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Recall: Proximal Gradient Algorithm

» Consider

min g(x) + h(x),

where

> g(x) is convex, differentiable
> h(x) is convex, (possibly non-differentiable), with an inexpensive
proximal mapping.

> PrOX|ma| gradient algorithm: Initialization xp<&= R Wﬂ W)(WRG&
Q&VD G\‘flﬂ’l" 7 X1 = prox, , (xk — Vg (x)), y
where t, > 0 is the step size.
» The proximal mapping of a convex function h is >
1
prox,(x) := argmin <h(u) + =|ju— XH%)L‘
— u 2
i

=

> For h(x) = A||x|[y with A > 0, prox, is the shrink operator

(component-wise): -, ufx‘))
A, 0).= i

prox(x) = sign(x) max(|x| — et | A T
O , WeN



Proximal Gradient Algorithm (cont'd)

Theorem 1: Consider

)[rélilg, f(x) = g(x) + h(x).

Assume:
> his convex and closed (so that prox,, is well-defined) ‘/;Pg o

@g is differentiable with dom(g) =R" and g is L-smooth:= g/

g(y) <g(x)+Ve(x) (v —x) + *Ily x|3.

\’\/’_’_Jsmes —xpan oy

» There exists a constant m > 0 suc

~
—_—

- £6) = £0) + VE()T(y )+ Ty - x5

Note: if m = 0, this means g is convex; if m > 0, this means g is
strongly convex.
> The optimal value * is finite and attained at some x* (may not be

unique).



Proximal Gradient Algorlthm (cont d) “!’rm & )
-/’ Ve

Theorem 1 (cont’d). Then with fixed step size t, = 1/L, we
have:

1. Each proximal gradient iteration is a descent step:

Flxen) < Fx), = x5 < Ko —x*13,

where ¢ =1 — 7. TQW GL/L = Zﬁ,ﬁ;ﬁ

2. Convergence rate of proximal gradient method is O(1/k):

. L
Fa) = £ < o o = X113,
TV

/

"http://www.seas.ucla.edu/~vandenbe/236C/lectures/proxgrad.pdf



Fast Iterative Shrinkage—ThreihoIding Algorithm (FISTA)
» Consider WW:QT“ADC—%“ + X ('x“')
min g(x) + h(x),
where
> g(x) is convex, differentiable
> h(x) is convex, (possibly non-differentiable), with an inexpensive
proximal mapping.
> FISTA?: an accelerated proximal gradient method.
Y1 = Xo, 01 = 1

X = prox,, n(yk — tVg(y)), k=>1

1
Qk+1 = 3

2

Yk+1 = Xk

» Convergent rate of FISTA: Under the same assumptions as Theorem 1,
* 2L * 12 A

F) — F* < —2E o — x|, Vk > 1. @ o

(xx) = (k+ 1) [xo — x"I2 2 [{/&&

2uA Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems™
by Beck & Teboulle




Another /1-Optimization Package: FASTA

Remark:

» The optimal convergent rate we can get from first-order
gradient methods (using only the gradient, under the same
assumptions as Theorem 1) is O(1/k?).

» A review of other variants of (accelerated) proximal gradient
methods: “A Field Guide to Forward-Backward Splitting with
a FASTA Implementation”, by Goldstein, Studer, & Baraniuk.

» Matlab package: FASTA [3?@([_1
(http://www.cs.umd.edu/~tomg/projects/fasta/)

» Contains implementations of many variants of proximal
gradient methods (such as FISTA, SpaRSA)

» Automatically handle stepsize selection, acceleration, and
== stopping conditions.
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fGo Back 4 Exampl 2.1
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(5) Fast ADMM := ADMM + FiSTH. ((2,)
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