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② Sparse Optimization
Methods
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ma OCSD

① Proximal Methods : nondiff 110dL

④ Lagrangian Methods . :
constrained→ unconstrained

Image processing 1K¥1.→ ADMMpyamµµµwmaµ, µ, , anyway gummy
toy Foucart and Rauhut, Chapters 9,12 , 14

.
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① Recall RIP condition .

Dy_The
restricted isometry constant § gamatrix A€¢m×w

is the smallest 830 s .t

4- 8) 11×112 E HAXHI ⇐ (1+8) Kochi , too :S-sparse .

①The matrix A is said to satisfy the RIP condition if

8µg < of ,
where constants hand 8* depend on the

algorithms / models :

BP IHT HTP OMP

%<¥s Its 85¥ Isis



6. 12

theorem : If A c- ①
m× "

satisfy the
RIP condition,gorBP

Is <¥g ,
then

① Every s
- sparse

vector w is
. exactly recovered fromCBD:

min 112-111 at Az = Aw
.

2- C-

② Moreover ,
the reconstruction is stable when sparsity is

replaced by compressibility
and the reconstruction is robust

when measurement error occurs . More precisely , for any WEICW

and ye em
with Hy - Awka ⇐ if , a solution W

#

of BPDN

min 112-111 sit thy- Azllz of

approximates w with errors : K w -w# 11
,⇒BAD, +Dq



② Examples og matrices
that satisfy RIR condition .

Concentration Inequalities /Borstein Ineg 1 Covering number .

Exampled : Gaussian Random Matrices: the entries of A- are

inÑÉÑmlom variables
.

E2 : Bernoulli Random Matrices : the entries og
A are

independent Rademacher variables
( taking values -11 with prof.

F→3 : SubGaussian Random
Matrices : the entries of A-are

independent mean
-Zero subgaussian random

variables with

variance 1 and El esAste) € eÑs%& , it s c- pu
JE find, he Cnf

'

'Here 8 is a constant .



Remand : Gaussian and Bernoulli random matrices are

subgaussian .

since :

☒ If ✗ is JV CODY
, for any

t >0, we have :

E.( es
×) = ef%% ,

its€1B

⑧ If ✗ is a Rademacher random
variable

,
then

IEC es
✗ ) = tales + e-

s)

= :(É÷+É¥÷-¥;÷,k=o
k=o

£ it ¥?I÷= es"?



theorems let AEQM
✗W

subgaussian random matrix .

Then there exists a
constant C (depending on the subgaussian

parameter G) at the
restricted isometry constant g⇐mA

satisfies 8s £8 with probability at least 1- e , provided

my co
-• [ sent%-) + en C2 e-5)

letting e = 2exp C-
8m / (20) yields :

MZ 2C 8-2 sencey-ylEH-rn.AM?--lECUx4i)



Exampled : Structured Random Matrices / Random Sampling
Matrices

Dy : Bounded orthonormal system .

CBOS)

let Dc Rd be endowed with a probability measure u ,

Io : = { oh , . . . , 10nF ;
where % : ④→ ① tread and

① f get)qCtT duct) = dye .

D

② 11411, ! = sup IQs I ← K ltjccn]

ATED
a constant .

Then OI is called aÉÉ÷YattE
.



Def ( contd) let ts, - ⇒ tm
C- ② be some sampling points

.

The matrix A = CAe.pe = acte )ECm#

A- (&:-&
'

g-
. .:*

is called asamplingmatrioe.clnctm

E×ampbsog-BOS fed- pqiq -11 ,
.
-Ali . -id

①Trigonometric polynomials : D= CO,D , get)=É"i&t

② Real Trigonometric polynomials , D= COAT .

too =L
, Galt)= V2 cos c2ñkt1

, gait = Masonaol.KZ
1

.



③ Partial discrete Fourier transform
attic b-1) Ck-1) IN

FEW "

, Fe,q
=¥ e

e,ke
Ard

The normalized columns of
F

,
VN Fee c- form an

orthonormal system w.at . the discrete uniform
measure onGD

D= f-1
,
D

④ legendre polynomials
"¥É=÷÷¥"



Setting Consider junctions of the gown
CR

get)=
I weiact) , y

:D→¢

A- is { da :D →¢ J Bos
.

Suppose we are given sample
values Ctg, fCtgDj=%D×C .

Ye = fete = Inhabitedkit

µ;) = A %).name#am-nCAe,k--9ectd)lc-CmJ,kc-AD-y=Aw



Goal : Given sample values ñf and sampling matrixB

find Ñ C- .

(c⇒ find function f)

If f- is s-sparse
w.at toss - -in} , find s- sparse

vector we stig = A w→
.

Remark : Assume
the sampling points te ,

-

, two are

selected independently at random according to theprole .

measure 0 .

Then the sampling matrix A is
called a

random sampling matrix
associated to a Bos pith constant

KIL
.



-

let we and let A- c- Qm×n
.

Theorem 12.22

be the random sampling matrix
associated to a Bos

.

with constant KEL
.

For y= Ante
with Kettering

foramen 30, let
W# be a solution of

min 112-11
,

s.tk/tz-ylLsFmy .

⇐
→

depend on themdengreeomftegendre
poly .

If m > CRS
lncrdenl ED

,
-06

then with probability at least
1-E

,
the reconstruction

error satisfies 11W-w
#112<-98 Cubist gray

gang are global constants .



Theorem 12.32 : let AE①
m×W

be the random sampling

matrix associated to a Bos with constant
tr> 1

.

Under

some conditions on m
C O Cshrcs) , the matrixA-

satisfies the RIP condition with high prole .

↳ Robust

stable prob measure
u

Eddie
,
Bos

Drawb$I%
'

{ ta}a? ,
no randomly

Empirical Distribution ☒
Input date -



Ñ② Transfer randomnessTinpot date
-7 randomness

✗ Random
weight of

the Random

A = ( wee > controllable Feature

A also satisfies
RIP- toke

conditions


