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Abstract—Large scale solar photovoltaic (PV) generation is
now a viable, economically feasible and clean energy supply
option. Incentive schemes, such as the Feed-in-Tariff (FIT) in
Ontario, have attracted large-scale investments in solar PV
generation. In a previous work, the authors presented an
investor-oriented planning model for optimum selection of solar
PV investment decisions. In this paper, a method for
determining the sensitivity indices, based on the application of
duality theory on the Karush-Kuhn-Tucker (KKT) optimality
conditions, pertaining to the solar PV investment model is
presented. The sensitivity of the investors’ profit to various
parameters, for a case study in Ontario-Canada are presented
and discussed and these are found to be very close to those
obtained using the Monte Carlo simulation and finite-difference
(individual parameter perturbation) based approaches.
Furthermore, a novel relationship is proposed between the
sensitivity indices and the investor’s profit for a given
confidence level to evaluate the risk for an investor in solar PV
projects.

Index Terms—Solar photovoltaic, investor planning, sensitivity
indices, duality theory, risk assessment

I. Nomenclature
The main notations used throughout the paper are stated

below for quick reference. In the paper, matrices are in
boldface, vectors are in bold and italics, while scalar
quantities are in italics.

Subscripts and superscripts
base Base case optimization output
DT Duality Theory
FD Finite Difference
MC Monte Carlo
MIN Minimum value
MAX Maximum value
new Re-optimization output after parameter perturbation
o Profit at a given Confidence Level
% Quantity in percentage
$ Quantity in dollars

Indices
b Index for binary variables
i, j Index for transmission zones
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J Set of indexes of active inequality constraints
k Index of years of study horizon
m Index of all inequality constraints
p Index of solar PV plan model parameters
p Set of parameters of the solar PV plan model
po Set of parameter base values of the solar PV plan model

Functions
f (·) Objective Function
F(·) Cumulative Distribution Function
g(·) Inequality constraints
h(·) Equality constraints

Parameters
Bk,i, j Elements of zonal transmission matrix, p.u.
CapConv

k,i Capacity of conventional generation, MW
CFConv

i Capacity Factor of conventional generation, %
CFPV

i Capacity Factor of PV unit, %
dk Discount rate, %
DB Initial number of years of zero investment
FITk Feed-in-Tariff, $/kWh
L Number of equality constraints
LbCPV

k,i Solar PV installation labour cost, $/kW
LdCPV

k,i Solar PV installation land cost, $/kW
M Number of inequality constraints
mJ Number of non-zero active inequality constraints
N Number of years of solar PV plan horizon
n Number of variables
OMPV

k,i Solar PV operation and maintenance cost, $/kWh
PMAX

k,i, j Maximum power transfer across zones, MW
PDk,i Power demand, MW
TCPV

k,i Solar PV unit transportation cost, $/kW
UCPV

k,i Cost of solar PV unit, $/kW
βk Annual budget of solar PV investor, $
βT Total budget of solar PV investor, $
δMIN Minimum bus angle, rad
δMAX Maximum bus angle, rad
µ Mean value of a data set
σ Standard deviation of a data set

Variables
CapPV

k,i Capacity of solar PV generation, MW
EPV

k,i Annual energy generation from solar PV, MWh
EConv

k,i Annual energy generation from conventional, MWh
NCPV

k,i New capacity of solar PV generation, MW
Pk,i, j Power transfer across zones, MW
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PConv
k,i Power generated from conventional sources, MW

PPV
k,i Power generated from solar PV, MW

VaR Value at risk, $
Wb Binary variables
γ Lagrange multiplier for inequality constraints
δk,i Bus angle, rad
λ Lagrange multiplier for equality constraints
ξ Sensitivity index
ρ Confidence level of a portfolio of profit, %
Ω Net present value (NPV) of profit, $

II. Introduction

The growing costs of fossil fuels coupled with concerns
for environmental emissions are strong motivations for
increased penetration of renewable sources of energy.
Electricity generated from renewable resources, particularly
solar photovoltaic (PV) has a large potential in the global
energy market. Since PV modules designed for both
commercial and residential applications suitable for
grid-connected and stand-alone systems have become readily
available in the market, investments in solar PV projects
have been growing. Favourable government policies,
incentives and support mechanisms have fuelled its growth to
such an extent that it is now one of the fastest growing
alternative energy sources in the world [1]. Minimal running
costs, zero emissions and steadily declining module and
inverter costs of solar PV units render these attractive to
investors for large-scale solar PV generation projects.

In [2], the economic planning of solar PV integration with
the power grid presents an assessment of the economic
viability of a grid-connected solar PV plant; a relationship
for the breakeven capital cost for PV generation as a
function of different levels of PV penetration is developed,
demonstrating that with higher penetration percentages, the
breakeven cost decreases. In [3], the distributed utility
concept is explored and a market entry strategy is proposed
for the introduction and growth of solar PV in utility
applications; a diffusion model strategy is developed that
bridges the gap between economic stand-alone special
applications and bulk power production. Articles [4], [5], [6],
[7], [8] published recently showcase the present scenario of
grid integration of solar PV generation in the USA.

An optimization framework, presented in [9], facilitates a
prospective investor to arrive at an optimal investment plan
in large-scale solar PV generation projects. Optimal
decisions on location, sizing and time of investment that
yields the maximum profit to the investor are determined.
The set of investment decision variables is discrete in nature
and thus incorporates binary variables in the optimization
model. The objective of the developed mixed integer linear
programming (MILP) optimization model is to maximize the
Net Present Value (NPV) of investors profit. The data that
are used to estimate the parameters of this model are subject
to errors, lack of precision, etc.; therefore, conclusions drawn
from simulations are sensitive to the choice of input data.
Since small changes in input data can have significant effects
on the results, it is essential to assess the sensitivity of the

results to various model parameters and input data, which is
the main objective of the present paper.

In [10] and [11], a perturbation approach to compute
sensitivities in optimization based models is discussed. This
method is used in [12] to derive general sensitivity formulas
for maximum loading conditions in power systems. It
provides generalized sensitivity expressions based on the
solution of a voltage stability constrained optimal power
flow. These sensitivity expressions use the dual variables
(Lagrangian multipliers) at the optimal solution and the
properties of the Karush-Kuhn-Tucker (KKT) optimality
conditions. Reference [13] presents the application of the
method [11] to find locational marginal price sensitivities
with respect to changes in nodal demands.

In the current paper the concept of local sensitivity
analysis based on duality theory (DT), [10] and [11], is
applied to determine the plan sensitivity indices pertaining to
the solar PV investment model [9]. The sensitivity of the
NPV of profit to changes in model input parameters is
determined. This approach is computationally less expensive
than the Monte Carlo simulation based approach [14] and is
also more advantageous than the Finite Difference (FD)
approach, [15] and [16], as it determines all the parameter
sensitivities simultaneously. Additionally, this method allows
determining the sensitivities of the decision variables as well
as the Lagrange multipliers with respect to all the model
parameters, at once. However, since this analysis is based on
a linearization approach, it may not yield accurate results for
large variations in the input data for a nonlinear system
model; therefore a comparison of the sensitivities obtained
using Monte Carlo simulation and FD approaches are
presented. Furthermore, the solar PV investment risk is
assessed with respect to various parameters based on Value
at Risk (VaR) and Confidence Level (CL) indices, which are
determined from the DT based sensitivity indices.

The rest of this paper is organized as follows: Section III
provides a review of the solar PV investment model
developed in [9]. Section IV presents the methodology and
formulation of calculation of sensitivity indices using DT,
FD and Monte Carlo approaches. Section V presents the
development of the relationship of investment risk indices
with the proposed sensitivity indices. In Section VI, the
sensitivity indices are computed and validated based on MC
simulations and FD calculations, and the derived
relationships in Section V are used to asses the risk levels
with respect to various parameters. Finally, Section VII
highlights the conclusions and contributions from this work.

III. The Solar PV InvestmentModel
A solar PV investment model, from the perspective of an

investor, reported in [9], is briefly discussed next for the sake
of completeness. The model is a MILP problem comprising
continuous and binary variables. The objective of the model is
to maximize Ω and hence determine the optimal set of solar
PV investment decisions, where:

Ω =
∑

k

∑
i

(Revenuek,i −Costk,i)

(1 + dk)k (1)



ACCEPTED TO IEEE TRANSACTIONS ON SUSTAINABLE ENERGY, SEPTEMBER 2012 3

and
Revenuek,i = FITk EPV

k,i (2)

Costk,i = CCPV
k,i NCPV

k,i + OMPV
k,i EPV

k,i (3)

Here NCPV
k,i =

∑
b

5Wb is an integer variable, constructed using

the auxiliary binary variables Wb. Note that all variables,
parameters and indices in these and following equations are
defined in Section I. In (3), the Capital Cost (CC) is
described as:

CCPV
k,i = UCPV

k,i + LbCPV
k,i + TCPV

k,i + LdCPV
k,i (4)

The various operational, planning and financial constraints
of the MILP model are:
• Supply demand balance:

PConv
k,i + PPV

k,i − PDk,i =
∑

j

Bk,i, j

(
δk,i − δk, j

)
(5)

• Conventional Energy Generation Limit:

EConv
k,i ≤ 8760 CapConv

k,i CFConv
i (6)

• Solar PV Energy Generation Limit:

EPV
k,i ≤ 8760 CapPV

k,i CFPV
i (7)

• Transmission Line Flow Limits:

Bk,i, j

(
δk,i − δk, j

)
≤ PMAX

k,i, j (8)

• Power angle limits:

δMIN ≤ δk,i ≤ δMAX (9)

• Annual budget limit:∑
i

CCPV
k,i NCPV

k,i ≤ βk (10)

• Total budget limit:∑
k

∑
i

(
CCPV

k,i NCPV
k,i + OMPV

k,i EPV
k,i

)
≤ βT (11)

• Dynamic Constraint on Solar PV Capacity Addition:

CapPV
k+1,i = CapPV

k,i + NCPV
k,i ∀ k = 1, 2, · · · , (N − 1) (12)

• Initial Year Investment Constraint:

CapPV
k+1,i = 0 ∀ k = 1, 2, · · · ,DB (13)

• Terminal Year Investment Constraint:

CapPV
k+1,i ≤ CapPV

k,i ∀ k ≥ N (14)

• Solar PV Lifetime Constraint:

CapPV
k+Z+1,i = CapPV

k+Z,i − NCPV
k,i ∀ k = 1, 2, · · · , (N − 1) (15)

The interested reader is referred to [9] for more detailed
information on the selection of the model parameters.

IV. Calculation of Sensitivity Indices

A. Duality Theory

A description of the duality theory based method for
obtaining local sensitivities of all the parameters is discussed

in [10] and [11], and is briefly explained next, in the context
of the aforementioned model. Thus, let consider a primal
Non-Linear Programming (NLP) problem as follows:

Min. z = f (x, a)
s.t. h(x, a) = b (16)

g(x, a) ≤ c

where h(x, a) = [h1(x, a), · · · , hL(x, a)]T and g(x, a) =

[g1(x, a), · · · , gM(x, a)]T . In order to simplify the
mathematical derivations, the parameters a, b and c are
assumed to be subsets of a set p, i.e., p = [a b c]T . The
sensitivities of the optimal solution (x∗, λ∗,γ∗, z∗) with
respect to local changes in the parameter p can be obtained
by differentiating the objective function and the KKT
conditions of optimality of the NLP model (16). Thus, the
matrix with all derivatives, i.e., the sensitivity indices, is
given by: [

dx
d p

dλ
d p

dγ
d p

dz
d p

]T

= U−1S (17)

where

U =

 Fx 0 −1
Fxx HT

x 0
Hx 0 0

 (18)

S = −
[
Fp Fxp Hp

]T
(19)

and
Fx(1×n) =

[
∇x f (x∗, p)

]T (20)

Fp(1×p) =
[
∇p f (x∗, p)

]T
(21)

Hx(L×n) =
[
∇xh(x∗, p)

]T (22)

Hp(L×p) =
[
∇ph(x∗, p)

]T
(23)

Fxx(n×n) = ∇xx f (x∗, p) +

L∑
l=1

λ∗l∇xxhl (x∗, p)

+

mJ∑
m=1

γ∗m∇xxgm (x∗, p) (24)

Fxp(n×n) = ∇xp f (x∗, p) +

L∑
l=1

λ∗l∇xphl (x∗, p)

+

mJ∑
m=1

γ∗m∇xpgm (x∗, p) (25)

The matrix U in (17) is generally invertible, as the solution
to the optimization problem (x∗, λ∗,γ∗, z∗) is a regular non-
degenerate point. If any degenerate constraint, i.e., a zero-
valued Lagrange multiplier of an active constraint, is present,
then the corresponding rows and columns in the matrices U
and S are removed [12], making U invertible. Additionally, the
non-degenerate inequality constraints are converted to equality
constraints [10].

This method provides, in one shot, the sensitivity indices
for the objective function ξDT = dz

d p , as well as the primal dx
d p

and dual variables, dλ
d p and dγ

d p , sensitivities with respect to the
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model parameters. The units of ξDT are $/(unit of the parameter
p0), which can be appropriately normalized to represent in
terms of $/(1% change in p0). This way, the sensitivity indices
are scaled appropriately in order to compare and rank them
with respect to their severity. Additionally, the dollar value of
ξDT can be represented as a percentage of Ωbase, i.e.,

ξ%
DT = 100

 ξ$
DT

Ωbase

 (26)

where Ωbase is the NPV of the profit obtained from solving
the solar PV investment model in Section III.

To apply the duality theory based sensitivity method to the
solar PV investment model, the variables x and parameters p
are defined next. Thus, from the model discussed in Section
III, the vector x of model variables are identified as follows:

x =
[
EPV

k,i NCPV
k,i CapPV

k,i EConv
k,i δk,i

]T
(27)

and the vector of model parameters are defined as:

p =
[
Bk,i, j CapConv

k,i CFConv
i CFPV

i dk FITk

LbCPV
k,i LdCPV

k,i OMPV
k,i PMAX

k,i, j PDk,i (28)

TCPV
k,i UCPV

k,i βk βk δMIN δMAX

]T

B. Monte Carlo and Finite Difference

These sensitivities, computed based on a linearized
approach, are validated here using the well-known Monte
Carlo simulation approach and a FD approach. This allows
to determine their range of application.

The Monte Carlo simulation is applied to the optimization
model on an OAT (One-factor-at-A-Time) basis. The
parameters need to be perturbed symmetrically around their
base values in order to obtain unskewed and unbiased
sensitivity indices. In a normally distributed probability
density function (p.d.f.) of a parameter, the expected value
(mean) is the same as the median of the distribution; this
allows for a symmetrical variation of the parameter for
various standard deviations. Additionally, for normally
distributed p.d.f., the mode of the variation is also equal to
its median, which enables equal perturbation of a parameter
around its deterministic value. Therefore, all the parameters
in this paper, are considered to be normally distributed for
probabilistic studies with the standard deviation being 1% of
its mean value, i.e.,

σ%
p = 100

(
σp

µp

)
(29)

where µp = p0.
The solar PV investment model optimization program is run

for 2000 iterations with the normally distributed parameter
keeping other parameters unaltered. The standard deviation of
the resulting Ω is computed as a percentage of its mean value,
as follows:

σ%
Ω = 100

σ$
Ω

µ$
Ω

 (30)

The ratio of the standard deviations (in percentage) of output
(Ω) and input (a parameter) is indicative of the sensitivity

index computed by the Monte-Carlo method:

ξ%
MC =

σ%
Ω

σ%
p

(31)

i.e., for 1% standard deviation in input parameter ξ%
MC = σ%

Ω
.

The sensitivity index computed using Monte Carlo
simulation based approach, can also be represented as
follows:

ξ$
MC =

σ$
Ω

σ%
p

(32)

Thus, from (31) and (32):

ξ%
MC = 100

ξ$
MC

µ$
Ω

 (33)

For the FD approach, each parameter is increased by 1%
of its base value (p0) and the Ω is computed again from the
solar PV investment model (Ωnew). The difference between
Ωnew and Ωbase denotes the change in Ω for a 1% increase
in a given parameter while other parameters remain unaltered.
This change in Ω is, in essence, the true sensitivity index for
the said parameter with respect to Ω, i.e.,

Ωnew − Ωbase = ξ$
FD (34)

The sensitivity index from (34) can also be represented as a
percentage of Ωbase using the following expression:

ξ%
FD =

Ωnew − Ωbase

Ωbase
(35)

V. Risk Analysis using Sensitivity Indices
In risk analysis, VaR is a measure that estimates how

much a portfolio could lose because of market movements
for a given probability of occurrence of that portfolio
variable [17], and it is referred to as CL. VaR and CL are
computed from the cumulative distribution function (c.d.f.)
constructed from the p.d.f. of the output quantity. In the
context of this paper, the output quantity is Ω and the
portfolio is the normally distributed p.d.f. of Ω. Thus, from
the c.d.f. of Ω, a given profit Ω0 with a corresponding
cumulative probability F(Ω0), indicates confidence level
ρ = 1 − F(Ω0), which means that there is a ρ% likelihood
that Ω≥Ω0 and the VaR from the expected profit

(
µΩ

$
)

is
given by:

VaR = µ$
Ω
− Ω0 (36)

Monte Carlo simulations are typically used to compute the
VaR and CL of the investment portfolio. However, this
involves significant computational burden arising from the
large number of simulation cases required and from
establishing the c.d.f. of the investment portfolio. It is
demonstrated next, through mathematical derivations, that the
proposed sensitivity index ξ$

DT can be directly utilized to
compute the risk parameters VaR and CL, and hence reduce
the computational effort required to determine these values.

If a linear relationship exists between an input parameter
and the output variable, the p.d.f. of the output is expected to
remain similar to the input p.d.f., and the mean of the input
distribution is expected to generate the mean of the output
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distribution. In this paper, the mean of the normally distributed
p.d.f. of a parameter is considered to be the base value of the
parameter (p0) being perturbed. Hence, the mean of Ω from
every Monte-Carlo simulation output will generally be equal
to Ωbase, i.e.,

µ$
Ω

= Ωbase (37)

Then, from (26) and (33), the following can be obtained:

ξ%
MC

ξ%
DT

=
ξ$

MC

ξ$
DT

Ωbase

µ$
Ω

 (38)

Thus, using (37) in (38), the following relations are proposed:

ξ$
MC �

∣∣∣ξ$
DT

∣∣∣ (39)

and
ξ%

MC �
∣∣∣ξ%

DT

∣∣∣ (40)

From (26) and (31) in (40), the following relation holds:

σ%
Ω

σ%
p

= ξ%
MC �

∣∣∣ξ%
DT

∣∣∣ = 100


∣∣∣ξ$

DT

∣∣∣
Ωbase

 (41)

And from (30) in (41) and rearranging terms, one has that:

100

σ$
Ω

µ$
Ω

 = 100 σ%
p


∣∣∣ξ$

DT

∣∣∣
Ωbase

 (42)

From (37) in (42), a relationship between the standard
deviation of the output variable with the sensitivity index of
the perturbed parameter is obtained, as follows:

σ$
Ω

= σ%
p

∣∣∣ξ$
DT

∣∣∣ (43)

If more than one input parameters are perturbed, the first
term of the product on the right hand side of the equality in
(43), i.e., the standard deviation of the input parameter
perturbation in percentage, can be represented by the
equivalent standard deviation of the parameters perturbed
based on a well-known expression from multivariate normal
distributions [18]. The second term of the product can then
be replaced by the weighted average of the sensitivity
indices of the parameters that are perturbed. Hence, the
standard deviation of the output can be represented in
generic form as follows:

σ$
Ω

=

√∑
p

(
σ%

p

)2


∑
p
σ%

p

∣∣∣∣ξ$
DT p

∣∣∣∣∑
p
σ%

p

 (44)

Note that (43) is a specific case of (44) when p = 1, i.e.,
when only one input parameter is perturbed. The relationship
described in (44) is very important as it allows computing the
standard deviation of a normally distributed output variable
resulting from the input of one or more normally distributed
parameter(s) without the need to carryout the computationally
expensive Monte Carlo simulations.

A c.d.f. of a normally distributed p.d.f. of Ω is shown in
Fig. 1. Although the c.d.f. extends to the left asymptotically, it
is assumed that F(ΩMIN) = 0, neglecting the asymptotic nature
of the curve in that region. A linear approximation of the c.d.f.
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Cumulative
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$ − 𝜎𝛺

$  

Fig. 1. Typical c.d.f. plot of depicting the linear approximation segment.

in the region Ω ∈
[
ΩMIN ,

(
µ$
Ω
− σ$

Ω

)]
can be represented by:

Ω0 = ΩMIN +

(
µ$
Ω
− σ$

Ω

)
− ΩMIN

F
(
µ$
Ω
− σ$

Ω

) (
1 −

ρ

100

)
(45)

A standard normal p.d.f. has µ = 0 and σ = 1 and assuming a
variable range [−τ, τ], where F(−τ) ≈ 0, a relationship between
µ$
Ω

and ΩMIN can then be obtained, as follows:

ΩMIN = µ$
Ω
− τ σ$

Ω
(46)

From the Standard Normal Cumulative Distribution Function
Table [18], one has for τ = 4, F(−4) ≈ 0. The value of µ$

Ω
−σ$
Ω

corresponds to one standard deviation below the mean and
thus, the value of F

(
µ$
Ω
− σ$

Ω

)
is as follows:

F
(
µ$
Ω
− σ$

Ω

)
= F(−1) = α (47)

Using the same table given in [18], it is obtained that
α = 0.1587. Thus, finally, the relationship of Ω0 for a CL of
ρ% with ξ$

DT proposed here, replacing, (37), (46) and (47) in
(45), is as follows:

Ω0 = Ωbase − τ σ
$
Ω

+ σ$
Ω

(
τ − 1
α

) (
1 −

ρ

100

)
(48)

For τ = 4 and α = 0.1587:

Ω0 = Ωbase − 4 σ$
Ω

+ 18.904 σ$
Ω

(
1 −

ρ

100

)
(49)

The proposed equations (36), (44) and (49) show that for a
linear optimization problem, the VaR for a given CL can be
closely estimated using the DT-based sensitivity analysis
without actually running the computationally expensive
Monte Carlo simulations.

VI. Results and Discussions

A. Sensitivity Indices

The optimization model described in [9] is solved using
the CPLEX solver [19] in the GAMS [20] environment with
relative optimality tolerance of 0.1%. The input parametric
data is taken for the case of Ontario from [9] and
extrapolated for a study period of 35 years (2009 - 2043).
The model determines that all solar PV generation are to be
installed in the Bruce zone, 35 MW of installed solar PV
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TABLE I
Sensitivity Indices of Parameters in Dollars

Parameters
ξ$

DT ξ$
MC ξ$

FD

$/1%p0 $/1%p0 $/1%p0

FIT 9,733,465 9,706,000 9,733,464
d -8,946,481 8,943,838 -8,882,920

CFPV
Bruce 7,351,319 7,442,591 7,351,315
βT 6,290,000 6,215,678 6,114,413

UCPV -5,543,933 5,546,823 -5,543,933
OMPV -2,382,150 2,382,665 -2,360,953
LbCPV -729,100 729,150 -729,100
LdCPV -280,302 280,497 -280,302
TCPV -22,421 22,115 -22,421

TABLE II
Sensitivity Indices of Parameters in Percentage

Parameters ξ%
DT ξ%

MC ξ%
FD

%o fΩbase/1%p0

FIT 1.3776 1.3736 1.3776
d -1.2662 1.2659 -1.2572

CFPV
Bruce 1.0405 1.0533 1.0405
βT 0.8903 0.8799 0.8654

UCPV -0.7847 0.7851 -0.7847
OMPV -0.3372 0.3372 -0.3342
LbCPV -0.1032 0.1032 -0.1032
LdCPV -0.0397 0.0397 -0.0397
TCPV -0.0032 0.00313 -0.0032

capacity during the fourth to sixth year, and 25 MW in the
seventh year of the plan horizon. The resulting (Ωbase) is
$706.54 Million. The optimal solution so obtained, identifies
both zero and non-zero Lagrange multipliers associated with
both equality and inequality constraints. The constraints
pertaining to non-zero Lagrange multipliers are used for
computing the sensitivities based on the DT method, as
explained in Section IV-A. The variables EConv

k,i and δk,i prove
to be non-basic and have no significant impact on the PV
investment, as it is evident from the zero valued Lagrangian
multipliers associated with appropriate constraints.

A MATLAB code is developed using Symbolic Math
Toolbox [21] and the functions pertaining to f (x, p) and
h(x, p) are fed into it. The matrices U and S, given by (18)
and (19), are computed symbolically in MATLAB, and then
the numerical values of parametric data and active Lagrange
multipliers are substituted to compute the sensitivity indices.
The sensitivity indices are ranked as per their severity in
Table I. The table shows the dollar amount by which Ωbase

changes for a 1% increase in the base value (p0) of a
parameter. This table also presents a comparison of the
sensitivity indices, in dollars, computed using the Monte
Carlo simulation approach and the FD method. Similar
results are shown in Table II for the sensitivity indices
computed using the three methods as a percentage of Ωbase

for a 1% increase in the base value of a parameter. From
Tables I and II, it is found that the profit of an investor is
most sensitive to the Feed-in-Tariff rate. Observe that both
the FD method and the DT based method yield the proper

TABLE III
Comparison of Calculated and Actual Standard Deviations

Input Perturbation σ%
p Actual σ$

Ω
Calculated σ$

Ω

FIT d CFPV
Bruce βT (Million $) (Million $)

1 0 0 0 9.640 9.734
2 0 0 0 19.271 19.466
3 0 0 0 28.907 29.200
0 1 0 0 8.854 8.946
0 2 0 0 17.711 17.893
0 3 0 0 26.578 26.839
0 0 1 0 7.273 7.351
0 0 2 0 13.753 14.703
0 0 3 0 19.007 22.054
1 1 0 0 12.902 13.209
1 1 1 0 14.728 15.029
1 1 1 1 16.033 16.161
3 2 1 0 34.497 33.952
4 3 2 1 48.630 46.942

signs depicting the increment or decrement of the Ωbase

value with respect to an increase in the parameter value; on
the other hand, the Monte Carlo simulation approach failed
to provide this information due to the fact that the sensitivity
is computed from Monte Carlo simulations as a ratio of the
output and input standard deviations, and standard deviations
always have positive values. Note as well in Table I and II
that the sensitivity indices computed using the DT based
method are numerically very close to the true sensitivity
indices computed using the FD method as well as those
obtained from the Monte Carlo simulation approach. This
validates the relationships of (39) and (40) for the given
model.

B. Risk Analysis

The standard deviation of the output variable Ω when any
number of input parameter(s) are perturbed with σ%

p can be
computed using (44). A comparison between the calculated
standard deviation of versus the actual value obtained from
Monte Carlo simulation is presented in Table III. Note that
these results validate the proposed expression (44) for various
combinations of input parameter perturbations, thus justifying
the use of (49) to compute the VaR for various CLs.

Table IV presents a comparison of calculated Ω0 using (49)
versus the actual Ω0 obtained from Monte Carlo simulations
ΩMC

0 for a selected set of parameters being perturbed and for
various values of CL. Observe that the relation proposed in
(49) yields a fairly close value to the actual Ω0. It is to be noted
that the relation in (49) provides a more conservative estimate
of Ω0 for each confidence level. These conservative estimates
of profit are particularly beneficial to solar PV investors to
evaluate their risk strategies, i.e., their VaR and the expected
rate of return, and thus arrive at an appropriate investment
decision.

The percentage errors between Ω0 computed from (49)
and the actual values ΩMC

0 obtained from the c.d.f. plot
resulting from the Monte Carlo simulations with respect to ρ
is shown in Fig. 2 for four parameters, namely, FIT , d, and
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TABLE IV
Comparison of NPV of Profit for various CLs

Parameter Perturbed by 1% ρ
ΩMC

0 Ω0

Million$ Million$

FIT

99% 684.1 674.01
95% 690.6 680.14
90% 694.4 687.81
85% 696.9 695.47

d

99% 686.3 676.64
95% 691.8 682.28
90% 695.3 689.32
85% 697.3 696.37

CFPV
Bruce

99% 689.4 681.97
95% 694.5 686.6
90% 697.4 692.39
85% 699.3 698.18

βT

99% 692.1 685.52
95% 695.5 689.48
90% 698.3 694.43
85% 700.1 699.39
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Fig. 2. Percentage error versus confidence level when parameters are
perturbed by 1% standard deviation (F: FIT; D: Discount Rate; C: CFPV

(Bruce); T: Total Budget).

CFPV
Bruce, individually perturbed by 1% from their base values(

σ%
p = 1%

)
. Note that the error values are very low in each

case and lie in the range of -0.9% to -1.75% for 95% or
more CL values, and improves as the CL reduces, i.e., as the
risk averseness of an investor decreases. Figure 3 plots the
error for various CLs for the same set of parameters,
simultaneously perturbed in various combinations, by 1%
from their base values. Observe that the error is still quite
low and lies in the range of -2% to -3% for 95% or more CL
values, and improves as the CL reduces. This demonstrates
that the sensitivity indices, computed using the DT based
method, very precisely calculates the risk parameters of the
investor, for the given solar PV investment model, and
provides significant computational advantages over the
Monte Carlo simulation approach. Furthermore, (48) and
(49) can also be used to compute the VaR for various CLs
even when the output is not normally distributed. The latter
is demonstrated based on computing the percentage errors
when CFPV

Bruce is perturbed with 1%, 2% and 3% standard
deviations, resulting in ouput p.d.f.s that are not normally
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Fig. 3. Percentage error versus confidence level when all parameters are
perturbed simultaneously by 1% standard deviation (F: FIT; D: Discount Rate;
C: CFPV (Bruce); T: Total Budget).
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Fig. 4. Probability distributions of output Ω, with CFPV perturbed by various
standard deviation.
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Fig. 5. Percentage error versus CL when CFPV perturbed by various standard
deviations.

distributed, as shown in Fig. 4. Observe that as that the
histograms in this figure move away from normal distribution
as the standard deviation increases, the percentage errors in
Fig. 5 remain within 0 to -8% for these input perturbations.
Furthermore, note also that the percentage errors are always
negative, implying that a more conservative estimate of VaR
is obtained while using (49). Thus, it can be argued, that
(48) and (49), resulting from the linear approximation in Fig.
1, are also able to compute the VaR and CL for output
portfolios not having normal distributions.

C. Range of Validity of DT Approach

In order to understand the range of perturbations for
which the sensitivity indices computed using the DT based
method are valid, parameters are individually perturbed in
the range of +9% to -9% of their p0 and Ω is computed for
each perturbed value. Sensitivities are then computed using
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Fig. 6. Percentage error versus range of parameter perturbation (F: FIT;
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Fig. 8. Percentage error versus range of parameter perturbation (UC: Unit
cost; C: CFPV Bruce).

the FD approach for the parameter. Figures 6, 7 and 8 show
the percentage errors between the computed DT and FD
sensitivities. Observe that, for the parameters perturbed in
Fig. 6, the error is close to zero; thus, one can conclude that
the relation between these parameters and the NPV is linear
in nature. In Fig. 7, the error lies between -7% and 10%,
thus demonstrating the nonlinearity of the solar PV
investment model with respect to these parameters. In Fig. 8,
note that for the capacity factor of PV at Bruce, the error is

quite low for positive perturbations, but for negative
perturbations below -3%, the error increases; this is due to
the fact that when the capacity factor of PV at Bruce is
reduced below the PV capacity factor value at another zone,
all the new PV installations shift to that other zone; in this
case, the NPV is not affected by changes to the value of
CFPVat Bruce.

VII. Conclusion

This paper presented the application of the duality theory
based method of computing sensitivity indices for a solar PV
planning model from the perspective of an investor. The
sensitivity indices were directly computed from the solar PV
optimization model and only involved the computation of a
set of Jacobian matrices and some matrix operations. In the
context of this model, the sensitivity indices represent the
change in the net present value (NPV) of investors profit
when model parameters such as the Feed-in-Tariff, discount
rate, total budget, etc., are varied from their respective base
values. The presented results demonstrate that the sensitivity
indices obtained using the DT based method are very close
to those obtained using the Monte Carlo approach and the
finite difference approach, which can be considered the true
values.

Contrary to the Monte Carlo simulation based approach
for determining the sensitivity of parameters, which involves
a large number of simulations of the solar PV model in the
order of thousands, this approach computes the indices
directly in one simulation; thus, the computational burden is
significantly reduced. Moreover, while the Monte Carlo
simulation approach does not provide any information on the
direction of change of the NPV of profit when a parameter is
perturbed, the DT based method yields also the desired signs
of the sensitivity values, which is valuable information for
the investor.

A novel interpretation of the sensitivity indices is
proposed thereafter, to evaluate the investors risk parameters
pertaining to the solar PV projects selected by the model.
Using an approximation of the cumulative distribution
function of investors profit, a linear relation is developed
between the sensitivity indices and investors profit for a
certain confidence level. The proposed application of the
sensitivity indices to determine the risk parameters provides
valuable information on investment risks for an investor.
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