4.10 Sturm-Liouville Problem

Consider the Sturm-Liouville problem:
Lu+ X ru=0 on [ab], Lu= (pu) + qu
Riu =0, Rou =0, Ryu = aqu(a) + ast/(a), Reu = fru(b) + Bou/(b) ,

lag| 4+ o] > 0 and |Bi] + |52 > 0, p,p,q, 7 € Cla,b], p(z), r(x) >0 on [a,b],
D(L)={f € C%a,b]: Rif =0, Rof =0}, L:D(L)— Cla,bl.

Theorem 4.16: If A =0 is not an eigenvalue of L then

b
L‘lv@):/g(x,y)v(y)dy where g € C([a,b]*) and g(y,z) = g(z,y).

a

Proof:  L[u] = pu” + p'v’ + qu = 0 has nonzero solutions

uy(z), ug(z) on [a,b] sothat Ryu; =0, Ryug =0

Consider the Wronskian w(zx) =

uy(z) us(x) ‘
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w'(z) = — w(z) = In

w(a) # 0, since if w(a) = 0 then Rjus = 0 and then uy is a nonzero solution to Luy =

0, Rius = 0, Rous = 0, a contradiction. Thus w(z) # 0 Vx € [a,b] so that u; and usy
Lu) = v

are independent solutions. Given v € C[a,b] we solve by variation of
Riu=Ryu=20

parameters:

u(z) = cui(x) + cqua(x) + 2(x), 2(x) = uy(x)vi(x) + us(z)va(x)
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Choose c1, ¢y to satisfy the BC’s:

Ru=0=c=0

e [ )y
fau=0=a /p<a>w<>

ey - / COLOI / o) el
= j u;((;c))zz(()) v(y)dy + i %v(y)dy
j“m”<”@’<@” <@lm>{iiiiiiii§iiii
Example 4.11: Lu=u",u(0) = u(l)=0=p=1
w (@) =2, up(x) =7 — 1 = w = Z Z - sz1 —1

zy—1), 0<x<y<l1
= g(x,y) =
(z—1)y, 0<y<z<l1

We now return to the general Sturm-Liouville problem. Suppose that A = 0 is not an

eigenvalue of L. Lu+ Aru = 0= u = —AL"*(ru).
b

Let Tu(x) = —L (ru) = —/g(m,y)r(y)u(y)dy. = u = AT'(u).

a

Letuz%(for)\;éO)%T(u):uu.

b b
Let (u,v), = /u(m)v(z)r(z)dm, |lu|l. = /u x)dx since 0 < rg < r(z) < 7, on

a

la, b], 79,71 constants,
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Thus T is self-adjoint and compact on (Ls|a,b], (,),). By the Spectral Theorem T has
eigenfunctions ¢; with eigenvalues p;, pu; # 0 : T = pip; or —L71(re;) = pid;

oi € Lg[a,b] = ¢; € C[CL, b] = ¢; € D(L) = {f S CQ[Q, b] R f=Rof = 0}
=T(Cla, b))

Claim:  {¢;} is an orthonormal basis for Lsla,b] (equivalently p = 0 is not an eigenvalue
for T').
Tf=> (Tf )¢
i=1
Let S = D(L). S is dense in Ls|a, b] (with respect to the Ly norm). Given h € Ls[a, b] there
exists {h,} C S so that h, 2,

|M8

(hn, ¢i)¢; and Z ¢; converges to h
17y — Rl = | Z —h,¢i)¢il| < [[hn — ]

Thus h, > hsoh=h=h=> (h
i=1
Therefore {¢;} is an orthonormal basis for Ls[a, b].

If A = 0 is an eigenvalue for L with regard to Ryu = Rou = 0 take A\* not an eigenvalue.
Replace q(z) by ¢(z) = q(z) + Xr(x), Lu = (pu) + Gu. L has eigenvalues A\, = A, — \*

which are never zero.

Theorem 4.17: The Sturm-Liouville problem has a set of eigenfunctions {¢,} which form
an orthonormal basis for Ls[a,b].

More is known: A\ < Ay < ---, lim \,, = 0o, each eigenvalue has multiplicity one.
n—oo
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