models of the type represented by (6)
[9]. Continuation methods, on the other hand, can be used
in all cases to detect any type of bifurcation without major
di�culties [9, 31].

In this paper, a combination of both methods were used to
determine the location and type of bifurcations in the test sys-
tem. Several software packages were used to obtain the results
depicted in the next section. Of these packages, Auto94 [32]
was particularly useful to determine locations and types of bi-
furcations, especially in the case of Hopf bifurcations where
determining stability of limit cycles may be a rather di�cult
numerical problem [9]. Although this program was found to
be an adequate tool for the work presented in this paper, it
should be noted that:

1. Auto94 required very close initial conditions to be able
to converge to an initial equilibrium point; hence, other
packages were used to determine good initial conditions.
From the initial point, the program uses a continuation
method to �nd other equilibrium points, and a direct
method to �nd the bifurcation points when these are de-
tected; Auto94 was very robust in tracing the solution
set in all directions.

2. Auto94's output capability is initially limited to �ve
states. A minor modi�cation in the output code was
implemented to increase this value to meet greater re-
quirements.

3. Algebraic constraints were di�cult to incorporate in
Auto94, and this became very apparent in the �rst and
third order induction motor models. The algebraic con-
straints became a limiting factor in the analysis as the
program assumes that the system model is made up of
only di�erential equations. Thus, vector equations (6)
were rewritten as follows:

_x = f(x; y; �)
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y = h(x; �)

so that the algebraic constraints could be directly eval-
uated. This required the use of other software packages
to �nd a closed expression for the �fth order model. The
closed form expressions for the �rst and third order mod-
els were not pursued because of their complexity; other
software packages were used to study the bifurcations in
these cases.

IV. Results

Equations (1), (2), (3), (4), and (5) were simulated in
Auto94 in order to detect bifurcations for the test system
of Fig. 2 and Table I. Using the methods described above,
bifurcations diagrams for �fth, third and �rst order induction
motor models were obtained.

Figures 4 through 7 depict the equilibrium points (stable
and unstable) and bifurcations for the �fth order induction
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Fig. 6. PV curve of V1 for �fth order model. The s.e.p.s are
represented with a continuos line, whereas the u.e.p.s are depicted
with a dotted line.

motor model, as the load varies with changes in the mechan-
ical torque parameter k. In Fig. 4, two saddle-node bifurca-
tions at kSN1

= 0:572672 and kSN2
= 0:281250 are depicted,

together with a subcritical Hopf bifurcation at kH = 0:569044
of an approximate period of 12.6 s. Observe that a subcritical
Hopf occurs just before the �rst saddle-node in the loading
process, which seems to be a typical phenomena in many sys-
tem models [27, 9]. The limit cycles associated to the Hopf
bifurcation are depicted in Fig. 4, together with a period dou-
bling (PD) bifurcation detected along the limit cycle branch,
which suggests possible chaotic behavior [4, 7, 10, 11]. The
later phenomenon was not pursue any further, as better mod-
els of the transmission system and generator may be needed
to better study this problem.

Figure 6 shows the total load power P versus input volt-
age V1 curve for the system, i.e., the system PV curve. Ob-
serve that the Hopf bifurcation (H) occurs before the nose
of the curve or maximum loading point, as clearly shown in
Fig. 7. Also, this maximum loading point does not corre-
spond exactly to the �rst saddle-node bifurcation (SN1), as
expected from the relationship depicted in Fig. 3 between the
electromagnetic torque Te and the mechanical torque Tl; typ-
ically, these two points coincide when simpli�ed load models
are used. The second saddle-node bifurcation (SN2) indicates
that stable equilibrium points exist on the lower portion of
the curve; these are of no particular interest due to the rather
low system voltages. (For a more detailed analysis of opera-
tion on the lower side of the PV curve for induction motors
review [18].) The limit cycles and period doubling bifurcation
associated to the subcritical Hopf are also depicted in the PV
curve of Fig. 7.

To determine the e�ect of these bifurcations on the dynamic
voltage response of the system, time domain simulations were
carried out. In Fig. 8, the load parameter k is increased from
0.569 to 0.5691 at 2 s, to force the system to go trough the
Hopf bifurcation at kH = 0:569044. As expected, the voltage
V1 slowly oscillates. due to the large period of the Hopf, and
then collapses, settling on an undesirable low voltage s.e.p. on
the lower side of the PV curve. Similar results are obtained
for the �rst saddle-node in all system models, although voltage
oscillations are not observed in this case.
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Several tests for di�erent system models and parameter val-
ues were also carried out to determine the e�ect of these mod-
els and parameters on the bifurcation points. First, for �rst
and third order models of the induction motor, only the two
saddle-node bifurcations were detected. Second, in order to
determine the e�ect of the interaction between the induction
motor and the ULTC, the model was modi�ed so that it was
composed of only an induction motor supplied from an equiv-
alent voltage source; only the two saddle-node bifurcations
were detected in this case. Finally, the values of the di�er-
ent impedances used to represent the static load G+ jB and
the Thevenin impedance Xth were varied, observing that the
presence and location of the Hopf bifurcation was a function
of the value of Xth, and to a lesser extent, G and B. Reducing
or increasing the value of Xth eliminates the Hopf. Thus, a
Hopf bifurcation �rst appears for Xth = 0:074; at this point
the distance between the Hopf and the �rst saddle-node is the
greatest. This Hopf moves toward the saddle-node as Xth is
increased, disappearing again at Xth = 0:6. Although chang-
ing G and B have similar e�ects on the Hopf bifurcation, larger
value changes are required to obtain similar results as when
changing Xth.

From the results shown above, one can conclude that the
�rst order model is an acceptable approximation to the full
aggregated induction motor dynamics, when the user is mostly
interested in the location of saddle-node bifurcations and the
dynamic behavior of the system around these points. This
observation concurs with what has been shown in practice for
generator models in [19, 33], i.e., higher order dynamic models
are needed to study Hopf bifurcations. Steady state models
are completely inadequate for bifurcation studies. Also, from
the analysis of the e�ect of di�erent components on the system
response, one can conclude that elements in a power system
cannot be evaluated independently, as their interaction may
signi�cantly a�ect the dynamic response.

V. Conclusions

This paper presents a complete bifurcation study of di�er-
ent order models of aggregated induction motors fed by ULTC
transformers, and their e�ect on system voltage collapse. First
order models of induction motors are shown to be adequate for
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Fig. 8. Dynamic simulation of voltage V1 collapse due to a Hopf
bifurcation in the �fth order model. The value of k is changed at 2
s from 0.569 to 0.5691 (kH = 0:569044).

saddle-node bifurcation studies, whereas steady state models
are proven to be inadequate for these types of analyses. Thus,
the paper clearly shows that at least the mechanical dynam-
ics of aggregated loads should be included in voltage collapse
studies of power systems, so that reasonable results can be
obtained. When oscillatory modes associated with Hopf bi-
furcations are of interest, high order models must be used.

The complex dynamic behavior observed here due to the in-
teraction of an ULTC and an aggregated induction motor load
suggests that further research in bifurcation phenomena using
more detailed models of the generator, static loads and trans-
mission systems will help to understand better the interactions
between the network and its di�erent loads, possibly leading
to the detection of chaotic behavior in these electrodynamical
systems. For these types of studies, bifurcation analysis tools
such as Auto94 will be required; however, some of the limita-
tions of this program in handling di�erential-algebraic models
must be resolved �rst. Hence, code will be developed to allow
Auto94 to solve vector equations of the form presented in (6).
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