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Abstract

In this paper, we consider an extension of the classical risk model in which the premium rate
policy is adaptive to claims experience. We assume that the premium rate is reviewed each time
the surplus reaches a new descending ladder height. A choice between a finite number m of rates
is then made depending on the time elapsed between successive ladder heights. We derive explicit
expressions for the probability of ruin in this model, assuming claim sizes have a mixed Erlang
distribution. We then motivate further the idea behind this adaptive premium rate policy by using
a mixed Poisson process for the claims arrival, and propose a method to fix the parameters of the
policy in this setting. Finally, we discuss other applications of this method.
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1 Introduction

The main topic of this paper is to study models that consider an insurer’s surplus process and its
associated probability of ruin. More precisely, we are looking at ruin models of the form

t N(t)
U(t) :u+/ c(s)ds—ZXk,
0 k=1

where u > 0 is the initial surplus, the stochastic process {N(t),t > 0} denotes the number of claims
up to time ¢ and the rv’s { Xy, k > 1} represent the corresponding claim amounts. In the classical ruin
model, {N(t),t > 0} is assumed to be a Poisson process with arrival rate A > 0, the claim amounts
{Xk,k > 1} are independent and identically distributed (iid) rv’s with probability density function

(pdf) p(z), cumulative distribution function (cdf) P(z) = 1 — P(z), and mean p, and the process c(t)
is fixed to a constant ¢ > 0.

In this paper, we consider two directions for generalization: (1) non-constant and non-deterministic
premium rates; (2) Bayesian setting for the parameters of the model. More precisely, we propose an
adaptive premium policy that chooses among a certain number of possible rates based on the behavior
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of the surplus, as opposed to strictly looking at the current surplus level. Instead, we review the
premium rate every time the surplus drops below its previously reached minimum, and then choose
a rate based on the time elapsed since the last drop. By assuming a Bayesian setup for the arrival
process, we can then link the selection of the new rate to an assessment of the most likely regions
for the (unknown) parameter A representing the arrival rate of the claim process. Thus the premium
income is in fact stochastic rather than deterministic, but it is convenient notationally to express it in
the form fg c¢(s)ds as there is no impact of this representation in the ensuing analysis.

In the past, there has been several studies in which the premium rate has been allowed to take different
values. One such line of study is to work with a surplus model in which the company pays a certain
level of dividends depending on the current surplus level. See for example [3, 6, 18] and the notes
and references in [4, p.221]. As for Bayesian models in risk theory, the use of mixed Poisson processes
to model the claim arrival process has been studied in detail in [12, 23, 25|, among others. More
recently, in [2] the authors have considered Bayesian models for both the claim arrival process and the
claim amounts. The idea of connecting the Bayesian setting with some kind of adaptive policy for the
premium charged has been considered in [1, 20, 21] using a Biithlmann-type credibility set-up, and is
also discussed in [4, p.407]. In these previous papers, the premium policy adapts itself in such a way
that the rate is not restricted to specific values. As a result, exact expressions for the probability of
ruin cannot be derived and one must resort to numerical methods (as in [1, 21]) or asymptotic analyses
(as in [4, 20]). Another closely related idea is explored in [19], where additional contributions to the
surplus can be made at each control point, in addition to changing the premium rate. However, the
ensuing analysis (of finite-time ruin probabilities) is done based on the assumption that the rate will
remain fixed thereafter.

In this work, we propose to fix the premium rates ahead of time, as this has the clear advantage of
yielding a closed-form expression for the probability of ruin. Note that in practice, a company might
find it desirable from a marketing point of view to have premium rates that are known ahead of time,
and thus we believe our chosen set-up may be of practical interest.

The rest of this paper is organized as follows. In Section 2, we introduce our model when the parameters
for the inter-arrival times and claim amounts distribution are assumed to be known, and derive the
probability of ruin in this case. In Section 3, we use a Bayesian framework to introduce and compare
different strategies that can be used by the insurer to determine the premium rate. Two examples
including numerical results are presented in Section 4. Concluding remarks and ideas for future work
are provided in Section 5.

Before we proceed to Section 2, we wish to emphasize that the primary motivation for introducing our
new premium rate policy is as a mean to manage uncertainty on the parameters of the model. This
point of view will become clear in Section 3, when we introduce a Bayesian framework for our model
and propose a method to choose the parameters of the policy. In order to perform this type of analysis,
we first need to study the model when the parameters are fixed, i.e., we first need to condition on the
value taken by these parameters. This is what is done in Section 2. It should be noted, however, that
the results of Section 2 are also of interest on their own, in the following sense. Even if an insurer
has reasons to believe that there is no uncertainty about the model parameters, it is still of interest
to adopt a premium rate policy that can better weather the turbulence caused by a string of bad
(unlucky) experience. In that case, the trigger that forces the premium rate to increase is perceived
as an indication that bad claim experience has struck, rather than one suggesting that the parameters
have been misestimated.



2 Model under fixed parameter setting

In this section, we assume that the arrival rate A of the Poisson process {N(t),t > 0} is fixed. We also
assume that the claim sizes are iid mixed Erlang with parameter § and mixing weights {q;}7°,. That
is, the pdf of a claim size rv has the form

p) = agregp(z), T >0, (1)
k=1

where {g;}22, is a discrete probability measure and egy(z) = fFak~1e=#% /(k — 1)! is the Erlang pdf
with mean kB3~! and variance k32 (with corresponding cdf denoted Eg x(x)). Hence the mean is given
by p = > r2 kqi/B. We fix m premium rates ci, ..., ¢y, where ¢; > ... > ¢, > 0 and m —1 thresholds
T1y++.,Tm—1, Where 0 < 21 < ... < Zy,—1, whose use will be explained shortly. Let 7; be the time of
the ith (descending) ladder height of the surplus process. That is, for ¢ > 1 we have recursively
7, = inf {U(t) < U(Ti_l)},
t>7Ti—1

beginning with 79 = 0. Also, let T; be the time elapsed between the (i — 1)th and ith ladder heights,
ie., T; =7 — 7_1. The m — 1 thresholds x1,...,%,,_1 are then used to determine intervals of values
for T; associated with a given premium rate. That is, the premium rate review policy is such that
if T; € (zj—1,x;], then the premium rate is fixed to ¢, for j = 1,...,m — 1 and if T; > xy,_1, then
the premium rate is fixed to ¢,,. Hence, together the 2m — 1 parameters (ci,...,Cm,Z1,..., Tm—1)
characterize this deficit-adaptive premium policy.

Our goal is then to compute the probability of ruin v;(u) for i = 1,...,m, defined as
Yi(u) == P(u, ¢, \) = P(T < o0lc(0) = ¢;),

where T is the time of ruin for the surplus process {U(t),t > 0}. In what follows, two joint distributions
will be particularly relevant to the analysis. The first one is the joint defective pdf of the time ¢ and
size y of the first drop given a premium rate ¢;, denoted by k;(¢,y), which is derived in, e.g., [17].
The behavior of these two variables influence the choice of premium rate in our model, which is why
we need their joint distribution. For mixed Erlang claim sizes and for any A > 0, we have that
ki(t,y) = ki1(t,y) + ki2(t,y), where

0o
ki,l(ta y) = Ae_)\t Z qkeﬁvk(cit + y)a
k=1

& (At)m cit .~ >
buatn) = e 32 BT [T LS gt = 0) 3 aresela + )i
m=1 ) v k=1

r=1

Note that {¢;}32, are the mixing weights associated with the m-fold convolution of the pdf p(z), i.e.,

o
() =Y gi"ep (),
k=1

,";1 = q;, for each k > 1, while for m > 1, we have

k—1
-1
" =" V.
j=1

where ¢



if kK > m and ¢;™ = 0if k < m. See [9] for more details. As mentioned above, the expression for k;(t,y)
holds regardless of the value of A > 0, and is therefore valid for both positive and negative security
loadings.

Next, we introduce h; ;(y), the defective pdf of the drop y leading to premium rate ¢; when the premium
rate effective just before the drop is ¢;. In order to ease the analysis involving this pdf, we make use
of a technique called Erlangization in risk theory [4, Chap. IX, Sect. 8],[5], and which was originally
proposed for American option valuation in [8]. In our case, this amounts to the replacement of the
threshold differences g; := x; — 2;_1 by independent Erlang rv’s G; with parameters (n;, (n;/9;)),
j=1,...,m—1, where n; € N. Note that by increasing n;, we can approximate the constant g; by
Gj with arbitrary precision. More precisely, we have that E(G;) = g; and Var(G;) = g]2- /nj and thus
limp,; 00 Var(G;) = 0, which justifies how this model can be used to approximate a model in which
the thresholds are fixed. Furthermore, we assume without loss of generality that for j =1,...,m — 1,
g; can be written as g; = ;o for 7; € N and some x > 0. That is, we assume that the threshold
differences g; are all multiples of a common quantity x. Hence we can choose a positive integer n and
set nj = ;n so that the scale parameter of G; is 1/v, where v := n;/g; = n/x and n; is a positive
integer for all j =1,...,m — 1.

We can now determine h; ;(y), assuming the thresholds z; have been replaced by Erlang rv’s as de-
scribed above. Observe that in order for a ladder height to cause the premium rate to switch to ¢;, the
time since the last drop must be between D;_; and D;, where D; = G1+...+ G forj=1,...,m—1
and we define Dy = 0, D;;, = co. Note that D; is Erlang with parameters (7; = n(y1 + ... +7;),n/x)
for j =1,...,m, with the convention that ng = 0 and 7,, = co. Hence, we have

hij(y) :/0 ki(t,y)Pr (D1 <t < Dj)dt

/OOO k’i(t, y)eng(t)dt. (2)

Before going further, we want to point out that the forthcoming analysis does not require that ¢; > Ap
forall i =1,...,m. Hence, in what follows we consider both cases, i.e., ¢; > Ap or ¢; < Au. Obviously,
if ¢; < Ap for all 4, then ruin occurs with certainty regardless of the initial premium rate, and the model
becomes uninteresting.

2.1 Renewal equation and Laplace transform

Suppose that U(0) = v and ¢(0) = ¢;. By first conditioning on the relevant characteristics of the first
drop in surplus, we have

Vi) = 2_; /O 5 — y)hi i (y)dy + vi(w),

where

and hi(y) = >0, hij(y) is the defective pdf of the drop y when the premium rate is fixed to ¢;. We
can then take the Laplace transform of ;(u) for i = 1,...,m. In what follows, we use the notation for



an arbitrary function g(z),

Hence for i = 1,...,m we get

Yi(z) = Z hij(2)0;(2) + Bi(2).

J=1

In order to solve for 1[%(2), i =1,...,m, it is convenient to rewrite the above system of equations in
matrix form as

P(2) = H(2)9(2) +¥(2),

where the matrix H(z) has element h; ;(z) on its ith row and jth column, and

P(2) = (1(2), ., Pm(2)"

V(2) = (01(2), ..., 0m(2))T.

Solving for 9(z) we get
P(2) = [I-H(2)]'¥(2), (3)
where I is the m x m identity matrix.

The components of the vector v(z) are easy to obtain, as they do not involve the potential change
of premium rates, and are thus identical to the corresponding quantities in the classical model with a
fixed rate of ¢;. More precisely, we have

a) = [T [Tty (1)

Now, for a general claim size pdf p(z), the defective density h;(y) is given by [11]

A [° .
h(y) = > /0 P p(z + y)d,

Ci
where p; is the largest real solution of Lundberg’s fundamental equation
= cip = Ap(p). (5)

When the security loading is positive (i.e., ¢; > Au), then p; = 0 and h;(y) = AP(y)/c;. Otherwise, p;
is known to be the strictly positive root of (5), which is generally found numerically (or analytically,
in simple cases such as the exponential distribution).

When the claim size distribution is mixed Erlang of the form (1), we have

D
hily) == /O P03 queg (e +y)da

Ci
k=1
A — o0 K
~Be, > / e PN " epa(y)eph—sii(z)dz
! k=1 0 s=1
)\ o0
~Be > aspiess(y), (6)

s=1



where

i ﬂ k—s+1
qs,p; = qdk <> .
k=s B T Pi

Note that the second equality above is obtained by choosing & = 0 in the easily established algebraic
identity
1 < (s+k—1)
k —
x eB,T(x + y) - Bk+1 Sz:; (S — 1)' eﬁ,s—l—k(x)eﬂ,v“—s—l-l(y)' (7)

Substituting (6) into (4) yields

) A e [T
’UZ(Z) :,BC/O e Z/ QS,pieﬁ,S(y)dydu
i =1 Ju

R Sy
= e - Qs,pi€8,r+1(u)du
Bci 0 5:1’87«:0

B A oo s—1 qs7pi ,B r—+1
e 2 —~ <6+z)

s=1r

B )\ o0 _ B r+1
_%ZQ“’” <6+z) ’

r=0

where

Qrpi = D s 8)

s=r+1

Similarly, we find that

- A T
hz(Z) = ﬁT Z%‘,pi <,8B—|—Z> . (9)
=1

Remark 1 It is well known that in the classical model with a constant premium rate c;, the Laplace
transform of the probability of ruin e (u,ci, A) is given by

g vi(2)
alz, ¢, \) = ————.
P )=1_ h(2)
Hence we can rewrite (3) as ) ) 3
P(2) = [D(z)(X — H(2))]'u(2), (10)
where D(z) is a diagonal matriz with its ith element given by (1 — hi(2))7Y, and 4 4(2) is a vector
whose ith component is wd(z,gi, A), fori=1,...,m. Note that the sum of the elements on the ith row

of I — H(z) is precisely (1 — hi(z)), and thus (10) amounts to writing ¥i(z) as a weighted average of
the Laplace transforms of the classical probabilities of ruin, namely Ve (z,ci,N), 1 =1,...,m.

Remark 2 From the Laplace transform (9) at z =0, it follows that

A o
Yet,i(0) := e (0, ¢, A) = e Z Ir.p;-

r=1



It is not difficult to show that ¢ ;(0) = min(Ap/c;, 1). Indeed, we have that

s—r+1
wclz ,BC Z%’p,: BC ZZQS <ﬁ+pz>

r=1 s=r

:ﬁii <5+pz> qu

Z’LU: S=w

A v B\ 5
 Be 2 <B+m> Qo1 -

v w=1

where Qy := Quo. Now, if X\ < ¢;/u, then p; =0 and from (11) we get
)\ o0
wclz /37 Z Qw 1= —

since p =y o7, Quw-_1/B. Note that in this case, the corresponding density

o

Bw) = 5 - € (0) Qe

vs=1

is consistent with the result stated in [24, pp.192-193]. On the other hand, if the security loading is
negative, i.e., X\ > ¢;/u, then p; > 0 and from Lundberg’s fundamental equation we have

_ 1 —p(pi ci
A== i) o T D0 S (12)

Now, in the mized Erlang case, we have [22, Sect. 4]

1 —p(pi) _ > Qr—1 B g
S= e (6+pi> ' (13)

Therefore, combining (11), (12), and (13), when X > ¢;/p we get 1¢;(0) = 1. Note that the relation
Yeri(0) = min(Ap/c;, 1) is consistent with the fact that hi(y) is a defective pdf when X\ < ¢;/p, and is a
proper pdf otherwise.

2.2 Identifying the probability of ruin from its Laplace transform

In order to get an explicit expression for the probability of ruin ;(u), we need to express 1}(2) in a form
amenable to inversion. The first step toward reaching this goal is to determine ﬁ” (z), which is given
in the following lemma. In the statement of this result, we use the notation fxg(-;r,p) (Fnp(:;7,Dp))
for the pmf (cdf) of a Negative Binomial rv with mean r(1 — p)/p and variance 7(1 — p)/p?, with the
convention that Fyp(+;0,-) =1 and Fyp(-;00,+) = 0.

Lemma 1 We have that

(0.9] B v
S-S ()



where

o0 o0

o0
Z " Qo+s— 1 fNB (m;k-i-S,
1

0 k=0 s=

Cz,j v =

B)\ Be; '>m7j(m+k—|—s—1),

A+ B

and
(5) = P (g1 5 )~ B (s 5
i i(s) = 83— — $; 74 )
i.j NB\SM-b AT Ty NB\ S N 8e + v

Proof. As seen in (2), h; j(y) depends on the joint density ;(¢,y), which is decomposed into two parts
as ki(t,y) = ki1(t,y) + ki2(t,y). Consequently, we also write h; j(z) = h; j1(2) + hij2(2), where

T

- o0 1 o0
hi jr(2) :/ e Y / kir(t,y) Z ey p(t)dt » dy, for r =1, 2.
0 vJo p=nj_1+1
Using (7) at k = 0, one finds
B 1 [° [® o) n;
hiji(z) =— / / e e M Z qres i(cit +y) Z evp(t)dtdy
VJo Jo k=1 —;
= p=nj_1+1

nj

B(Be;)—wp l+p—2
(A + Bei + v)ttr-t < )

A k k+1—1
=5y 2 2% <6+z>

k=1 1=1 p=ii; 141

k4+1-1 Be; -1 A+ Bei n ()\+ﬁci)l—1yp I+p—2
) <)\+ﬁci) v Z (>\+ﬁci+y)l+p1( -1 >

p:nj,l—s—l

k+1-1 -1
5Ci
) <>\+ﬁci> nij(l = 1),

which holds because

A+ B i ] v
” > Ins (S,]% >\+ﬁCi+V)

p=nj_1+1

_)\—i—ﬂci i ]
- v z;.JPNB <5ap7 )\+50z+1/>

n31

f 1%
N
NP PN B+ v

14 1%
=F e — ) _F Xy
NB <5,ng 1’)\—{—507;—1—1/) NB (S’HJ’A—i—ﬁcH—u)

:ni,j(s)a

p=

by definition of n; ;(s). In the previous display, we used a result stated in [15, Prob. 6.34(c)] to go from
the second to the third line.



Changing the order of summation and using the change of variable v =k — [ + 1, we get

,Jl ZCz,Jvl(ﬁ+ > )

where

A Bei 1\
il = o g veHl— i (L —1).

Moving to the second piece, we first need to compute the integral inside the definition of k;(t,y).
Using (7) at k = 1, we get

s=1

s cit cit
qu/o feﬂ k(cit — x)eg,(z + y)do = tﬂQ quZseﬁ i S(y)/o e5.541(2)egn(cit — z)dx
r=1

= citﬂQ Z ar Z segri1-s(y)es kt1+s(cit)

o)

1
7 T r s s lt
5;q Zk+ e r+1-s(y)es hs(cit)
1 oo o0
EZZ vts—17 7 €Bw (y)ep k+s(cit).
Hence, we have that
g
,3,2 Bl// / —)\t —Z?JZ m' z *mZZ%}—i—s 1 65 U(y)e@kﬂ(cit) Z €y7p(t)dtdy
s=1v=1 p=ii;_1+1
iii *mAmZZqu ) < B >” Z / *’\tt—e ws(cit)e (D)t
pv i slvlv8k+s /B+Zp S s

by O X ,8 v )\mﬁk-&-sciﬂrs m+k+s—1
T op 2;;;% ots= 1k—|—s <B—|—z> (A + Be;)mthts m

nj

A+ Be 3 v Prox+Be \"TTT it ks +p—2
v A+ Bei+v A+ Be;+v p—1

p=nj—1+1

A o o0 0 o v l
:@ZZ qu Quts— 1ki3<5§2> InB <m k+ s, )\fcﬁci>m’j(m+k+5_l)'

m=1 k=1 s=1 v=1

Thus

B v
»]» ZC17JU2<ﬁ+Z) )

where

Girgov,2 Fzzqu Qots—17 " fNB (m;k+s,)\+ﬁ0i>m,y’(m+k+s—1)-

1k=1



It is easy to see that

oo o0 oo
Be;

A o 5
Ci,j,v,l + <i,j,11,2 = ,87 Z Z Z qr Quts—1 L +7SfNB (m; k+ S, 7)\ T ,BCZ) T]Z"j(m +k+s— 1) = <i,j,v-

" m=0 k=0 s=1

That is, the sum of (; 1 and (.2 is the same as (2 but with the summation over m and k
starting at 0 instead of 1, and with the convention that qzo = 1p—g. The result easily follows. O

Now that we have computed iLw(z), we would like to replace the Erlang rv’s G; by the threshold values
that they approximate. As pointed out before, this can be achieved by letting each of the parameters
n; = v;n used in the definition of the rv’s G; become arbitrarily large. Conveniently, this parameter n;
appears in h; j(z) only in its term 7 j(s). We recall the well-known result that when we take the limit
as n goes to oo of a Negative Binomial with parameters (n,p), where p is of the form p = 1/(1+ ¢/n),
then it converges to a Poisson rv with mean ¢ (see, e.g., [14]). Hence, we have

T}LH;O 772',]'(8) = FP(S, :L‘(/\ + 60,-)Fj_1) - FP(S, l‘()\ + Bc,-)Fj), (14)
where Fp(-,A) is the cdf of a Poisson rv with mean A, and I'; = 2{21 v (with the convention I'g =
0,I, = o0, Fp(s,0) = 1, and Fp(s,00) = 0). Note that since Fp(n,\) is decreasing in A\, we have
that limy, o0 7i,(s) > 0 for all 4,5 = 1,...,m, which in turn implies that the (; ;. are all positive.
From now on, we assume n; ;(s) is calculated by taking the limit n — oo, and is thus given by (14).
Note also that > 7", 7; j(s) = 1, which means we can interpret 7;..(s) as a probability distribution over
{1,...,m} for each i = 1,...,m.

Going back to our goal of finding {#(2) and then inverting it, we will use the identity
I-A)"=) Al
i=0

which holds when the spectral radius of A is less than one. In our case, the matrix A is given by H(z),
and to get a better insight of its properties, we rewrite each entry h;;(z) of H(z) as

hij(2) = Cyj <6iz> ;

where Cjj(z) = > 72, Q’j,lzl is a defective pgf. More precisely, it is easy to see that (;;; > 0, and we
also have 3 )%, (; j; < 1. This is because Y 7" h; j(z) = hi(z) for all i = 1,...,m, and in turn h;(2) is
of the form

o0

= )\Q'r,i /8 "
hi(z) =2 Bos <6+z> ’

r=1

where, as discussed in Remark 2, >"°7, ﬁqnm = 1(0) = min(Ap/c4, 1).
Putting all this together, we have that

m 5 oo )\
Do lhig(2)l < Gt <1
j=1 r=1"7"

10



for any z > 0, and thus we conclude that the spectral radius of H(z) is less than 1 [13], which means

we can write
= (Z Hl(z)> v(2)
1=0

for any z > 0. We then write the (4, 5)th entry of H'(z) as C’Z*l] (Bﬁ

Z) , Where

C*l chk

and the ng.’k’s for [ > 0 are defined as

*0
Gk =Li=j k=0,

Cz*}k =Gijks kE>1
m k—1

= ZZQM Crjhvs  1>1,E>1. (15)
r=1v=1

Note that 0 =0 for all I > 1. Hence,

) o m oo ) B k A 00 B 5 r+1
wz(z)zzzz irj,k (5—1—2) B%jz:o@r,m <ﬁ+z>

m. o0 A 5 k+r+1
XYY o (545)

0 j=1k=07=0

[ee] w4+l oo m w
=3 (573) TXY @i (16)
p+ g

=0 j=1r=0

N
Il
=)
<
Il
—
£
Il
o

<

Equation (16) immediately leads to the main result of this paper, which is stated next.

Theorem 1 For a deficit-adaptive premium policy characterized by parameters (¢1,. .., Cmy T1y- -y Tm—1),
the probability of ruin for an initial premium rate c; is given by

where

oo m w A
S 3 3 Dt SN
with Q. p, and{ "k are given by (8) and (15), respectively.

In the following example, we use Lemma 1 to derive an expression for the probability of ruin when claim
sizes are exponentially distributed and the adaptive policy involves only two premium rates (m = 2).



Example 1 In the exponential case, we have that g1 =1 and q, = 0 for all r > 1 in the mized Erlang
representation. This implies that ¢;™ is 1 if k = m and 0 otherwise. Therefore,

oo o0 0
A

. Bei
Gijow = 57 kZZQk Qots—13— fNB (m,k—i—s,)\_h@@ nijm+k+s—1)

is non-zero only when v =1, s =1, and k = m and is then given by
A > 1 2m ABc; mn
il = E T a3 i,j(2m).
Wil =X B 2 m 1 (m) ((Hﬁci)?) i 2]

B
B+2z

Hence,

hij(z) = Gija i,j=1,2.

Since our matriz H(z) is only 2 x 2 and each term is of the form BCiji /(B + z), it is fairly easy to

directly compute (I —H(2))™! in (3). More precisely, we get

- w1 Btz B+ z— B2 BC12.1
I-HE)™ = pa(B+2) [ BC2,1,1 B+z—PBG11 |’

where pa(f+2) = (B+ 2 — BG11)(B+2— Bl21) — /824172,14-2717]_ is the characteristic polynomial of
H, where hm’ = BCi,j,lyiyj = 1, 2.

Next, we need to determine v;(z). Recall that

R )\ o) B B r+1
0i(z) = % Z;]ani <B+Z) )

where

B k—s+1
Qr,pii Z ZQk<B+Pz> .

s=r+1 k=s

In the exponential case, it is easy to see that when ¢; > N/, then p; = \/¢; — B. Thus we have that

I5} _{1 if)\<Bc,;

Qop = o= =1 o -
P B+ g B if X > B,

and Qpp;, = 0 for alll > 1. Thus
min(A/Be;, 1)

vilz) = B+ z

Hence, we get

iy 2 P min (1) + B+ 2= B min (1)
’ (B+z=¢1)(B+2~ ) ’
where ¢1 and ¢2 are the roots of py(B + z), which we assume are distinct. These roots also happen
to be the eigenvalues of the matriz H. (Note that the more general infinite series approach stated in
Theorem 1—based on the powers of H(z)—does not require us to identify eigenvalues and hence make
assumptions as to their distinctness, as is done here. In fact, the approach used in this example can
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only be used when the claim size distribution is a mized Erlang of finite (ideally small) order. We use
it here as it allows us to provide a more compact representation for the probability of ruin, as we will
see shortly.)

Using partial fractions, it follows that

) . b
) = e Y s

where

B¢2,1,1 min (ﬁ, 1) + (¢1 — B¢1,1,1) min (ﬁ, 1)

a =
)
A A
; :ﬁCz,m% + (92 = BC1,1) 5, i <)\’ 1) .
P2 — P1 Bea
Finally, one obtains
Po(u) = ae W= 4 pemulf=¢2), (17)

Similar steps can be used to determine an expression for iy (u).

Remark 3 Had we proceeded as in Theorem 1 to get an expression for v;(u), we would have obtained a
different (equal) representation given by an infinite sum of Erlang terms with common scale parameter
B. Here we get an expression (17) that is a linear combination of two exponential terms with different
scale parameters. This comes from the fact that a mized Erlang with different scale parameters can
also be represented using a common scale parameter [26].

3 Bayesian framework and strategies for the insurer

The goal of this section is to show that by using a Bayesian framework together with the adaptive
premium policy described in the previous section, the insurer is able to achieve a sounder risk manage-
ment approach than by fixing the premium rate to a certain constant. Before we describe this idea in
detail, we first review two possible ways of fixing the premium rate.

Strategy 1: The Classical Approach

In the classical setting, the arrival rate of the Poisson process is assumed to be fixed and known. The
insurer determines the premium rate so that a certain probability of ruin is achieved. More precisely,
for A = Ao, the premium rate cq is defined as

co = inf{c > 0: Yg(u,c, o) < 1o}

for a given ruin probability threshold ¢y < 1. For instance, when the claims are exponentially dis-
tributed with mean 871, ¢g is the unique solution to

A
2 pmu(B—A/co)
Coﬂe Q.

Strategy 2: Fixed premium rate and mixed Poisson process

13



In practice, the arrival rate A\ of the claim arrival Poisson process is usually not known with certainty.
Hence fixing ¢ to achieve a certain threshold 1 for a fixed Ay can be highly misleading. As A > g
increases, the probability of ruin increases to reach 1 when A = ¢p/u. In the second approach, we
propose to still consider a constant premium rate policy, but acknowledge the uncertainty about A
when determining an appropriate premium rate.

More precisely, we now assume {NV;,t > 0} is a mixed Poisson process, as in [12, 23, 25]. That is, given
A =X, {Ny,t > 0} is an ordinary Poisson process with rate A and A has a certain pdf that we denote
by dB(X). As discussed in [23], the probability of ruin is given by

Yo(u,c) == /OC/u Ya(u, ¢, \)dB(X) + <1 - B (;)) ;

or equivalently
¢b(u7 C) = EA (@bcl (U, ¢, A))

This highlights the fact that in this setting, we think of the classical probability of ruin ¢y (u,c, A) as
a random variable rather than a fixed quantity.

For exponential claim sizes and when the mixing rv A is Erlang distributed, the probability of ruin
p(u, c) can be obtained explicitly, as illustrated in the following example.

Example 2 For exponential claim sizes and A ~ Erlang(k,a), we have [12, pp.224-225]

Be
Dy, ¢) = /O ;\ce‘“(ﬁ_k/c)eavk()\)d)\ + (1= Bap(B0))

k
=k:e—“% (a—u/e)"® VB, eri1(Be) + (1 — Ear(Be)).

With this model, we can then pursue a strategy similar to the one used in the classical setting. Namely,
we find the value ¢ such that

cpo = inf{c > 0 : Yp(u,c) <o}

If we compare these two strategies, we have the following result.
Proposition 1 With exponential claim sizes, if \g = E(A) then co < b0 and ¥y(u, co) > 1o.

Proof. We first note that

A —u(B=Xe)  if
Yalu, e, \) = { B¢ if A <cp

1 otherwise

is a convex function of A\. Hence by Jensen’s inequality, we have that

Yer(u, e, \o) = Ve (u, ¢, E(A)) < E(g(u, e, A)) = ¥p(u,c).

Since ¢ (u, ¢, A) is decreasing with ¢, we must necessarily have ¢y < ¢p. O
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What this result means is that if, in Strategy 1, we make the assumption that A is equal to its mean
under the model used in Strategy 2, then we will be choosing a premium rate that is smaller than ¢ .
Thus if the reality is that we do not know what the true value of A is but are fixing the premium rate
as if A = E(A), our actual probability of ruin is greater than .

Strategy 3: Deficit-adaptive premium rate and mixed Poisson process

Continuing with the mixed Poisson process presented in Strategy 2, we now want to incorporate our
deficit-adaptive premium policy, as described in Section 2 and in the special case where there are m = 2
different premium levels and the claim sizes are exponentially distributed. The Bayesian framework
from which the above mixed Poisson process arises provides a nice motivation for this type of premium
policy. For instance, one interpretation is to think that ca (c2 < ¢1) represents our initial “guess” as
to what the rate should be, and that it is associated with the assumption that A is “not too large”.
For example, one may choose a threshold Ag and think of ¢y as an appropriate premium rate when
A < X\g. However, given that the true value of A may be larger than Ay, we propose to observe the
time-to-drop variable T;: a relatively small T; can be viewed as an indication that our belief about A
might be wrong, and that we should switch to a higher rate ¢; that is more conservative in the context.

Now we need to formalize this into a strategy to choose the three parameters (c1, ca, 1) that characterize
our adaptive premium policy. In addition to a target probability of ruin g, we also require an error level
€o that gives the maximum allowed probability of having a “bad” risk, conditioned on having observed
the case T' > x7 which leads to choose the lower premium rate. We then propose the following strategy:

1. Determine ¢y = inf{c > 0 : ¢ (u,c, \o) < ¥o}.

2. Determine x; = inf{x > 0 : P(A > Xo|T; > z) < €} for a surplus process based on the
premium rate cs.

3. Determine ¢; = inf{c > 0: Ex(¢2(u, A)) < 90}, where 12(u, A) is the probability of ruin for our
deficit-adaptive premium policy based on the parameters (c,co, 1) given an ordinary Poisson
process with rate A (and as established in Section 2).

For the second step, one needs to compute

L L2 9t NdtdB(N)
Joo S 9t \)dtdB(N)’
where g(t, \) is the (defective) density of the time until the first drop below the surplus for an ordinary

Poisson process with rate A. As shown in [16] (see also [7, 10]), for exponential claim sizes and premium
rate ¢, the defective density g(¢, \) is given by

P(A > Xo|T; > x1)

— +oct )\ntn—le—)\t
tA) = e Plteye N 5 TS O A ——
g(’ ) e € + _271(71—1)657 1(U+C) (n—l)'

As for the third step, since A appears in a non-straightforward way in the expression 9 (u, A), the
expectation E (12(u, A)) must be computed numerically, and is then fed into another numerical routine
that determines the value of ¢; = inf{c > 0 : Ex(¢2(u, A)) < v} (this is implemented in Matlab in
the experiments of Section 4).

Comparison of Strategies 2 and 3
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There is no obvious and easy way to compare Strategy 2 and Strategy 3. One possible approach would
be to compute some measure of expected average premium paid (over time) for Strategy 3 and compare
it with the rate ¢ from Strategy 2. However, at first sight, computing this appears to be a difficult
problem. An easier alternative is to derive an upper bound for

Te(t)
E —=dt
/0 T

where T is the time to ruin and ¢(0) = ¢3. In the above equation, the expectation is taken over the
claim sizes, inter-arrival times, and also over the parameter A. A naive upper bound can be obtained
using the following argument: if the surplus never drops below u, then we will always stay at the rate
co. If it is not the case and we do drop at some point, then the premium rate is no larger than c;.
Hence using the fact that

P(no drop below u is ever observed) = 1 — 1(0, c2, A),

we get

Te(t)
E/ dt <, where c=ca+ (c1 —c2)En (¢e(0,c2,A)) .
0

4 Examples
We now illustrate the above strategies with two simple examples.

Example 3 For this first example, we use the parameters B = 1, u = 5, \g = 2, A ~ Erlang(2,1),
o = 0.05, g = 0.05.

For Strategy 1, we find that ¢ = 3.78, while for Strategy 2, we have ¢ = 6.23. For Strategy 3, we find
x1 = 1.9721 and c¢; = 7.06 (note that by definition, cy is fixed to the value 3.78 used for Strategy 1).

To compare the three strategies, we plot the probability of ruin in each case as a function of X\, as
shown in Figure 1. For Strategy 3, we plot v¥o(u), that is, we plot the probability of ruin when the
initial premium rate is fived to 3.78. The upper bound on the average premium paid is ¢ = 5.40, which
is smaller than the rate ¢ = 6.23 from Strategy 2. However, as we can see on the RHS of Figure 3,
Strategy 3 provides a lower ruin probability than Strategy 2 as A gets large. We also show the probability
of ruin obtained with ¢ = ¢, which appears to be larger than the one corresponding to Strategy 3 for
most values of .

1t is worth pointing out that in this figure, when X\ becomes larger than the threshold Sco = 3.78 at which
the security loading corresponding to ca becomes negative, the function o(u) starts increasing much
more slowly, in a way that violates convexity. In fact, it is precisely this behaviour that allows 19 (u) to
become smaller than the probability of ruin corresponding to Strategy 2. Consequently it reaches 1 at a
larger value of A, corresponding to fc1 = 7.06. The intuition is that when A > Pca, our premium rate
policy can “detect” that the initial premium rate co is too small, and will correctly choose to charge the
higher rate of c1 in that case.

Example 4 In this second example, we use the parameters f =1, u =17, \g = 2, A ~ Erlang(2,1),
o = 0.01, ¢¢ = 0.05.
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Figure 1: Probability of ruin as a function of A for Example 3.

For Strategy 1, we find that ¢ = 4.40, while for Strategy 2, we have ¢ = 8.39. For Strategy 3, we find
x1 = 1.6301 and c; = 9.40, and the upper bound on the average premium paid is ¢ = 6.58, which s
significantly smaller than the rate ¢ = 8.39 from Strategy 2. We also see on Figure 4 that the probability
of ruin for Strategy 3 appears to be dominated by that from Strategy 2 as A gets large. As in the previous
example, the probability of ruin obtained with ¢ = ¢ appears to be larger than the one corresponding to
Strategy 3 for most values of A.

5 Conclusion

In this paper, we have proposed a deficit-adaptive premium policy that chooses between a finite number
of premium rates in an adaptive way, using the time elapsed between two consecutive drops below the
minimum surplus as a decision variable. We have provided exact probabilities of ruin in the case of a
Poisson arrival process and mixed Erlang claim sizes. We have then proposed a strategy for choosing
the parameters describing the adaptive premium rate policy and compared it with two other strategies
based on fixed premium rates. For the two examples considered, the proposed strategy appears to be
superior. We remark that the Bayesian framework discussed in Section 3 could easily be modified to
include uncertainty about the parameters of the claim size distribution rather than the arrival rate A
of the claim arrival process. This is because the time elapsed between consecutive drops depends on
those parameters as well.

For future work, we would like to extend our results to a more general claim arrival process and find
a better bound on the expected average rate paid with our proposed strategy, in order to have a more
precise way of evaluating the usefulness of our approach.
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Figure 2: Probability of ruin as a function of A for Example 4.
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