A NOTE ON ATANASSOV’S DISCREPANCY BOUND FOR THE
HALTON SEQUENCE

by Xiaoheng WANG and Christiane LEMIEUX * and Henri FAURE

ABSTRACT. In this note, we provide a complete proof of the results presented by
E. Atanassov in a 2004 paper about the discrepancy of the Halton sequence. Our proof
addresses an inaccuracy found in the original proof, and fills in some non-trivial gaps.

1. INTRODUCTION

The Halton sequence is the oldest multidimensional low-discrepancy
sequence [12]. Its star-discrepancy is in O(log® N/N), and for about 40 years,
the best bounds that were proved for the implicit constant ¢, in this O notation
were growing superexponentially fast with the dimension s. However, a few
years ago, Atanassov published a paper [1] establishing that the constant c;
was actually going to 0 with s superexponentially. Furthermore, in this paper
he showed (in his Theorem 2.3) that the behavior of this constant could be
improved by using so-called “admissible integers” to permute the digits of the
Halton sequence, thereby obtaining a form of modified Halton sequence.

The purpose of this note is to provide a complete, more detailed proof of
Atanassov’s important contributions, based on [1]. In particular, we give details
for some non-trivial gaps that appear in the proofs given in [1], and make
several important remarks regarding the essence of these proofs. In addition,
we found there is a subtle inaccuracy in the proof of one of the intermediate
results (Proposition 4.1) used in [1]. This inaccuracy can be rectified in
different ways, and does not affect the end result, given in Theorem 2.3. The
simplest way to deal with it is to make use of asymptotic notation in the

* The second author acknowledges the support of the National Sciences and Engineering
Council of Canada.
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bound given in that proposition. However, if we still want a precise bound
and no asymptotic notation, then Proposition 4.1 needs to be modified, and
we propose two ways of doing so. In both cases, we show how to adapt the
proof of Theorem 2.3 so that the modification to Proposition 4.1 is correctly
handled.

This note is organized as follows. In Section 2, we recall the definitions
and main results proved in [1]. We discuss in Section 3 how the proofs of
these results are organized. Sections 4 and 5 contain our detailed and corrected
proofs of these results. We discuss two alternative approaches to cover the
inaccuracy in the proof of Proposition 4.1 in [1] in Section 6.

Foreword. The results in this note are not new, but the work presented
here has led to further generalizations of these results, showing the vitality of
methods initiated by Atanassov. Readers interested in this subsequent works
are referred to [8, 9, 10, 11, 18]. See also [6] for an updated survey to
appear in 2014 relating the various aspects of Atanassov’s methods and their
extensions.

This note was first released in 2008 as a technical report. It has been updated
first in September 2012 to overcome a small inaccuracy in the proof of Lemma
4.4 and then in November 2013 to overcome another small inaccuracy in the
proof of Theorem 2.1 (Claim 3) and to add the recent related references above.

2. DEFINITIONS AND RESULTS GIVEN IN ATANASSOV’S PAPER

In this section we state the results proved by Atanassov in [1] and give

the required definitions and notation. For convenience, we use the same
numbering as in [1] for definitions and results. The reader is referred to
[2, 4, 13, 14, 16, 17] for more information on the concept of discrepancy
and irregularities of distributions. A recent, comprehensive survey of low-
discrepancy sequences can be found in [3], and [7] gives up-to-date results
on generalized Halton sequences.
Definition 1.1. For every s-dimensional interval J = Hle [ci,di) € E° where
E’ is the unit cube [0, 1)°, let Ay(J) be the number of terms of the sequence
o = {x;}2, among the first N such that x; € J, and let u(J) be the volume
of J. The discrepancy Dy(c) of the sequence o is defined to be

An(J)

- u(J)‘ :
JCEs
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The star-discrepancy Dy(o) of the sequence o is obtained when the supremum
is taken over intervals J C E* of the kind J = [[;_, [0,d/). In what follows,
we will always be working with NDy(c) and NDy (o). We will also reserve
s for the dimension.

Definition 1.2. Let p > 2 be a fixed integer, and let 7 = {77}]-020 be a sequence
of permutations of the numbers {0, ...,p—1}. The terms of the corresponding
generalized van der Corput sequence are obtained by representing nonnegative
integers n as n = Zf:o ajp’, a; €{0,...,p— 1}, and putting

k
X =Y Tap .
j=0

The one-dimensional van der Corput sequence in base p is obtained by setting
7i((y=1ifor i=0,...,p—1, j>0.

Definition 1.3. Let py, ..., p, be pairwise relatively prime integers with p; > 2.
The Halton sequence

1 )\ 1°
o(P1,...,ps) = {(x;), . ,xﬁf))}nzo
is constructed by setting each sequence {x{?}°°. to be a van der Corput
sequence in base p;, for i=1,...,s.
Before Atanassov’s result, the best known upper bound on the discrepancy
of the Halton sequence was as follows.

Theorem 1.1. Let p;,...,p, be pairwise relatively prime numbers. The
discrepancy of the Halton sequence o(py,...,ps) satisfies
NDy(0) < ¢;In° N + O(In* " N), 2.1
with
s . — 1
g =2° P .
lllp,'

i=1
This was later improved to [5]

el

cy = .
’ Inp;
i=1 Pi

The following theorem describes how Atanassov was able to further improve
this result.

Theorem 2.1. Let p;,...,p; be pairwise relatively prime numbers. The
discrepancy of the Halton sequence o(py,...,ps) satisfies

s—1 k
Gi— DN\ S InN S
NDN(”)<H< dinp 5T 22 h 1;[1 lenp 2u




4 X. WANG AND C. LEMIEUX AND H. FAURE

where u is O when all numbers p; are odd, and

_ Pr @pi— 1 InN _
=t I (g o)

1<i<s,i#r

if p, is the only even number among them. Therefore the estimate (2.1) holds

with constant
1 Yrpi—1
cg = — .
s! Inp;

i=1

By making the constant ¢, smaller by a factor s!, it is now going to 0
as s goes to infinity, whereas the bound previously known was such that c;
was tending to infinity super-exponentially with s.

Furthermore, Atanassov was able to make this constant even smaller in
two cases, both of which make use of the concept of admissible integers:
Definition 2.1. Let p;,...,p; be distinct primes. The integers ki, ...,k are
called admissible for them, if p;fk; and for each set of integers by, ..., by,
pifb;, there exists a set of integers «y, ..., satisfying the congruences

k& H P’ =b; (mod py), i=1,...,s. (2.2)
1<j<s j#i
If a sequence of s ones is admissible for the prime numbers py,...,ps, we
say that py,...,ps satisfy Condition R.
A quantity that is used repeatedly when dealing with admissible integers
is the following:

Pitkii (.., a0) =k [ pf"modp; €{0,....,pi—=1}, i=1,....s.
1<j<s,j#i

(2.3)
We chose to introduce this here just so that the reader can see the relation
between this quantity and the definition of admissible integers.

The two cases where a smaller value for ¢, are proved are as follows: (1)
for a Halton sequence with prime integers py,...,p, satisfying Condition R ;
(2) for a modified Halton sequence, which uses a generalized van der Corput
sequence {x{?}°°  for its ith coordinate, based on permutations of the form

@) =akimodp; €{0,....p;—1},  j=0,... ki=1,..5 (24

and where ki, ..., k; are admissible integers for the prime numbers pi, ..., p;.
The two corresponding results are as follows:

Theorem 2.2. If the prime numbers py,...,p, fulfill Condition R, then the

discrepancy of the Halton sequence o(pi,...,ps) satisfies (2.1) with constant
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Cs(plgu.,ps):%ZI HP:(I—Flnp,
T =1

— DlInp;
Theorem 2.3. Let py,...,p, be distinct primes and the integers ki, ..., ks be
admissible for them. The modified Halton sequence o(pi,...,ps ki, ., k)

satisfies (2.1) with the same constant as in Theorem 2.2, i.e., with

2O pi(1 +1np))
s yeesPs) = — 1
&P - - Ps) s!; H (i — Dinp;’

As pointed out by Atanassov, when Condition R is fulfilled, the corre-
sponding Halton sequence can be thought of as a special case of the modified
Halton sequence. Thus Theorem 2.2 follows from Theorem 2.3.

3.  ORGANIZATION OF THE PROOF

The two results that need to be proved are Theorem 2.1, which improved
the best known upper bound ¢, on the Halton sequence, and Theorem 2.3,
which shows an even better bound for the modified Halton sequence.

To prove Theorem 2.1, Atanassov relies on five lemmas (Lemmas 3.1 to
3.5). Lemma 3.1 gives a bound on the difference |An(J) —Nu(J)| for intervals
J whose endpoints are given by multiples of some powers of the p;’s. That
is, for J of the form

5
J=[1wre, e .
i=1
When c¢; — b; = 1, such intervals are typically referred to as ‘“elementary
intervals”.
Lemmas 3.4 and 3.5 have to do with how one can rewrite an arbitrary

J=1T10,z)
i=1

(as used in the computation of the star-discrepancy) into something called a
“signed splitting”. In the proof of Theorem 2.1, the idea is then to break down
Any(J) — Nu(J) into two parts X; and X, with X; dealing with the coarser
parts of the signed splitting for J, and ¥, dealing with the finer parts. What
determines whether an interval is coarse or fine has to do with the value N,
and Lemmas 3.2 and 3.3 provide results on this aspect.

interval J of the form
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The proof of Theorem 2.1 found in [1] is correct. What we do below is
to reproduce these proofs but we correct a few notation problems found in
[1], and give more details.

As for Theorem 2.3, its proof relies on the following proposition :
Proposition 4.1. The star-discrepancy of the modified Halton sequence
oc=o(i,...,ps,ki1,...,ks) satisfies!:

s NP (F )]
ND}:,(U) < Z 1+ Z || Z[:](ll/pl)Pl(kl’J)H

. 2R
JETWN) leM(p)
s—1 k
Pk+1 Vﬁ J InN X
T2 H( 2y TR
k=0 i=1
where || denotes the floor function, || - || denotes the “distance to the
nearest integer” function, j = (ji,...,j;), with each j; a nonnegative integer,

p=@i,.--,ps), and

TWNY={j:p) - P <Niji,....js >0},
Mp)={jl0<ji<pi—1,j1 +-- +Jjs >0},

RG) = [ i,
i=1

with 7;(m) = max(1, min(2m, 2(p; — m))),

3.1)

and the quantity P;(k;;j) is defined in (2.3). In addition, we introduce some
additional notation that will be useful in the proof of future results:

T*N) = {j:p} - p <Nyji,...,js >0} = {j € T(N) : z(j) = 0},

. i 3.2
L) = (i ph <N, someji=0) = {j € TV ) > 0}

That is, T*(N) = T(N) \ T,(N) and x(j) is the number of zero entries in j.

To prove this proposition, Atanassov relies on three lemmas (Lemmas 4.1
to 4.3). Lemma 4.1 establishes the existence of admissible integers. Lemma
4.3 gives an upper bound on Ayx(J) — Nu(J) for elementary intervals, and
relies on Lemma 4.2, which relates the distance Ay(J) — Nu(J) in a certain
setting with exponential sums. It should be noted that this Lemma 4.2 is a
special case of [15, Satz 2].

The proof of these lemmas found in [1] are also correct (again, modulo
some problems in the notation). However, we believe that the proof of

1 The term (li/pi) in the sum over 1 € M(p) above is instead just /; in [1], which is a typo.
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Proposition 4.1 given in [1] contains an inaccuracy. More precisely, here
Atanassov breaks down Ay(J) — Nu(J) into two parts 3; and X, again, but
we think the bound he gets for X, is incorrect. We find that 3| needs to be
splitted up into two parts, with one part that can be bounded as in [1], but
with the other part contributing an extra term in the bound, which behaves in
O(In*"!' N). That is, we modify Proposition 4.1 as follows:

(Modified) Proposition 4.1. The star-discrepancy of the modified Halton

sequence o = o(py,...,Ps, k1, ..,ks) satisfies:
1575 Pk
ND;; < 1 o
Vo) = Z + Z 2R()
JET*(N) leM(p)

(5 )
: 1 pr InN
+;(s—l)!kl:[1<2 1npk+s_1)'

ki

Our proof of this modified Proposition 4.1 contains a remark (Remark 5.1)

that explain precisely where this extra term comes from. The fact that the

new term is O(In*~' N) will also be quickly proved in this note.
Alternatively, as we will show in Section 6, another version of Proposition

4.1 also holds. Namely, we have:

(Modified?) Proposition 4.1. The star-discrepancy of the modified Halton

sequence o = o(py,...,ps, K1, -..,ks) satisfies:
. 1520 Pkl
NDj, < 240 | 1 —L
N(O’) > Z + Z 2R()
JET(N) leM(p)
Pk—H { J InN X
ST (%] ).

where z(j) =#{i=1,...,s:j; =0}.

In turn, in [1] Theorem 2.3 is proved using Proposition 4.1 and another
lemma (Lemma 4.4). Although, as we show, Proposition 4.1 does not hold
as in [1], we are able to also prove Theorem 2.3 using either our modified
Proposition 4.1 or a slightly weaker version of modified? Proposition 4.1, and
an approach similar to the one used by Atanassov. We find however that the
proof of Theorem 2.3 in [1] omits some non-trivial steps, which we provide
below.
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Note that the bound in our modified Proposition 4.1 could presumably be
improved, but since in its current form we are still able to prove the main
result—given by Theorem 2.3—for now we have not attempted to perform
such improvements.

A last note: for the sake of completeness, we have included in our proof
a few very easy intermediate results, and have numbered them using hyphens
referring to the more important results to which they relate. For instance,
Lemma 3.2.-1 is a very easy lemma used as an intermediate result for Lemma
3.2.

4. PROOFS LEADING TO THEOREM 2.1

Lemma 3.1. Let o(py,...,ps) = {x,};2, be a Halton or modified Halton
sequence (based on any permutations 7}(’)) and let J be an interval of the
form
7= [tbw, e .
i=1

where b;,c; > 0 are integers for all i. Then

Av() = Nu()| < [ (ei = bo)
i=1

for every positive integer N and Ay(J) < [['_,(c; — b)) for N <[]}, p®.

Proof. For each nonnegative integer n, write n = Zfio n,»jp{ in base p;.
Fix some 1 = (I,...,[) such that b; <[; < ¢; <pfi. Fix some i =1,...,s,
write I; = > 2 Ip} in base p;. Recall that x{) = 3> ™ (ny)pi?~". Thus,

we have

[e%e) a;i—1 a;i—1
XD pr ™, Ui+ Dpr®) & Y Pmppd T e 1> gpl, Y lpl+ 1)
j=0 j=0 j=0
& 70(ny) = lja—j—1, for all j=0,1,..., a; — 1.

4.1)

Since each 7}(i) is a bijection, we see that for each /; and each j, there is
a unique n; satisfying (4.1). That is, the first o; digits of n in base p; are
uniquely determined by (4.1). More precisely, there exists a; € {1,...,pf}
such that
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X0 € [y, i+ Dp; *) & n=a; (mod pf).

1

Since the p;’s are coprime, by the Chinese Remainder Theorem, we see
that

sy € dy = [l G+ Dp; ) @ n=b (mod pit* - p)
i=1

for some b with b = a; (mod pf), for i =1,...,s. In other words, exactly
one term out of every p{"---p% consecutive terms falls into J;.
Since each [; can take ¢; — b; values, we have for any positive integer f,

Aot () = ter = by) -+ (5 — by). 42)

The last statement follows by taking # = 1 and the trivial fact that Ay(J) is
increasing in N.

For an arbitrary N, find a ¢ such that " ---p& <N < (t+ Dpi" - - - p%,
we have

s

o YT =b) T
AN = Np) < Agyiperpes D — o7 p T ] T [ = bo.
i=1 ! i=1

Similarly, Nu(J) — Ay(J) < Hf.:l(c,- — b;). The result now follows. ]

The next lemma uses the following definition:

Definition 3.1. Let py,...,p, be a possibly empty set of integers, p; > 2 and
let N be any positive number. We denote by d(py,...,px;N) the number of
positive integer vectors j = (ji, . ..,jx) such that p’i‘ e p;f < N.If k=0 then
we let d(N) = 1.

We will need to following result from Euclidean geometry to prove Lemma
3.2:

Lemma 3.2.-1. The volume of the simplex {xja; + -+ + xar < b,x; > 0}
with b,k > 0,a; > 0 is L6/ T, ;.

Proof. An easy integration shows that Vol{x;+---+x; < 1,x; > 0} = %,
where Vol(S) represents the volume of the set S. Now the case when b =0
is trivial, so let us assume that b # 0.

Let T be the linear transformation with matrix representation

a/b 0 o 0
0 a/b - 0
T = . ) ) )

0 0 - a/b
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Then, we have

1
0= | det(T)| Vol{x1,...,x;: T(x1,...,x) € S}
A
= ﬁ <Hai> VOl{X]d] +xear < byxp > 0}
i=1
Rearranging gives the result.  []

Lemma 3.2. The number d(pi,...,pr; N) satisfies

InN

d@pi,...,psN) < k'Hlnp

Proof. If positive integers ji,...,js satisfy HLI p’, < N, then by
taking natural logarithm, we see that Zle Jjilnp; < InN. Then the cube
Hf:l[ji —1,j;) is contained in the simplex § = {Zf.;lxi Inp; <InN,x; > 0}.
Clearly, for distinct vectors (ji,...,Jjs), the corresponding cubes as defined
above, each having volume 1, do not intersect and

. k
U [Ivi-1incs.

Jlseeek>0 ‘p/ll "'PZCSN i=1

where U represents a disjoint union. Therefore, we have

dpi;...,p;N) = Vol U H[]z L,ji)
k>0 \p’l pl<n =1
1 1 N
< Vol(s) = -
ln pi’
where the last equality follows from Lemma 3.2.-1.  []

Lemma 3.3. Let N and py,...,p; be integers, p; > 2. Let some numbers
c}i) > 0 be given, for j > 0,i = 1...,k, satisfying cg) <1 and cj@ < fi(p:)
for j > 1, where fi(py),...,fi(px) are some numbers (possibly depending on
the p;’s). Then

> Hc(” < H <f,(p, ) . 4.3)

x/k)|le k<Nl 1
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For convenience, all the jis are nonnegative unless otherwise stated.

Proof.  First notice that each fi(p;) > 0, and hence we could multiply
them on both side of any equation without changing the inequality sign. Now,
for each m = {0,1,...,k}, fix a subset L = {iy,...,in} of {1,...,k}.
Consider the contributions of all the k-tuples j with j. > 0 for r e L,
and j, = 0 for r ¢ L, with [[_,p/ = [Le,pl < N. There are
dpi,,...,pi,;N) = m, icL ﬁ]‘]]’v such k-tuples, by Lemma 3.2, each having a
contribution of

Hc@ 1< TT< < [Tawo TT 1 = [Litoo-
i€l gL icL i¢L icL
So by expanding the two sides of (4.3), we have,

Left hand side = Z Z(number of such k-tuples) - (amount of each

m L
contribution)
InN
-y Z Ik o 1170
m=0LC{l,..., el bieL
\L\:m
. . 1 InN
Right hand side = i Z (Hﬁ(pi)lnp,- . Hk>
all subset L \i€L i¢L
of {1,...,k}
1 InN .
23 5 (Mo )
m=0LC{1,....k} \i€L
|L|=m

The result now follows since -+ < Likk—m ag

(k—m) k’s k—m terms

——
kk-k>ktk—1)---(m+1). O

The next two easy lemmas use the following definition:
Definition 3.2. Consider an interval J C E°. We call a signed splitting of J
any collection of intervals Ji,...,J, and respective signs €y, ...,¢, equal to
41, such that for any (finitely) additive function v on the intervals in E°,
we have
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n

V()= evl)).
i=1
Lemma 3.4. Let the interval J = Hle[ai, b;) C E° be given. Fix a dimension
k and a number ¢ € (0,1). The intervals

Il = [min(ak, C)7 maX((lk7 C))

and I, = [min(c, by), max(c, by))

and the signs €; = sgn(c — ay), €, = sgn(b; — ¢) define a signed splitting of
the interval [ag, br). Multiplying correspondingly, we obtain the collection of
intervals

k—1 s
Jio= ltebyx s T tai b,
i=1

i=k+1

k—1 s
bhH = H[anbi) X I X H lai, bi),
i=1 i=k+1
which, together with the same signs ¢, €, provide a signed splitting of the
interval J.

Proof. This lemma is an easy case analysis. Notice that there are only
three cases: J1UJ, = J;J1UJ = Jo;,UJ = J;. The signs tell us which case
are we dealing with.  []

Lemma 3.5. Let J = [[;_,[0,z”) be an s-dimensional interval, and let for
each i some numbers (zj(-i) )J'.'; 1 € [0, 1] be given, where n; > 1. Denote zg) =0
and sz? .1 = 2%, A signed splitting of J, induced by the numbers (zj(-i)), is
given by the collection of intervals

s

[[imin?, 2" ), max@, 2%, ), 0 <ji <mj,

i=1

and signs €(jy,...,j,) = [[i, sgn(zj(-l,llrl - z;;)).

Proof. Apply Lemma 3.4 inductively. [
Notice that the above lemma also holds for intervals of the form J =
[T [y, 27) by requiring 2 = y@ < 20,

Proof of Theorem 2.1.

Pick any z = (zV,...,z%) € E* = [0, 1)*. Expand each z as Z;:oo a](»i)pf 7,
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Claim 1: If p; is odd, we can choose a(’) so that |a(’)| < B5—, for all
Jj <M where M is an arbitrary positive mteger

Proof. We can first write z® = Y22 b¥pi7 with bo = 0,0 €
{0,1,...,p; — 1} for j > 0. Consider 7§ = Z/ Ob(’) 7, let us start
from bj((} and proceed backwards inductively so that if bj(-’) > p;/2 for
j>0, ie b > (pi+1)/2, replace b’ by b\’ —p;, and b | by b, +1.
It is easy to see that the resulting expression satisfies the condition given
in Claim 1. The claim now follows by defining a}i) = bj(-i) (see Remark
4.1 on page 18). Notice that after the above operations, ag) = bg) which
remains 0 if b < |p;/2], and was incremented to 1 otherwise. [

Since py,...,ps are coprime, at most one of them, say p,, could be even. In

that case, we appeal to the following claim:
Claim 2: If p, is even, we can choose aj(-r) so that |aj(.r)| < &, and
\a(r)| + | 1(21\ <p,—1, for all j <M where M is an arbitrary positive
integer.
Proof: We can use the same trick as above, except that we start with
ZE\?H and when bj(-") = p,/2: we do nothing if bj@] # p./2; we replace
b by —p./2, and by by bj_i + 1 if by = p,/2. (See Remark 4.2
on page 18.) [

For each i = 1,...,s, write n; = Ugg’ J + 1 and consider the numbers
7D = Z (’)p, / for k = 1,...,n; satisfying the conditions in Claims 1

and 2 with M big enough, say n; + 1. (Notice that the z(') defined here is
different from what it was above.) Define z(’) =0 and z() =z, Applying
Lemma 3.5, we expand J = H [0, 7Y using (z(’))”' 1 obtamlng a collection

of intervals
N

1G) = [ [Imin", 2", ) max( 2%, ), 0<ji<nm, (44
i=1
and signs €(ji,....js) = [[i_, sgn(z;} (’) zj(f)).
Since p and Ay are both addmve, so is any scalar linear combination of
them, and hence AN(J) — Nu(J) may be expanded as

An() = Nu() = Z Z CDANUIG) — NpdG) =S 1+ . 45)

Js=0
We rearrange the terms so that in Y ;, we put the terms with p’1 p’s <N
(i.e. j € T(N)) and in ), the rest. Notice that in ), the j;'s are small,
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so the corresponding I(j) is bigger. Hence, as we stated earlier, Y ; deals
with the coarser part whereas > , deals with the finer part. Notice that if
Ji = n; for some i, then p’i‘ p’, > p% > N. That is, any j with j; being its
maximum will not be accounted for in > ;. In other words, all I(j) included
in >y are “regular” in the sense that Lemma 3.1 applies.

Claim 3:
. . (pi— 1DInN
< — < —

oS X AU - NGl H ( g )

ilp P <N

(4.6)

where u is defined in the statement of Theorem 2.1.
Proof: By Lemma 3.1, we have, for j; < n;, Vi, that

|ANUGY) = NpdGY| < [T 1%, - V@)

i=1

If all the p;’s are odd, applying Lemma 3.3 with fi(p;) = (p; — 1)/2 gives
exactly (4.6).

Suppose now some p, is even. Consider the numbers p/, ..., p, defined by
pi=p; fori#r,and p,. = p?. Define cg) =1 (observe that ag) =0or 1,
by definition), c(’) = |a(’) | for i # r, and c(’) \ag) I+ |ag.)\ for all
j=> 1 Applymg Lemma 3.3 on (p},...,pl) w1th fiph) = (pl —1)/2 for
i#r and f,(p)) = \/pi;f 1, we have

0 1 ((/p2—1InN 1)1nN = ((pi— 1InN
Z +5 Y
I s! Inp? 2Inp;

T ppf < =1 >

IN

i=1
i#r

1 7 ((i—1DInN
= (e DN Y 4.8)
s! 2Inp;
i=1
Let us see what has been covered and what is missing in > ; :
e First, all vectors j with j, = 0 are covered: aj(-'_r) = ag) =0
or 1 and c(r) = ¢ = 1 while c(f) = |a@\ if i # r. Hence

0) S T D
Hl 1|a 17ér|a |_Hl lj, Hz lj'
e For vectors j with j. # 0, consider two consecutive s-tuples
(jl7"'7jr7112hr - 17jr+17"'7js) and (ila-~-7jr7172hr7].r+17~-~>js) in
371 we have
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N

s
IT 16?1 1aS) o1+ TT 1a¥]-las | =

i=1,i#r i=1,i#r
$ - s - $ -
IT el (s o+ a5, 1) = TT e =TT @9
i=1,i#r i=1,i#r i=1

with j; = j; if i # r and j; = h,, according to the definition of integers
c;') for all j < 1. Moreover, since j. = h, = (j, + 1)/2, we have

ﬁ p’j'/ ) (pz)j; . Hle pf if j, is even
i=1 l ' [I_,pf - pr if j, is odd.
i#r

So terms with []}_, pi < N/p, have also been covered.

This is the correct version for item 2 above. In the former version of this
note, it was written as [[;_, |a’| < Hle’i¢r|c(-f)| : |C(&i/2J‘ instead of
(4.9) and we see that for two consecutive s-tuples j with j, # 0 occurring
in >, we only get one integer j. in the LHS of this inequality, i.e.,
J. = jr/2 if j, is even or j. := (j, + 1)/2 if j, is odd. Hence, with
the LHS of this inequality, we only recover one product in > ; instead
of two. This omission is of the same kind as the one that motivated the
Corrigendum [9]. Notice that the corresponding passage in the original
paper from Atanassov is so terse that it is impossible to infer anything
about this tricky point.

The missing terms are contained in §' = {j : N/p, < Hlep{i < N}.
Obviously, for any j € §’, we have that H‘;ZU £r pi < N and that j, is
uniquely determined given all other j;’s. Their total contribution > ] is

R

)OS DI |

WLz SN i=Ligr

pr 1 T ((i—DInN
< Z 2 s =
= 2(s—1)z,ll< dip !

where the second inequality follows from Lemma 3.3 with k = s — 1.
Combining this result with (4.8), we have proved Claim 3. ]
Let us now examine | Y |: recall that in ) ,, we are summing over
all vectors j in Q = {j|p'---pf > N}. Divide Q into s disjoint sets
Bo,...,Bs_1, where By = {j :M‘ pjf < N,p’i1 pﬁpﬁ'l > N} for k>0
and By = {j: p! > N}.
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Fix any k < s—1 and one k-tuple (ji,...,ji) with pﬂ‘ pﬂf < N. Let r be
the biggest integer such that p’i‘ o pﬁpijr} < N. Hence, if jiyi,...,j; are any
nonnegative integers satisfying ji,...,j; € By, then ji1 > r and jiio2,...,Js
can be arbitrary.
For convenience, write K| = Hle[min(z;f)
by Lemma 3.5,

s
{K1 x [ (minz” ,Zj(-:irl),max(zj(-:),zj(fil))}

i=k+1

(@

.2, +1),max(z(-f),z§fzrl)). 2 Obviously,

with signs
s
(I et o)
i=k+1

is a “signed splitting” of

Ky =Ky x [] 10,29,
i=k+1

whereas the same sets and same signs restricted to jp4; < r is a “signed
splitting” of
N
K3 = K x [0,2%FD) x H [0,z7).
i=k+2
: ~ ; . . k j

Npte that T, sgn(zj(flrl —zj(:)) =€(j1,...,Js)-0, where 0 =[];_, sgn(zj(-:lrl -
Zy(',-l)) and ¢ was defined as in Lemma 3.5. Define

N
K = K; x [min(z*TD 76Dy max(z*+D, A1) x H [0,z9).
i=k+2

Then we see that either K, = K3UK when z5t! > 2841 or K3 = KUK when
F*1 < X1 So a simple case analysis implies that

+(ANK) = Nu(K)) = (An(K2) — N(K3)) — (An(K3) — Nu(K3))
= 0 > eDANUG) — Nud(@)) (4.10)
i B,

where the + = sgn(z*TD — z*¥*+D) and the last equality follows from the
definition of signed splitting.

2 Strickly speaking, K is a function of j, but we will simply write K| to save space. The
same goes for other K; to be defined later.



NOTE ON ATANASSOV’S BOUND 17

Notice that

—r
1) D] — (et 1) —j | o Phtl Prt1 —r

Z a; — <

| 2 | = | § Pyl < 21— peos = P 1Pr+15

where the first inequality follows since by Claims 1 and 2, each a(kH) <
Pr+1/2 and not all of them are equal to pyi1/2; whereas the last mequallty
follows since 2(1 —pi')) > 1 as pyy1 > 2. Since pj 2D € Z, it follows
that
[min(z, 26D, max(@ Y, 2%40)) € mpy !y mapy )

for some nonnegative integers mj, m, satisfying 0 < mp —m; < pr+1. Hence,
we have that K C Ky = Ky x [mip[[,mop;])) % [[i;4,[0,1). Applying
Lemma 3.1 on K4, since N gp’f ~~~p§fp,’(+1 by definition of r, we get:

k

AN(K) < An(K3) < (my —m) [ i1 22 — 201 < prg H |a)].
i=1

On the other hand,

Nu(K) < pi - pliplss - pKa) = (my — m1>H|a”| < pest Hla
Therefore,

An(K) — Nj(K))| <pk+1H\a“)| (4.11)
i=1

Since \aj(-i)| < |&] for i <k, applying Lemma 3.3, we have

> = \i YooY AIG) — NG

k=0 Giyeoesfi)  Ukptseeefs)
Pl pl <NI=(ts-- ) EBy

s—1
‘Z > i(AN(K)_NM(K))’ by (4.10)

k=0 (t,....ji)
Pt <N
< Zpkﬂ Z H|a‘”| by (4.11)
k=0 k) i=1
pjk<N
< Z H(HEZ k>. (4.12)



18 X. WANG AND C. LEMIEUX AND H. FAURE

The result now follows by combining (4.6), (4.12) and the fact that Dy(o) <
2’Dy(o). U

REMARK 4.1. The original paper by Atanassov gives a different proof for
Claim 1:
Inductively, choose a,((’) to be the smallest integer in absolute value such that

20— 3% 1 api| < p¥/2. Such af satisfies |af’| < (p; —1)/2 since
—(k—1 -
i pil it

2 2 Pi 2

REMARK 4.2. The original paper by Atanassov also contains a different proof
for Claim 2:
Inductively, choose a,(c’) to be the smallest integer in absolute value such that

k —k
O _N" g0y < gkt (PP =2 P P=2  \_P PtD)
SR (2+ w D)

where p = p, for convenience.

Such 4\ satisfies |a{’| < p/2 since
e+ pre+2 _p
20+ 1) 2p+ 1) 20 7

and |a,(:)|+|a,((?rl| <p-—1 since
(P, ,pP—2 p p=2 Pk P —k—1
g v =4, 2 P I I o |
P <2+ w Tyt T > 7 G obp

_ k2P, P=2 P P=2
=p (2+ 2 +2p + 2 + )

REMARK 4.3. The fact that Dy(0) < 2°Djy(0) can be seen from:
Take any J = Hle[a[,bi). For each i, define z(ll) = a;,n; = 1. Then by

Lemma 3.5, (z(li)) induces a “signed splitting”

i

) s
1G) = [ [imin(g”, 27, ), max(@, 2% ) = [ 12,500, 0<ji<1
i=1 i=1

for [[_, [0,b;), with signs €(j) =1 for all j.
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Thus, Av([T._, [0,5)) — Nu(TT._, [0,5)) = 5 Ax(U() — Nu(I(j)) . Therefore,
we have

[AN() — NpdJ)|

Ay = N[ J10,60 = > @AvUG) — Nud ()|
i=1 jA(L,..,1)
< 2°Dy(0) since there are 2° terms each < Dy (o)

Taking sup over J yields Dy(o) < 2°Dy(0).

REMARK 4.4. It is now worthwhile to look at the proof again to see what
is essential to the Halton sequences. Doing so is very important in applying
the same proof to other types of sequences.

The proof begins with two number theoretical claims, from which a signed
splitting of a particular interval is obtained. Then by using Lemma 3.1 and
careful case analysis, an estimate for | > ;| is obtained in Claim 3. To obtain
the desired upper bound for |> ,|, some set theoretical manipulations were
applied to get the containment K C K4. By applying Lemma 3.1 on Ky,
upper bounds of Ay(K) and Nu(K) were obtained. The proof concludes by
applying Lemma 3.3 on the sum of products of the upper bounds for each K.
In other words, in order to prove Theorem 2.1, all that is needed about the
Halton sequences is Lemma 3.1. As Lemma 3.1 also holds for the modified
Halton sequences (based on any permutations Tj(i)), so does Theorem 2.1. It
is also not hard to see that Lemma 3.1 holds for those sequences because
equation (4.2) is true.

REMARK 4.5. The estimate for ¢, holds as advertised since:
First off, by expanding, we see that

T ((pi= HInN In'N (ypi— ] ini
H ((p)n + s) _ = P + remaining terms all
i=1 2Inpi 2\ lopi

dominated by O(In*"' N)
In* N H pi—1
b\ e

2
Now, for N large, L%J % > k, hence,

) + O0(In* "' N).

s—1 k s—1

s N P+l V?I'J InN s kar s—1
2 —_— — | —4+k) ~2 d,In" N = Ol N
> % H( Jp > ditn' = 0n' ')
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where ~ denotes “on the same order” and dy = %3t [[;_, |5 ] 5 is some

constant. Similar treatment on u implies that u = 0(lns_1 N). Thus,
1 : Pi —1 s s—1
NDy(o) < | — I | —— | In° N 4+ O(In°" " N).
s! Pl Inp;

Strictly speaking, we get from Theorem 2.1 only <. However, because of the
presence of O(In°~' N), we could replace < by <.

As claimed before, we now have the following result:
Corollary 2.1: limy_, cs(py,...,ps) = 0, where py,...,ps are the first s
primes.

Proof. For sufficiently large x, say x > M, we know from Analytic Number
Theory that m(x) > xln~! x, where 7(x) is the number of prime numbers less
than or equal to x. So for large n, we have

pnfl pnfl

n—1 :ﬂ_(pni 1)> ln(pn_ 1) > ln(pn)

pn—1<n—1'
n Inp, n
Thus, for s > M
Ldrpi—1 trpi—1 {5 pi—1
G = = = . :
’ s! ,1;[1 Inp; lI;[l ilnp; i b Inp;
Mp'—l i1
< d .
- Hi:ll’lp,‘ H
=1 i=M+1
I s fa
i:Ilnp; s

5. PROOFS LEADING TO THEOREM 2.3

After proving the first main result, Atanassov turned to improve the bounds
even more for the so-called “modified Halton sequence”. To start, he proved
the existence of admissible integers which are vital in the construction of the
modified Halton sequence.
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Lemma 4.1. Let py,...,p, be distinct primes. There exist admissible integers
ki,. .. ks.

Proof. Observe that given any positive integers a, b, a prime number p and a
primitive root g mod p, if a = ¢" (mod p),b = ¢" (mod p), then by Fermat’s
Little Theorem, we see that @ = b (mod p) if and only if m =n (mod p—1).
Back to the proof, for each i =1,...,s, let g; be a fixed primitive root mod
pi. Write p; = gi" (mod p;) for j # i. We also write k; = g% (mod p;) and
b; = g/ (mod p;). We need to prove that we can find integers ki,..., ks so
that for any integers by,...,b,, the defining congruence (2.2) for admissible
integers can always be satisfied. By the above observation, we see that (2.2)
is equivalent to

apx; + -+ +aixs =m;  (mod p; — 1), i=1,...,s, 5.1
where xj,...,x, are integer variables representing «,...,a;. We show that
for some suitable choice of the numbers r; = a;;, (5.1) can always be solved
for integers xi,...,x; given any my, ..., m;.

We shall show by induction that the determinant of the matrix C = (c;),
where c¢; = aj,c; = a; = r; can be made 1 for some ry,...,r; given any

aj,j # i. The base case when s = 1 is obvious. In general when s > 1,
applying cofactor expansion along the last column of C with cofactors Cj
gives

det(C) = a;Cis + - - - 4 1Cs.

By induction hypothesis, choose ry,...,r—1 given (a;)i<i<s—1,1<j<s—1 SO
that Cyy = (—1)T -1 =1. Take r, =1 — (a;;Cys + -+ + as—1,Cs—1,), then
det(C) = 1.

Now, C~! = detl(C) adj(C) = adj(C) € My(Z) where adj(C) is the adjugate
matrix of C. That is, C~' is an s x s matrix with integer entries. Multiplying
C~! by (my,...,ms)T on the right gives an s-vector whose (integer) entries

solve (5.1), where T denotes the transpose operator. Actually, they solve (5.1)
with congruences replaced by equalities.

Putting each k; to be the remainder of g;" mod p; gives admissible integers
ki,.... k. [

To prove the next lemma, we need an easy result from Calculus:
Lemma 4.2.-1 |e(—x) — 1| = 2sin(w ||x||) > 4 ||x||, where e(x) = exp(2mix)

with i = v/—1.

Proof. We have that
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le(—x) — 1| = |cos2mx —isin2mx — 1| = | — 2sin® rx — i 2 cos mx sin 7x
= 2|sinmx| =2sin7 ||x|| by a simple case analysis
1-0
> 20— (x| -0) =4
> 2 gl -0 =4l
—_— —

equation of line segment joining
(0,sin(70)) and (1/2,sin(7 /2))

since sinmy is convex on [0,1/2]. [
Lemma 4.2. Let p = (p;,...,ps) be a vector of distinct prime numbers and
w = {w,}%, be a sequence with w, = (W",...,w®) € Z*. Let b and ¢ be
fixed elements in Z*, such that 0 < b; < ¢; < p;, for i = 1,...,s. Denote
by akg(b,c¢) the number of terms of w among the first K such that for all
i=1,...,s, we have b; < wfli) mod p; < ¢;. Then
v i — b ISk (j, w)|
sup lag(b,¢) =K | | ——| < — (5.2)
b? K H i Z R(j)
i=1 jeM(p)
where

K—1
Sx(j,w) = Ze (

n=0

5
=1 Pk
and R(j) is defined as in (3.1).

As already noted in Section 3, we mention that Lemma 4.2 is a special case

of [15, Satz 2].

Proof. Observe that

pi—1 .
1 if p;
Sy (Jm> - { il (53)
Di © 0

pars Di if p;fm,

for any integer p;, which could easily be proven as a geometric sum.
By multiplying a few sums as in (5.3) together, we see that for integers
L,...,ly, and wfl'),...7wff):
M _ () _ i 0 = . .
. (jl w”m by "'+jsw”,,v 1;) 1 ifw? =1 (modp,)
> * L= foralli=1,...,s

P1°""Ps

.]i|313i1 <1;[ 0 otherwise.
=1,...,

Therefore, we have
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ag(b,c) =
K 0 otherwise

5 5 {1 if w? =1 (modp;) foralli=1,...,

all w, possible values /;

for w® mod p;
K—1 ¢;—1 cs—1 ; le)fll . w:{V)*lA
S S
n=0 lhi=b;  l=b, jeM(p)U{0} P1ePs
. (1) O\ Lo 9 I
Lw LW .
- 3 ) T e ()|
jeM@u{0}Ln=0 P1 Ps i—1 Di li=b; Di
Observe that the term corresponding to j = 0 is
K—1 o
o T2 S a0 k][ "
Y li=b,
$0,
ci — b ci—1
ax(b, ¢) - KH P ST S H doe (—J, ) (5.4)
pi jEM(p) =1 Vi = pi

Comparing (5.4) and (5.2), we see that it suffices to establish:

ci—1 L
> (i)

li=b;

1

1
< .
- iy

When j; = 0, the left hand side LHS = (¢; — b;)/pi < 1 = RHS the right
hand side. For j; # 0, we have that e(—j;/p;) # 1 and so:

>e(n)| - a ,
li=b; i i 1*6( p‘)
)l )
R

pi
1 2
pi 4ji/pill

pi4Gi/pd)’ pi 41 — ji/p)

i

1
Pi

IN

IN

by Lemma 4.2.-1 and since |e(-)| =1

IA

_ max{ 1 1 } _ 1
2]1 2(Pz _.]l) min{zjia 2(}7,‘ _ji)}
1
i)’
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since 0 < j; < p;, so min{2j;, 2(p;—j;)} > 1 and hence r;(j;) = min{2j;, 2(p; —

Jjn}

According to the above discussion, the proof is now complete.  []

Lemma 4.3. Let 0 = o(p1, ..., ps, ki,. .., k) = {x,}52, be a modified Halton
sequence. Fix some elementary interval

s
1= [Tlaw; . @+ Dpr™).  0<a <p,
i=1

and a subinterval

N
J = [Ttap; o+ bip; = api ™ + epi ™D, 0<bi <e < pi

i=1

Let ng be the smallest integer such that x,, € I (whose existence will be
proved). Suppose that x,, belongs to

N
Jo = [lapi ™ + dipi " aipy ® + (di + Dp; >,
i=1

and consider the sequence w = {y,};°, with y, € Z* defined by

W =di + tPilkiz (- .., o).

Then

1.

We have that ny < [[,_, p® and the indices n of the terms x, of o that
belong to I are of the form n = ny + tHlep?".

2. For these n, the relation x, € J is possible if and only if for some integers
(ly..., 1), I € {bi,...,c; — 1}, the following system of congruences is
satisfied by t:

d;i + tPi(ki; (v, ..., a5) =1 (mod py), i=1,...,s. (5.5)

3. If K is the largest integer with ng + (K — 1) [[;_, p? < N, then

Sk (1, w)|
An(J) — Nu()| < 1 —_—
AN = Nuh| <14 3 B0
leM(p)
Proof.
1. Done in the proof for Lemma 3.1 with ny = b for the same b defined

there.
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2. Fix any i = 1,...,s, look at the next digit (the o; + 1% digit) of
n = ng+ tl_[;:1 qu" in base p; : The coefficient for p* in n in base
pi, call it s;, satisfies

s
si=k di+t]]pj” (mod py),
=1
i

since kj*i(such coefficient for ng) = d; (mod p;), as x,, € J;. Thus, the
coefficient of p;7%~! in x,, say [;, satisfy

li = ki''s; = d; + tPi(k;; (o, . .., a))  (mod py).

Now the result follows immediately.
3. By part (2), we see that

number of w, accounted) number of — Av(J
towards ag(b, ¢) — \solutions to (5.5)) — N,

that is, Ay(J) = ag(b,c¢). The given condition also implies that

(K- 1)Hp?' <np+(K— I)Hp?" <N <n+K Hp?" < (KH)HP?"‘-
i=1

i=1 i=1 i=1

Multiplying by pu(J) = []}_ l;;l+, >0, we get:

— b
(Kfl)H <Nu(J)<(K+l)H
i=1 i
and hence
— b;
—1+KH <N,u(J)<KH +1
i=1 i
since ¢; — b; < p;. Therefore,
An() — Nu()| < |ag(,e) — KH G=bil 1y

Sk
E ‘ K( w)| by Lemma 4.2. [
lEM(p)
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Proof of modified Proposition 4.1.

Proof. We expand an arbitrary z = (z(V,...,z¥) € E* in the same way as in
the proof of Theorem 2.1. Using the same idea, and same notation, there we
obtain a “signed splitting” and equality (4.5), that is, Ay(/)—Nu(J) = > 1+> 2
where J = []'_,[0,z?). The estimates for Y ;,  in the proof for Theorem
2.1 use only Lemma 3.1, 3.3 and 3.5 all of which work here. We will use the
same estimate for > > but will reevaluate | > 1| < > ic ) [ANUIG) —Nud ()]
for a tighter bound.

Fix some j = (j1,..., /) € T(N).
Case 1: ;i >1 forall i=1,...,s. That is, }e T*(N).
Write 1 =(1,...,1), we define j = j —1, then obviously, each j; > 0 and

j € T(N). The interval I(j)—see Equation (4.4) on page 13—is contained
inside some elementary interval

G = [[rewi” ci+ pi /)

i=1

. i j T SR i G TG
since |20~ 20| = |a?lpi T < pi I = pi, and gl = pl 120
Ji +1 Ji Ji Ji
Z, for each i.
Consider the sequence w = {w,}>2, C Z*, defined as in Lemma 4.3,
that is, wff) = d; + nP;(k;;j) where the integers d; are determined by the
condition that the first term of the sequence o that falls in G fits into the
interval

i

[lew? +dp =" e + di+ Dp; . (5.6)

i=1

From part (3) in Lemma 4.3 (where (5.6), I(}) and G above correspond
respectively to J;, J and I there), it follows that

|SK(17W)‘

T (5.7)

ANUG) = NutG)] < 1+

leM(p)

where K is the number of terms of ¢ among the first N terms that fall
into G. Note that we can apply Lemma 4.3 to obtain the above because

the end points of I(}) are of the form m/p,] = m/p{:"'H for some integer
m.
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REMARK 5.1. In [1], the above treatment is applied to any j € T(N);
this is where we believe there is a mistake, because the application of

Lemma 4.3 as done above requires j to be such that ;,» —1>0 for
all i, which is why we use a two-case analysis here. Alternatively, we

could define j = max{j —1,0} where the “max” operation of vectors is a
component-wise operation, and 0 = (0, ...,0). However, such a definition
would lead to a new form of Proposition 4.1 which will be discussed in
more details in Section 6.

We now digress a little to prove a result about exponential sums: for
a ¢ Z and so e(a) # 1, we have

K—1
Ze(ka +B)| = M as a geometric sum
P 1 —e()
|e(®) sinGr [Kal) _ 1
sin [|o = 2|

by Lemma 4.2.-1 and the fact that sin(-) < 1.

Since the p;’s are coprime, we see that P;(k;, j) # 0, in particular, it is not
divisible by p; and hence coprime to p;. For any 1 € M(p), by definition,
there is an [, with 1 <7 < s such that I, # 0, and so p,[l;. Define
a= Z';Zl ﬁPi(ki; J)- Putting the summands in @ into common denominator
p1---ps, we see that p; divides every summand in the numerator except
for the term [,Pi(k;;j)p1 - Pi—1Pr+1 - Ps, @S Py, being a prime, does not
divide any term in that product. Since p; divides the denominator, it follows
that o ¢ Z. Thus, by the above digression, we have

K—1 K li K—1 N
Skd,w)| = Ze(Zp(df+nPi(k,»;j>>> = Ze(m+<->)|
n=0 i=1 £ n=0

s —1

Z l*{ﬂ(’ﬂ'?j)

i=1

1

<
-2

Combining this result with (5.7), we obtain
D7 lAUG) = Nud(§))
jer-w
1320y Pk Pl

< > 1+ > SR (5.8)

Fer=mv 1eM(p)
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which is the first piece as in the result of the proposition . As we will see
later, we can still prove Theorem 2.3 using our modified Proposition 4.1.
Case 2: j, =0 for some i. That is, j € T(N).

We shall use a similar estimate as (4.7), which was used in the proof of

Theorem 2.1. Remember that as 7,(N) C T(N), none of the ; e T,(N)
has any j; = n;. So Lemma 3.1 applies and we get:

Yo AvaG) = NpaGyl < S > H o
~ . k
jer) = eran,j =02
N
1 Pk InN
< —1
= 2;@—1ﬂ11(21m%+s )
= kA
= O(n*"'N), (5.9)

since each summand is O(InS*l N) and there is s, which does not depend
on N, such summands. Above, we recalled the fact that a}’ € {0,1} by
definition. Note that the first inequality above is quite conservative, in the
sense that vectors with at least one zero component are counted more than
once. But the bound is good enough to get the desired result (Theorem
2.3), and thus we haven’t tried to make it tighter.

Combining (5.9) and the estimate (4.12) for > ,, we get the remaining
two pieces in the desired result.

Combining Case 1 and Case 2, we see that the proof is complete now. [

The following lemma will be used twice in the proof for Lemma 4.4 :
Lemma 4.4.-1 Let m be any positive integer, then

}: < 2Inm.
mm(l, m-—j)

J=1

Proof.  Now,

n n—1
1 "1 1 1
E ;:1—&-/ ;dx+shaded area on Fig. 1 — E 1- (k_k+1)

k=1 1 k=1

area of each little rectangle
with thick boundary

Also, looking at Figure 1, we have that

1 /1 1
shaded area < 7725 (k — k—&-l)

k=n



NOTE ON ATANASSOV’S BOUND 29

FIGURE 1

Left: integrating 1/x; Right: comparison of regions

1/x

where 7 is the Euler constant, and is equal to the sum of all the surfaces
in shaded area. The inequality holds because Inx is a convex function, and
therefore the surface area of each shaded region is at least as large as the
corresponding triangle (see right-hand-side of Figure 1), whose area is given

by
1l 1
2\k k+1)°

Combining these facts gives

IN

o) n—1
/1 1 11
141 SN (L D N T
+inn sy ];2<k k+1) 1; (k k+1>

1 1
= lthnty———(1--)

"1
> %
k=1

1
Inn+~v+ —.
2n

For 2n > 9, we see that
1 1 -
Inn+~+ o <lInn+0.5773 + 5= Inn+0.68841 < Inn +1n2 = In2n,
n

where we used the fact that v = 0.5772... and In2 = 0.693147.... So for
m > 10, we have that



30 X. WANG AND C. LEMIEUX AND H. FAURE

P U
—~ minG,m—j) 1 2 7 [m/2] 2
Lm/2] 1 . .. .
< 9 Z 1 < with equality iff m is odd so )
- - j there were an even number of terms
=
< 21n([%j) (since 2|m/2) >2-5 =10 > 9)

< 2In (2%) —2Inm  (as |m/2] < (m/2)).

One can easily check that 271:_11 min(j,m —j)~' <2Inm for m <9 as well.
In fact,

m 1 2 3 4 5 6 7 8 9
S minG,m—p)~T 0 12 25 3 33 36 3916 416
2Inm (to 2 decimals) o 13 21 27 32 35 38 41 4.3

So -
> minG,m—j)"" <2lnm  forallm>1. [
j=1
Lemma 4.4. Let py,...,p, be distinct prime numbers. Then
; pi—1 Pfl‘j'# +fpl B
- Z Z ' Z 2R(j)

JEM(p) m=1 my=1
<> mp[[pi | -1 +]J0 +py
i=1 i=1 =1

Proof.  Write P =p; ---p;. Fix some j € M(p), then for each i =1,...,s,
we have that 1 < j; < p; — 1. Let I denote the subset of indices for which
Jji =0 and let J denote its complement. Let G(j) denote the contribution to
the above sum from j. We wish to prove,

PInP

RG)

Without loss of generality, assume I = {1,...,k} for some k. For each
i=k+1,...,s, write j* = jipxy1---ps/pi- The map

(Z/pxL)* < --- x (L/ps L) —  (Z/piy1---psD)*
(mk+1, . ,ms) —> jz+1mk+1 + - "‘];k}’l’lY

GG <

is an isomorphism by the Chinese Remainder Theorem since
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ng(jlt+17 R 7j;k7pk+1 T 'ps) =1.

In other words, for each t = 1,...,pgy1---ps coprime to pgy---ps, there
exists a unique tuple (my4y,...,m;) with 1 <m; < p; — 1 such that
. . ;
Mer—kkﬂ—ieZ.
Pk+1 Ps Pk+1"""Ds
Therefore,
1 t
G = LT
2R(G) 1<t<pit1+ps Pi17Ps

ged(t,pry1---ps)=1

» e Pit1ps—1 1
R
< =y —— ,
ZR(']) =1 mln(ﬂk+l"'m’ 1= Pik+1°"Ds
P ””‘2”""*1 1
2R(j) — min(t,pk_H s Ps — t)
P
S T(j) . 21n(pk+] o Ps) by Lemma 4.4.-1
PInP
< —.
R()

Summing everything up, we get what we want:

G = Y Gy T

jeM(p) JEM(p)

ps—1 s 1

1 pi—l1 )
— PlnP<_R(0)+ Z ZHrk(]k)> smce()¢M(p)

my=1 my=1 k=1

s pe—1
1
= PhlhP| -1+ - by associativity
11275

s 1 pr—1 1
= PP |—-1+ + T
kr:[l ORPIE Ty

Ji=1

IN

i K 1
PlnP |—1 +k1i[1 (1 + 221npk)] by Lemma 4.4.-1

= > Inp[]pi [ -1+ ][0 +np) | by definition of P.
i=1 i=1 j=1
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Theorem 2.3 can now be proved:
Proof of Theorem 2.3.

Proof.  The proof relies on (modified) Proposition 4.1. Take J = []'_, [0, z)
and form I(j) as before.
Write K = Hle(p,- — 1). For each nonnegative vectors a = (ay,...,ds) €
Z°, we consider the box of integers U(a) = {(i,...,js)| @K < ji <
(@;+ DK, forall i=1,...,s}.
Claim: For each b= (by,...,b;) € Z° with 1 < b; < p; — 1 for each i,
there are exactly K*~! s-tuples j € U(a) such that

Pi(k;;j) = b; foralli=1,...,s. (5.10)

Proof: Observe that there are K* vectors in U(a) with only K distinct
such vectors b = (by,...,b,). By the Pigeonhole principle, there is a by
so that (5.10) has at least K°~! solutions. Now write by = (b, ..., b;)
with 1 < b; < p; — 1. Since p;{b;, there exists m; € Z such that b; = g
(mod p;) where g; is some primitive root modp;.

Then by definition of P;(k;;j) and the proof of Lemma 4.1, we see that j
satisfies (5.10) if and only if:

ajji + - +aigs =m;  (mod p; — 1), (5.11)

1

where p; = gi" (mod p;) for j # i, and k; = g% (mod p;) for all i. Notice
that if the vector ji,...,j, satisfies (5.11), then so does j,,...,j, where

7:‘ =ji+ ¢ Hle(pi — 1) for some integer ¢; for all i. In what follows,
we will not write “for all i” just to save some space, but it should be
understood that the statements are true for all i=1,...,s.

Fix j' € U(a), a solution to (5.10) with right-hand side (RHS) equals by.
Now, given any solution j” € U(a) to (5.10) with RHS = by, then from
(5.11), we see that (j{",...,j/") satisfies the corresponding homogeneous
equation, that is (5.10) with RHS = b = (1,...,1), (i.e, (5.11) with
m; = 0) where j" = jl —jI'. Since ji,j!’ € [a;K, (a; + 1)K), we have that
each jI’ € (—K,K). By adding K = [[}_,(p; — 1) to j/" if necessary,
we get a vector j™ = (i), ... j™) € U(0) satisfying the homogeneous
equation.

Note that if j”® = (?,...,//®) € U(a) is also a solution to
(5.10) with RHS = by, but with the same resulting vector j, then
|Gt —Jji — (i fj",@)| =0 or K. In particular, we see that K|(j/" — jI"®).
However, similar to j/, we know that |(j/ — j"®)| < K. Therefore,

j/ = j/® and hence j’® = j’. Since there are at least K*~' distinct
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solutions in U(a) to (5.10) with RHS = by, there must also be at least
K*~! distinct solutions in U(0) to the homogeneous equation.

Now, select an arbitrary RHS b’. Since ki, ...,k, are admissible, then by
Definition 2.1, a particular solution j to (5.10) with RHS = b’ exists. If j’
is any solution to the homogeneous equation, then from (5.11), we see that
j+j is a solution to (5.10) with RHS =b’. As j; +j! € [a;K, (a; + 2)K),
by subtracting by K if necessary, we get a solution j” € U(a) to (5.10)
with RHS = b’. By the same argument as above, distinct such j' yields
distinct such j”. So there are at least K*~! solutions for each RHS b’.
By an easy “number-of-elements” argument, one sees that there are exactly
K*~! solutions for each RHS b’. (See Remark 5.3). L]

Obviously, since Uans U(a) = Z°, each j € T(N) is inside some box U(a)
with [T}, p#® <TT._,pi <N. So

N " 1 N 1 N
(01 CaEIE )| (B2

al [T, pi <N =1 '

by Lemma 3.3 with p/ = pK_ fi(p)) = 1.

For convenience, let us write #(j) for |[Ay(I(j)) — Nu(I(§))|, we now have:

S > = Y i+ > = > )+ 0N

JETN) JET*(N) JET(N) JET™(N)

[ %Pi(ki;j)|‘7l s—1
< > X te Y 0] +0(n'"' N)

a|[Ti_, pF <N JEU@) 1eM(p)

(5.12)

by the proof of (modified) Proposition 4.1 and also the fact that 7*(N) C
T(N) € U{UG@) : [T, P < N}

Further, we have, up to a O(In°~' N) term whose constant depends only on
the primes py,...,ps:
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- InN
5.12
( )_[ H(Klnlers)]

#*a with [[i_, pF“<N

pi—1  p—1 Il by

x s—l 1+ lPl SIT: }
IR W
%,_/

enumerate U(a)
according to (5.10)

(1 ({5 N
== o(n* ' N)| K*~!
s! (ll:[lKlnp,-) + Odn )
||llﬂ+ 2|
K Pi1 D.
x<[K+ D> >0 T

leM(p) b

K-l In°N ] : - :
- K+ In p; pi| —1+ (1 +1np;)
L s! K Hi:l lnPi ; zE[l E
1 In* N
= ] 1
s T lnl"< (an>i—1pf1
1+1
(Zln ,> le( - npz )
i 1 l !
<<ZI“ al( +Inpy) )mw (5.13)

IN

—Dinp;

where the K*~! in the second line represents the number of j € U(a)
with P;(k;;j) = b;, as in the above Claim; the first equality follows by
expanding the product on the first line as in Remark 4.5 on page 19, and the
second K comes from summing 1 over all suitable b; the second inequality
follows from Lemma 4.4, and by remembering that we are trying to get
a bound valid up to O(In°"'N) terms; the second equality follows from
some cancellation and rearrangement while recalling the definition of K
as [[l_,(pi — 1); and finally, the last inequality follows by some further
rearrangement and a simple case analysis (whether 2 € {p,...,ps} or not)
which yields (3" Inp)([];— 11771) > 1.

The result now follows by combining the estimate for |> | as in (5.12) and
(5.13), the estimate for |> »| as in (4.12), taking sup over J, and finally the
fact that Dy(o) < 2°Dy(0). L]
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REMARK 5.2. As at the end of the proof of Theorem 2.1, we discuss the
essential steps in the proof of Theorem 2.3.

The proof begins with the definition of U(a) and a claim that will be used
later to partition the sum of all j € T(N). The proof of the claim is purely
number theoretical with the fact that equations (5.10) and (5.11) are equivalent.
Therefore, it is essential that we define P;(k;;j) in a certain way.

By using the estimate of #(j) as in the proof of (modified) Proposition 4.1, the
next milestone, equation (5.12), is obtained. From there, along with another
number theoretical result (Lemma 4.4), we obtain our targeted upper bound for
| >"1]- To finish the proof, the estimate of |> | as in the proof of Theorem
2.1 is needed. That is, we also need Lemma 3.1 to hold (See Remark 4.4).
The proof of (modified) Proposmon 4.1 consists of three parts. The first part

is to apply Lemma 4.3 on /( J) for j € T*(N). The second part uses the fact
that p;f P;(k;;j) to obtain an upper bound for |Sx(l,w)| and then the equation

(5.8). The last part is to apply Lemma 3.1 on j € T,(N) to complete the
estimate of | > ].

To summarize, we see that the proof of Theorem 2.3 replies on and only on
Lemma 3.1 (so in fact equation (4.2)), a proper definition of P;(k;;j) (so that
(5.10) and (5.11) are equivalent), and also Lemma 4.3. It is not hard to see
that Lemma 4.3(3) follows from part (2). Therefore, the whole Lemma 4.3
holds if the first two parts hold.

REMARK 5.3. The original paper by Atanassov gives another way of getting
j and another way of obtaining new solutions to (5.10) with RHS = b’ from
a particular solution and a general solution to the homogeneous equations.

Namely,
@ Ji =i Dy —1) (5.4
J ji—i Q(pll)“,(psl)D(pl )1 (5.14)
g . g Jitii . D) (e —
Ji Ji +]i <L@1 _ 1) . (ps — I)J al) (pl 1) (ps ]515)

In fact, these two equations are in the same vein as the construction given
in our proof, since in (5.14), [7]J = —1 or 0, whereas in (5.15),

D--+(ps—1)
JiHi _
hp_l)_“(prl)J —a;=0or 1.
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6. PROPOSITION 4.1 REVISITED

As we discussed before, the inaccuracy in the proof of Proposition 4.1 from
[1] is quite subtle. There are three ways to fix this and still be able to prove
Theorem 2.3. The first one has been presented in the previous section, where
we have separated T(N) into 7*(N) and T,(N). Then we used Lemma 4.3
on vectors in 7*(N) — 1, while the approach in Theorem 2.1 to estimate »
was used on elements of T,(N).

The second one is to prove our modified?> Proposition 4.1, stated again below
for convenience, and then show that Theorem 2.3 will also hold. This is what
we do next. A third approach is discussed at the end of the section, which is
a simplified version of our first approach, but where we replace the second
term of the bound in the original Proposition 4.1 by a O((InN)*~!) term. The
proof of Theorem 2.3 given in the previous section then carries through.

(Modified?) Proposition 4.1. The star-discrepancy of the modified Halton

sequence o = o(py,...,ps, ki, ..., k) satisfies:
s NI
, i—1 5 Pitki; §)
NDy(o) < Y 270 (14 > 12 T il
JETWN) 1eM(p) ®

S_]p d pi| InN
Z k IH i

I —~ k
= k! - (lZJlnp,» )7

where z(j) =#{i=1,...,s5:j; = 0}.

Proof.

We will repeat or rephrase part of the proof of modified Proposition 4.1, in
particular from the beginning of Case 1 to the beginning of Remark 5.1, for
convenience.

Same setup as before to get the signed splittings with intervals

s
1) = [ JiminG, 27, ), max(z, 2% ), 0 <ji <,
i=1
where 7’ = ij;()l api /. Notice that 7\ = Z;):o a’pi- 7 = a4 which is
either 0 or 1. Therefore, if j; = 0, then the ith coordinate-projection of I(j)
is either empty or [0, 1).
Fix some j = (;1,...,;";) € T(N), define j = A(j) := max{j — 1,0}.

Obviously, if ; =0, then j; = 0. Therefore, we have
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O =di < p=itl _ =i i
|Z<z) 20 | = |a?|pi " < pi =pi’ ifji>1

1 7P | 6.1)
Ji /+ |Z8)_Z(ll)| < l:pi—Ji if ;=0

Therefore, the interval I(j) is contained inside some elementary interval

G = [Jlewi . ci + Dpi ™.
i=1
Now we can apply Lemma 4.3 as in the proof of modified Proposition 4.1 to
get (5.7). Using the same inequality regarding |Sx(l,w)|, we get

320 LPikis )|~
s > 1+ Y 2 l;R(l) . (6.2)

Jerav 1M®)

Notice now that the sum in RHS(6.2) is indexed by j whereas the summands
are in terms of j = X( J) Moreover, the functlon A is not one-to-one. Namely,

different J may lead to the same j = max{ j—1,0}. In other words, if we use
j as the index of the sum in RHS(6.2), then some j’s are summed multiple
times.

If a particular j has z(j) zero entries, then those entries could be coming
from either 1 or O in the corresponding entry of j. The nonzero entries
uniquely determine the corresponding entries of j by adding 1. Therefore,

#{; : )\(}) =j} =279, Also, since A(T(N)) C T(N), taking inverse gives

Ty < [ J A7)
JET(N)
Hence, we have
(DA 2705%)] I
< 1 =1 p;
2als 2 {1+ 2 2R(1)
}ET(N) leM(p)
1320, 2Py A
= ! = 6.3
DDV LD R0 63)
TN Fexn-14) leM(p)
1
== Z zz(j) 1+ Z ” Zl lpP(kl,.])”
j 2R()
Jern 1EM(p)

The result now follows by combining (6.3) with the estimates (4.12) of >,
in the proof of Theorem 2.1. [
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Even though this new upper bound seems a lot larger than the one in modified
Proposition 4.1, we can still prove Theorem 2.3. In fact, we shall use an even
weaker result, namely,

s A . —1
i1 =Pi(kis J)
ND(0) < Z 1+ Z 120 ’;R(l) | +0(n°"' N)
JET(N) 1eM(p)
IS5 Pk o
L LPikis i)
i=1 p;
2S 1 Di
+ > + T
JET.(N) leM(p)

It is not hard to see that (6.4) comes right out of modified?> Proposition 4.1.
The fact that the estimate (4.12) for >, is O(n*~' N) was proven and used
many times already. From the definition, we know that 20 = 1 for j € T*(N)
and z(j) < s for all j. Finally, since we are looking for an upper bound, it
does not hurt to sum over T(XN) in the first sum in RHS(6.4) where it suffices
to sum over T*(N).

The following lemma provides the key why the extra term in (6.4) does not
create much trouble as far as proving Theorem 2.3 is concerned. Namely, we
did not add too much.

Lemma 5.1. card(T,(N)) € O(In*~!' N), where card(.) denotes the cardinality
of a set.

Proof.

We will first introduce some set-theoretic notations, not because the proof is
complicated, but to make it easier for us to explain.

Let P* be the set of all proper subsets of {1,2,...,s}. For any set
S={a,...,an} € P*, define

TS(N) :Card{(jl»"'ajm) :PQI pi;l:l” §N7jla"'7jm S Z+}7

and dg(N) = card(Ts(N)) = d(pa4,, - - - ; Pa,,; N) which was defined in Definition
3.1.

Take any j € T,(N), it will have none-zero entries with indices in a proper
subset of {I,...,s}, say S for some set S € P*, and hence j € Ts(N).
Obviously, Ts(N) C T(N) and Ts,(N) N Ts,(N) = @ if S| # S,. Therefore,

T.N) = J,_,. TsV)

Se

Taking card gives, for N large, in fact bigger than 2:
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s—1
card(T.(N) = Y dstN)=>_ > dpa---,pa,:N)

Sep* k=1 S={aj,...,ar }€P*
s—1 k
1 InN
< Z Z o | Gy by Lemma 3.2
k=1 S={ay,...,at} €P* i=1 '

s—1
1 Lok
DY o N (6.5)
k=1 S={ay,...,at }EP*
I~ 'N
=2 > 1
k=1 S={ay,...,at }€P*
ln“‘_l N % s—1 2°—1
= ccard(P*) =In"" ' N o
e O(In*"' N),

IN

IN

where the upper limit of k is s — 1 since P* does not contain the full
{1,...,s}; the third line follows because all but possibly one p, > 3 and
In3 > 1; the fourth line follows as In‘N <In*"'N and 1/k!' < 1. [

Next, we prove a nearly trivial and seemingly useless corollary of Lemma
4.4.

Lemma 5.2. For arbitrary j (distinctive primes pji,...,ps and their admissible
integers pi,...,pr as always),

T | S0 /PP DI & s s |
2R() <2 o ]p {1+ ]Ja+mpp | =
1eM(p) i=1 i=1 =1

(6.6)

Proof.
For each i, P;i(k;;j) € {1,2,...,p; — 1}. Thus,

Lsmy ‘ ‘

| S0 i/poPitkss |~ N R
2 1 2R() < DD RO

leM(p) leM(p) m=1 my=1

Zlnp,- Hp; -1+ H(l + lnpj) )
i=1 i=1 Jj=1

IN

as required. [
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Now we are in shape to finish the proof of Theorem 2.3 using modified?
Proposition 4.1. Remember that we are showing that the extra term in
the new Proposition 4.1 is small enough. Therefore, we will use the same
setup/approach involving U(a).

Going directly to (5.12), we have, up to O(Ins_l N),

1>, ;—’;,P,-(ki;j)ll"
> (1 X 2R()

2] <
Jerm 1EM(p)
1520 Pk~
281 =1 pi
FY e Y SR
JErm 1EM(P)
13001 £Pikis )~
= 1 =1 pi
SEPOIEP IR LEDBEss 0
a| [T, pi " <NI€U@) 1EM(p)
+ D 2049
JET.(V)
! . r pi(l +1np)) '
— 1 ; pill +1np;) 1 5N
Sl (; " 1 (pi— 1)1np,.) n
+0(n*™ N) - 2°(1 + &) 6.7)
! . y pi(l+1np)) )
= — In p; PRET P s N, .
s (1:21 " puiell (7 l)lnp,-) n (6.8)

where we refer to (5.13) to get the estimate in the fourth line. As in the proof
of Theorem 2.3 in the previous section, equation (6.7) is essentially Theorem
23. O

As a summary, we used a more straightforward approach to Proposition 4.1 to
get a seemingly bad upper bound, which in turns requires some extra lemmas,
though not difficult, so that Theorem 2.3 still carries through.

As mentioned at the beginning of this section, yet another way to address
the inaccuracy found in the proof of Proposition 4.1 given in [1] is to use
asymptotic notation to replace the second term of the bound given in that
result. More precisely, we have:

(Simplified) Proposition 4.1. The star-discrepancy of the modified Halton
sequence o = o(py,...,Ps, k1, ..,ks) satisfies:

s NS
i= T‘Pl(kl’.])
NDy(@) < S 1+ Y 121 ”

O((InN)*~ Y.
. 2R + O((InN)"™")
JET(N) leM(p)
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Proof.

The proof is almost the same as in [1], except that on p.28, line 12, after “Fix
some j € T(N).”, we have to say “Without loss of generality we can assume
that all j; > 1 because if some j; = 0 then Ay(I(j)) —Nu(I(j)) € O((InN)*~1).
This is because if at least one j; = 0, then it means that at least one projection
of I(j) is equal to [0, 1) or the empty set, and consequently when we compute
AN(I(J))—Nu(l(j)), we only need to consider a (strict) subset of the coordinates
of the first N points of the sequence. Hence we deal with modified Halton
sequences in dimension no larger than s — 1, and can thus apply Theorem
2.1 to show that Ay(I(j)) — Nu((j)) € O((InN)*~"), since this theorem also
applies to modified Halton sequences (see end of Remark 4)”. Note that a
similar argument is used in [16, Thm 4.49, p. 90]. []

The proof of Theorem 2.3 follows in the same way as in Section 5 after the
proof of (modified) Proposition 4.1.
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