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Abstract— This paper addressed some theoretical and practical
issues relevant to the problem of power system load modeling
and identification. Two identification techniques are developed
in the theoretical framework of stochastic system identification.
The identification techniques presented in this paper belong to
the family of output error models; both techniques are based
on well-established equations describing load recovery mecha-
nisms having a commonly recognized physical appeal. Numerical
experiments with artificially created data were first performed
on the proposed techniques and the estimates obtained proved
to be asymptotically unbiased and achieved the corresponding
Cramér-Rao lower bound. The proposed techniques were then
tested using actual field measurements taken at a paper mill, and
the corresponding results were used to validate a commonly used
aggregate load model.

The results reported in this paper indicate that the existing
load models satisfactorily describe the actual behavior of the
physical load and can be reliably estimated using the identifica-
tion techniques presented herein.

Index Terms— Parameter estimation, power system load mod-
eling, system identification, output error method.

I. I NTRODUCTION

A CCURATE models of power system loads are essential
for analysis and simulation of the dynamic behavior of

electric power systems [1]. Having accurate models of the
loads that are able to reliably reflect underlying phenomena of
the physical loads is important for the purposes of designing
automatic control systems and optimization of their config-
uration. More importantly, the dynamic properties of power
system loads have a major impact on system stability [1]–[3].
In particular, previous work on the subject of voltage stability
reported in the literature indicates that the parameters of both
static and dynamic loads have significant impact on voltage
stability of the power systems [3], [4]. On the other hand, the
impact of power system load models on inter-area oscillations
is discussed in [1], demonstrating the influence that load
parameters have on the dominant system eigenvalues. This
dependence reveals the link between the effectiveness of power
system damping controllers (e.g., power system stabilizers or
PSS) and the correctness of the eigenstructure of the system,
which is dependent on the load model.
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To be able to predict the behavior of a system, reliable
models of system components are needed that faithfully reflect
the dynamical behavior of the actual physical components of
the system. Most of the power system components can be
satisfactorily modeled by considering the physical laws which
govern the respective components. There are, however, some
cases when power system modeling is quite a complicated
exercise. Modeling power system loads is one of them. It is
known that at high voltage levels, the power system loads
have to be aggregated in order to obtain manageable models
suitable for analysis and simulations [1]. Depending on the
load type (e.g. lighting, motor load, heating, etc.), the param-
eters of the aggregate load model may vary in a wide range.
When the parameters of all load components are well known,
the parameters of the aggregate load models can be readily
determined. If the parameters of separate loads are not known
or the load structure is known, but the proportion of various
load components is not, deriving an aggregate load becomes
more difficult.

It can be argued that in the absence of precise information
about a power system load, one of the most reliable ways
to obtain an accurate model of the load is to apply an
identification technique. That is, if field measurements of load
quantities (e.g., the voltage and current/power) adequately
describing its behavior are available, then a dynamic and/or
static equivalent of the load can be obtained by analyzing
functional relationships between these quantities.

The current paper is concerned with theoretical and nu-
merical aspects of identification of an aggregate model of
power system loads. Identification of both linear and nonlinear
models of a power system load is treated. Two identification
techniques are presented that belong to the so-called family of
output error models. First, the estimation of the load param-
eters using a linear model is presented, which is followed by
the presentation of a nonlinear identification technique. The
statistical properties of the proposed identification methods
are studied both numerically and analytically. Thus, artificially
created data are analyzed numerically and the variance of
the obtained estimates is compared with the corresponding
Cramér-Rao lower bound. Then, in order to benchmark the
identification techniques and validate the analytical load mod-
els, field measurements taken at a paper mill were used. The
results obtained indicate that the load models describe the
actual behavior of the load with high accuracy. Moreover, it
is shown that the load model parameters can be accurately
identified using the proposed techniques.
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The remainder of the paper is organized as follows: Sec-
tion II presents and categorizes generic load models that are
presently in use; static and dynamic, linear and nonlinear
models are reviewed and briefly discussed in this section. The
main system-theoretic results are summarized in Section III.
Aspects of system identification such as formation of the
prediction error, model linearization and discretization are
discussed in this section; equations for computing the Cram´er-
Rao lower bound of the nonlinear model are also developed
in this section. Section IV presents the key results obtained
by applying the main theoretical findings of this paper to
two data sets. The first data set was generated artificially,
while the second was obtained by collecting and processing
field measurements taken at a paper mill located in Western
Sweden. Finally, the main contributions of this paper are
highlighted in Section V.

II. A GGREGATEMODELS OFPOWER SYSTEM LOADS

In general, obtaining detailed models of power system
loads is a more complicated task than modeling a particular
power system component, such as, for instance, a synchronous
machine. The problem is two-fold: (a) loads are time variant
and stochastic; (b) in most cases, at high voltage levels the
loads must be aggregated. The latter is due to the large number
and types of loads connected at the transmission system level,
which makes the consideration of each separate load numer-
ically impractical and provides no insight into the system
analysis. The time variance of loads can be accounted for
by explicitly modeling their dynamic behavior by differential
and/or difference equations.

Power system load aggregation can be performed in two
ways: (i) analytically, by lumping similar loads and then using
pre-determined values for each parameter of the load (e.g. [5]
and [6]) or (ii ) selecting a load model and then performing
parameter estimation using an appropriate identification tech-
nique.

A. Static load models

Due to the importance of adequate load modeling, a large
number of various static models of power system loads have
been developed. Despite this diversity, in principle, they all
serve one common goal: to reflect the voltage and possibly
frequency dependence of the active and reactive components
of the loads. For example, in [6] the following standard
load models used for dynamic studies in established stability
programs (e.g., EPRI’s LOADSYN and ETMSP packages) are
suggested:

P = P0

[
Pa1

[
VL

V0

]Kpv1

[1 + Kpf1(f − f0)]

+ (1 − Pa1)
[
VL

V0

]Kpv2
]

(1)

Q = P0

[
Qa1

[
VL

V0

]Kqv1

[1 + Kqf1(f − f0)]

+ [1 + Kqf2(f − f0)]
[
Q0

P0
− Qa1

] [
VL

V0

]Kqv2
]

(2)

where VL and f are the load bus voltage and frequency,
respectively. In equations (1)–(2),Kpv1 and Kpv2 represent
the voltage exponents for frequency dependent and frequency
independent active power load;Kqv1 and Kqv2 stand for
the voltage exponents for the uncompensated and compen-
sated reactive power load;Kpf1 andKqf1 are the frequency
sensitivity coefficients for active and uncompensated reactive
power load; Kqf2 is the frequency sensitivity coefficient
for reactive compensation; andPa1 and Qa1 represent the
frequency dependent fraction of active load and reactive load
coefficient of uncompensated reactive load to active power
load, respectively.V0, P0, andQ0 denote the nominal values
of the load voltage and active and reactive power of the load.
It is important to note that in the models above some fraction
of the load is explicitly modeled as a function of bus voltage,
while the other fraction is as an explicit function of frequency.

The usefulness of a load model is directly related to the
correctness of the parameters of the model. The parameters can
be obtained in two ways: pre-determined values can be chosen
based on the load type, or the parameters can be estimated
based on field measurements. The latter is more expensive but
it is preferable, since it can yield more accurate values of the
load parameters.

The estimation of the parameters of a static load is rela-
tively simple, as the load model does not involve dynamical
variables; in this case, the task of parameter estimation is
practically reduced to curve fitting. References [7] and [8]
report successful attempts to estimate static load parameters
using a modified algorithm of Broyden, Fletcher, Goldfarb, and
Shanno (BFGS) and a least squares technique, respectively. It
should, however, be noted that the application of any gradient-
based optimization routine can potentially lead to hitting a
local optimum, and thus obtaining inaccurate parameter values.

B. Dynamic load models

1) Nonlinear Dynamic Load Models:The impact that loads
have on the dynamics of a power system has stimulated
significant research efforts directed towards proper modeling
of certain characteristics of power system loads. In many cases
the use of static load models may be inappropriate due to their
failure to accurately reflect the influence of the load on system
stability [6], [9]; hence, since some loads do exhibit dynamical
behavior (e.g., motor loads), these are represented by means
of dynamical models.

It has been shown in [1] and [4] that the following models
of aggregate loads can successfully capture the dominant
nonlinear steady-state behavior of the load as well as load
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recovery and overshoot:

ẋ(t) = −x(t)
Tp

+ P0

[
VL(t)
V0

]Nps

− P0

[
VL(t)
V0

]Npt

Pd(t) =
x(t)
Tp

+ P0

[
VL(t)
V0

]Npt
(3)

ż(t) = −z(t)
Tq

+ Q0

[
VL(t)
V0

]Nqs

− Q0

[
VL(t)
V0

]Nqt

Qd(t) =
z(t)
Tq

+ Q0

[
VL(t)
V0

]Nqt
(4)

In the equations abovePd(t) and Qd(t) are the active and
reactive power demand of the load,P0, Q0, andV0 stand for
the nominal active, reactive power and voltage, respectively;
the parametersTp andTq denote the time constant of the load
internal state variablesx(t) andz(t); and the exponentsNps,
Nqs, Npt, andNqt are the steady state and transient voltage
indices. Observe that neglecting the frequency dependence in
the static load model (1)–(2), the nonlinear load model (3)–(4)
is equivalent to this model in steady state, i.e., forẋ(t) = 0.

In the remainder of the paper, the following notation will
be usedθ = [Nps Npt T−1

p ]′ = [θ1 θ2 θ3]′ and y(t) :=
Pd(t). (Note that throughout the paper the prime denotes
transposition.) In general, for a given load the exponentsθ 1

andθ2 are not known exactly; however, similarly to the case
of static load models, average values for many load types have
been pre-determined. For example, [1] gives the following
lower and upper bounds for these indices:

0 � θ1 � 3, 0.5 � θ2 � 2.5 (5)

For simplicity, henceforth, the voltageV0, active and reactive
powerP0, Q0 will be assumed to be known values. Thus, the
system voltage can be normalized and denoted by:V (t) :=
VL(t)/V0. In the subsequent sections of this paper only the
model of active power (3) will be considered. The reactive
power model given by (4) can be treated in exactly the same
manner.

It should be noted that the load models (3)–(4) are linear in
states, and the nonlinearities enter the equations as inputs and
outputs. Thus, strictly speaking, the model in the identification
procedure discussed in this paper should be referred to as a
“Hammerstein-Wiener” model structure [10]. However, since
these models are actually used in stability analysis of power
systems, where load voltage magnitudes are treated as either
algebraic or state variables, the model is typically referred
to as a nonlinear model in this context. For this reason, and
to simplify the comparisons between the two different load
models discussed here, the present model is referred to as a
“nonlinear” model for the remainder of the paper.

2) Linear Dynamic Load Models:When studying behavior
of a system in a small proximity of a given operating point,
the original nonlinear model can be approximated by a linear
counterpart. That is, the nonlinear system can be linearized
around an equilibrium point. Since the functionsV (t) θ1 and
V (t)θ2 are smooth for a smoothV (t), the right-hand sides

of (3) can be expanded in a Taylor series, resulting in the
linearized model of the load [4]:

∆ẋ(t) = −θ3∆x(t) + P0 (θ1 − θ2)∆V (t)

= −A(θ)∆x(t) + B(θ)∆V (t)

∆y(t) = θ3∆x(t) + P0θ2∆V (t)

= A(θ)∆x(t) + D(θ)∆V (t). (6)

In principle, to obtain a rough estimate of the system
behavior, pre-determined values of the steady state and tran-
sient voltage indices can be used in simulations. However, as
the transmission systems become more stressed, it becomes
important to have more accurate estimates of the indices, since
they directly influence important system characteristics such as
damping (e.g., incorporation of inaccurate load characteristics
in power system simulation models can lead to overestimation
of system damping [9]).

As in the case of static load models, the load characteristics
can be identified based on field measurements. The use of
identification techniques can yield accurate estimates of load
parameters, provided certain care has been exercised when
selecting input signals and setting up the measurement circuits.
These and related questions are treated in more detail in the
next section.

III. SYSTEM IDENTIFICATION

System identification can be defined as a collection of
techniques which aim at extracting a mathematical model of
a given process by analyzing relations between the input and
output quantities of the process. Modern system identification
has developed into a mature engineering discipline which is
intensively applied in many branches of modern engineering.
In this paper, only identification techniques that are relevant to
the problem at hand will be reviewed; for a detailed treatment
of system identification theory and practice the reader is
referred to [11]–[13].

In the context of this paper, the load voltage and load
power comprise the pair of input and output signals. It can
be noticed that both models (3) and (4) describe the dynamic
behavior of a load as functions of the nodal voltage in a noise-
free environment i.e., the presence of noise is not reflected
in the models. Hence, to account for the presence of noise
in the measurements and since no information is available
regarding the noise model, an output error model is chosen,
which is known to be robust and have a plausible physical
interpretation. To simplify notation, two new functionsu 1(θ)
andu2(θ) are introduced:

u1(θ) := P0V
θ1(t) − P0V

θ2(t)

u2(θ) := P0V
θ2(t)

Now, the model (3) can be reformulated in a stochastic
framework as:

ẋ(t) = −θ3x(t) + u1(θ)

y(t) = θ3x(t) + u2(θ) + e(t)

= ŷ(t) + e(t).

(7)
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In the equation above, the terme(t) represents white Gaussian
noise with known statistics. Similar arguments apply to the
model of reactive power.

A. Model discretization

Since measurements used in system identification are col-
lected at predefined instants of time, the continuous-time load
equations

(7) should be converted to discrete-time counterparts. In this
paper, the discrete-time description of the load equations is
based on the Zero-Order Hold method (ZOH) and is obtained
as follows [14]:

x(k� + �) = F (θ)x(k�) + H(θ)u1(k�) (8)

y(k�) = θ3x(k�) + u2(k�) + e(k�) (9)

where� := tk+1 − tk, ∀ k ∈ I ⊆ N, stands for the sampling
interval, and the variablesF (θ) andH(θ) are:

F (θ) := exp(−θ3�), (10)

H(θ)u1(k�) =
∫ k�+�

k�

{exp(θ3(k� + � − τ))u1(τ)} dτ

= (1 − F (θ))θ−1
3 u1(k�). (11)

In equation (11), it is assumed that the input functionu 1(τ)
is constant and equal tou1(k�) for k� � τ � k� + �.

Several numerical experiments conducted by the authors
confirmed that ZOH discretization yields the least error as
compared with other methods such as, for instance, the for-
ward Euler and the trapezoidal methods. Thus, ZOH is used
here to discretize the nonlinear equations (7).

B. Prediction Error for the Nonlinear Load Model

The discretized equations can be utilized as a basis for the
prediction of future outputs of the dynamic system, i.e.,

qx(k�) − F (θ)x(k�) = H(θ)u1(k�)
x(k�) = (q − F (θ))−1H(θ)u1(k�)
y(k�|θ) = θ3

{
(q − F (θ))−1H(θ)u1(k�)

}
+ u2(k�)e(k�)

=
1 − F (θ)
q − F (θ)

u1(k�) + u2(k�) + e(k�)

= ŷ(k�|θ) + e(k�). (12)

In equation (12), the symbolq denotes the forward shift
operator. It is interesting to observe that the predicted value of
the system output̂y(k|θ) at timek equals the sum of the pre-
filtered input functionu1(k) and input functionu2(k). Finally,
the prediction error is defined as the difference between the
predicted and actual output of the system

ε(k|θ) = y(k) − ŷ(k|θ), ∀k ∈ I. (13)

C. Prediction Error for the Linear Load Model

Similarly to the nonlinear load model, let us assume that the
dynamic response of the load can be satisfactorily described
by a linear output error model, i.e.,

∆y(t) = A(θ)∆x(t) + D(θ)∆V (t) + e(t). (14)

Applying the ZOH method to linearized load model (6), one
readily obtains the discrete load model:

∆x(k� + �|θ) = F (θ)∆x(k�) + Γ(θ)∆V (k�)

∆y(k�|θ) = A(θ)∆x(k�) + D(θ)∆V (k�) + e(k�), (15)

where (15),Γ(θ) = H(θ)P0(θ1 − θ2), whereF (θ) andH(θ)
are defined as in (10) and (11), respectively.

Eliminating the state variable∆x(k�), the discretized output
error model (15) can be rewritten in the form of a transfer
function:

∆y(k�|θ) =
θ3Γ(θ)

q − F (θ)
∆V (k�) + e(k�)

= P0
1 − F (θ)
q − F (θ)

(θ1 − θ2)∆V (k�) + e(k�)

= ∆ŷ(k�|θ) + e(k�). (16)

The prediction error for the linearized model is formulated as
the difference between the measured output∆y(k�) and the
predicted output∆ŷ(k�):

ε(k|θ) = ∆y(k�) − ∆ŷ(k�|θ), ∀k ∈ I. (17)

D. Minimization of the Prediction Error

Ideally, in a noise-free environment the prediction error is
zero at all times, if both load model and the values of the
parameter vectorθ are known exactly. In practice, however,
this is not achievable due to the fact that these conditions
are not satisfied; moreover, field measurements always contain
noise. Therefore, in the best case scenario, one can hope for
keeping the prediction error reasonably small, which can be ac-
complished by formulating an optimization problem in which
certain objective function—often a2-norm of the prediction
error vector—is minimized by varying the parameter vectorθ
over the feasible parameter space. We thus follow the system
identification tradition and define the optimization problem as

θ∗ = arg min
θ∈Ω

1
2
‖ε(θ)‖2

2 . (18)

In the expression aboveθ∗ and Ω stand for the optimal
parameter vector and the feasible parameter space defined by
(5), respectively.

The success of prediction error minimization depends on
a number of factors, namely, (i) the optimization technique
applied, (ii ) the availability of a reasonable initial vectorθ0,
and (iii ) the properties of the objective function. While the
first two factors in most practical cases can be relatively
easy overcome, non-convexity of the objective function can in
general represent a significant challenge for all gradient-based
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optimization techniques. In order to avoid the traps of local
minima, a robust minimization technique capable of finding
the global optimum has been applied in the work reported in
this paper. A brief description of this optimization method as
well as the techniques used to determine the variance of the
estimates are given below.

1) Adaptive Simulated Annealing:Simulated annealing
(SA) can be defined as a family of general-purpose constrained
optimization algorithms whose operational principles imitate
the process of crystal formation in solids during gradual
cooling [15], [16]. The main strength of SA algorithms lies
in the fact that the SA algorithms are statistically guaranteed
to find global optima of the objective function, provided the
parameters of the SA are properly chosen [17].

In this paper, one of the most successful modifications of
the basic SA algorithm termedAdaptive Simulated Annealing
(ASA) is used [18]. Due to several substantial improvements,
ASA performs significantly better than the basic SA algorithm
and algorithms based on Cauchy annealing. The reasonable
performance of ASA combined with the ability to locate global
optima make its use suitable for the optimization tasks studied
in this paper.

2) Craḿer-Rao Lower Bound for the nonlinear load model:
Determination of an optimalθ∗ satisfying (18), constitutes the
first step of the load identification procedure presented in this
paper. The second step involves the computation of the vari-
ance of the estimates to assess the “quality” of the proposed
identification procedure. The variance of the estimates depends
on several factors, among which the most important for the
application discussed here are the number of data samples
available, the variance of noisee(t), the model of the load,
and the input signal.

To assess the minimum variance of the unknown parameters,
the so-called Cram´er-Rao Lower Bound (CRLB) is often used.
By definition, CRLB is an inverse of the Fisher Information
Matrix (FIM)

FIM = E
((

∂ ln L(θ, N)
∂θ

)′
∂ ln L(θ, N)

∂θ

)
, (19)

whereN is the number of data samples available andE(ξ)
is the expected value ofξ. The maximum likelihood function
ln L(θ, N) is defined in terms of the corresponding probability
density functionL(θ, N) as follows:

L(θ, N) =
(2π)−N/2√

det(W )
exp

[
−1

2
[y − ŷ]′ W−1 [y − ŷ]

]

=
(2π)−N/2√

det(W )
exp

[
−1

2
‖y − ŷ‖2

W−1

]
(20)

In equation (20),W is a symmetric matrix representing
the covariance of white Gaussian noisee(t). This matrix can
be used as an instrument to accentuate reliable parts of the
measured datay. Often it is assumed thatW = σ2IN , where
IN is the identity matrix andσ2 is the variance ofe(t). Without
loss of generality, in the remainder of this paper it is assumed
thatW ≡ IN , which renders the two norms‖·‖2 and‖·‖W−1

equivalent.

The derivation of CRLB for the parameter vectorθ re-
quires computation of the gradient of the maximum likelihood
function, which is equivalent to the gradient of the objective
function in (18). The gradient is computed as follows: (for
notational simplicity the argumentθ is suppressed in the
following)

1
2

∂‖ε(θ)‖2
2

∂θ
=

1
2

∂ (ε′ε)
∂θ

=
1
2

[
∂ε′

∂θ
ε + (ε′ ⊗ In)

∂ε

∂θ

]

=
∂ε′

∂θ
ε, (21)

where the Jacobian matrix∂ε′/∂θ is defined by

∂ε′

∂θ
=




∂ε1

∂θ1

∂ε2

∂θ1
· · · ∂εn

∂θ1
∂ε1

∂θ2

∂ε2

∂θ2
· · · ∂εn

∂θ2
∂ε1

∂θ3

∂ε2

∂θ3
· · · ∂εn

∂θ3


 (22)

and the partial derivatives are

∂εk

∂θ1
=

F (θ) − 1
q − F (θ)

P0V
θ1(k) ln V (k)

∂εk

∂θ2
=

1 − q

q − F (θ)
P0V

θ2(k) ln V (k)

∂εk

∂θ3
= �F

1 − q

(q − F (θ))2
u1(k).

(23)

It should be noted that for the load model adopted in this
paper, i.e., that given by (8)–(9), the CRLB explicitly depends
on both the input signalV (k) and the sampling interval�.
Moreover, by direct inspection of equations (22) and (23)
one can immediately conclude that forV (k) ≡ 1 ∀k, the
matrix ∂ε′/∂θ looses rank and as a resultFIM becomes
singular indicating that the variance ofθ is infinite; that is,
the parametersθ are not identifiable, when the voltage is at
steady state(V (t) = V0).

It should be noted that the Jacobain (23) can be utilized to
enhance the identification procedure by excluding the param-
etersθi that are weakly or non-identifiable [19], [20]. That
is, one can use the algorithm proposed in [19] to determine
which load parametersθi cannot be reliably identified using
the available field data. This can be done in the following5
steps.

1) Decompose∂εk/∂θ := V ΛV ′.
2) Inspect the eigenvalues of the Jacobian, i.e., the diagonal

elements of the matrixΛ. Determine the numberρ which
is equal to the number of eigenvalues of the Jacobain
which are greater than some threshold value. This num-
ber indicates the number of identifiable parameters.

3) PartitionV := V1 ⊕ V2, whereV1 ∈ R
N×ρ consists of

the firstρ columns ofV .
4) FactorizeV ′

1 to obtain the orthonormal basis of the range
space ofV ′

1 , the upper triangular matrixR, and the
permutation matrixP , i.e., V ′

1P := QR.
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5) UseP to determine the parametersθi that should not
be identified but rather affixed to some (approximate)
values which are know beforehand.

The study reported in [19] indicates that this algorithm allows
a significant reduction of the variance of the estimates of
the ρ parameters even when the exact values of the affixed
parameters were unknown. A more detailed description of
the algorithm and its applications can be found in [19], [20].
Numerical experiments conducted in the framework of this
study show that for the typical values of the load parameters
the Jacobian matrix is always well-conditioned implying that
all 3 parameters are identifiable; thus this algorithm is not
applied in the case study discussed here.

IV. A PPLICATION EXAMPLES

A. Artificial data

In order to investigate the statistical properties of the
identification procedure presented in this paper, a series of
experiments is conducted using artificially created data. Thus,
in this section, the following issues are addressed:

• It is shown numerically that the estimates are asymp-
totically unbiased, which would not be the case if an
unreasonable predictor is chosen.

• A rough estimate of the magnitude of bias that can be
expected for the linearized model (16) is obtained, which
is a basic issue in system identification that has not yet
been addressed in the current literature in load modeling.

• The adequacy of the optimization routine, i.e. an adap-
tive simulated annealing algorithm, used in the paper is
demonstrated, as the method is able to locate the global
minimum of the objective function in all experiments.

The data vectory(tk) is generated with the help of a model
with known parametersθ; the outputy(tk) is then corrupted by
Gaussian noise having known statistics, i.e.,e(t) ∼ N (0, σ2I)
and the identification procedure is applied. The estimates of
the parameter vectorθ are analyzed in this case to assess the
performance of the proposed technique.

The main goal of the numerical experiments in this section
is to investigate the asymptotic behavior of the variance of the
estimateŝθ(N). In other words, the following relation has to
be verified numerically:

lim
N→∞

var θ̂(N) = 0 (24)

for both linear and nonlinear load models. In expression (24)
the operator var is defined asvar ξ = E(ξ2), where ξ is a
stochastic variable. To study the variance of estimates, the
value ofN is steadily increased and for each value ofN , a
series of Monte-Carlo simulations is performed. The variance
is then computed and plotted versus the number of samplesN .
In this case study, the data are generated using the discrete-
time model (8)–(9). The Monte-Carlo simulations involve30
runs for eachN , and the noise has the statisticsN (0, 0.0015)
with θ = [1.2 2.7 0.3448]′. The adaptive simulated annealing
optimization routine is initialized withθ0 = [0.5 2.0 1.7]′;
and the feasible regionΩ is given by (5), and the additional
inequality0 � θ3 � 10.
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Fig. 1. Variance of the estimated parameter vectorθ̂ versus number of
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data set. Nonlinear load model
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Fig. 2. Variance of the estimates of the linear and nonlinear model parameters

The results of the Monte-Carlo simulations are shown in
Figures 1 and 2. Several important observations can be
made regarding the performance of the nonlinear model-based
identification technique:

• All three parametersθi are accurately estimated by ap-
plying the identification algorithm to noisy data.

• The variance of the estimates decreases as the number of
samples increases. This result indicates that the estimate
θ̂ is asymptotically unbiased, i.e., equation (24) holds.
This could be expected since minimization of (18) is
equivalent to maximization of the maximum likelihood
function, which yields asymptotically unbiased estimates
[11].

• For all N the variance of the estimates is insignificantly
greater than the corresponding CRLB, implies that the
proposed estimator is statistically efficient.
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Comparing the results obtained with the linear and nonlinear
model-based identification methods, the following can be
concluded:

• The linear model-based identification method yields esti-
mates of the parameterŝθL acceptable for most practical
purposes, since the maximum variance for this model
does not exceed2 × 10−2 for the given level of noise
and number of data samples.

• The variance ofθ̂L decreases as the number of data
samples increases; however, in all cases, the decrease rate
is not very large.

• In all cases, the variance of the estimatesθ̂NL obtained
with the nonlinear model is smaller than that obtained
with the linear model. This is due to the bias induced by
the use of the linearized model. In other words, for the
linear model, (24) does not hold.

It should therefore be expected that the use of linear model
may yield reasonable estimates of the parametersθ; however,
the estimates will be biased. In general, the use of the nonlinear
load model always provides more accurate estimates of the
load parameters as compared to the linear model; nevertheless,
the estimates obtained with the nonlinear model will also be
biased, since the nonlinear model (7) is only an idealization
of the actual load and thus has its limitations in terms of the
accuracy of the estimates.

B. Application to field measurements

After verifying the adequacy of the proposed technique, it
is then applied to field measurements taken at a paper mill
located in the neighborhood the city of Grums, Sweden. The
electrical network of the paper mill is schematically shown in
Fig. 3; in this figure, only the part of the network relevant to
the present case study is depicted. The network consists of two
synchronous backup generators G1 and G3, four high-priority
loads LD1–LD4, and six transformers T1–T6.

In normal conditions, the paper mill is fed by the grid
denoted as NET. During the hours of high risk of having
power supply interruptions (due to thunderstorms), the load
LD1–LD4 are entirely fed by the backup generators.

In order to assure the proper and reliable operation of
the paper mill, detailed dynamic simulations with accurate
load models are needed; thus, a series of field measurements
was obtained on May 15, 2001, in order to obtain aggregate
models of LD1–LD4 and some other equipment. To the best
knowledge of the authors, the load in question mainly consists
of lighting, heating devices, and electrical motors. The motors
are in almost all cases equipped with power converters.
The load voltage was used as the input and load current as
the output. Since the load models (3)–(4) use the activePd

and reactiveQd power signals as outputs,Pd and Qd were
synthesized off-line. The sampling rate was set to2 kHz.

An interruption of power supply to the mill may result in
a substantial monetary loss. It should be noted that a step-
wise voltage change could cause excessive shock to the system
and trigger a power interruption. Moreover, a voltage step
could result in an ill-conditioned Fisher information matrix
and thus estimates with a large variance. Therefore, the backup

T01 T02 T03 T04 T05 T06

NET

G1 G3

LD1 LD2

894 MVA, 30kV

LD3 LD4

B30

A30

S01B10 S02B10

S01A10 S02A10

CLD

GS GS

Fig. 3. Electrical diagram of the studied part of Grums paper mill

generators were used to vary the load voltage in a smooth
manner in a±3% range. Extensive studies reported in [8]
also suggest that the variations of voltage magnitude has little
effect on the success of the parameter identification procedure,
as long as the magnitude variation is a few per cent of the
nominal voltage.

Given the restrictions imposed in the measuring procedure
as well as the costs associated with obtaining these mea-
surements, it was only feasible to gather one set of data at
the given operating conditions. Hence, the cross-validation
procedure applied here is based on a comparison between
the linear (6) and nonlinear (7) load models identified using
the proposed procedure and based on the same set of field
measurements. Figures 4 and 5 depict the field measurements,
i.e., the load voltage and active power, as well as the simulated
outputs Pd(t) of the linear and nonlinear models. Visual
comparison of the measured and simulated power indicate
that both models capture the relevant dynamics of the load;
however, the nonlinear model yields better results, showing
a very close match with the field measurement, as these two
curves are practically indistinguishable.

Table I presents the numerical values of the parameters
obtained with both linear and nonlinear system identification
techniques. In the table, the error is defined as( θ̂NL

i −
θ̂L

i )/θ̂NL
i · 100%, where θ̂L

i and θ̂NL
i , i = 1, 2, 3 are the

estimates of the linearized and nonlinear model parameters,
assuming the nonlinear model is the reference for these
calculations, given the close match between this model and
the actual measurements. The table reveals that the parameters
identified with the linear model do not deviate significantly
from those obtained with the nonlinear load identification
technique. This is mainly due to the fact that the voltage
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TABLE I

COMPARISON OF THE LOAD PARAMETERS IDENTIFIED USING LINEAR AND

NONLINEAR MODELS

Linear model Nonlinear model Error [%]
Nps [p.u.] 2.3326 2.3131 −0.8430
Npt [p.u.] 1.8778 1.9445 3.4302

T−1
p [s] 0.1002 0.1161 13.6951

deviation was not large and hence nonlinear effects were not
very significant. However, observe that the maximum error
introduced by the use of linearized model is still greater than
13%; hence, we may conclude from these results that the
nonlinear model is a more accurate representation of the given
aggregate load.

Notice that at different operating conditions, one would
expect to obtain different values for the load parameters.
However, based on the results depicted here and the fact that
the load composition is not expected to change significantly for
typical operating conditions, it is reasonable to expect similar
trends in terms of the accuracy of the linear and nonlinear load
models for representing the given aggregate load.

It is interesting to compare the values of load parameters
obtained in this study with those reported in the literature. For
instance, [8] cites the following value forNps = 0.72 for an
industrial load. This value differs significantly from the one
shown in Table I, which can be mainly explained by a different
composition of the load. The steady state and transient voltage
indices determined in [2] match those of the present paper
somewhat more closely; however, the time constantsTp differ
significantly, which can be explained by the absence of devices
having slow dynamics, e.g., OLTC in the present case study.

V. CONCLUSIONS

Two power system load identification techniques are pro-
posed in this paper. Well established equations describing the
nonlinear recovery mechanisms of load form the basis of
both techniques, which are formulated in the framework of
stochastic system identification theory. Specifically, a linear
and nonlinear output error estimators are introduced and
analyzed, and generic equations applicable to identification of
aggregate models of power system loads are developed and
studied in detail.

The asymptotic behavior of the estimates is studied by
means of numerical experiments with artificially created data,
demonstrating that the estimates are asymptotically unbiased
for the nonlinear load model and their variance attains the
Cramér-Rao lower bound. To avoid numerical problems asso-
ciated with possible multiple minima of the objective function,
a global minimization technique was utilized. The enhanced
numerical features of the minimization routine enable fast
convergence to the global minimum of the objective function
with a probability of1.

The theoretical foundations presented in this paper were
applied to field measurements taken at a paper mill located in
the neighborhood of the city of Grums, Sweden. Both linear
and nonlinear models were utilized in order to estimate the
load parameters. The results show that, in principle, the linear
model yields valid estimates that differ from the estimates
obtained using the nonlinear model. Whenever the accuracy
requirements on the numerical values of the load parameters
are not stringent, linear identification can be applied for the
estimation of the parameters. Alternatively, the nonlinear load
modeling and identification technique presented in this paper
can be used to better model the load and obtain more accurate
estimates of the load parameters.
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