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1.4.1: Recovery Guarantees for /;— Algorithms

Problem: Given A€ C"*" and y € C". Find

w e C"  such that y = Aw and ||w|p <s.

We will go over recovery guarantees for OMP, IHT, HTP:

e Exact Recovery Condition for OMP

e Conditions based on Coherence of the Measurement Matrix.

We use the same numbers of Theorems, Lemmas, Propositions from “A

Mathematical Introduction to Compressive Sensing”, by S. Foucart and
H. Rauhut.



Recall: Orthogonal Matching Pursuit

Orthogonal Matching Pursuit

Input: Measurement matrix A € C™*" with f»-normalized columns,
measurement vector y € C™, sparsity level s or tolerance e.

Initialization: S° =0, w® = 0.
Iteration: Repeat until Stopping Criterion is met.

arg max{|(A"(y — Aw"))|}
J€ln]
S = 85U {in}

. k+1 * * k+1
Find w s.t Agkny = Ask+1Ask+1W5k+1

Jk41

Output: The sparse vector w .

import numpy as np

from sklearn.linear_model import OrthogonalMatchingPursuit as omp



Orthogonal Matching Pursuit: Exact Recovery Condition

Proposition 3.5. (Exact Recovery Condition). Given A €
C™*" with ¢>-normalized columns. The following statements are
equivalent:

1. Every nonzero vector w € C” supported on a set S of size s
is recovered from y = Aw after at most s iterations of OMP

2. As is injective and
OIS |{r, a;)| > max[(r, ac)|

for all nonzero r € {Az,supp(z) C S}.
3. AL Asc|li1 < 1, where AL = (A5 As) AL,

Recall: For any p,q > 1, define
Al

X1l -

[Allp—q = sup
x#0



Coherence

Definition 4.1. Let A € C™*" be a matrix with ¢3-normalized columns.
The ¢1-coherence function p1 of A is defined for s € [n — 1] by

p1(s) := max max{z |(ak,a;)|,S C [n],|S| =s,k & S}.

ke(n] ics

Definition 4.2. Let A € C™*" be a matrix with f>-normalized columns
a1,...,an. The coherence = p1(A) of the matrix A is defined as

= e sl

Lemma: For 1 <s<n-—1, p < py(s) <spand p <1,



Gershgorin’s Disk Theorem

Recall the Gershgorin's disk theorem, which states the locations of the
eigenvalues of a square matrix.

Gershgorin’s Theorem. Let A be an eigenvalue of a square matrix
A € C"™". Then there exists j € [n] such that

A=Al < > 1AL
L€[n], b#£j




Coherence (cont’d)

Theorem 5.3. Let A € C™*" be a matrix with />-normalized
columns and let s € [n]. For all s-sparse vector x € C", we have

(1= (s = D)IIx[IZ < 113 < (1 + pa(s — 1) Ix]I3.

Equivalently, for each set S C [n] with cardS < s, the eigenvalues
of A%As lie in the interval [1 — p1(s — 1), 1+ p1(s — 1)].

In particular, if ui(s — 1) < 1, then A%As is invertible.




Proof Sketch.

e Since
||AX||§ = (Ax, Ax) = (Asxs, Asxs) = xs AsAsxs,
we have
Ax||5 = Amax(AEA d i Ax||5 = Amin(AEAs).
quzzmﬁpxgl x[|2 = Amax(AsAs)  an Hxnzzlrgllpppxgl x[|2 = Amin(ASAs)

e The diagonal entries of (ASAs) are 1, since the columns of A are unit
vectors.

e Using Gershgorin's disk theorem, the eigenvalues of (A$As) are contained
in the union of disks centered at 1 with radii

=Y [(AsAs)iel = > ae,a) <m(s—1), j€S.

£€S 4 0€S 64



Bounds on Coherence

Theorem. Let A € C™*" be a matrix with £>-normalized columns.
Then
w> /%, (Theorem 5.7)

pi(s) >s %, whenever s <+/n—1. (Theorem 5.8)

and
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Analysis of OMP

Using Proposition 3.5 and the definition of coherences, we obtain the
following result:

Theorem 5.14. Let A € C™*" be a matrix with ¢>-normalized
columns. If

1
ui(s) +wp(s—1) <1, (in particular, if p(A) < e 1),

then every s-sparse vector w € C" is exactly recovered from the
measurement vector y = Aw after at most s iterations of OMP.

11



Analysis of OMP

Question: Fix s < n. What is the computational complexity to verify a
given matrix A € C™*" with ¢>-normalized columns satisfies the
coherence condition p1(s) + pa(s — 1) < 17

12



Analysis of IHT

Initialization: s-sparse vector w?, typically w® = 0.
Iterations: Repeat until a stopping criterion is met:

whtt = Ho(wk + A*(y — Awb)).

Theorem. Let A € C™*" be a matrix with £>-normalized columns.
If ©1(2s) < 1/2, (in particular, if u < (1/4s)), then every s-
sparse vector w € C" is recovered from y = Aw via iterative hard
thresholding.

1

Lterative hard thresholding for compressed sensing, by T. Blumensath and M.E.
Davies.
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Analysis of HTP

Initialization: s-sparse vector w®, typically w® = 0.

Iteration: Repeat until a stopping criterion is met.

Skt = Ls(Wk + A" (y — Awk))7

wktt = argmin{|ly — Az||2, supp(z) C S**!}
zeCn

Theorem 5.17. Let A € C™*" be a matrix with #>-normalized
columns. If
2pa(s) + (s —1) < 1,

then every s-sparse vector w € C" is exactly recovered from y =
Aw after at most s iterations of hard thresholding pursuit.

2
2Hard thresholding pursuit: an algorithm for compressive sensing, by S. Foucart.
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Analysis of Basis Pursuit

Theorem 5.15. Let A € C™* " be a matrix with £>-normalized

columns. If

pa(s) + (s — 1) <1,
then every s-sparse vector w € C" is exactly recovered from the

measurement vector y = Aw via basis pursuit:

min ||x|l1 subject to y= Ax.
xeCn

3Hard thresholding pursuit: an algorithm for compressive sensing, by S. Foucart.

15



e Given A € C™* " with unit columns and y € C™, find a s-sparse
vector w € C" s.t. y = Aw.
o 11(s) == max max{ S ak,3)], S € [n],1S] = s, k & s}.
ke(n] =

O gl = s leme:

e If Coherence condition, then every s-sparse vector w € C" is exactly
recovered from y = Aw after at most s iterations of the method.

e For OMP: p1(s) + pa(s — 1) < 1 or u(A) < 251—1'

e For IHT: p1(2s) < 1 or pu(A) < 4i$
e For HTP: 2u1(s) + pa(s — 1) < 1or u(A) < 351 T

16



Summary (cont’d)

Theorem (Union of Bases)
Suppose that a dictionary is a union of q + 1 orthonormal bases, i.e.,
A=(By By -+ Bg),
where B;,i = 0,1,...,q, are orthonormal bases of R". If a vector
T
w = [wo wl ... wq] € Rla+D)n

satisfies
0 < [[wlllo < [[w'fo < -+ < [[wo,

and

L+ plw'llo ~ 2(1 4 pullwO]lo)
then both OMP and BP can recover from A and y = Aw.

a I
1
Z pllwlo < (1)
=1

45
4Sparse representation in pairs of bases, by Gribonval and Nielsen;
5Greed is good: Algorithmic results for sparse approximation, by Tropp.
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Summary (cont’d)

With the same settings as in Theorem of union of bases, we have

1 1
elfs<(v2—-1+ ) —, the condition (1) is satisfied. ©
( 2q) u(A) M)

1 1
e In particular, for g =1, if s < <\@— 2) W the condition (1) is
1

satisfied and sharp. 7

1 1 1
e Forg>2ifs< (2 + g - 2) m the condition (1) is

satisfied. 8

6Sparse representation in pairs of bases, by Gribonval and Nielsen.
“A generalized uncertainty principle and sparse representation in pairs of bases, by

Elad and Bruckstein
80n the stability of the basis pursuit in the presence of noise, by Donoho and Elad.
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1.4.2: Recovery Optimization Problems

e Models:

e Basis pursuit:
Zr‘relg)' llz|ls s.t. Az=y. (BP)
e Basis pursuit denoising:

min [[z[: s.t. [[Az—yl2<n,  (BPy)
zeCn

or
1 2
min > [[Az —yl2 + Allz]s. (QPx)
e Lasso: 1

min Az -y} st el <7 (LS0)

e With suitable n, A\, 7, the solutions of BP,, QPy, LS: coincide.

e BP vs QPy: Iim+ zQp, = Zpp, provided that the (BP) has a unique solution zp,,.

A—0

e Algorithms: SPGL1, SpaRSA, Primal-Dual, FISTA, Nesterov's 2nd method,
Augmented Lagrangian/Split-Bregman, coordinate descent,...

20



Basis Pursuit: Reconstruction Guarantees

i t oy=A
min ||z st y=Az

Question: Study conditions on A that ensure exact reconstruction of
every sparse vector w € C" as a solution of (BP) with the vector y € C™
obtained as y = Aw.

Answer: We will study the following verification criteria:

e Coherence Condition

e Null Space Property (NSP)

Stable Null Space Property
e Robust Null Space Property

Restricted Isometry Properties

21



Null Space Property

e Provide a necessary and sufficient condition for exact recovery of
sparse vectors via basis pursuit.

Definition 4.1. A matrix A € K™*" is said to satisfy

e The null space property (NSP) relative to a set S C [n] if

lvslli < |lvsells ¥ v € ker A\ {0}.
e The null space property of order s if

lvs|li < ||vsell1, Vv € kerA\ {0}, VS C [n] with |S] <'s.

Here K =R or C.

22



Null Space Property — Equivalent Conditions

Lemma (Lemma 1)

Let A € K™*". The following statements are equivalent:

e The matrix A satisfies the NSP of order s.
[[vs|li < ||vsc]ls  for all v € ker A\ {0}, VS C [n] with |S| < s.
2||lvs|ly < ||v||1 for all v € ker A\ {0}, VS C [n] with |S| <s.
2||lvs|ls < ||v|ls for all v € ker A\ {0} and

S = {lindices of s largest absolute entries of v}.
[Iv|lx < 2||lvse]ls  for all v € ker A\ {0}, VS C [n] with |S| <s.
V|1 < 20s(v)1, forallv e kerA\{0}.

Recall: The ¢, error of best s-term approximation to a vector x is given by

os(x)p ;== inf{||x — 2|, : z & C"is s-sparse}.

23



Null Space Property

Lemma (Lemma 2)

Let Ae K™= S C [n], and s < n. Consider two distinct vectors
in K", w # z, such that Aw = Az.

1. Suppose A satisfies the NSP relative to the set S and
supp(w) C §. Then supp(z) € S and ||z||1 > ||w]|1.

2. Suppose A satisfies the NSP of order s and w is s-sparse.
Then z is not s-sparse and ||z||1 > ||w]|1.

24



Proof. 1. Let v:=w —z € ker A — {0}.
e Since supp(w) C S, we have
vs =ws —zs =w—2s (Eq.l), vsc=wsc—2zg5c =—2zsc (Eq.2).

e Since A satisfies the NSP relative to S, |
llzse[ls = [[vse|ls > 0 = supp(z) £ S.

vsellr > |lvs||li > 0. Therefore,

e We also have

Eq.1
[wll < [lw — zs|h+llzslli = [lvsll + [lzs]l
NSP of A Eq.2
< lvsells + llzslls = || — zsellr + l|lzslls = lzl1,

which completes the proof.

25



Proof. 2.

e Let S = supp(w). Then |S| < 's. Since A satisfies the NSP of order
s, A satisfies the NSP relative to the set S. Applying part 1 for
(A, S), we have ||z]]; > [|w]|1.

e Suppose z is s-sparse. Let 7 = supp(z). Then since A satisfies the
NSP of order s, A satisfies the NSP relative to the set 7. Applying
part 1 for (A, T), we have |w|; < ||z]]1, a contradiction.

e Therefore, the assumption is wrong. That means z is not s-sparse.

26



Null Space Property - /; and /; Models

Using Lemma 2, we obtain the following results about the solutions of ¢
and ¢; Models.

Theorem

If A € K™*" satisfies the NSP of order s, then for every y = Aw
with s-sparse w, the solution of the basis pursuit problem

min
zeKn

2 st y=Az
is the solution of the {y-minimization problem:

i t y=Az
min[[zfo st y=Az

27



Null Space Property - /; and /; Models

Proof. Let y = Aw where w € K" is s-sparse.

e Suppose x € K" is a solution of the fg-minimization problem:
min ||z s.t. = Az.
min [Zo sty

Since Ax =y = Aw, we have [|w||o > [|x]]o.

e Since w is s-sparse, s > ||w||o. Therefore, s > ||x|[o. That is, x is
also s-sparse.

e Since A satisfies the NSP of order s, Ax = Aw, and x and w are
both s-sparse vectors, by Lemma 2 part 2, x = w.

28



Null Space Property - Exact Recovery Theorem

The reverse of Lemma 2 is also true. That is, we have the following
results (Theorem 4.4 and Theorem 4.5).

Theorem 4.4. Given A € K™" and S C [n], every vector w € K"
supported on a set S is the unique solution of

minflzls st y= Az

where y = Aw, if and only if A satisfies the null space property relative
to S.

\.

Interpretation: The theorem says that if A satisfies the null space property
relative to S and the output measurement y can be written as y = Aw for
some w € {x € K" : supp(x) C S}, then

Iwlli < |lzl]l1, VzeK"—{w} st. y=Az
That is, w is the unique solution of

i -t = Az.
mplielh st y=4z 2



Null Space Property - Exact Recovery Theorem

Proof of Theorem 4.4. For any set X C [n] and any v € K", denote vx be a
vector in K", whose entries with the indices in X are the corresponding entries
from v and the remaining entries are zero.

(<) Lemma 2 part 1.

(=) Take v € ker A\ {0}.

e Since v € ker A, we have Avs = A(—vse).
e Since v # 0,vs # (—vse).

e We have supp(vs) C S. By the assumption, vs is the unique solution of
the /;1-optimization problem:

min ||z]j; st Avs = Az.
zeKn

e Due to the uniqueness of the given /1-optimization problem,
[vse|lr > |lvs]|1, which completes the proof.

30



Null Space Property versus s-Sparse Solution

Letting the index set S vary and applying Theorem 4.4, we obtain the
following result:

Theorem (Theorem 4.5.)

Given A € K™*" every s-sparse vector w € K" is the unique
solution of

i 2 =A
minllz|i st y=Az
where y = Aw, if and only if A satisfies the null space property of

order s.

31



Null Space Property versus s-Sparse Solution

Interpretation: The theorem says that if A satisfies the null space
property of order s and the output measurement y can be written as
y = Aw for some s-sparse vector w € K", then

lwlly < ||z]l;, VzeK"—{w} st y=Az
That is, w is the unique solution of
i .t = Az.
min [zl sty = Az

Moreover, by Lemma 2, part 2, if Az= Aw and z # w, then z is not
s-sparse.

32



Null Space Property

N

Theorem
If A € K™*" satisfies the NSP of order s, the following matrices

also satisfy the NSP of order s:
A:= GA, where G € K™™ s some invertible matrix,

A
B

A=

1, where B € K™ *".

Remark:

o If A e K™*X" satisfies the NSP of order s, there exists matrix
H € K"*" such that AH does not satisfy the NSP.
e The above theorem indicates that the sparse recovery property of

basis pursuit is preserved if some measurements are rescaled,

reshuffled, or added. .



Recall: Coherence Condition for Basis Pursuit

Recall: Let A € C™*" be a matrix with />-normalized columns ay, ..., a,.

e The ¢;1-coherence function p; of A is defined for s € [n — 1] by

ke[n]

p1(s) := max max{z l{ak, aj)|,S C [n],|S| =5,k & 5}.
j€s
e The coherence y = p(A) of the matrix A is defined as

=) = mere e )l

34



Number of Measurements for Basis Pursuit Using Coherence

Condition

Summary: Let A € C™ " be a matrix with £>-normalized columns.

e Coherence condition: If p1(s) + p1(s — 1) < 1, then every s-sparse vector
w € C" is exactly recovered from the measurement y = Aw via basis

m(A) = ,/%-

. c -
e So, if m> Cs? and 1 < —=, every s-sparse vector w € K" is is exactly
m

pursuit.
e Welch bound:

recovered from the measurement y = Aw via basis pursuit.

e Remark. Using coherence condition for (BP), we cannot relax the
quadratic in m > Cs?. For example, choose

m=(2s—-1)°/2, n>2m, s<+/n—1.

Then
pui(s) + pa(s —1) > 1.

35



Recall: Null Space Property, /1 =/,

e The /1-error of best s-term approximation of a vector x € K":
os(x)1 = inf{|[x — z|l1 : z€ K" and z is s-sparse}
e A matrix A € K™ " is said to satisfy the null space property of order s

< |lvs|li < ||vsell1, V v € ker A\ {0}, VS C [n] with |S| <'s.
& 2||vs|lr < ||v]j1, Vv € ker A\ {0} and
S = {indices of s largest ab.entries of v}.

< |lv|1 < 20s(v)1, forall v € ker A\ {0}.
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Null Space Property Models

e Theorem: If A€ K™*" satisfies the NSP of order s, then for every
y = Aw with s-sparse w, the solution of the basis pursuit problem

min flzls sty = Az,

is the solution of the £p-minimization problem:

min lzllo st. y= Az

e Theorems 4.4 °. Given A € K™ ", every s-sparse vector w € K" is the
unique solution of
min ||z|1 st. Aw = Az
zeKn

if and only if A satisfies the null space property of order s.

e Question: What happens if the output vector y = Aw, but w is not
sparse?

9A Mathematical Introduction to Compressive Sensing, by S. Foucart & H. Rauhut.

37



Stable Null Space Property

Definition (Definition 4.11.)
A matrix A € C™*" is said to satisfy

e The stable null space property with constant 0 < p <1
relative to a setS C [n] if

llvsll1 < pllvselli Vv € ker A.

e The stable null space property of order s with constant
O<p<lif

llvslli < pllvsellr Vv € ker A, VS C [n] with |S| <s.

38



Stable Null Space Property - Verification Theorem

Theorem (Theorem 4.14.)

The matrix A € C™*" satisfies the stable null space property of
order s with constant 0 < p < 1 relative to a set S C [n] if and
only if

1+p
Iz = xll1 < i, (lzllx = lIx[l2 + 2llxse 1) ,

for all vectors x,z € C" with Az = Ax.

39



Stable Sparse Recovery

Theorem (Theorem 4.12.)

Suppose that A € C"*" satisfies the stable null space property of order
s with constant 0 < p < 1. Then for any w € C", a solution w" of the

basis pursuit,
min ||z]1 s.t. Az = Aw,
z

approximates the vector w with {1-error:

2(1 +
Iw—wlh < 2525 (),

Remark: If A € C™*" satisfies the stable null space property of order s with
constant 0 < p < 1, the basis pursuit may have more than one solution.
Question: What happen if the output measurement vector is noisy:

y =Aw +¢?

40



Robust Null Space Property

Definition (Definition 4.17.)
A matrix A € C™*" is said to satisfy

e The robust null space property w.r.t. || - || with constants 0 < p < 1
and 7 > 0 relative to a setS C [n] if

llvslli < pllvse|ls + T||Av] Vv e C".
e The stable null space property of order s with constant 0 < p < 1 if

llvs|li < pllvse|lr + T||Av|| Vv € C", VS C [n] with |S| <'s.

41



Robust Sparse Recovery

Theorem (Theorem 4.19.)

Suppose a matrix A € C™*" satisfies the robust null space
property of order s with constant 0 < p < 1 and 7 > 0. Then for
any w € C", a solution w# of the BPDN:

minlllly st Az -yl <7,

with y = Aw + e and ||e|| < n approximates the vector w with
l1-error:

2(1+ 4T
Iw = wls < 2520wy, + 22

=Tz

n.

42



Robust Sparse Recovery

Theorem 4.19 is a special case of Theorem 4.20 below.

Theorem (Theorem 4.20.)
The matrix A € C™*" satisfies the robust null space property

with constant 0 < p < 1 and T > 0 relative to S if and only if

14p 2T
_ € L - 2|Ixse —||A(z —
Iz =x[ls < 5 _p(HZIIl [xllx +2lxsell) + 7 _pll (z—x)l,

for all vectors x,z € C".
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/>-Robust Null Space Property

Definition (Definition 4.21.)

A matrix A € C™*" is said to satisfy the ¢>-robust null space property of
order s w.r.t. || - || with constants 0 < p <1 and 7 > 0 if

p

lvs|l2 < a7

llvsells + T||Av]| Vv € C", VS C [n] with |S] <'s.

44



/>-Robust Null Space Property

Theorem (Theorem 4.22.)

Suppose the matrix A € C™*" js said to satisfy the {>-robust null space
property of order s w.r.t. || - || with constants 0 < p <1 and 7 > 0.
Then for any w € C", a solution w# of the BPDN:

minllzly st [Az—yl2 <1,
with y = Aw + e and ||e|l» < n approximates the vector w with {,-error:
# ¢ 1/p—1/2
lw = w™lp < =75 0s(w)1 + Ds 7,1<p<2,

for some constants C, D depending only on p and 7.
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Recall: Stable and Robust Null Space Property

e Theorem 4.19. Let A€ C™*" and || - || be a norm on C™. Suppose there
exist constants p € (0,1) and 7 > 0 s.t.

lvslli < pllvse|ls + T||Av]] Vv € C", VS C [n] with |[S] <s. (2)

Let w € C" and y = Aw + e with ||e|| < 7. Then any solution w¥ of the
{1-minimization problem

min 2l st lly - Azl <
approximates the vector w with /1-error:

|w — W#Hl < 2(1+,0)

< wh T
T, os(wh P

e Theorem 4.12. If =0, 7 = 0, and we only require that condition (2)
holds for v € ker A, we have the stable sparse recovery result.
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Recall: Robust Null Space Property

e A matrix A € C™*" is said to satisfy the £>-robust null space property of
order s w.r.t. || - || with constants 0 < p < 1 and 7 > 0 if

Ivslle < L llvsels + Tl AVl ¥v €€, ¥S C [n] with |S| < s.

e Theorem 4.22. Suppose the matrix A € C™*" is said to satisfy the
l>-robust null space property of order s w.r.t. || - || with constants
0<p<1landr>0. Then for any w € C", a solution w? of the BPDN:

minllzls st Az —yla <n,
with y = Aw + e and ||e||> < 7 approximates the vector w with:
Iw — w# | < Co(w)s + D3,
Iw = wlla < o (whs + D,
S B
for some constants C, D depending only on p and 7.
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Training and Generalization Errors Estimation

From the error estimations on the solution, we can derive the corresponding

generalization error. For example,

Suppose A € C™*" satisfies the f»-robust NSP of order s with constants
p€(0,1) and 7 > 0. Given y = Aw + e with ||e|]2 < n. From Theorem 6.8,
any solution w” of the ¢;-minimization problem

min flzlls s.t. [y — Az <7
approximates the vector w with

llw — w[ls < Co(w)s + Dy/sn,
for some constants C, D > 0 depending only on p and 7, Therefore,

ly — Aw? |2 < [ly — Aw|l2 + [|Aw — Aw™ |l2 = [|e]l2 + [|All12[lw — w* s
<0+ [|Allis2 (Cos(w)1 + DV/sn) .
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Restricted Isometry Property

Definition. The s restricted isometry constant &, = §5(A) of a matrix
A € C™*" is the smallest § > 0 such that

(1= 0)IxI3 < [IAx3 < (1 +8)]x[3
for all s-sparse vector x € C". Equivalently,

0 = max AtAs — Id .
* = o1, 1M5As — W22
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RIP Theorems

Theorem 6.12. Suppose A € C™*" satisfies the RIP condition:

d2s < 4
2 —.
RVZ51
Then for any w € C" and y € C™ with |ly — Aw||> < 7, any solution w# of the
{1-minimization:
min s st 1Az —yl <n,

approximates the vector w with errors (C, D depend only on &2):

C
lw —w*ly < Cou(w)r + DV, [lw —w|l2 < 750 W)+ Dn.

Proof sketch: A satisfies the RIP condition for BP, then A satisfies the /-robust NSP

of order s with constants p € (0,1) and 7 > 0 depending only on 2.

50



RIP Theorems

Theorem 6.21. Suppose A € C™*" satisfies the RIP condition:

S

Wk

Then for any w € C" and y € C" with y = Aw + e, the iteration w" of the IHT
and HTP for y = Aw + e, w® = 0 and s is replaced by 2s satisfies

565 <

[w —w"[l1 < Cos(w)1 + Dv/s|le||2 + 2p"V/s|wl|2.

n C n
lw — w2 < —=0s(w)1 + Dlle]l2 + 20" ||w]2

/s
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Suppose A € C™*" satisfies the RIP condition:

BP IHT HTP OMP
4 1 1 1

0as < \/ﬁ 05 < % dps < % 0135 < 6

~ 0.6246 ~ 05773 | = 0.5773 | ~ 0.1666

Then we have error estimations.

Summary: RIP Conditions
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