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Abstract—This paper proposes a new approach to model 

stability and security constraints in Optimal Power Flow (OPF) 
problems based on a Neural Network (NN) representation of the 
system security boundary (SB). The novelty of this proposal is 
that a closed form, differentiable function derived from the 
system´s SB is used to represent security constraints in an OPF 
model. The procedure involves two main steps: First, an NN 
representation of the SB is obtained based on Back-Propagation 
Neural Network (BPNN) training. Second, a differentiable 
mapping function extracted from the BPNN is used to directly 
incorporate this function as a constraint in the OPF model. This 
approach ensures that the operating points resulting from the 
OPF solution process are within a feasible and secure region, 
whose limits are better represented using the proposed technique 
compared to typical security-constrained OPF models. The 
effectiveness and feasibility of the proposed approach is 
demonstrated through the implementation, as well as testing and 
comparison using the IEEE 2-area and 118-bus benchmark 
systems, of an optimal dispatch technique that guarantees system 
security in the context of competitive electricity markets. 
 

Index Terms—Neural network, optimal power flow, power 
system security, power system stability. 

I. GLOSSARY OF TERMS 

BPNN – Back-propagation Neural Network 
MSV  – Minimum Singular Value 
NN  – Neural Network 
OPF  – Optimal Power Flow 
SB  – Security Boundary 
SBC-OPF  – Security-boundary Constrained OPF 
SC-OPF  – Security-constrained OPF 
SSC-OPF  – Small-perturbation Stability-Constrained OPF 
VSC-OPF – Voltage-stability-constrained OPF 

 
Accepted for publication March 2010.  
This work was supported by CONACyT of Mexico and the Natural 

Sciences and Engineering Research Council (NSERC) of Canada.  
Victor J. Gutierrez-Martinez, Claudio R. Fuerte-Esquivel, and Alejandro 

Pizano-Martinez are with the Electrical Engineering Faculty, Universidad 
Michoacana de San Nicolás de Hidalgo (UMSNH), Morelia, Michoacan, 
58000, Mexico (email:cfuerte@zeus.umich.mx).  

Claudio A. Cañizares is with the Department of Electrical and Computer 
Engineering, University of Waterloo, Waterloo, ON, N2L 3G1, Canada 
(email:ccanizar@uwaterloo.ca). 

Xueping Gu is with the School of Electrical and Electronic Engineering, 
North China Electric Power University, Baoding, Hebei, 071003, China 
(email:mexpgu@yahoo.com.cn). 

II. INTRODUCTION 

ower systems are currently operating close to their control 
and operational limits due to a variety of reasons, and as a 

consequence, stability problems, particularly voltage collapse 
and oscillatory instabilities, occur with some frequency [1]. 
This has led to concerns on the part of system operators 
regarding the secure operation of power networks, particularly 
in the new competitive electricity market environment [2]. In 
these markets, security is measured through “system 
congestion” levels, which have a direct effect on market 
transactions and electricity prices, and are represented by 
means of power transfer limits on main transmission corridors 
between operating areas. The problem with these limits is that 
they do not always represent the actual security limits directly 
associated with the current market and system conditions, 
given the variability of dispatch due to economic drivers, 
resulting in some cases in insecure operating conditions and/or 
inappropriate price signals [3], [4]. 

Better market and system operating conditions may be 
attained when system security is better accounted for in 
typical electric energy auction systems. Hence, various 
approaches to approximate this region in OPF models have 
been proposed. For example, in [5], a stability-constrained 
OPF model is proposed based on a time-domain numerical 
representation of the dynamic equations which are included as 
constraints in the OPF process. A somewhat similar approach 
is used in [6] to develop a time-domain dispatch algorithm 
that considers contingencies. On the other hand, in [7], the 
authors use the MSV of the power flow Jacobian, which is an 
index to detect proximity to voltage instability [8], as a 
security constraint to develop a VSC-OPF restricting the 
resulting operating points to be within certain “reasonable” 
distance from voltage collapse. An enhancement to this 
approach is presented in [9], where oscillatory and voltage 
instability conditions are used to develop an SSC-OPF based 
on the inclusion of a “dynamic” MSV stability index. In [7] 
and [9], the proposed stability index is an implicit function of 
the optimization variables, and hence their derivatives can be 
only approximated numerically in order to be included in the 
OPF solution process; this approach presents some 
implementation and numerical problems. An improvement to 
this approach is presented in [10], where an equivalent 
constraint based on a singular value decomposition of the 
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power flow Jacobian is proposed to explicitly represent the 
MSV constraint in the OPF model. 

An alternative approach to include security constraints in an 
OPF model is to introduce a differentiable function 
representing the SB as a constraint in the model, as proposed 
in [11]. In this case, the stability boundary is approximated by 
a polynomial obtained from an interpolation procedure and a 
nonlinear transformation applied to the system state variables. 
A similar conceptual idea is proposed in this paper to include 
security constraints in an OPF model, but based in a 
differentiable function extracted from an NN which represents 
the stability/security boundary. 

Extensive research has been carried out on the application 
of NNs to properly represent power system stability/security 
margins. For example, in [12], an approach based on an NN to 
assess power system stability based on training samples from 
off-line stability studies is presented. In [13], state-variable 
values are computed for a given set of contingencies, and 
these are then used as inputs to an NN to predict a transient 
stability margin. Similarly, making use of nomograms, the 
system SB is characterized in [14] by means of critical system 
parameters randomly generated to yield an NN input training 
set; the NN is then trained and tested to obtain an SB 
representation. A BPNN is used in [15] to predict voltage 
instabilities using as inputs both system load information and 
a voltage stability index; based on these inputs, the BPNN 
predicts new voltage stability index values for different 
operating scenarios. In [16], a representation of the system 
stability boundary based on a trained BPNN is proposed for 
predicting the available transfer capability of a system for any 
given dispatch. Finally, in [17] an NN is used to evaluate the 
sensitivities of a stability index based on a transient energy 
function method with respect to the generator power outputs 
for multiple contingencies, and these sensitivities are then 
introduced in the objective function of an OPF to indirectly 
account for system security in the dispatch process; this 
method approximately accounts for system security in the 
OPF process, as opposed to directly representing these 
security margins as constrains in the OPF model, as proposed 
in the present paper. 

The current paper proposes a novel approach based on 
BPNNs to obtain explicit differentiable functions of the 
system stability/security boundaries. This allows the 
introduction of the boundaries characterized by BPNNs as 
constraints in OPF models. In order to achieve this goal, SBs 
as defined in [18] are constructed, and then the BPNNs are 
trained and tested to accurately represent these boundaries. 
From these BPNNs, explicit, differentiable functions of the 
OPF variables are obtained, which are then introduced as 
constraints in an OPF model. An SBC-OPF model for optimal 
dispatch in the context of competitive electricity markets is 
proposed, illustrated and tested using a couple of realistic 
IEEE test systems. 

The rest of the paper is structured as follows: Section III 
presents and discusses some relevant SC-OPF auction models. 
Section IV describes the proposed SBC-OPF model; the 

description of the BPNN-based technique to estimate the SBs 
and the representation of these boundaries as explicit 
functions are also presented in this section. Section V 
discusses and compares the results obtained from the 
implementation and application of the SBC-OPF model to the 
IEEE 2-area and IEEE 118-bus benchmark systems, 
demonstrating the feasibility and benefits of the proposed 
BPNN SB and SBC-OPF. Finally, the main results and 
contributions of this paper are summarized and highlighted in 
Section VI. 

III. BACKGROUND REVIEW 

In this section, a brief discussion of a typical SC-OPF 
auction model and a recently proposed “dynamic” SC-OPF 
model, relevant to the technique proposed here, are presented. 
The advantages and disadvantages of these models are also 
briefly discussed. 

A. SC-OPF Model 

The following is a typical SC-OPF auction model, which 
includes the ac power flow equations as part of the 
optimization auction constraints to directly account for 
reactive power and voltage control and their associated limits 
[3]: 
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where Cs 
and Cd 

are vectors of supply and demand bids in 
$/MWh, respectively; Ps 

and Pd 
are the supply and demand 

power levels in MW, respectively, which cannot exceed their 
maximum values; FPF(·)

 
stands for the power flow equations 

of the system; V and δ correspond to the bus voltage phasor 
components; Qs 

stands for the generator reactive powers; and 
Iij 

represents the current in the transmission line ij, so that 
thermal limits can be directly modeled in the auction process. 
Finally, Pijmax 

is used to represent transmission system security 
limits, which are determined off-line by means of stability and 
contingency studies. It is important to highlight the fact that 
these security limits do not correspond to the actual system 
conditions associated with the resulting solutions, since these 
limits were not necessarily obtained using the operating 
conditions corresponding to the solution of the OPF-based 
auction; hence, this model may yield insecure operating 
conditions and/or inappropriate price signals [3], [4]. 

B. Dynamic SC-OPF Model 

A technique to obtain a better representation of the SB, 
which accounts for system dynamics that can be represented 
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as an explicit function constraint in the OPF model, is 
presented in [11]. In this case, the SC-OPF model may be 
formulated as follows: 
 

 Min.  T T
b d d s sS C P C P    (2) 

 s.t.  , , , , 0PF g s dF V Q P P   (3) 

 max
0 s sP P   (4) 

 
max

0 d dP P   (5) 

  
max

, , ,ij ijI V I i j i j     (6) 

 
min maxg g gQ Q Q   (7) 

 min maxV V V   (8) 

  , 0NRo NRf f V    (9) 

where the SB is represented by the explicit function fNR(·) in 
(9), and fNRo is a suitable threshold value. To obtain the 
mapping function fNR(·), a nonlinear regression fitting 
technique is used. The importance of this approach is that the 
trained mapping function can provide a “quick” mapping 
between an operating point and the corresponding security 
status, i.e. it can be used to guarantee that the solution to the 
OPF problem remains within the SB defined by (9). This 
technique represents an advance in terms of efficiently 
characterizing the SB with respect to previously proposed SC-
OPF methods. Hence, a similar conceptual idea is adopted in 
this paper to develop the proposed NN-based SBC-OPF 
model. 

IV. NEURAL NETWORK SBC-OPF 

An alternative approach to include static and dynamic 
security constraints into the OPF formulation is discussed 
here. Thus, an SB is first constructed by loading the power 
system until the stability limits are reached for the worst single 
contingency (N-1 contingency criterion), for multiple and 
realistic generator dispatch patterns. A BPNN is then trained 
to approximate this boundary for each dispatch pattern, and a 
closed-form differentiable function that provides a mapping 
between the loading variables and the system’s security status 
is generated for each considered generation pattern. These 
explicit functions are finally used as constraints in an OPF 
model somewhat similar to the model (2)-(9). 

A. Definitions 

A power system can be represented by a set of parameter-
dependent differential equations that are constrained by a set 
of nonlinear algebraic equations as follows [18]: 
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where x is a vector of dynamic state variables corresponding 
to various system components, such as generators and their 
controls; y is a vector of “instantaneous” state (algebraic) 
variables, such as complex nodal load voltages; ρ is a vector 
of controllable parameters, such as generator terminal voltage 

magnitude settings; and λ is a vector of non-controllable 
parameters, such as load active and reactive power levels, 
which change continuously, moving the system from one 
equilibrium point to another, if the system remains stable. 

The region in parameter space where all the operating 
points can be reached without causing instability is called a 
feasible region [19]. At the boundary of this region, the 
system equilibrium points change their stability 
characteristics. This feasible region and associated boundary 
can be constructed based on stability analyses of the 
differential-algebraic equations (10) representing the power 
system. 

In the operation of power systems, the system loads and 
generators vary throughout the operating horizon. For a given 
generation dispatch pattern, each specific pattern or 
“direction” of load change (load increases are typically more 
relevant from a security standpoint than load reductions), the 
operating point may reach the system’s feasibility boundary, 
driving the system to unstable conditions. Therefore, an SB 
can be constructed through voltage, angle and frequency 
stability studies for various loading changes and considering 
an N-1 contingency criterion. Thus, as a first step to define 
this boundary, let λi = [λi1  λi2  λiN]T be an ith particular set of 
load increase rates for the N loads in (10), so that: 
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where 0   is a scalar typically referred to as the loading 
factor, and dij, j=1,2,…,N, represents the loading increase 
“direction” for load j in the ith particular set of load increase 
rates, with the following conditions: 
 0 1ijd j    (12) 
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Thus, assuming a constant power factor, the load may be 
defined as: 
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where Pdj0 and Qdj0 are the “base” active and reactive powers 
at the jth load bus. 

Once the loading direction di = [di1 di2 … diN]T  is defined, 
the system load can be increased until an SB is reached by 
increasing the loading factor α; this boundary can then be 
associated with “critical” λc

ij values. To obtain a discrete 
representation of the SB, the N system loads can be varied in 
M different sets of load directions for given generation 
dispatch criteria. The SB can then be represented in the λ-
parameter space, where the coordinate axes correspond to the 
load increase rates of the various system loads. 
Computationally, this boundary may be approximated by 
means of a critical load matrix as follows: 
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Observe that for each generation pattern considered, a similar 
matrix can be obtained. 

The loading directions should cover the whole range 0 ≤ dij 
≤ 1 to get a complete boundary, and should have an even 
distribution. To get this even distribution in a multi-
dimensional d-parameter space, the interval [0 1] on each axis 
is divided into M points, i.e. i=1, 2,…, M, where M is selected 
so that a reasonable density is achieved. Thus, all the possible 
combinations of the points that satisfy (13) can be used to 
obtain the boundary points required to train the BPNN. 

B. SB Determination Procedure 

The critical λc
ij values that define the SB for the system 

model (10) and a given generation dispatch are computed 
using continuation power flows, eigenvalue analyses and 
transient stability studies considering an N-1 contingency 
criterion, as described in some detail in [16]. These critical 
points obtained along different loading directions for different 
generation patterns, which make up the SB, constitute the 
training and testing sets of the BPNN.  

It is important to mention that for each contingency and 
dispatch scenario a unique stability limit, which is a point of 
the stability boundary, can be obtained. The SB is then made 
up of the stability limit points obtained for each system 
dispatch and its corresponding “worst” contingency, i.e. the 
contingency that yields the smallest loading margin associated 
with the system stability limit for the given dispatch, as per the 
N-1 contingency criterion. Observe that if no contingencies 
are considered, a stability boundary rather than an SB is 
obtained. 

C. BPNN Nonlinear Function Representation 

The universal approximation theorem provides the 
mathematical justification for the robust approximation of any 
arbitrary continuous function by a nonlinear input-output 
mapping using BPNN [20]. Therefore, the BPNN is selected 
as a tool to map the SB. The mapping process for each 
boundary involves the following steps: 
1) Obtain the matrix Mλ, which constitutes the training and 

testing sets for the BPNN. 
2) Train and test the BPNN. 
3) Obtain an explicit function representation of the BPNN 

for inclusion in an OPF model. 
 
The BPNN is composed of three layers: input, hidden and 

output, as per Figs. 1 and 2. Each layer contains a number of 
neurons whose connections increase the NN’s capability to 
learn complex relationships. The number of neurons was 
determined considering a compromise between the bias and 
the variance errors. As it is shown in Fig. 2, every connection 
between the ith layer and the jth consecutive layer through the 
kth neuron is weighted by a number wji

k.  A neuron adds the 
incoming inputs inputi, which could be the weighted output 
information from other neurons, and passes the net sum 

 
Fig. 2.  Neuron single structure. 

 
Fig. 1.  BPNN architecture. 
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through an activation function fi. The activation function of 
each neuron transforms the net weighted sum ni of all 
incoming input signals into one output signal. Also, each 
neuron has an additional input, called a bias bi, which is used 
in the network to generalize the solution and avoid a zero 
value for ni, even when an inputi is zero. 

The BPNN architecture used in this paper was selected 
based on the criteria of having the simplest neurons array, 
capable to map the security or stability boundary with a 
reasonable degree of precision. Hence, it consists of one 
neuron for both input and output layers, and eight neurons for 
the hidden layer, as shown in Fig. 1. The neurons making up 
the hidden layer have the activation function: 

   2

2
1

1 i
i i n

f n
e

    
 (16) 

where ni can be an input state variable or algebraic expression, 
depending on the state variables coming from the input data or 
output from other neurons. The input and output neurons have 
a linear activation function with unitary value. 
 The input-output relationship of the neuron single structure 
is shown in Fig. 2. From the input-output relationships 
between the three layers of the trained BPNN shown in Fig. 1, 
it is possible to obtain the implicit mapping function that 
explicitly relates the BPNN inputs and output. Thus, for the 
input layer, the input-output relationship can be written as: 
 1,..., 1in

in i i inOutput input w b i N      (17) 

This constitutes the input of the hidden layer; therefore, the 
input-output relationship at each neuron of this layer is: 

   21 32 1,...,8in k k
k k i i in kk

Output f input w b w b w k     (18) 

Since these outputs form the input of the output layer, the 
following mapping function can be obtained: 

 
  

8

21 32
1

,..., 1

in k k
out k i i in kk

k

out

Output f input w b w b w

b i i N


  

   

  (19) 

Once the BPNN has been trained and tested, and thus its 
weighted values have been computed, one can use (19) as the 
closed form, differentiable function that represents the 
boundary, as explained in Section IV.E. 

D. BPNN Training and Testing 

The method used to train the BPNN off-line consists on 
iteratively adjusting the network weights and biases to 
minimize a network performance function, which in this work 
is given by the mean square error between the network outputs 
and the target outputs. The gradient of the performance 
function is used to determine how to adjust all the weights and 
biases, using an updating technique known as back-
propagation; this technique starts at the output layer and 
propagates the results backwards to the input layer. The 
Levenberg-Marquardt algorithm is used in the present work to 
minimize the performance function based on its gradient, 
since it has an adequate performance and it is not affected by 
the accuracy required on the function approximation [21]. 

In order to train the NN, the M critical values of each 1N   
loading points making up the boundary are provided as inputs 
to the NN, i.e. in Fig. 1, input1 = c1, input2= c2,..., inputl-1  =  

cl-1, inputl  =  cl+1,…,  and inputN-1 =  cN, as per (15). The target 

(output) value that must be satisfied within a given tolerance 
is given by a chosen l th column of M, i.e.  Outputout = cl, so 

that cl = f(input), where input = [input1 … inputN-1], and f(·) 

stands for the “total” NN function (19). Observe that a given 
point on the boundary is basically defined by: 

 
 
 

1 2 1 1, , , , , ,
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 l l l
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In other words, for N-1 known load increase rates defined by 

the vector î , the SB value c
i l  of a chosen l th load increase is 

basically defined by (20).  
The boundary points can also be represented in the Pd-

parameter or loading space based on (11), (14) and (20), so 
that a critical loading point on the boundary is given by: 
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ˆ

c
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P f P P P P P
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 l l l +
 (21) 

Therefore, the equation: 

  ˆ 0c
d dP f P 

l
 (22) 

defines a hypersurface in the N-dimensional loading space on 
which the BPNN SB is defined (e.g. for 2 loads it is a curve, 
for 3 loads it is a 2-dimensional surface, etc.). 

The BPNN training and validation process used here is 
based on randomly dividing the input vectors and the target 
vector in three sets as follows: 60% are used for training; 20% 
are used to validate the NN network and to stop training 
before over-fitting as per the abovementioned performance 
function; and the last 20% are used as an independent set to 
test  the BPNN generalization [21]. The time that it takes to 
train the BPNN is in the range of a few seconds to several 
minutes, depending of the number of loads or loading areas 
considered to build the SB. Hence, since this is carried out 
off-line, obtaining the required BPNN SBs should not 
represent a problem in a practical implementation of the 
proposed methodology. 

E. BPNN Mapping Nonlinear Function 

It is shown in [22] that the linearized power flow mismatch 
equations can be represented using an NN. In this case, the 
interconnections of layers represent the Jacobian matrix 
elements, while the weighted numbers wji

k are related to the 
values of these elements. Bearing this in mind, and following 
an inverse procedure, it is possible to use a symbolic algebraic 
process to relate the NN output and input to the BPNN, 
considering its architecture and the basic neuron structure, as 
shown in the previous section. Hence, the mapping function 
that relates the input-output for the BPNN shown in Fig. 1, in 
terms of load increase rates, is obtained from (19) and (20) as:  
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where win=[w1

in w2
in … wN-1

in]T. From (11), (23) can be 
rewritten as: 
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where αc

 
represents the critical loading factor. Observe that 

the system operating point associated with a loading 

level c l l is located outside the security region. 

Based on (14), it is possible to express the mapping function 
(23) as:  

   
8

21 32
1

ˆc T in k k
k d in k outd

k

P f P w b w b w b


   l  (25) 

Similarly, system operating points associated with a loading 

level c
d dP Pl l  are located outside the security region. Hence, 

the mapping functions (23) or (25) can be used as security 
constraints in the OPF formulation, as explained next. 

F. Security Boundary Constrained OPF Model 

Given that in practice the majority of system loads are 
inelastic [23], i.e. price unresponsive, the OPF model (2)-(9) 
that is the basis for the OPF dispatch model presented here 
can be readily modified to reflect this fact.  Thus, the 
proposed optimization model considers that loads bid on the 
market only a fraction of their demand which they are willing 
to curtail if need be at a high curtailment price; this reflects 
better the way markets operate in most jurisdictions. 
Furthermore, the security constraint (9) is replaced by the 
proposed BPNN SB (23) for each supply pattern considered. 
Therefore, the following OPF model is proposed: 
 Min. T T

b s s d dS C P C P    (26) 

 s.t.  , , , , , 0PF g s d dF V Q P P Q   (27) 

  max0 s sP P   (28) 

  min maxs s sQ Q Q   (29) 

  min maxV V V   (30) 

  
  

8

21 32
1

ˆ

0 1, ,

m m m m m

m

T in k k
k m in k

k

out

f w b w b w

b m G

 


  

   




l  (31) 

  0 1,...,djP j N     (32) 

  
 
 

0 0

0 0 0

1,...,dj j j dj

j j dj

P P j N

d d P

 

 

    

 
  (33) 

   tan 1,...,dj j djQ P j N     (34) 

  0 1 1,...,jd j N     (35) 
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1
N

j
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d
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  0   (37) 

where m stands for the mth SB obtained for a given generation 
pattern out of a total of G dispatch patterns; Cd represents load 
curtailment prices; and the load curtailments are represented 
by ΔPd, assuming a constant power factor as per (35). Observe 
that constraints (32) force ΔPdj to be negative or zero for all 
bidding loads, which, combined with high Cd values, would 
effectively force load curtailment to be zero if there is a 
solution to the problem within the boundaries defined by (31), 
becoming nonzero only when there are security violations that 
cannot be resolved simply with generation dispatch. It is 
important to highlight the fact that for loads that do not wish 
to bid in the market, Cdj = ΔPdj = 0. Therefore, this 
optimization dispatch model properly reflects the basic 
operating principles for electricity markets dispatch nowadays.  

This model was solved using two different types of solvers: 
the Newton-based approach described in [24] and [25], and 
AMPL [26] with the KNITRO solver [27]. Both generated the 
same solutions in all the examples discussed next. 

V. RESULTS 

Numerical results of the proposed method are presented and 
discussed in this section. Comparisons between the proposed 
BPNN SB mapping approach and the one proposed in [11] are 
also presented.  

Two sample systems were selected to test and demonstrate 
the proposed SBC-OPF model, namely, the IEEE 2-area 
system and the IEEE 118-bus system; the latter allows 
demonstrating that the presented approach can be readily 
applied to realistic power systems. To simplify the presented 
analyses and explanations of the results, and without loss of 
generality, the SB was obtained for a “typical” dispatch 
pattern, i.e. G =1 in (31) for both test systems. Furthermore, to 
test the effect of the security constraint (31), all case studies 
presented are based on load dispatches Pdo that violate the 
SBs. 

A. IEEE 2-area Benchmark System 

The slightly modified IEEE 2-area benchmark shown in Fig. 
3 consists of two similar areas connected through a relatively 
weak double-circuit tie line; the added variable capacitor at 
Bus 8 keeps the bus voltage constant to improve voltage 
profiles for various loading conditions. The system generators 
were modeled using detailed subtransient models including 

Fig. 3. IEEE 2-area benchmark system. 
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simple excitation systems and speed governors. A power 
system stabilizer was installed on generator G4 to damp 
possible low frequency oscillations. There are only two loads 
in the system at Buses 7 and 9, respectively. The system data 
can be found in [30], and Table I depicts the generator bid 
data and limits used in the simulations. 

Following the procedure described in Section IV-B, the SB 
was obtained based on 21 different loading directions for each 
load, and detailed static and dynamic studies using the tools 
described in  [28] and [29]; the generator dispatch pattern 
used to obtain the boundary was based on the base generator 

powers. To train the NN, 7
c
i  was assumed as the input to the 

BPNN, and 9
c
i  was considered as the target; it took about 91 

s on a standard PC to minimize the error between the output 
and the target to within a 10-5 tolerance. The resulting stability 
and SBs are depicted in Fig. 4. The latter corresponds to the 
system stability boundary for a Line 7-8 trip, which is not the 
worst contingency in this test system, since other line trips 
such as a Line 6-7 trip would yield an unsolvable base power 
flow; however, this suffices to illustrate the application of the 
proposed dispatch algorithm without loss of generality. 
Observe the reduced loadability margin when the contingency 
is considered. Note as well that the boundaries present some 
discontinuities that are “averaged” by the NN approximation, 
which is a differentiable nonlinear function in the considered 
loading space.  

The values for α, di7 and di9 shown in Table II were chosen, 
so that the corresponding Pd7 and Pd9 values force the system 
to be outside the SB to test the proposed optimization model, 
which should yield the most economical dispatch while 
meeting all security constraints. The base load values are 
depicted in Fig. 3. The assumed large curtailment bids for the 
loads were Cd7 = 200

 
$/MWh and Cd9 = 2200 $/MWh, which 

are, as previously discussed, significantly larger than the 
generator bids, which are in the 70 to 90 $/MWh range. 

The load change results obtained by applying the proposed 
model (26)-(37) are shown in Table III, and Table IV shows 
the corresponding generator dispatches. The 5 initial loading 
points and 5 final points with respect to the SB are shown in 
Fig. 4; observe how the loads are minimally curtailed so that 
the system returns to its SB, curtailing the cheapest load the 
most, as expected. Thus, in all cases, the cheapest load Pd7 is 

curtailed the most, whereas the most expensive load Pd9 is 
only curtailed in the cases when this is necessary to bring the 
system within the security limits (Cases 1 and 2), which is 
clearly illustrated with Fig. 4. 

The proposed BPNN SB representation (23) was then 
replaced by the following polynomial approximation proposed 
in [11]: 
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1 1
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TABLE I 
POWER GENERATION BIDS FOR THE 2-AREA SYSTEM 

Gen. sC  

[$/MWh] 
maxsP  

[MW] 
G1 70 900 
G2 70 1000 
G3 90 900 
G4 70 900 

 
TABLE II 

IEEE 2-AREA SYSTEM LOADING SCENARIOS 
 

Case 
 
α 

 
di7 

 
di9 7dP  

[MW] 
9dP  

[MW] 
1 0.8 0.4 0.6 1276.44 2615.16 
2 0.8 0.5 0.5 1353.80 2473.80 
3 0.9 0.6 0.4 1489.18 2403.12 
4 0.9 0.7 0.3 1576.21 2244.09 
5 1.0 0.8 0.2 1740.60 2120.40 

 
TABLE III 

IEEE 2-AREA SYSTEM LOAD CURTAILMENT VALUES 
 

Case 
 
α 

 
di7 

 
di9 7dP  

[MW] 
9dP  

[MW] 
1 0.4402 0.1004 0.8996 266.68 148.38 
2 0.4402 0.1004 0.8996 344.04 7.02 
3 0.5602 0.3574 0.6426 328.56 0.0 
4 0.6902 0.6088 0.3912 202.90 0.0 
5 0.7436 0.7310 0.2690 247.93 0.0 

 
TABLE IV 

IEEE 2-AREA SYSTEM GENERATOR OUTPUTS 
 

Case 
PG1 

[MW]
PG2 

[MW] 

PG3 

[MW] 

PG4 

[MW]
1 900 1000 689 900 
2 900 1000 689 900 
3 900 1000 776 900 
4 900 1000 829 900 
5 900 1000 825 900 

 
TABLE V 

IEEE 2-AREA SYSTEM LOAD CURTAILMENT VALUES 
 NN APPROACH NR APPROACH 

 
Case 7dP  

[MW] 
9dP  

[MW] 

 
(31) 7dP  

[MW] 
9dP  

[MW] 

 
(38) 

1 266.68 148.38 -2.2e-5 309.44 148.60 2.3e-5 
2 344.04 7.02 -2.2e-5 386.80 7.24 2.3e-5 
3 328.56 0.0 -1.8e-5 321.66 0.0 2.2e-5 
4 202.90 0.0 1.4e-5 207.12 0.0 -7.4e-5 
5 247.93 0.0 3.1e-6 246.75 0.0 -2.6e-5 
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Fig. 4. Security and stability boundaries for the IEEE 2-area system. 
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A nonlinear regression (NR) approach was used to obtain the 
A, B, C and D parameters in (38). A similar procedure used 
for the validation of the NN is used for validating the NR; 
thus, 70% of input and target vectors are used in the fitting 
process, while the rest are used to validate the NR function 
performance. The resulting mean square errors for the NN and 
the NR functions are 9.94e-7 and 2.39e-5, respectively, which 
basically shows that the NN approximation fits the boundary 
better than the NR polynomial approximation. Table V shows 
the load changes and the value of the corresponding SB 
constraint for the NN approximation (31) and the NR 
approximation (38). Observe that the differences in load 
curtailments are not significant, but the NN security constraint 
is in general closer to zero than the NR polynomial one, thus 
yielding more accurate results, at similar computational costs 
for the solution of the optimization model. Considering that 
both approximations are based on the same training data, with 
the NN approach requiring a not too costly off-line training 
process, while the NR approach requires a computationally 
somewhat cheaper off-line fitting process, the NN 
approximation can be considered a better alternative given the 
more accurate results. 

B. IEEE 118-bus Benchmark System 

To prove the effectiveness of the proposed method with a 
more realistic system, the IEEE 118-bus benchmark system 
was used to test it. The system is composed of 53 generators 
and 91 loads. The data are available in [31], and the generator 
bid data are given in the Table VI.  

Following standard utility and electricity market practices, 
the system was divided in both 3 and 4 operational areas, so 
that the corresponding SBs basically represent transfer limits 
between these areas. The proposed BPNN SBs were obtained 
in both cases using, for the sake of simplicity and without loss 
of generality, voltage stability criteria only, i.e. the boundary 
is basically composed of saddle-node and limit-induced 
bifurcations [29], [32], and assuming that a Line 39-40 trip 
stands for the worst contingency. A total of 631 loading 
directions were considered to get an even distribution of 
training points, and a generation dispatch pattern based on the 
base generator powers was used. A similar training and testing 
procedure to the one used for the IEEE 2-area system was 
applied to obtain the required security boundaries. 

 
1) Three Areas: The system was divided in three 

operating areas, namely, Area 1 with 31 loads; Area 2 with 31 
loads; and Area 3 with 29 loads. The SB mapped by the 
proposed BPNN is illustrated in Fig. 5 in the Pd-parameter 
space; it took 156 s on a standard PC to train the BPNN. The 
three area loading cases shown in Table VII, which all define 
operating conditions outside the security region as depicted in 
Fig. 5, were used to test the proposed optimal dispatch model, 
with the following large load curtailment bids per area: CdA1 = 
200

 
$/MWh, CdA2 = 400

 
$/MWh, and CdA3 = 600

 
$/MWh. The 

total area loads were proportionally distributed among the area 
buses based on their base loading values. 

Table VIII shows the total area load changes resulting from 
the solution of the dispatch model (26)-(37), which also yields 
optimal dispatch values for all generators. Observe in Fig. 5 
how the most expensive Area 3 loads are shed the least, 
except for Case 1, where this load must also be curtailed for 
the system to be on the required SB.  

As in the case of the IEEE 2-area system, a comparison 
between the NN and NR approaches to map the SB was also 
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Fig. 5. SB for the IEEE 118-bus system for three areas. 
 

TABLE VIII 
118-BUS SYSTEM 3-AREA LOAD CURTAILMENT VALUES 

 
Case 1AdP  

[MW] 
2AdP  

[MW] 
3AdP  

[MW] 
1 10.1147 13.9695 62.4044 
2 17.3010 0.0 0.0 
3 0.0 6.2105 0.0 

TABLE VI 
POWER GENERATION BIDS FOR THE 118-BUS SYSTEM 

 
Gen. 

sC  

[$/MWh] 

 
Gen. 

sC  

[$/MWh] 

 
Gen. 

sC  

[$/MWh] 
1 30 19 30 37 30 
2 30 20 30 38 30 
3 30 21 50 39 80 
4 80 22 30 40 30 
5 30 23 30 41 30 
6 50 24 30 42 30 
7 30 25 40 43 30 
8 30 26 40 44 40 
9 30 27 30 45 30 
10 30 28 40 46 30 
11 60 29 70 47 30 
12 70 30 30 48 30 
13 30 31 30 49 30 
14 30 32 30 50 30 
15 30 33 30 51 30 
16 30 34 30 52 30 
17 30 35 30 53 30 
18 30 36 90 54 30 

 
TABLE VII 

118-BUS SYSTEM 3-AREA LOADING SCENARIOS 
 

Case 1AdP  

[MW] 
2AdP  

[MW]
3AdP  

[MW] 
1 848.64 822.97 2138.85 
2 866.944 803.794 2061.444 
3 836.16 830.96 2047.185 
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carried out. The mean square errors for the NN and the NR 
approximations are 2.6e-6 and 5.85e-6 respectively, showing 
that the NN approximates better the boundary than the NR 
polynomial. 

 
2) Four Areas: In this case, the system was divided in the 

following four areas: Area 1, 2 and 3 with 22 loads each; and 
Area 4 with 25 loads. The BPNN SB training took 225 s in 
this case. The three test cases shown in Table IX were used to 
test the proposed dispatch model; all operating points are 
located outside the security region. The total area load was 
assumed again to be proportionally distributed among the area 
buses based on their base loading values. The large 
curtailment bids assumed for the loads in each area were: CdA1 

= 800
 
$/MWh, CdA2 = 100

 
$/MWh, CdA3 = 300

 
$/MWh, and 

CdA4 = 600
 
$/MWh.  

The load changes obtained from solving the SBC-OPF 
model (26)-(37) for all 3 operating cases considered are 
shown in Table X. The loads are curtailed according to their 
bids and effect on system security; in this case, the most 
expensive loads in Area 1 as well as the cheaper loads in 
Areas 2 and 3 are not curtailed, with only the loads in Area 4, 
which have the most impact on system security conditions, 
being shed the most. 

VI. CONCLUSIONS 

This paper proposed a new technique to obtain a 
differentiable function of power system variables from an NN 
approximation of the stability/security boundary. This 
function was introduced as a security constraint in an SC-OPF 
model for optimal dispatch in a competitive market 
environment, accounting for the load inelasticity in current 
auction and dispatch problems. It was shown that the solution 
of the proposed SBC-OPF problem yields dispatch conditions 
that are within a feasible operating region from the 
stability/security viewpoint. The proposed model was tested 
using two IEEE benchmark systems, demonstrating its 
usefulness and feasibility in practical applications.  

The proposed approach represents a new and useful 
technique to deal with the issue of properly representing 

system congestion in OPF-based auction and dispatch 
mechanisms. Using the proposed SB representation, system 
operators should have a full and more accurate representation 
of the shape and characteristics of the secure operating region, 
allowing them to properly dispatch generator and loads, as 
well as take preventive and corrective actions to avoid system 
instabilities.  

The proposed SB representation can be applied to any other 
OPF-based dispatch and market auction models, such as the 
classical dc-OPF. Given that in practice most energy dispatch 
and market clearing mechanisms are based on the latter, the 
authors are currently working on developing practical dc-OPF 
dispatch models based on the proposed NN SB. 
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