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Abstract

The term low-discrepancy sequences is widely used to refer to s-dimensional
sequences X for which the bound D*(N, X) < c,(log N)* +O((log N)*71) is
satisfied, where D* denotes the usual star discrepancy. In this paper, we
study such bounds for (¢, s)-sequences and a newer class of low-discrepancy
sequences called (¢, e, s)-sequences, introduced recently by Tezuka [16]. In
the first case, by using a combinatorial argument coupled with a careful
worst-case analysis, we are able to improve the discrepancy bounds from [5]
for (¢, s)-sequences. In the second case, an adaptation of the same pair of
arguments allows us to improve the asymptotic behaviour of the bounds from
[16] in the case of even bases.

Keywords: Discrepancy bounds, Atanassov’s method, (¢, s)-sequences.

1. Introduction

Low-discrepancy sequences are designed to overcome the lack of unifor-
mity that is inherent in random sampling. Their superiority over random
sampling is often assessed by examining the behaviour of their so-called
star discrepancy D*(N,X), where X denotes a given sequence of points
in I* := [0,1)*, and N is the number of points considered. The goal is
then to show that for some carefully designed constructions X, the function
D*(N, X)/N converges to 0 with N faster than random sampling. However,
exact calculations of this discrepancy measure are very difficult to perform.
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For that reason, over the years the star discrepancy has instead been studied
by providing bounds for it and studying their behaviour. More precisely, the
idea is to establish bounds of the form

D*(N,X) < c,(log N)* + O((log N)*~1), (1)

where ¢, is a constant independent of N. A sequence X for which such a
bound can be established is usually referred to as a low-discrepancy sequence.
The first constructions that were shown to satisfy these bounds were those
proposed by Halton [7], Sobol’ [I14] and Faure [3]. The two latter belong
to the general family of (¢, s)-sequences in base b, which was introduced by
Niederreiter in [10].

In the above mentioned work, formulas for the constant ¢, were also estab-
lished. But over the last few years, there has been a number of improvements
to these previously known bounds. The most relevant to our work are those
provided by Atanassov [1], Kritzer [9], Faure and Lemieux [5], Faure and
Kritzer [4], and Tezuka [16]. More precisely, Atanassov’s result was very sig-
nificant, as it provided an improvement by a factor of s! for Halton sequences.
Then, quite recently, Kritzer [9] improved the constants for (¢, s)-sequences
in the case s > 2 by a factor 1/2 for an odd base and b/(2(b+ 1)) for an even
base b > 4. In parallel, Faure and Lemieux [5] obtained an improvement
by a factor of ((b — 1)/b)® in the case of even bases b, still in the case of
(t, s)-sequences in base b, but using the approach proposed by Atanassov in
[1] for Halton sequences. Shortly after that, Faure and Kritzer improved this
result by a constant b/2(b* — 1) for even bases [4]. Finally, and still using
Atanassov’s method, Tezuka was able to provide bounds with an improved
constant ¢ for a family of constructions that he calls (¢, e, s)-sequences [16].
Note that the proofs in [3], [9] and [10] use an argument introduced by Sobol’
[14] that is based on the study of the (¢, m, s)-nets and involves a double re-
cursion on m and s while [4], still based on the study of the (¢, m, s)-nets,
needs only a recursion on s.

In this paper, we propose a variant to Atanassov’s method for deriving
discrepancy bounds. It consists in replacing one of the key arguments based
on diophantine geometry by an exact counting argument, together with a
careful worst-case analysis of signed digits used to represent a given volume
over which the local discrepancy is measured. This variant allows us to get
tighter bounds for (¢, s)-sequences in base b, compared to the recent bounds
from [5] and [4], especially in higher dimensions. In addition, and still using
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the same pair of arguments, we are able to provide a smaller constant ¢, than
in [16] in the case of (¢, e, s)-sequences in base b.

This paper is organized as follows: in Section [2| we provide background
definitions, review known discrepancy bounds, and provide some of the key
lemmas used in [5]. The next two sections are devoted to the respective
cases of (t, s)-sequences and (¢, e, s)-sequences in base b, and in each section
we provide our new bounds and comment on the improvement they provide
over other known bounds.

2. Basic definitions and some key lemmas

We start with a review of the notion of discrepancy, which will be used
throughout the paper. Various types exist, but here we only consider the
so-called extreme discrepancy, which corresponds to the worst case error in
the domain of complexity of multivariate problems. Assume we have a point
set Py ={X1,...,Xn} C I* :=[0,1]° and denote by J (resp J*) the set of
intervals J of I° of the form J = [[;_,[y;, 2;), where 0 < y; < z; <1 (resp.
J = H;:1[07 2;)). Then the discrepancy function of Py on such an interval
J is the difference

E(J;N)=A(J;Pn) — NV (J),

where A(J;Py) = #{n;1 <n < N, X, € J} is the number of points in Py
that fall in the subinterval J, and V'(J) = [[;_,(z; — y;) is the volume of .J.
Then, the star (extreme) discrepancy D* and the (extreme) discrepancy

D of Py are defined by

D*(Py) = sup |E(J;N)| and D(Py) =sup |E(J;N)|.
Jeg* JeJ

It is well known that D*(Py) < D(Pn) < 2°D*(Py). For an infinite sequence
X, we denote by D(N,X) and D*(N,X) the discrepancies of its first N
points. Note that several authors multiply by a 1/N factor when defining
the above quantities.

Moving on to (t, s)-sequences, this concept was introduced by Niederreiter
[T0] to give a general framework for various constructions using generating
matrices applied to van der Corput sequences, including Sobol’ sequences
[14], Faure sequences [3], and later a more general class of constructions
referred to as Niederreiter-Xing sequences [12].
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Definition 1. Given an integer b > 2, a b-adic elementary interval in base
b in I° is an interval of the form [[;_,[a;b~%, (a; + 1)b=%) where a;,d; are
nonnegative integers with 0 < a; < bt for 1 < i < s.

Given integers t,m with 0 < t < m, a (t,m,s)-net in base b is an s-
dimensional set with ™ points such that any elementary interval in base
b with volume b~ contains exactly b points of the set.

An s-dimensional sequence (X,,),>1 in I*® is a (t,s)-sequence if the subset
{X, k0™ <n < (k+1)b"} is a (t,m, s)-net in base b for all integers & > 0
and m > t.

In order to give sense to new important constructions, Tezuka [I5] and
then Niederreiter and Xing [I1], 12] introduced a new definition using the
so-called truncation operator that we now define.

Truncation : Let x = >, x;b™" be a b-adic expansion of z € [0, 1], with
the possibility that x; = b — 1 for all but finitely many i. For every integer
m > 1, we define the m-truncation of @ by [z]p, = >, ;07" (depending
on x via its expansion). In the case where X € I*, the notation [X], ,, means
an m-truncation is applied to each coordinate of X.

Definition 2. An s-dimensional sequence (X,,),>1, with prescribed b-adic
expansions for each coordinate, is a (¢, s)-sequence (in the broad sense) if
the subset {[X,]om; k0™ < n < (k4 1)b™} is a (t,m, s)-net in base b for all
integers k > 0 and m > t.

The former (¢, s)-sequences are now called (¢, s)-sequences in the narrow
sense and the others just (¢, s)-sequences (Niederreiter-Xing [12], Definition
2 and Remark 1); in this paper, we will sometimes use intentionally the
expression in the broad sense to emphasize the difference.

Going back to the discrepancy bounds of the form that were men-
tioned in the introduction, low-discrepancy sequences X that satisfy such
inequalities are often compared to each other by calculating the constant c,
in (1)), and studying its behaviour as a function of the dimension s. Here is
a summary of the sequence of improvements for these constants ¢, that have
been obtained in the literature:

bt<b—1>s fors=2,5=3&b=2,5=4&b=2
a (from [10]);

S
—) in all other cases
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[ (2 ;) if b is odd
KT ’ (from [9]);
s| 2 1 ST b ) if b is even
FL _ ;
c, (2 logb 1f b is an even base (from [5]);
b2 b—1
CfK 5! 2(b2 .y (210gb) if b is an even base (from [4]).

Hence & for an odd base and c¢f'® for an even base are currently the
best constants ¢, for general (¢, s)-sequences.

In the next section, we provide a new bound for (¢, s)-sequences with
associated constant ¢, equal to I, but the other terms in the bounds differ
from what was obtained in [5]. In moderate to large dimensions and for
reasonable values of N, our new bound is smaller than the ones from [5] and
[4], as illustrated through numerical results in [6].

In what follows, Py (X) denotes the set containing the first N points of
a sequence X and until the end, we set n := [log N/logb|. Also, several
results in this section apply to the truncated version of the (t, s)-sequence
under consideration, a concept that we now define.

Definition 3. Let X be a (¢, s)-sequence in base b, with its kth term defined
as X = (X,gl), . 7X,gs)), for k> 1. Let

Pr(X)] = {0X M onis o X pin), 1 <k < N}

We refer to [Py (X)] as the first N points of a truncated version of the se-
quence X.

We now recall three lemmas from [5], which will be useful in the forth-
coming two sections. The first result would be trivial without the truncation
operator.

Lemma 1. Let X be a (t,s)-sequence in base b and J = [[;_[b:b=%, c;b~%)
with integers b;, ¢; satisfying 0 < b; < ¢; < b%. Then for N > b% ... pds,
A(J; [Pn(X)]) is a nondecreasing function of N.

The next lemma directly follows from the definition of (¢, s)-sequences,
but it requires some adaptation due to the truncation operator.
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Lemma 2. Let X be a (t,s)-sequence and let J = [[;_,[b:ib=%, c;b=%) where
b;, c; are integers satisfying 0 < b; < ¢; < b%. Then, for integers N > 1 and
u > 1 we have

AT [Pn(X)]) = ub'(ci — b1) - (cs — bs) if N = ub'd™ - - - b=,
|E(J; [Pn(X)])| <V ﬁ(cl —b;) forall N > 1 and
i=1

AT [Py(X)]) < b (e —bi) if N <blbh .- b

=1

Definition 4. Consider an interval J C I°. We call a signed splitting of J
any collection of intervals Ji, ..., J, and respective signs €y, ..., €, equal to
+1, such that for any (finitely) additive function v on the intervals in I°, we

have v(J) = >7  ev(J;).

The following lemma, slightly reformulated, is taken directly from [
Lemma 3.5] (see also [2, Lemma 3.40]), and as mentioned above, was also
used in [5].

Lemma 3. Let J = [[]_,[0,29) be an s-dimensional interval and let n; > 0

be given integers for 1 < i < s. Set z[()i) =0, zé?ﬂ =2 and, if n; > 1, let

zj(-z) € [0,1] be arbitrary given numbers for 1 < j < n;. Then the collection

of intervals Hle[min(zj(-f), zj(jzrl), maX(zj(f), zj(jzrl)), with signs €(j1,...,Js) =
| b sgn(zj(fzrl - Zj(f)), 0 < j; <y, is a signed splitting of J.

3. Discrepancy bound for (t, s)-sequences

In this section, we provide a sharper bound than the one in [5] for (¢, s)-
sequences (in the broad sense). We first prove two new lemmas that will
replace [5, Lemma 3] in the new proof of [3, Theorems 2 and 3].

Lemma 4. Let k > 1 and n > 0 be two integers. The number of nonnegative

integer solutions of the inequality 0 < xq + -+ 4+ 21 < n is equal to ("Zk)

Proof. For the sake of completeness, we give an elementary proof of this well
known combinatorial property:
First we consider the equation xy + --- + x, = n over positive integers

and show that the number of solutions is (Zj) (with the convention () =0
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if [ > ¢). Indeed, a solution (z1, ..., zy) is characterized by the (k — 1) sums
si = si—1 +x; (1 <i < k—1), zx being given by n — s5_;, these sums
belonging to the set {1,2,...,n — 1}. Hence, the number of solutions is the
number of combinations of order (k — 1) for a set of (n — 1) elements.

Then, we show that the same equation in nonnegative integers has (”ﬁ;l)
solutions by using new unknowns y; = x;+1, which amounts to the preceding
equation with the right hand side equal to n + k.

Finally, summing up the number of solutions for each possible value m =
0,...,n, we obtain the desired result thanks to a classical relation on binomial

coeflicients. O

Lemma 5. Let n > 0, k > 1 be integers. For zntegers ] >0and1 <1<k,
(1)

let c > 0 be gwen numbers such that cy, , < ¢ and th < forany h >0,

where c and ¢ are some fixed nonnegative numbers. Then

k Nk K
> M4 <5 (55) Hoe ®

(J15--,Jk)€S =1 =1

where S = {(j1,...,Jx);7: >0 for alli and 0 < jy +--- + jr < n}.

Proof. Let N(I,k,n) be the number of k-tuples (ji,...,Jx) in S that have
exactly [ even terms and £ — [ odd terms. To determine this number, we
first choose which j; are odd and which ones are even (there are (I;) possible
configurations). Then, for a given configuration, the even terms have the
form j; = 2h; and the odd ones have the form j; = 2h; + 1, with 0 < h; <
|(n—(k—1))/2]. Hence, the number of k-tuples (ji,...,Jji) € S of the form
Ji = 2h; for [ terms and j; = 2h; + 1 for (k — 1) terms is equal to the number
of k-tuples (hq,... ,h;i satisfying 0 < hy + -+ + hk, < [(n—(k—=1)/2].
4

According to Lemma , this number is equal to (Ln 4k ) so that

Nl k,n) = (’;) (L%::J + k)

Now, our assumption on the coefficients c 1mphes the LHS of (2]) is bounded

iN I, k, )l — i (?)dlc“ﬂ”(VzéﬁéJ +k), (3)
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where we use the convention that 0° = 1 (when exactly one of ¢ or ¢ is zero).
This can in turn be bounded by Zl 0 ( )c’lc(’lc D (L Hk) since [ < k. Finally,
thanks to the binomial formula, the left hand side of (2)) is bounded by

%(c—i—c’)kH(Z +l) kl' (CJ;C/> [T(n+20).

=1 =1

]

We can now prove the main result of this section.

Theorem 1. For any (t,s)-sequence X (in the broad sense) in any base b
and for any N > 1 we have

bt (b—1\ vy [(log N
D*(N, X —_— k 4
=5 (f5) T (g ) (@)
s—1 k k
b [b—1 log N
vy — | —— l
SN ( > ) lzl(logb +7”)’
Proof. As in [3] and [1], we will use special numeration systems in base b —

using signed digits a; bounded by [b/2] — to expand reals in [0, 1). That is,
we write z € [0, 1) as

o0 . b—1 - .
L Z&jbfj W?th la;| < bT if b is odd . (5)
— with |a;| < 3 and |a;| 4 a4 | < b —1if b is even.

where v, = (2 — b (mod 2)).

The existence and uniqueness of such expansions are obtained by induction,
see [I, p. 21-22] or [I7, p. 12-13] where more details are given. For later
use, it is worth pointing out that the expansion starts at b° and as a result,
it is easy to see that aq is either 0 or 1.

We now begin the proof: Let (2, ... 2®) € [0,1)* and consider b-
adic expansions z() = Z;’OO j Dpi accordmg to the numeration systems

above. We are going to define a signed splitting associated to J =
[T;_,[0,2®) using these b-adic expansions.

Recall that n = |log N/logb| and deﬁne Zo =0 and zn 15 = 2", Then,
consider the numbers z,i) = Z] 0 a My=i for k = 1,....,n+ 1 Applymg
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Lemma [3] with n; = n+1 for all 1 < < s, we split up J using the numbers

z; ), with 0 < 7 < n + 2, and obtain the signed splitting

S

I(3) := H[mln(z() Z(Zr ), max(2\ z(zr ), 0<j<n+1, (6)

Ji 07 Ji 07
i=1

with signs e(5) = [[;_; sgn( ]()+1 Z]( )) where j = (j1,. .., Js)-

)

Since V and A(.; [Py(X)]) are both additive, A(J; [Pn(X)]) — NV (J) =
E(J;[Pn(X)]) may be expanded as

E(J: = >0 D DB P =45 (1)

where we rearrange the terms so that in X»; we put the terms such that
b .- -b* < N (i.e. such that j € S, see Lemma 5| with k = s) and in ¥, the
rest. Notice that in 3, the jls are small, so the corresponding I(j) is bigger.
Hence, ¥, deals with the coarser part of J whereas ¥y deals with the finer
part of J. Notice also that if j; = n + 1 for some 7, then ¥/! --- s > N, so
that s-tuples j for which some j; = n + 1 are not taken into account in .
Hence, according to the definition of intervals /(j), Lemma [2| applies to all
intervals 7(j) with j € ¥; and gives:

| E((5); [Px |<th| Zr1 = 2 thI@ (8)

To prove Theorem |1} we are going to bound || by the first term in ({4])
and |Z,| by the second term. First, we deal with X;. Using (8), we need to

prove
— 1\’ 1t [log N
P> T]1e%) < '(—2 )H(logb”b’f)- (©)
..... s)ES =1 k=1

e Let us first consider the simpler case where b is odd. Since from expan-
sion (|5)) we have |a§:)| < (b—1)/2, we get []}_, ]a§?| < (51)°. Hence

E s (5,32 ()

Jlyens s)ES =1 J1se]s)ES
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thanks to Lemma {| (in the case where k = s) and the result follows since
(") =(n+s)...(n+1)/s.

e The case where b is even needs a more careful analys1s Consider a term
in the sum on the left-hand side of @), I, |a
(1) (1)

First, for a single coordinate ¢, we have an mz—tuple (ag’, ..., am,) with m;
depending on the condition 0 < j; + -+ + js < n (for instance, if j; = 0 for

all [ # i then m; = n). We argue that any configuration for the coefficients
(i)
ay

gives a sum in lower than the sum obtained for the worst case con-
figuration occurring When for all coordinates 1, |ali)| = b/2 for all even | —
in which case, from (| |al | < b/2 for odd [. Indeed, let r be the smallest
even index such that |a,« | # b/2 and let g > r be the smallest index such

that |ag)| =b/2 (if |al | < b/2 for all indices, clearly we have a configura-

tion leading to a sum lower than the worst case sum). Then, switching aé)

with al”) we get a new configuration in which there is one more even index [

such that \al | = b/2. Repeating this procedure, we arrlve at a conf igura-
tion (g,ag), b al) Q,aée)ﬂ ,al)) in which |al | < b/2 for all [ > 2e,

where e is some integer. Hence any configuration still gives a bound lower
than the one to be deduced from the announced worst case configuration.
Now, the same process applied to each coordinate leads to a worst-case con-
figuration of the digits ag.z to which Lemma |5| can be applied directly, with
cgi) = \al(i)\, c=(b—-2)/2, ¢ =b/2 and k = s. Hence we obtain the desired
formula @D

The way we deal with X5 is similar to what is done in the proof of Theorem
2 in [5]. However, recall that the signed splitting of J used here is such that
20 = 21 instead of having 2@ = z{) as in [5]. This allows us to use
Lemma [2} I to bound the discrepancy on intervals I(j) as long as j; < n for all
7, a condition that is met when dealing with ;. So for X5, we split the sum
over {j;/'...¥+ > N} into subsets By,..., Bs_1 where By = {j;b* > N}
and By, = {j;b... 00 < N0 ... b1 > N} for k =1,...,s — 1. We
note that By # () since we must have j; = n + 1. In order to evaluate its
contribution to s, we proceed as follows. Let » > 1 be the largest integer
such that b"~! < N, so that r = n + 1. Hence, j € By if and only if j =71,
2, - .-, js being arbitrary in [0,n + 1]. Recall that J = [];_,[0, 2()), and set

J' =10,z xH() 20y and K = [min(zM, 1), max(2Y, (1)))><H[O,z(i)).
1=2 Py
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If 2 > 2V then we have J = J' U K, and otherwise we have J' = J U K
(disjoint unions), so that

sgn(z") — 2 B(K; [Py (X)]) = E(J; [Py(X)]) = E(J'; [Pn(X)]).

Therefore, we have =E(K; [Py (X)]) = > icp, €(d)E(F); [Pn(X)]) and so,
E(K;[Pn(X)]) is the contribution of By to ¥s. Now since =12 € 7 and

1)) NSy o (0] ]
20 =50 = e < |3 <

we get [min(z,(ﬂl), 2), max(zﬁl), z)) C [myb™", myb~") for some non-negative

integers mq, mo satisfying 0 < my — my < b. Hence, K C [m1b™",mab™") X
[0,1)*72 and so, using Lemma [2| (observe that N < b" < b'") we have
A(K; [Pn(X)]) < bf(my—my) < b1 But we also have NV (K) < b7 (my —
my)b~" < b1 which in the end gives the bound |E(K; [Py (X)])] < b for
the contribution of By.

We can then deal with the sets By, for 1 < k < s — 1 in a similar fashion
to what we did for By (see [5, p. 72] for complete details), so that we get

s—1 k
SRR S S [

k=0 {(j1,....7%);b 1.0k <N} i=1

. (10)

Finally, we bound the a§j)’s using Lemma 4] if b is odd and Lemma |5|is b
is even. Hence, we get the bound

s—1 k k
b [b—1 log N
Y| < b E — | — I I [ 11
k=0 =1
which in turn gives the last term in the bound in Theorem . ]

Remark 1. As alluded to in the above proof, we wish to point out that there
is an inaccuracy in [5] in how the signed splitting is defined. As is done here,

it should use [zfj}rl, 2) as the last interval for coordinate i, rather than using
[27(12), 2%), so that when dealing with 31, Lemmacan be applied to intervals
I(j) such that one of the j;’s is n and the others are 0. This inaccuracy led

to the conclusion in [5] that the set By is empty, and consequently the sum
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corresponding to and starts at k = 1 in [5] instead of starting at 0.
Hence the term b - b* is wrongly omitted in the bound given in [5, Theorem
2]. Notice that the same correction must be applied to the last part of the
bound (13) of Theorem 3 in [5].

Remark 2. Comparing Lemmas |/} Iﬁ and [5, Lemma 3]. In both cases,

k
the problem is to bound } ., s e, h) > 0<jittjp<n izt §), with

cé) <land 0 < c§i) < ¢ (in the case where ¢ = ¢ in Lemma [5 I}
o Lemmaimmediately gives the bound ¢*("1*) = cF(n+k)... (n+1)/k!,
without any condition on c(()l).

e Lemma 3 in [5] consists in studying subsets of integers j; # 0:
For 0 < m < k, thanks to the analog of [1, Lemma 3.2|, we have

m,.m ‘
S e ¥ izewm
Jip +tjim <n 1=1 Jiytet i, <n
Then, summing over all possible subsets, we obtain the bound

Z) lj ;) < ;_:0 (:1) e < i:o (:L) (V" L fen -+ by

(J1,-5Jk)E

In this proof, we took into account the fact that cg)

used the inequality k! < EF="m)!

< 1 when j; = 0 and we

e The first assertion in the proof of Lemma 4] gives another way to get
the result of [5, Lemma 3], instead of using the analog of [I, Lemma 3.2]:
First, adding the solutions of equations with second members from m to n,
we have

Z H ”)<C ml + -+ n—1 =" "
i m—1 m—1 m)
m<giy ++Jiy, <n I=1

Then, summing over all possible subsets, we get

S e (M)() = 30 (5)

(j1rerdi) €S =1 m=0 m=0
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Here, we bounded (:1) by and

e Finally, in the case where c 2 1, the method of [5 Lemma 3] together
with the first assertion in the proof of Lemma [4] also gives the bound directly
obtamed by Lemma I Instead of using bounds for (:1) and 5, we bound
™ by

éc’“@) ()= ()6 - B )5 ()

the last equality being the Vandermonde’s formula.

e In conclusion, we see that in both cases the bounds follow from the
same inequality

= 20

( Jk eSz 1 m=0

in which we can choose to bound the binomial coefficient (") by n™k¥=™ /k!
or to bound ¢™ by ¢* (when ¢ > 1). In both cases, these estimations seem
loose but each of them has its interest: for small bases, especially 2 and 3,
ck (”Zk) is better but for large bases, especially b > s in large dimensions,
(en + k)*/K! is preferable. Of course, it is still possible to keep the bound
Zl:n:(] cm (7:;) (7];) in the statement of Theorem , at the expense of simplicity
of the formulation.

4. New bound for (t, e, s)-sequences

The notion of (¢, e, s)-sequences was recently introduced by Tezuka [16].
It has already had important consequences for new constructions of low-
discrepancy sequences [8, 13]. This new family of sequences is defined as
follows.

Definition 5. Given integers t,m with 0 <t < m and an s-tuple of positive
integers e = (eq,...,¢es), a (t,m, e, s)-net in base b is an s-dimensional point
set with ™ points such that any elementary interval J = [[;_,[a:b~%, (a; +
1)b=%) with 0 < a; < b% and e;]d; for 1 <i < s, and V(J) = b"™™, contains
exactly b points of the set. (Notice that these conditions imply that m — ¢
is of the form jie; + -+ + jses).
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The definition of (¢, e, s)-sequences is the same as for (¢, s)-sequences, with
(t,m, e, s)-nets in place of the usual (£, m, s)-nets. We also note that (¢, s)-
sequences are (t, e, s)-sequences with e = (1,...,1).

Note that a stronger version of this definition has been further introduced
by Hofer and Niederreiter in [§] with the condition V(J) > b (and b™V (J)
points in J instead of b") in order to avoid problems with propagation rules
and other reasons.

In [16], Tezuka was able to sharpen discrepancy bounds for generalized
Niederreiter sequences (as defined in [I5], Section 3] and where b is a prime
power) by characterizing them as (0, e, s)-sequences, where e; is the degree of
the irreducible polynomial over [, used in the definition of the ith generating
matrix of the sequence [16, Theorem 1]. This is a first important application
of the new notion of (¢, e, s)-sequences (see [16, Corollary 1] and our Corollary
).

Now, concerning the main result in [16], it is quite remarkable that
Atanassov’s techniques also apply to (t,e, s)-sequences: using an adapta-
tion of these techniques, Tezuka was able to get the following bound for the
discrepancy of an arbitrary (¢, e, s)-sequence X in base b when N > b' (see
his Theorem 2 in [16]):

DV x) < 2 - <Lb6i/2j (logN _t> H) .

sl paley e; log b
s—1 k
biters [b/2] (log N
—t k.
> S (5 () )

Not surprinsingly, using our own adaptation of Atanassov’s techniques
presented in the lemmas of the previous section, we can derive a bound with
better constant ¢, for even b, as stated in the following result:

Theorem 2. Let b > 2 be an arbitrary integer. The star discrepancy of the
first N > 1 points of a (t, e, s)-sequence X in base b satisfies

Wiy (b9 —1 [log N >
D*(N,X) < = A
(N, X) < 5 ~1< %, <logb+;el>+s>+

s—1 k k
bl tert bi —1 [log N
E E ; . 12
k! H ( 2e; ( log b + el) + k) (12)

k=0 i=1 i=1
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To prove Theorem [2] we introduce two new lemmas corresponding to
Lemmas [4] and [] in the previous section.

Lemma 6. Let k, n, and ey, ..., ex be positive integers. Then the number of
positive integer solutions of the inequality eyx1 + - - - + epxr < n is bounded

k' n
by %Hi:l e’

The proof is the same as for the key lemma on diophantine geometry in
the paper of Atanassov [I, Lemma 3.2].

Lemma 7. Let k, n, and ey, ..., e, be positive integers. For integers j > 0
and 1 <1 < k, let cg-z) > 0 be given numbers such that c((]z) <1, cgfzﬂ < fi

for any h > 0 and cg,z < fl for any h > 1, where f; and f! are some fized
nonnegative numbers. Then

s feedf( =5 ) w

(J15-0dk)€S" 1=1

where S" = {(j1, .-, Jk);Ji = 0 for all i and e1j; + -+ + exjr < n}.

Proof. In the same manner as in [I, Lemma 3.3], [3, Lemma 3| and [I6
Lemma 2|, we split up the sum on the left-hand side (LHS) of along
subsets u of {1,...,k} with j; > 0if i € v and j; = 0 if i ¢ u, but we add
a new splitting according to the parity of the j;’s. To this end, we consider
subsets £ of w with ¢ € L if j; is even and i € u\L if j; is odd:

Jul

2. = 2.2 2 ZHW

(J1se-gr)€S" =1 uC{l,....k} =0 LCu,|L|=L jest,
j;even @zeﬁ

where S}, = {(j1, ..., jr) € S'; €iji, +- - +ei, Jiy,, <nand j; =0 i ¢ u}.

According to the hypothesis on the coefficients cg»?, we obtain

|ul

S s Y Y Y Y A

(j1,enrji) €S i=1 uC{1,..,k} 1=0 LCu,|L|=l  jes, i€l ieu\L
J;even <ieLl

Jul

Z Z Z N(U,E,k’,n)Hf; H fz’7

uC{l,...k} 1=0 LCu,|L|=l ielL  ieu\l



A variant of Atanassov’s method 16

where N(u, L, k,n) is the cardinality of the set {j € S ; j; even < i€ L}.

In order to bound N(u, L, k,n), we use a similar idea as in the proof of
Lemmal [5} for i € £ we write j; = 2h; while for ¢ € u\L we write j; = 2h; — 1.
Since j; > 0 if and only if 7 € u, we also have h; > 0 for i € u. We then note

that
el i€u\L
if and only if
n -+ . €;
Z hiei < \‘ Zéeu\/: J ‘
€U

Hence, applying Lemma [6] we get
1 n+216u J
N(u, L, k,n) < —
(u7 Y Y n — u g

Z

for all w C {1,...,k} and £ C u. In addition, we note that

|ul

Z Z Hfi H fz‘/:H(fi"’fi/).

=0 LCu,|L|=li€L icu\L €U

Putting this all together, we get

n Z €;
M5
LHS of @) < > |,H LI+ 5
uC{1,..., k} €U i€u
S Sl .
- k! €;
uC{l ,,,,, k} icu
H “ERS (4 ) |
l{:‘ €; '
This gives the desired bound . 0

Before we proceed to the proof of Theorem [2| notice that our bound in
that theorem is valid for all N > 1, rather than for N > b' as in [16]. As a
tradeoff, the term log N/logb—t found in the bound from [16] is replaced by
log N/logb+>_ e; in our case. This difference arises in part because we choose
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to split the bound in two sums ¥, ¥y according to whether or not (e, 5) :=
> i_, €iji is smaller than n rather than n—¢ (where n = |log N/logb]). Note
that this difference has an impact on the value of the bound for finite N, but
not on its asymptotic behavior.

We are now ready to prove Theorem [2]

Proof. The proof starts similarly as our proof of Theorem [T, except that
expansions for coordinate i are done in base b* rather than b. More precisely,
we let z = (z1,..., z5), where

X0 e | with [ag] < Bl bis 0dd
5=Y e { ™ |a;] < o ifbiso -
=0 with |a;| < %5 and [a;] 4 |aj1] < b —1if b is even,

(14)
Let n; = |n/e;] + 1 and define z((f) =0 and zT(L?H = 200, We then set z,(;) =
Z?;& ag.i)b_eij , apply Lemma [3[ to get a signed splitting of J = [[;_,[0,2?)
as in the proof of Theorem [ and write

B PYO) =SS eI EUG): Pr(X)) =51 + %, (1)

Jj1=0 Js=0

where ¥; is the sum over all j such that (e,j) < n and ¥ is the sum over
the remaining terms. Using Lemma 1 from [16] (which is the analog of our
Lemma [2, but where the interval J is split according to the b* rather than
just b), we get

[EUG); [Pr(X)DI <0 [T 1as? (16)

Based on this, we can write

< Y EBUGE Py <t Y [TlaY

J:(ej)<n j:(ej)<ni=1

and then apply Lemma |7| to 3y with & = s, n = |[log N/logb], cgj) = |a§~?|,
fi = [b%/2] and f/ = [(b% — 1)/2]. When b is odd, the application of
Lemma (7] is straightforward with f; = f/. When b is even, f; = 0°/2 and
fl = (b — 2)/2, and we repeat the argumentation developed in the proof
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of Theorem (1| to bound by the worst case configuration occurring in the
corresponding situation of (¢, e, s)-sequences. This gives

S e el (Gt
|El| < g H < e; +s],

=1

which corresponds to the first term in the bound .

The second term corresponds to the sum 3, for the remaining vectors 7,
which is calculated similarly as in the proof of Theorem |I| (and of Theorem 2
from [5]), but here again with the base b replaced by b% for coordinate i, as
done also in [16]. The steps we need to outline in more detail are the same as
those for the proof of Theorem , starting from (note the similarity with the
second-to-last inequality in the proof of Theorem 1, with the main difference
being that b is replaced by bc+1)

s—1

k
DAES DUA IS DI [ [

k=0 j=(31,,]k)(e,j)§n =1
1

where the second inequality is obtained by applying Lemma [7] The result
follows easily. ]

We note that Sobol’” and Faure sequences, as well as the more general
family of digital (¢, s)-sequences introduced in [I0], are all examples of gener-
alized Niederreiter sequences [15], which are proven to be (0, e, s)-sequences
by Tezuka [16, Theorem 1]. This implies that as a corollary of Theorem 2,
we have:

Corollary 1. For a generalized Niederreiter sequence in base b, where b is a
prime power, we have that holds with

H be — 1

Cs = :

ST 2¢;logb’

We can compare this with the corresponding constant

b61/2
Tez_
G H e;logb
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from [16]. When b is odd, the two constants are equal, but in an even base,

we have cf'l < ¢I'** In Table , we provide a numerical comparison of the

two constants when b = 2 for some values of s. In these calculations, the
integers e; are the degrees of the irreducible polynomials over the finite field
[y in non-decreasing order.

Tez
S

Table 1: Comparison of the constants ¢ and ¢I** for generalized Niederreiter sequences

in base 2

Values of s
1 2 3 4 5 6 7 8
crez | 1.44 1.04 5.00e-1 2.41e-1 9.26e-2 4.45e-2 1.84e-2 6.62e-3
cf | 7.21e-1 2.60e-1 9.38e-2 3.95e-2 1.33e-2  5.99e-3 2.32¢-3 7.83e-4
9 10 15 20 25 30 40 50
cr” | 3.40e-3 1.57e-3 1.52¢-5 2.20e-7 2.74e-9 6.40e-11 3.32¢-15 2.18¢-18
cf™ 13.89¢-4 1.74e-4 1.46e-6 1.96e-8 4.58¢-10 5.14e-12 2.46e-16 1.55e-19
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