
4.10 Sturm-Liouville Problem

Consider the Sturm-Liouville problem:

8

<

:

Lu+ �ru = 0 on [a, b], Lu = (pu0)0 + qu

R1u = 0, R2u = 0, R1u = ↵1u(a) + ↵2u
0(a), R2u = �1u(b) + �2u

0(b) ,

|↵1| + |↵2| > 0 and |�1| + |�2| > 0, p, p0, q, r 2 C[a, b], p(x), r(x) > 0 on [a, b],

D(L) = {f 2 C2[a, b] : R1f = 0, R2f = 0}, L : D(L) ! C[a, b].

Theorem 4.16: If � = 0 is not an eigenvalue of L then

L�1v(x) =

b
Z

a

g(x, y)v(y)dy where g 2 C([a, b]2) and g(y, x) = g(x, y) .

Proof: L[u] = pu00 + p0u0 + qu = 0 has nonzero solutions

u1(x), u2(x) on [a, b] so that R1u1 = 0, R2u2 = 0

Consider the Wronskian w(x) =
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u0
1(x) u0

2(x)

�

�

�

�

�

.

w0(x) = �p0(x)

p(x)
w(x) ) ln

�

�

�

�

w(x)

w(a)

�

�

�

�

= � ln

�

�

�

�

p(x)

p(a)

�

�

�

�

) w(x)p(x) = w(a)p(a)

w(a) 6= 0, since if w(a) = 0 then R1u2 = 0 and then u2 is a nonzero solution to Lu2 =

0, R1u2 = 0, R2u2 = 0, a contradiction. Thus w(x) 6= 0 8x 2 [a, b] so that u1 and u2

are independent solutions. Given v 2 C[a, b] we solve

8

<

:

L[u] = v

R1u = R2u = 0
by variation of

parameters:

u(x) = c1u1(x) + c2u2(x) + z(x), z(x) = u1(x)v1(x) + u2(x)v2(x)

8

<

:

u1v
0
1 + u2v

0
2 = 0

u0
1v

0
1 + u0

2v
0
2 = v

p

)

8

>

<

>

:

v01 = �u2v

pw
=

�u2v

p(a)w(a)

v02 =
u1v

pw
=

u1v

p(a)w(a)
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Choose c1, c2 to satisfy the BC’s:

R1u = 0 ) c2 = 0

R2u = 0 ) c1 =

b
Z

a

u2(y)v(y)dy

p(a)w(a)

) u(x) = u1(x)

b
Z

a

u2(y)v(y)

p(a)w(a)
dy +

x
Z

a

[�u1(x)u2(y) + u2(x)u1(y)]

p(a)w(a)
v(y)dy

=

b
Z

x

u1(x)u2(y)

p(a)w(a)
v(y)dy +

x
Z

a

u2(x)u1(y)

p(a)w(a)
v(y)dy

=

b
Z

a

g(x, y)v(y)dy, g(x, y) =
1

p(a)w(a)
·
8

<

:

u1(x)u2(y), a  x  y  b

u2(x)u1(y), a  y  x  b

Example 4.11: Lu = u00, u(0) = u(1) = 0 ) p = 1

u1(x) = x, u2(x) = x� 1 ) w =

�

�

�

�

�

u1 u2

u0
1 u0

2

�

�

�

�

�

=

�

�

�

�

�

x x� 1

1 1

�

�

�

�

�

= 1

) g(x, y) =

8

<

:

x(y � 1), 0  x  y  1

(x� 1)y, 0  y  x  1

We now return to the general Sturm-Liouville problem. Suppose that � = 0 is not an

eigenvalue of L. Lu+ �ru = 0 ) u = ��L�1(ru).

Let Tu(x) = �L�1(ru) = �
b

Z

a

g(x, y)r(y)u(y)dy. ) u = �T (u).

Let µ =
1

�
(for � 6= 0) ! T (u) = µu.

Let hu, vir =

b
Z

a

u(x)v(x)r(x)dx, kukr =

v

u

u

u

t

b
Z

a

u2(x)r(x)dx since 0 < r0  r(x)  r1, on

[a, b], r0, r1 constants,
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kukr is equivalent to kuk =

v

u

u

u

t

b
Z

a

u2(x)dx.

hTv, wir = �
b

Z

a

r(x)w(x)

b
Z

a

g(x, y)r(y)v(y)dydx

= �
b

Z

a

r(y)v(y)

b
Z

a

g(y, x)r(x)w(x)dxdy = hv, Twir

Thus T is self-adjoint and compact on (L2[a, b], h , ir). By the Spectral Theorem T has

eigenfunctions �i with eigenvalues µi, µi 6= 0 : T�i = µi�i or �L�1(r�i) = µi�i

�i 2 L2[a, b] ) �i 2 C[a, b] ) �i 2 D(L) = {f 2 C2[a, b] : R1f = R2f = 0}
= T (C[a, b])

Claim: {�i} is an orthonormal basis for L2[a, b] (equivalently µ = 0 is not an eigenvalue

for T ).

Tf =
1
X

i=1

hTf,�ii�i .

Let S = D(L). S is dense in L2[a, b] (with respect to the L2 norm). Given h 2 L2[a, b] there

exists {hn} ⇢ S so that hn
L2! h.

hn =
1
X

i=1

hhn,�ii�i and
1
X

i=1

hh,�ii�i converges to h

khn � hk = k
1
X

i=1

hhn � h,�ii�ik  khn � hk

Thus hn ! h so h = h ) h =
1
X

i=1

hh,�ii�i.

Therefore {�i} is an orthonormal basis for L2[a, b].

If � = 0 is an eigenvalue for L with regard to R1u = R2u = 0 take �⇤ not an eigenvalue.

Replace q(x) by q̂(x) = q(x) + �⇤r(x), L̂u = (pu0)0 + q̂u. L̂ has eigenvalues �̂n = �n � �⇤

which are never zero.

Theorem 4.17: The Sturm-Liouville problem has a set of eigenfunctions {�n} which form

an orthonormal basis for L2[a, b].

More is known: �1 < �2 < · · · , lim
n!1

�n = 1, each eigenvalue has multiplicity one.
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