Lecture 10: Bounded Linear Operators.

2.11 Bounded Linear Operator

Recall: Let X and Y be linear spaces over K (where K = R or K = C). The operator L : X — Y is called

linear if for every u,v € X and «, 8 € K, we have
L(au + pv) = aLu + SLv.

Definition 1. Let X and Y be normed linear spaces. A linear operator L : X — Y is called a bounded

linear operator if there exists a positive constant ¢ > 0 such that
|Lx|ly < c|z||x, forallze X.

Note: We often write ||z|| and ||Lz|| instead of ||z||x and || Lz|y.

Proposition 13. Let L : X — Y be a linear operator where X and Y are normed spaces over K (K =R

or K= C). Then the following statements are equivalent:
1. L is continuous at 0.
2. L s continuous on X.
3. There is a number ¢ > 0 such that | Lz| < ¢ for all x € X with ||z| < 1.
4. There is a number ¢ > 0 such that ||Lz|| < c||z|| for all x € X.

Proof. (1 = 2). Let z € X and suppose {z,} C X such that liﬁm %y = x. Then lim (z, —x) = 0. Since
n—oo

n—oo
L is continuous at 0, we have

lim L(z, —x) = L(0).

n—oo
Since L is linear, L(0) = 0 and L(z,, — z) = L(zy,) — L(z), for all n € N. Therefore,
0=L(0) = lim L(zy, —x) = lim (L(zy) — L(z)) = lim L(z,)— L(z).

n—oo n—o0 n—oo

Hence lim L(z,) = L(z), which means L is continuous at x € X, for any x € X. That completes the
n—oo

proof.

(2 = 3).Suppose (3) is not true. Then there exists a sequence {z,} C X such that
|lzn|| <1 and | L(z,)||>mn, foralln=1,2,....
Let w, = n"'z,, then
1 -1 —1
lwall < = and [[Zwa ]| = L (n7,)| = n7tIL(@a)| 21 foralln=1,2,...
n

So lim |lw,| = 0 and lim w, = 0. Since L is continuous at 0, we have lim L(w,) = L(0) = 0, a
n—oo n—o0 n—oo

contradiction with ||Lwy]| > 1.
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(3 —4). If z =0, then ||L(0)|| =0 < ¢||0]|.
Ifx#0,let z= ﬁ Then ||z|| =1, s0 ¢ > || Lz|| =
x

. Therefore, c||z|| > || Lx]|.

In both cases, we have ||Lz| < ¢||z||, for all z € X.

(4 — 1). Given € > 0. Choose 6 = ¢/c. Then when z € X with ||z| < J, we have

ILz| < cl|z|| < ¢ < .

So for linear operators between normed linear spaces, boundedness is equivalent to continuity.

Definition 2. For a bounded linear operator L : X — 'Y where X and Y are normed linear spaces, define

the operator norm

1Ll = sup  [Lofl < oo
veX,|v[I<1

Proposition 14. Let L : X — Y be a bounded linear operator where X and Y are normed linear spaces.
Then

1. || Lu|| < || L|| ||lul|, for allu e X.
2. If there is a constant C > 0 such that | Lu|| < C||lu|| for allu € X, then ||L|| < C.

3. If X # {0}, then

| Lo||
ILl= swp [Lv]= sup |Lof= sup |
veX,|lv]|<1 veX,||v]=1 vexwzo ||Vl

Proposition 15 (Bounded Linear Operators Between Finite Dimensional Normed Spaces). Let X and Y
be finite-dimensional normed spaces over K (R or C) with dim X = N and dimY = M where N, M > 1.
Then any linear operator L : X — 'Y s bounded.

Sketch of the Proof. Let {e1,...,en} and {f1,..., far} be a basis in X and Y, respectively. Suppose

M
L(e,) = Z amnfm, m=1,...,N.
m=1

N
Any z € X can be written as x = Y cpep, for some c¢q,...,cny € K. Then
n=1

N N N M M N
L (z ) S o) = e S = 3 ( m) i
n=1 n=1 n=1 m=1 m n=1

=1

Recall that we have proved in previous lectures that

N
> cnen
n=1

is a norm on the finite dimensional normed space X.

= 1glatng\cn|
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e Show that ||Lz|e < Hsc||ool<max Z |-

e Using the property that any two norms on a finite dimensional normed linear spaces are equivalent
g property y p q )

show that there is a constant C' > 0 such that || Lz|| < C||z| for all x € X.

O

Example 1. Consider a linear operator L : RN — RM  L(x) := Ax (matriz multiplication), where A is

a matriz of real entries of size M x N.

1. If we use the || - ||oo morm for both RN and RM, then ||L|| =  fnax E |@mn]-
2. If we use the || - |1 norm for both RN and RM, then ||L| = ma<xN Z |@mn|.
3. If we use the || - |2 norm for both RN and R, then ||L|| = /p(AT A), where p(B) is the mazimum

of the magnitude of the eigenvalues of the square matriz B.

Proof. (1). For any = € RY, then for any 1 < m < M, we have

§ AmnTn

N
|(Lz)m| = < Z lamn||[Tn] < (|20 Z |amn| < HxHoo m MZ |G-
n=1

Therefore,

Lol = max |(La)n| < lolloe max §:|amn

Therefore, || L] < max Z |Gmn -

Next, we will prove that there exists & € R with ||2||oc = 1 such that ||L#|s > ma<xM Z |@mn|. Then

IL] = sup. [£2]loc 2 [|L2 (o0 = | max Z |@mn]

B
N
Therefore, ||L|| = a .
refore, L] = max 3. |amnl
It remains to construct such . Suppose <max Z |@mn| = Z |@mon| for some 1 < mg < M. Let
n=1
1 if Gy > 0

-1 it amen <0

Then ||Z|lcc = 1 and

N
1Lélle = | max, [(L2)m| > (L Z%ijm%ulg%;mm

which completes the proof.
(2) & (3). Assignment 3 O

47



Example 2. Let X = Cla,b] with |||, where —oo < a < b < 0o and K : [a,b] X [a,b] — R be continuous.
For each uw € X, define the integral operator

b
Tu(z) := /K(:L‘,y)u(y) dy for all x € [a,b.

From previous lectures, T : Cla,b] — Cla,b] is a continuous and a compact operator.

Moreover, T is linear (prove this!) and

b
I7) = max. [ IK(w.y)ldy.

Sketch of the proof. We will compute the operator norm of 7T'.
e Step 1: Show that
b
T < K dy.
|70 < max. [ IK(w.y)ldy
a

Let u € C[a,b] and x € [a,b]. Then

b b b b
Tu(a)| = | [ K@.y)u)dy| < [ 1K@yl 1@l dy < Julls [ 1K@ p)ldy < lulo max [ 1K(y)ldy.
So
b
= < .
ITullow = max, [Tu(e)| < lulloo max. [ |K(z,y)ldy
Therefore

b
T < K dy.
|7 < max, [ 15 (z,y)ldy
a

10
e Step 2: ( next lecture) For every i J 1K (z,y)|dy > > 0, construct an u. € C[a,b] with [Juc|ls <1
a
such that

b

> — .

[Tucloo > max. [ K(o,y)ldy - 4=
a

Then
b

ITl=  sup  [Tul > |Tuclloe > max [ K (w.p)ldy — 4.
UeC[a,b],HUHOOSI aS:CSba

b
Let ¢ — 0, we have ||T|| > [ |K(z,y)|dy, which completes the proof.
a
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