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Abstract—This paper presents a mathematical formulation of
an energy management system (EMS) for isolated microgrids,
which addresses uncertainty using the affine arithmetic (AA)
method. The proposed EMS algorithm is based on an AA unit
commitment (AAUC) problem for day-ahead dispatch, using
uncertainty intervals of both load and renewable energy (RE) to
provide robust commitment and dispatch solutions in AA form,
which are feasible for all the possible realizations within the
predetermined uncertainty bounds. A real-time dispatch solution
is then found by the proposed algorithm, which computes the
noise symbols values of the affine forms obtained by the AAUC,
based on the current and actual load and RE power levels and
available reserves. If the actual forecast error is outside the
uncertainly bounds considered in the AAUC solution process,
leading to possible load and/or RE curtailment, the AAUC is
recalculated with updated forecast information. The proposed
AA-based EMS is tested on a modified CIGRE microgrid
benchmark and is compared against day-ahead deterministic,
model predictive control (MPC), stochastic optimization, and
stochastic-MPC approaches. The simulation results show that
the proposed EMS provides robust and adequate cost-effective
solutions, without the need of frequent re-calculations as with
MPC-based approaches, or assumptions regarding statistical
characteristics of the uncertainties as in the case of stochastic
optimization.

Index Terms—Affine arithmetic, economic dispatch, energy
management system, microgrid, uncertainties, unit commitment.

NOMENCLATURE

Indices
0 Center value
h Noise symbols
i Thermal units
j, k Bus
l Equality constraint
m Inequality constraint
n ESS unit
r Load uncertainties
s Scenarios
t UC interval
t′ Dispatch interval
u Wind uncertainties
v Solar uncertainties
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Sets
B Buses
I Thermal units
Ib Subset of thermal units at bus j
L Equality constraints
M Inequality constraints
N ESS units
Nb Subset of ESS units at bus j
S Scenarios
T Time set for UC
T ′ Time set for dispatch

Parameters
CLC Load curtailment price
Csup,Csdn Start-up/shut-down cost
∆t Absolute time between time periods
Df Demand forecast
F (·) Piecewise thermal unit cost
DP Active power demand
Dr Demand realization (most recent avail-

able information)
ηch,ηdch Charging/discharging efficiency of ESS

units
g
on/off
i Initial status of unit i
gup,gdn Minimum up-time/down-time
Kd Reactive power demand factor of con-

stant power factor load
Lup,min
i ,Ldn,min

i Number of periods that unit i is required
to stay ON/OFF at the beginning of the
optimization horizon

π Probability of scenarios
p Number of noise symbols
P ch,max,P dch,max Maximum charging/discharging power

limit of ESS units
P ch,min,P dch,min Minimum charging/discharging power

limit of ESS units
Pmin,Pmax Minimum/maximum generation capacity
PRC RE curtailment
PV Photovoltaic unit output
RL,RW ,RPV Power reserve requirements for load,

wind power, and photovoltaic power vari-
ations

Rup,Rdn Ramp-up/ramp-down rate limits
SOCmin,SOCmax Minimum/maximum SOC of ESS units
θ Y-bus matrix element angle
W Wind turbine output
w Objective function weight ∈ [0, 1]
Y Y-bus matrix element
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Variables
δ Voltage angle
P ,Q Active/reactive power generated by ther-

mal units
P dch,P ch Discharging/charging power of ESS units
PLC Load active power curtailment
Qess ESS reactive power output
SOC State of charge of ESS units
SU ,SD Start-up/shut-down decisions
ε Noise symbols
V Voltage magnitude
x Scheduled state of thermal units
y,z Binary variables to model the status of

ESS units
·̂ Affine representation of an uncertain

variable

I. INTRODUCTION

Microgrids have gathered significant attention over the last
decade, due to their potential to integrate renewable energies
(RE) into power systems in a reliable and efficient way, and
their ability to provide sustainable energy supply solutions for
remote areas without a main grid connection. Microgrids used
for the latter application are known as isolated microgrids,
since they are permanently operating in stand-alone mode.
Isolated microgrids have specific technical features such as
low inertia and a critical demand-supply balance constraint,
which complicate their operation, especially in cases with high
RE penetration [1].

In order to guarantee a reliable and economic operation
of isolated microgrids, it is important to design adequate
strategies and methods for their different control levels (e.g.,
primary and secondary controls) [1]. In these microgrids,
secondary controls or energy management systems (EMS)
have the main function of optimizing their operation through
the solution of optimization problems such as unit commitment
(UC) and/or economic dispatch (ED), for which different
approaches have been reported in the literature. Some of
the first works on microgrids EMS are based on determin-
istic formulations, where demand and RE are considered
as deterministic variables, assuming a perfect forecast, with
forecast errors being addressed through reserve constraints.
For instance, in [2] the EMS problem of an isolated microgrid
is formulated as a mixed-integer linear programming (MILP)
problem, where generation costs and battery charge/discharge
times are optimized based on RE and demand forecasts. An
EMS algorithm is proposed in [3] to reduce the total cost
of energy of an experimental isolated microgrid with energy
storage systems (ESS) and demand response (DR). Such
deterministic approaches do not directly take into account
uncertainties, and thus their solutions may be either too
conservative or unfeasible for some scenarios depending on
the forecast accuracy, affecting the operation of microgrids.

Model predictive control (MPC) and coordinated control
frameworks have been proposed in the literature to reduced the
effect of forecast errors on microgrid operation. Thus, in [4],

an EMS based in a double-layer coordinated control approach
for a microgrid in grid-connected and stand-alone modes is
presented; forecasting errors are taken into account by reserv-
ing adequate active power in the UC layer, and allocating that
reserve in the dispatch layer. In [5], the energy management
problem of a connected microgrid is formulated as an MILP
problem, while a MPC framework is used to cope with forecast
errors and disturbances. The authors in [6] proposed an EMS
for isolated microgrids based on an MPC framework, with the
energy management problem being decomposed in two stages
in order to reduce the computational burden; the first stage
corresponds to the UC formulated as an MILP problem, and
the second corresponds to a three-phase optimal power flow
(OPF) formulated as a nonlinear programming (NLP) problem.
In [7], an integrated energy management system for isolated
microgrids is proposed, where a coupled UC+OPF problem is
solved, while an MPC technique is adopted to deal with uncer-
tainties. Although the forecast errors are indirectly considered
in the aforementioned papers, the uncertainty is not explicitly
considered in the problem formulation, which requires defining
an arbitrary reserve constraint that is typically overestimated
to reduce the need for load shedding and/or RE curtailment.

Stochastic formulations of EMS for microgrids are also
available in the literature. For instance, in [8] and [9], un-
certainties are modeled by a scenario-based stochastic pro-
gramming approach, where scenarios are generated by a
roulette wheel mechanism. The resulting problem in [8] is
solved by a multi-objective teaching-learning-based optimiza-
tion technique, while in [9] it is solved with an optimization
strategy based on an Adaptive Modified Firefly algorithm;
both works look at the minimization of cost and emissions
for a grid-connected microgrid. A two-stage stochastic energy
management model for a connected microgrid is proposed in
[10], with Monte Carlo simulations being used to generate
wind and solar scenarios. In [11], a stochastic-predictive EMS
for isolated microgrids is proposed, with the uncertainty being
considered using a two-stage decision process combined with
a receding horizon approach, where the first stage is the UC
formulated as a stochastic MILP problem, and the second
stage is an OPF problem formulated as an NLP problem with
receding horizons. The main drawbacks of these approaches
are the need to accurately identify probability distribution
functions (pdfs), and the fact that feasibility is not guaranteed
for all the uncertainties, especially when scenario reduction
techniques are employed to reduce the computational burden.

Non-probabilistic methods such as fuzzy logic are also
available in the literature [12], but it is difficult to specify an
appropriate membership function in uncertain environments
such as those of isolated microgrids [13]. Recently, Self-
Validated Computing techniques (e.g., Interval optimization
(IO), Affine Arithmetic (AA)), have been proposed for ad-
dressing uncertainty in power systems [14], [15]. These tech-
niques have shown interesting features such as their capability
of modeling the uncertainty in optimization problems without
requiring information about the type of uncertainty in the
parameters [16]; thus, pdfs are not required to obtain accurate
and robust solutions. In [17], an AA-based approach to solve
the OPF problem for microgrids is presented, and an EMS for
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connected microgrids based on AA to model uncertainties is
proposed on [18]. In none of the aforementioned works UC
constraints and energy storage systems (ESS) are considered,
due to the challenges of integrating integer variables and
intertemporal constraints in the AA formulation, which are
addressed in the current paper.

In this paper, a mathematical formulation of an AA-based
EMS for isolated microgrids is presented, where both real-
time economic dispatch and UC problems are solved. This
formulation is partially based on [19], where an AA-based
UC (AAUC) method is introduced for the first time for
transmission grids; furthermore, in the present work, ESS
constraints are properly included in the model, and an iterative
dispatch algorithm is proposed to reduce errors associated
with the estimation of the uncertainty intervals. Hence, the
main objectives and contributions of the current paper can be
summarized as follows:

• A novel microgrid EMS formulation approach based on
AA, considering ESS and intertemporal constraints, is
proposed. The AA-based EMS solves an AAUC problem
and then finds real-time economic dispatch solutions by
applying a novel dispatch procedure.

• The presented approach is compared using a bench-
mark microgrid to deterministic, MPC, stochastic, and
stochastic-MPC techniques, demonstrating that the AA-
based EMS approach provides robust and cost-effective
solutions, with adequate reserves for secure microgrid
operation.

The rest of this paper is organized as follows: Section
II briefly reviews relevant background material, introducing
deterministic, stochastic, and MPC formulations, and various
relevant AA concepts. Section III discusses the proposed AA-
based EMS, and in Section IV, a modified CIGRE microgrid
benchmark is used to assess and compare the performance of
the proposed method. Finally, Section V summarizes the main
conclusions and contributions of this paper.

II. BACKGROUND REVIEW

A. Deterministic EMS model

The main function of a practical EMS is to guarantee the
optimal operation of the microgrid through the solution of a
UC problem [20]. This problem is formulated as an MILP
problem, whose objective function is given as:

min
Pi,t,xi,t,SUi,t,SDi,t

∑
t∈T

∑
i∈I

[Fi(Pi,t)xi,t + PLC
t CLC ]∆t

+ Csdn
i SDi,t + Csup

i SUi,t (1)

where all variables and parameters in this and other equations
are defined in the Nomenclature section. The function Fi(.)
accounts for the cost of each thermal unit using a piecewise
linear upper approximation of the convex cost curve. The
constraints of this optimization problem are described next.

1) Generalized UC Constraints:∑
i∈I

Pi,t +Wt + PVt − PRC
t +

∑
n∈N

(P dch
n,t − P ch

n,t)

= DP
t − PLC

t ∀t ∈ T (2)

Pmin
i xi,t ≤ Pi,t ≤ Pmax

i xi,t ∀ t ∈ T , i ∈ I (3)

Pi,t+1 − Pi,t ≤ Rup
i ∆t+ SUi,t+1P

min
i ∀ t, t+ 1 ∈ T , i ∈ I

(4)
Pi,t−Pi,t+1 ≤ Rdn

i ∆t+SDi,t+1P
min
i ∀ t, t+1 ∈ T , i ∈ I

(5)
SUi,t − SDi,t = xi,t − xi,t−1 ∀ t ∈ T , i ∈ I (6)

SUi,t + SDi,t ≤ 1 ∀ t ∈ T , i ∈ I (7)

xi,t = g
on/off
i,t ∀ t ≤ (Lup,min

i + Ldn,min
i ), i ∈ I (8)

t∑
tt=t−gup

i
+1

SUi,tt ≤ xi,tt ∀t ≥ Lup,min
i (9)

t∑
tt=t−gdn

i
+1

SDi,tt ≤ 1− xi,tt ∀ t ≥ Ldn,min
i (10)

Here, constraints (2) are the power balance equations.
Constraints (3) corresponds to minimum and maximum gen-
eration capacity limits of controllable units. Constraints (4)
and (5) impose the ramp-up and ramp-down rates limits of
the dispatchable generators, respectively. Constraints (6) and
(7) associate the unit commitment decisions with the status
variable, as well as ensuring that each unit is not turned-on
and -off simultaneously. Finally, constraints (8)-(10) enforce
the minimum up-time and the minimum down-time.

2) ESS Constraints:

SOCn,t+1 − SOCn,t =

(
P ch
n,tη

ch
n −

P dch
n,t

ηdchn

)
∆t

∀t, t+ 1 ∈ T , n ∈ N (11)

SOCmin
n ≤ SOCn,t ≤ SOCmax

n ∀t ∈ T , n ∈ N (12)

P ch,min
n yn,t ≤ P ch

n,t ≤ P ch,max
n yn,t ∀t ∈ T , n ∈ N (13)

P dch,min
n zn,t ≤ P dch

n,t ≤ P dch,max
n zn,t ∀t ∈ T , n ∈ N

(14)
yn,t + zn,t ≤ 1 ∀t ∈ T , n ∈ N (15)

Constraints (11) are the energy balance constraints of the ESS.
Constraints (12) enforce the SOC minimum and maximum
limits of ESS units. Constraints (13) and (14) enforce the min-
imum and maximum charging/discharging power limit of ESS
units, respectively. Finally, constraints (15) avoid simultaneous
charging and discharging of ESS.

3) Reserve Constraint: As previously mentioned, a reserve
constraint has to be include in a deterministic formulation
of the energy management problem, in order to reduce the
risk of stability problems or expensive load curtailments. This
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constraint can be defined as follows:∑
i∈I

(xi,tP
max
i − Pi,t) +

∑
n∈N

(P dch,max
n − P dch

n,t + P ch
n,t)

≥ RL(DP
t − PLC

t ) +RWWt +RPV PVt ∀t ∈ T (16)

The second term on the left is included here in order to
allow ESS to provide both primary reserve and peak-shaving
services [21].

B. Model Predictive Control

In an MPC approach the main idea is to solve the EMS
problem given by (1)-(16) over a finite-horizon T , based on
the available day-ahead forecast of demand and RE, and the
current state of the system. The process defines the state of
the variables at time t = t+ ∆t only, discarding the solutions
obtained for the rest of the horizon time t + 2∆t, ..., T , and
the whole process is repeated every ∆t.

C. Stochastic Optimization Formulation

In a stochastic programming approach, a set of scenarios is
used to model the uncertainty of the random variables (e.g., RE
generation, load). In this case, the following objective function
is used, while enforcing constraints (1)-(16) for each scenario:

min
Pi,t,xi,t,SUi,t,SDi,t

∑
s∈S

πs
∑
t∈T

∑
i∈I

[
Fi(Pi,t,s)xi,t

+ PLC
t,s C

LC
]
∆t+

∑
t∈T

∑
i∈I

Csdn
i SDi,t + Csup

i SUi,t (17)

This formulation can be modified in order to include risk
measures such as conditional value at risk, expected load not
served, or worst-case regret, allowing to modify the solutions
conservativeness. Since this topic is not the focus of the current
paper, the readers are referred to [22], where risk measures are
reviewed.

D. Optimal Power Flow

In some cases, such as heavily-loaded microgrids, both
active and reactive power flows have to be considered in the
energy management problem to guarantee a feasible dispatch
and thus adequate operation of the microgrid. In this case,
power flow constraints have to be included in the EMS,
resulting in a Mixed-Integer Non-linear Programming problem
(MINLP), which is usually decomposed into a UC problem,
described previously, and an microgrid OPF problem, since
the full problem is generally hard to solve. The microgrid
OPF problem consists in minimizing (1), while satisfying the
constrains (3)-(16), plus reactive power, voltages magnitude,
and feeder current limits, and the following active and reactive
power balance constraints for each bus:∑

i∈Ib

Pi,t′ +Wj,t′ + PVj,t′ − PRC
j,t′ +

∑
n∈Nb

(P dch
n,t′ − P ch

n,t′)

− (DP
j,t′ − PLC

j,t′ ) = Vj,t′
∑
k

Vk,t′Yj,k cos(δj,t − δk,t − θj,k)

∀t′ ∈ T ′, j, k ∈ B (18)

∑
i∈Ib

Qi,t′ +
∑
n∈Nb

Qess
n,t′ −Kdj,t′(DP

j,t′ − PLC
j,t′ )

= Vj,t′
∑
k

Vk,t′Yj,k sin(δj,t − δk,t − θj,k)

∀t′ ∈ T ′, j, k ∈ B (19)

This problem is typically solved for each instant of time t′ in a
UC interval t, using the discrete variables values obtained from
the UC solution as input parameters. Note that unbalancing
conditions have not been explicitly considered here; however,
this problem can be readily addressed in the presented for-
mulation by replacing the aforementioned balanced equations
with their equivalent three-phase representations, as discussed
in [6].

E. Elements of AA

AA is a range analysis technique introduced in [23], which
handles both external (e.g., imprecise or missing input data,
uncertainty in the mathematical modeling) and internal (e.g.,
round off and truncation errors) uncertainty sources. AA is
similar to standard Interval Mathematics (IM) [24], but this
paradigm provides narrower bounds in the computing process
by keeping track of correlations between the input and the
computed quantities [25]. In AA, each uncertain variable χ
has an affine representation χ̂, as follows:

χ̂ = χ0 + χ1ε1 + χ2ε2 + ...+ χpεp = χ0 +

p∑
h=1

χhεh (20)

where χ0 is the center value (more likely value) of the
variable χ; εh are p symbolic real variables assumed to be
unknown but bounded in the interval [-1,1], which represent an
independent component of the total uncertainty of the variable
χ; and χh are the coefficients defining the magnitude of
the corresponding uncertainty components. One noise symbol
can contribute to the uncertainty of multiple quantities (e.g.,
inputs, outputs); this sharing of noise symbols represents some
partial dependency between two uncertain variables in affine
form χ̂ and ψ̂, determined by the coefficients χh and ψh

[25]. As proposed in [15], noise symbols are used here to
represent the uncertainties associated with load and RE source
forecast errors, which affect all variables of the dispatch in a
measure defined by the corresponding affine form coefficients,
as explained in detail in the next section.

In order to perform mathematical operations in the AA
domain, it is necessary to replace the elementary real-number
operators by equivalent mappings between affine forms, as
explained in [16]. For linear functions, the corresponding
affine extension is obtained by expanding and rearranging only
the noise symbols characterising the affine forms χ̂ and ψ̂.
However, if the mapping is non-linear, the corresponding affine
extension cannot be described by an affine combination of the
“primitive” noise symbols εh; in this case, it is necessary to
identify an affine function, which approximates the function
reasonably well over its domain. The reader is referred to [25]
and [26] for further information of the definition of affine and
non-affine operations.



IEEE TRANSACTION ON SMART GRID, ACCEPTED JANUARY 2018 5

Restart if
AAUCflag = 1 AAUC

Current
system state

Forecast
with t

resolution

Affine forms
and commitment

solution.
AAUCflag = 0

Dispatch
procedureAAUCflag

Fig. 1. Proposed EMS structure.

A new theoretical framework to solve uncertain optimization
problems based on AA is introduced in [27]. More specifi-
cally, this framework aims to solve the following non-linear
constrained optimization problem under data uncertainties
represented as affine forms:

min
ẑ

f̂(ẑ)

s.t. ĝl(ẑ) = 0 ∀l ∈ L
ĥm(ẑ) < 0 ∀m ∈M

(21)

where ẑ = (ẑ1, ..., ẑNz
) represents the unknown affine form of

the optimization variables, which include both dependent and
control variables; f̂ is the affine, continuous, and differentiable
function describing the problem objectives; and ĝj and ĥk are
continuous and differentiable affine functions representing the
equality and inequality constraints, respectively. This theoreti-
cal framework proposes an extension into the affine domain of
the minimization operator and the main comparison operators
(<,>,≤,≥, and =), as well as a two stage decomposition
algorithm to solve the problem given by (21). The details of
these operators and the two stage decomposition algorithm can
be found in [19] and [28].

III. PROPOSED AFFINE ARITHMETIC-BASED EMS

The proposed EMS is based on the algorithm illustrated
in Fig. 1, where an AA-based UC (AAUC) is solved first,
providing commitment and dispatch solutions in AA form.
Then, a final dispatch solution is found by a dispatch procedure
that computes the noise symbols values of the obtained affine
forms, based on the most recent available information of
demand, RE, and power reserves. If the actual forecast error
is outside the uncertainly bounds considered in the AAUC
solution process, resulting in load and/or RE curtailment, a
re-calculation signal AAUCflag is then sent to the AAUC
problem, and the whole process is repeated with the new
forecast information. The AAUC formulation and the dispatch
procedure are explained in detail next.

A. AA-based UC

Active power demand and RE generation uncertainties can
be represented by affine forms as follows:

D̂P
t = DP

0,t +

pd∑
r=1

DP
r,tεr,t ∀t ∈ T (22)

Ŵt = W0,t +

pw∑
u=1

Wu,tεu,t ∀t ∈ T (23)

P̂ V t = PV0,t +

ps∑
v=1

PVv,tεv,t ∀t ∈ T (24)

Note that the affine forms D̂P
t, Ŵt, and P̂ V t do not

share any noise symbol, since the uncertainty sources for the
load and the RE generation are assumed to be independent.
The number of noise symbols and the values of the partial
deviations of the affine forms in (22)-(24) can be obtained
by a characterization of the statistical properties of random
variables associated with the uncertainties [27].

Based on (22)-(24), the continuous variables of the UC
problem, i.e., generator active power, SOC of ESS, and
charging/discharging power of ESS, can be represented by the
following affine forms:

P̂i,t = P0,i,t +

pd∑
r=1

Pr,i,tεr,t +

pw∑
u=1

Pu,i,tεu,t

+

ps∑
v=1

Pv,i,tεv,t ∀t ∈ T , i ∈ I (25)

ˆSOCn,t = SOC0,n,t+

pd∑
r=1

SOCr,n,tεr,t+

pw∑
u=1

SOCu,n,tεu,t

+

ps∑
v=1

SOCv,n,tεv,t ∀t ∈ T , n ∈ N (26)

P̂
ch/dch
n,t = P

ch/dch
0,n,t +

pd∑
r=1

P
ch/dch
r,n,t εr,t +

pw∑
u=1

P
ch/dch
u,n,t εu,t

+

ps∑
v=1

P
ch/dch
v,n,t εv,t ∀t ∈ T , n ∈ N (27)

where the first term of each affine form is the central value of
the corresponding variable, the second term is the deviation
of the variable because of the load forecasting errors, and
the third and forth terms are the deviation of the variable
associated with the RE generation forecasting errors. The main
idea of the AAUC approach is to find the commitment status of
dispatchable resources and the parameters of the affine forms
(25)-(27), which simultaneously minimize the base-case sce-
nario cost and the corrective dispatch cost, while satisfying all
the generators and system constraints. The resulting problem
is more complicated than the problem given by (21), due to the
integer variables (e.g., xi,t, SUi,t and SDi,t) and intertemporal
constraints (e.g., ESS energy balance, ramp constraints) on
the AA-based UC formulation. These integer variables and
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intertemporal constraints were not considered in the two-stage
decomposition algorithm proposed in [27] to solve an AA
OPF problem; this approach cannot be used to solve the
AAUC problem, as the solution of the first stage does not
guarantee the feasibility of the second stage due to the integer
variables. Therefore, the AA-based UC is here formulated
as an MILP multi-objective optimization problem, with the
following objective function:

min
P̂i,t,xi,t,SUi,t,SDi,t

∑
t∈T

∑
i∈I

w

[(
F0,i(P̂i,t)xi,t+P

LC
0,t C

LC
)
∆t

+ Csdn
i SDi,t + Csup

i SUi,t

]
+ (1− w)

[ p∑
h=1

∣∣Fh,i(P̂i,t)
∣∣xi,t

+
∣∣PLC

h,t

∣∣CLC

]
∆t (28)

where p = pd + pw + ps; the first objective term represents
the operating cost of the base-case or affine central value of
the function cost, which is the sum of the cost of the dispatch
F0,i, the commitment cost, and the load curtailment price, for
the central value; and the second objective term corresponds
to the affine radius of the function cost, which comprise
the re-dispatch Fh,i and the variations on load curtailment
PLC
h,t costs. The value of w can be chosen according to the

decision maker’s degree of conservativeness with respect to
the uncertainties; thus, a value of w close to 1 leads to cost-
effective solutions that are sensitive to uncertainties, while a
value of w close to 0 leads to solutions that are more expensive
but less sensitive to uncertainties.

The problem constraints are (6)-(10) and (15), as well as
constraints (2)-(5) and (11)-(14), but formulated in affine form.
Based on the operators of the theoretical framework proposed
on [27], constraint (2), which is a non intertemporal equality
constraint, has the following formulation in AA form:∑

i

Ph,i,t +Wh,t + PVh,t − PRC
h,t +

∑
n

(P dch
h,n,t − P ch

h,n,t)

= DP
h,t − PLC

h,t ∀h ∈ (0, ..., p), t ∈ T , i ∈ I, n ∈ N (29)

Also, the inequality constraints (3) can be formulated in AA
form as follows:

Pmin
i xi,t ≤ P0,i,t −

p∑
h=1

∣∣Ph,i,t

∣∣ ∀t ∈ T , i ∈ I (30)

P0,i,t +

p∑
h=1

∣∣Ph,i,t

∣∣ ≤ Pmax
i xi,t ∀t ∈ T , i ∈ I (31)

and similarly for (12)-(14).
For intertemporal constraints such as (4), (5), and (11), the

theoretical framework cannot be directly applied, since these
operators assume that the involved affine forms have the same
noise symbols, which is not the case for these constraints,
since εt+1 is not necessary equal to εt. For these intertemporal
inequalities, based on basic theory of interval analysis, if the
upper limit of the affine form χ̂t = χ0,t +

∑p
h=1 χh,tεh,t,

given by χ0,t +
∑p

h=1

∣∣χh,t

∣∣, is less than the lower limit of
the affine form ψ̂t+1 = ψ0,t+1+

∑p
h=1 ψh,t+1εh,t+1, given by

ψ0,t+1 −
∑p

h=1

∣∣ψh,t+1

∣∣, then χ̂t is less than ˆψt+1 in affine

form, regardless of the value of their noise symbols. Thus,
constraints (4), after representing Pi,t in affine form using (25)
and reorganizing, can be expressed as:

P0,i,t+1 +

p∑
h=1

Ph,i,t+1εh,t+1 ≤ P0,i,t +Rup
i ∆t+

SUi,t+1P
min
i +

p∑
h=1

Ph,i,tεh,t ∀t, t+ 1 ∈ T , i ∈ I (32)

which can be reformulated as follows:

P0,i,t+1 +

p∑
h=1

∣∣Ph,i,t+1

∣∣ ≤ P0,i,t +Rup
i ∆t+

SUi,t+1P
min
i −

p∑
h=1

∣∣Ph,i,t

∣∣ ∀t, t+ 1 ∈ T , i ∈ I (33)

and similarly for (5).
For intertemporal equality constraints, one can only say that

χ̂ is equal to ψ̂ in affine form, if and only if εt = εt+1;
thus, these kinds of constraints have to be treated differently.
Therefore, constraints (11) are approximated here in the AA
domain by equalizing the central values and the radius of the
affine forms as follows:

SOC0,n,t+1 = SOC0,n,t +

(
P ch
0,n,tη

ch
n −

P dch
0,n,t

ηdchn

)
∆t

∀t, t+ 1 ∈ T , n ∈ N (34)

p∑
h=1

∣∣SOCh,n,t+1

∣∣ =

p∑
h=1

∣∣SOCh,n,t

∣∣+

( p∑
h=1

∣∣P ch
h,n,t

∣∣ηchn
−
∑p

h=1

∣∣P dch
h,n,t

∣∣
ηdchn

)
∆t ∀t, t+ 1 ∈ T , n ∈ N (35)

which will not guarantee equality between the affine forms for
all possible values of the noise symbols, but will assure that
the operating limits (e.g minimum and maximum SOC) will
be respected during all the optimization horizon, even for the
extreme scenarios associated with the noise symbol values −1
and 1.

The resulting mathematical model has absolute values in
the objective function and constraints, which can be linearized
with additional variables and linear constraints [29], so that the
optimization problem becomes an MILP problem that can be
readily solved by using commercial solvers (e.g., CPLEX).

B. Dispatch Procedure
Except for the commitment decisions, all the outputs of

the first step (e.g., SOC, active powers) are represented by
affine forms. These affine forms can be transformed either
into intervals or into particular solutions for given realizations
of the random variables. Thus, a specific value in the interval
[−1, 1] can be assigned to the affine forms noise symbols,
based on the actual uncertain variable values at a given time
t′, as follows, for power demands:

εh,t′ =
Dr

t′ −D
f
t

DP
h,t

(36)



IEEE TRANSACTION ON SMART GRID, ACCEPTED JANUARY 2018 7

The same can be done for wind and solar power realizations.
Note that t′ and t are in principle different, since t′ represent
the dispatch interval (e.g., every 5 min, 15 min), while t
represents the AAUC solution interval (e.g., every 30min, 1
h).

Once the values of the noise symbols are computed, a
feasible economic dispatch solution for active powers can be
found by replacing these values on the affine forms resulting
from the solution of the AAUC problem. However, if the actual
value of a noise symbol is out of the interval [−1, 1] due to an
underestimation of the forecast error, or the dispatch solution
violates operating limits, as determined from power flow com-
putations, load or RE power curtailment might be necessary.
Therefore, the algorithm in Fig. 2 is proposed here to deal with
these cases. Thus, for each time t′, the algorithm checks if the
forecast error is between the considered uncertainty bounds
of the AAUC problem and checks for power-flow feasibility.
If these conditions are met, the algorithm adjusts the dispatch
solution using the “AA reserve”, which is the power inside
the operating interval provided by the AAUC solution for each
dispatchable resource, as depicted with an illustrative example
in Fig. 3, guaranteeing that the AAUC solution remains within
the given AA intervals. If the AA reserve is not enough
and/or power flow limits are violated, the actual reserve is
accommodated, and if necessary, load or RE curtailment is
made, guaranteeing that power-flow feasibility is maintained.
In this case, the AAUC problem has to be solved once more,
as illustrated in Fig. 1, since the AAUC solution is not “AA
optimal” anymore for the rest of the optimization horizon.

The UC solution obtained by solving the AAUC problem
can be used to produce dispatch set points using OPFs,
as with the other EMS approaches presented here, using
the balanced formulation discussed in Section II-D or an
unbalanced one as in [6]. The dispatch procedure proposed
here, based on balanced (or unbalanced if necessary) power
flows, takes advantage of the features of the AAUC solution to
reduce computational costs and facilitate the implementation
of the proposed EMS, which are relevant issues in practical
microgrid EMS as discussed in [6].

IV. NUMERICAL RESULTS

To validate and compare the proposed AA-based EMS ap-
proach, the modified CIGRE distribution network benchmark
shown in Fig. 4 is used; the parameters of the distributed en-
ergy resources, as well as the load and RE profiles are the same
as in [30]. A load curtailment price of $5/kWh is assumed
here [11]. A simplified RE and load prediction model is used
here, which assume a linear behavior of forecasting errors,
as shown in Fig. 5, representing 2 standard deviations of a
normal distribution used to obtain load, wind, and solar power
forecasts. The forecasting performance indices considered here
are from a remote microgrid in Huatacondo, Chile [31]. The
presented formulations were all implemented in GAMS 23.3.3
[32], solving the UC and OPF problems with the CPLEX
12.1.0 and MINUS solvers [33], respectively. Simulations
were performed on an Intel R© Xeon R© CPU L7555 1.87GHz
4-processor server.

Start every t′

Compute
noise symbols
εh,t′ ,∀h ∈
(0, ..., p)

Most recent available
information of
DP ,W , and
PV at time t′

εh,t′ ∈
[−1, 1]

Compute dispatch
based on (25)-
(27) for current
noise symbols.

AAUCflag = 0.

If εh,t′ > 1 ⇒
εh,t′ = 1.
If εh,t′ < −1 ⇒
εh,t′ = −1.

Compute
dispatch based
on (25)-(27)
for current

noise symbols

Compute: Perror =
Ptotal − DP

actual

If Perror < 0 check
for UP AA reserve.
If Perror > 0 check
for DN AA reserve

Enough
AA

reserve?

Accommodate
AA reserve.

AAUCflag = 0.

Power
flow

feasible?

Power
flow

feasible?

Dispatch
solution &
AAUCflag

Accommodate
Actual reserve.
AAUCflag = 1

Power
flow
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Load or RE
curtailment

with power-flow
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AAUCflag = 1

yes

no

yes

no

yes

yes

yes

no

no

no

Fig. 2. Dispatch procedure in Fig. 1.

A. Study Cases

The study cases explained next allows assessing the perfor-
mance of the proposed AAUC.

1) Deterministic (Det): For this case, a day-ahead UC
problem with the formulation described in Section II-A and
using forecasts with 1 h steps and a “middle” forecast error,
as per Fig. 5, is computed first. Then, an OPF is computed
each 5 min using the formulation described in Section II-D,
with the SOC levels at the beginning and end of each hour
and the binary variables obtained from the deterministic day-
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Fig. 5. Wind forecasting errors; and similarly for solar and demand powers

ahead UC solution. For the reserve constraint (16), RL, RW ,
and RPV are assumed to be equal to 10%, 50%, and 25%
of the output powers, respectively, which are typical reserve
values used in isolated microgrids. The especial case of the
deterministic formulation with a perfect 5 min forecast, i.e.,
the actual realization, over the 24 h horizon (Det-perf), is used
as the “ideal” solution for comparison purposes.

2) MPC: The approach described in Section II-B is used
here, with a re-calculation time of 5 min, and using a day-
ahead forecast with 5 min steps with a “middle” forecast error.
An OPF is computed at each 5 min step to guarantee a feasible
dispatch solution.

3) Stochastic (Stoch): The formulation described in Section
II-C is used in this case to obtain a UC solution, considering
100 day-ahead 1 h step scenarios of both RE and load, which
are obtained from a scenario reduction process executed in the
SCENRED2 tool of GAMS [34], using the backward reduction
method, where a first set of 1000 scenarios, generated based on
the aforementioned prediction model with a “middle” forecast
error, is reduced to the final set used in the optimization
process. An OPF solution is then obtained each 5 min using the
formulation described in Section II-D, with the SOC levels at
the beginning and end of each hour being equal to the mean
of the SOC levels of all considered scenarios, and with the
schedule obtained from the stochastic UC solution.

4) Stochastic-MPC (Stoch-MPC): For this case, the
stochastic UC problem described above is solved each 1h,
using the current forecast information for the scenario gener-
ation process. In each iteration, only the commitment solution
obtained for the next hour is applied and an OPF solution is
obtained each 5 min using this solution.

5) AAUC: This case is based on the method proposed on
Section III for values of w equal to 0.9, 0.5, and 0.1, in
order to show the effect of this parameter on the results [19].
The values of DP

r,t, Wu,t, and PVv,t in (22)-(24) are equal
to the load, wind, and photovoltaic power forecast errors at
time t = 24 for a “middle” forecast error, respectively, in
order to avoid frequent re-calculations of the AAUC problem.
The number of noise symbols for the study case in the paper
is p = 3, since it is assumed that the wind speed, solar
radiation, and loads have similar statistical behavior, given
the proximity of the RE generators and the assumed similar
characteristics of loads typical of microgrids; therefore, a noise
symbol is used to represent wind uncertainty, another for solar
uncertainty, and a third one for load uncertainty. However,
if after a statistical analysis, important differences between
the behavior of different groups of RE generators or loads
are identified, more noise symbols could be readily added to
the system model, affecting to some degree the computational
performance.

B. Results

Table I shows the operating costs for all study cases. The
dispatches obtained with the AAUC method for w = 0.9
(shown in Fig. 6), w = 0.5, and w = 0.1 have a lower
total cost than the deterministic and stochastic approaches
at reasonable computational costs, since the AAUC method



IEEE TRANSACTION ON SMART GRID, ACCEPTED JANUARY 2018 9

TABLE I
DISPATCH COSTS FOR DIFFERENT EMS FORMULATIONS

Operating
cost
[$]

Curtailment
price
[$]

Total
cost
[$]

Simulation
time over
24h [s]

Det-perf 18,711.22 0 18,711.22 191.92
Det 18,580.48 2,825.03 21,405.51 95.74

MPC 18,564.78 1,673.27 20,238.06 1,135.88
Stoch 18,614.39 2,281.40 20,895.79 2,571.29

Stoch-MPC 18,682.80 1,076.62 19,759.42 12,599.53
AAUC w = 0.9 18,742.59 1,084.86 19,827.45 56.18
AAUC w = 0.5 19,329.37 979.90 20,309.27 81.10
AAUC w = 0.1 19,577.07 813.29 20,390.36 64.94

provides more robust solutions, resulting in a lower power
curtailment prices than these methods. However, the solutions
provided by the AAUC approach, for w = 0.5 and w = 0.1,
are slightly more expensive than that of the MPC, since the
latter has a shorter re-calculation time, using better forecasting
information but resulting in higher computational costs. The
stochastic-MPC method shows the most cost-efficient solution,
but at large computational costs. Observe also that for small
values of w such as 0.1, more robust solutions can be obtained,
as less load curtailment is needed; however, these solutions
have a higher operating cost, resulting, for this study case,
in higher total costs than the solutions for larger values of w
such as 0.9. This shows the importance of properly selecting
the value of w, in order to obtain adequate solutions.

Table II shows the different approaches total costs for the
forecasting error margins shown in Fig. 5. Note that the total
costs of the deterministic and MPC methods are considerably
affected when the quality of the forecast is reduced, since these
methods do not directly take into account uncertainties in the
formulation. For the other methods, the total costs do not show
considerable changes for the different forecasting error levels
considered here, since these accommodate enough reserves to
respond to variations in the forecasting errors.

Table III shows the effect in the results of the proposed
EMS as the AA partial deviations DP

r,t, Wu,t, and PVv,t are
multiplied by the factor in that table. Note that if the con-
sidered uncertainly intervals are too narrow, the method loses
robustness, resulting in more expensive demand curtailments.
In practice, the width of these bounds can be readily chosen
based on historical data.

For the methods compared here and based on their inherent
characteristics and the results obtained for the benchmark
microgrid, which is more complex than existing microgrids in
terms of number of components and feeder features, one can
conclude the following: For cases where pdfs are well defined,
UC stochastic optimization methods could to be a good choice,
since these provide an accurate representation of the uncer-
tainty resulting in adequate dispatch solutions, especially if an
MPC approach is used, but at relatively high computational
costs that may make them impractical for online applications.
For microgrids with accurate forecast systems, the determinis-
tic UC MPC approach could offer adequate dispatch solutions
at very low computational costs. The proposed AAUC method
provides cost-effective solutions at low computational costs,

TABLE II
DISPATCH COSTS FOR DIFFERENT EMS FORMULATIONS AND

FORECASTING ERRORS

Total cost [$]

Forecast errors
Lower Middle Higher

Det 21,383.92 21,405.51 23,225.01
MPC 19,217.65 20,238.06 21,186.02
Stoch 20,188.62 20,895.79 22,120.21

Stoch-MPC 19,841.70 19,759.42 19,863.47
AAUC w = 0.9 19,756.77 19,827.45 19,763.68

TABLE III
DISPATCH COSTS FOR DIFFERENT AAUC INTERVALS

Interval
factor

Operating
cost
[$]

Curtailment
price
[$]

Total
cost
[$]

Number of AAUC
recalculations

[$]

0.5 18,679.63 2,880.93 21,560.56 20
1 18,742.59 1,084.86 19,827.45 15
2 18,980.36 64.86 19,045.22 6

only requiring the identification of forecasting error intervals,
in order to define the partial deviations to be used that can
be obtained from simple statistical analyses (e.g., confidence
intervals), thus offering adequate dispatch solutions for cases
where pdfs cannot be readily identified; however, the method
does require properly choosing, offline, the required weight w
value to obtain reasonable results.

V. CONCLUSIONS

This paper proposed a novel microgrid EMS formula-
tion based on an AA, considering ESS and intertemporal
constraints. The AAUC was compared against deterministic,
MPC, stochastic and stochastic-MPC approaches, using a
microgrid benchmark system, with the results showing that
the AAUC is able to provide robust and adequate cost-
effective solutions at reasonable computational costs, without
the need of assumptions regarding the statistical characteristics
of the uncertainties. Finally, it was also shown that the AAUC
solution conservativeness depends on the presumed uncertainty
intervals and the value of the parameter w.
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France. He worked as a R&D project Enginner at
Groupe Cahors, France, from 2012 to 2013. He is
currently pursuing his Ph.D. in Electrical Engineer-
ing at Universidad Nacional de Colombia and at
INSA de Lyon. His research interests include mi-
crogrids, control and optimization of power systems,
and demand response.



IEEE TRANSACTION ON SMART GRID, ACCEPTED JANUARY 2018 11
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