3.8 Sobolev Spaces

Definition 1. Let G be a nonempty open set in R, n > 1. Then
1. CHG)={u:G =R s.t. u has continuous partial derivatives of orders m =0,1,... k}.
2. C°(G)={u:G—R st u has continuous partial derivatives of orders m =0,1,...}.

3. C°(G) = {u € C*°(G) s.t. u vanishes outside a compact subset C' of G that depends on u, i.e.,
u(z) =0 for allz € G — C}.

Proposition 25. Let G be a nonempty open set in R",n > 1. Then Ly(G) = C®(G) = C§°(G). That is,
for every u € Lo(G), there exists {u,} C C5°(G) such that u, — w in La(G).

Sketch of the proof. Main idea: using mollifier, an important smoothing technique. The details can be
found in Zeidler’s book, pages 186-189.
e Consider .
d(z) = celel? =1 if |z] <1
0 if |z| > 1.

The constant ¢ is chosen so that [ ®(z)dz = 1. Verify that ® € C§°(R"™).
R
e For each ¢ > 0, define
1 x .
O (x)=—27 (> , G.={zreG: dist(z,0G) > ¢}.

en €

Verify that ¢, € C§°(R") and ®.(z) =0 if |x| > ¢ for all € > 0.
e For each u € Ly(G), set u = 0 outside G. Define
uslw) = [ @l ~ puly)dy.
R”
Verify that u. € C*°(G.), u. € L2(R™) and u. — u in L2(G) as € — 0.

d

Lemma 9 (Variational Lemma). Let G be a nonempty open set in R",n > 1 and u € La(G) such that
/ woder =0 Yv € C5°(Q).
G

Then u(z) = 0 for almost all x € G. In addition, if u € C(G) then uw(z) =0 for all x € G.
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Proof. Since Lo(G) = C§°(G), there exists {u,} C C5°(G) such that w,, — u. Then
(u,u) = (u,nli_{rgo Up) = nh_)r]g()(u, Up) = 0.
So u(z) = 0 for almost all z € G. O

Recall Integration by Parts

1. In 1D, u,v € C'[a, b], then ffu’vd:v =wv |° —ffuv’d:v.
In addition, if v(a) = v(b) = 0, then f; wvdr = — f; wv'dx.

2. In R™, let G be an open set in R". Then
/ uD“® dx = (—1)'0"/ Deuddx  for u € C*(Q), ® € CF(Q),
G G

oo 9o

where o = (a1,...,a,) and DO“<I>::5;?7]5---5;%7

Below is the definition of weak derivatives from Zeidler’s book.

Definition 2 (Weak Derivatives). Let G be a nonempty open set in R™ n > 1. Let u,w € Lo(G) and
suppose

/u(‘?j@dw:—/ w®dx, forall ® € C(G).
G G

th

Then w is called an o*—weak partial derivative of u, where a = (0,...,0,1,0,...,0) and 1's is at the

Gt -position.
Here is the general definition of weak derivatives.

Definition 3. Let G be a nonempty open set in R",n > 1. Let u,w € Llloc(G) where
Lipo(G)={v:G =R st. veLi(V) for each V C V eompact C U}.

Suppose
/uD%dm:(—l)‘al/ wdde for all @ € C(G).
G G

Then w is called an o™

-weak partial derivative of u.
Lemma 10. A weak o'"-partial derivative of u if exists, is uniquely defined up to a set of measure zero.

Proof. Assume w,w € L}, (G) satisfying the formula. Then

/G(w—zﬂ)@d:czo.

By the variational lemma, w — w = 0 a.e. O
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Example 1. Consider v : (—1,1) = R, u(z) := |z| for all x € (—1,1). Then the following function is the
weak derivative of u in the weak sense.
-1 if —1<xz<0
w(z) =4c if =0
1 if 0<z<l1

where c is fixed, but otherwise arbitrary real number.

Proof. Let ® € C§°(—1,1). Then

1 0 1 0 1
/uq)'dx:/uq)’dx—i— u@'d:ﬁz—/m@'dﬂ:+/x®'d$.
-1 ~1 -1

Using integration by parts, we have

0

1 0 1 1
—/m@'dw—l—/xfbldm:/@dm—/fbdm:—/w@dm,
0 1 0 -1

-1
which implies w is the derivative of u in the weak sense. O
Example 2. Consider

x if 0<z<l1

u(z) =
2 if l<z<?2

The function u does not have a weak derivative.

Proof. Let ® € C§°(0,2). Suppose there exists w € Ly(0,2) such that

2 2
—/wq)dx:/uq)’da:
0 0

u@daz—f—/u@d:p

/<I>d:r—

where the third line is obtained by integration by parts on the right hand side. Therefore,

o—__

:/wq)da:—/q)dx Vo e C5°(0,2).

Consider {®,,} C C§°(0,2) such that ®,(1) =1,0 < &, (x) <1 for all z € (0,2) and ®,,(z) - 0asn — o

for all z € (0,2) \ {1}. Then
hm (/wq) da:—/fb dx) =0,
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but

lim &,(1) =1,

n—oo

a contradiction. This completes the proof. O

Definition 4 (Sobolev space W}?(G)) Let G be a nonempty open set in R™,n > 1. Denote

Wa(G) = {u € Ly(G) s.t. Oju ewists in the weak sense and dju € Ly(G) Vj=1,...,n}.

On WHG), define

(u,v)12 ::/ (uv—l—zajuajv) dx,
G

Jj=1

. 1/2
= % dx + /8‘ 2d .
Juls (/Gu v 3 [ (o ds

In general, fir 1 < p < oo and let k be a nonnegative integer. Define

k
WP

(G) = {u € L}, (G) s.t. D™ exists in the weak sense for all |a| <k and D*u € L,(G) Vj=1,...,n}.

On Wf(G), define

1/p
lallip = (Z / |D“u|pdaz) .
o<k’ ¢

Denote H*(G) = W§(G).

Theorem 1. For each k = 1,2... and 1 < p < oo, the Sobolev space ij(G) is a Banach space and

WQI“(G) is a Hilbert space, provided we identify two functions whose values differ only on a set of measure

ZET0.

Sketch of the proof. We will sketch the proof for Wi (G).

e Verify that W3 (G) is an inner product space.

e Verify that W3 (G) is a Banach space.

e Let {u,} C W3(G) be a Cauchy sequence. For every e > 0, there exists N. > 0 such that
lun — uml|li2 <e Vn,m > N..

Since |lvll12 > ||v|2 and |[v]12 > [|@;v]|2 for all v € W(G), the sequences {d;u}, for every
j=1,...,n, and {uy}, are Cauchy sequences in Ls(G). Since Ly(G) is a Banach space, there
exists wj,u € Lao(G) such that

nll_}rrgo |0jun —wjlla =0, Vj=1,...,n and nh_}rgoHun—qu =0.
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e Show that w; = 0ju in the weak sense. Indeed, from

/unﬁjq)da:: —/ Oju, ®dz,
G G

letting n — 0o, we have
/ u0;®dr = —/ w;® dx,
G G
which implies w; = dju in the weak sense.

e Finally, show that ||u, —ul12 — 0 as n — oc.

d

Definition 5. Let G be a nonempty open subset in R",n > 1. Let Wy (G) be the closure of C3°(G)
in the Hilbert space W (G). That is, u € Wy (G) if and only if there exists {un} C C3°(G) such that

|tm —ull1,2 = 0 as m — oo.
Proposition 26. The space WQO’l(G) is a real Hilbert space.

Proof. Hint: C§°(G) is a linear subspace of the Hilbert space W4 (G) and the closure of a linear subspace
of a Hilbert space is also a Hilbert space. O

Proposition 27. Let G = (a,b) C R, where —oco < a < b < oo. Ifu € WQO’I(G), there exists a unique
continuous function v : [a,b] — R such that u(z) = v(zx) for almost all x € (a,b) and v(a) = v(b) =0. In

addition
1/2

b
ol < (6= )2 ( / <u/>2dx) < (b= )" 2julsz

a
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