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Lecture 09: `1-Optimization
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Recall: Proximal Gradient Algorithm
I Consider

min
x2Rn

g(x) + h(x),

where
I g(x) is convex, di↵erentiable
I h(x) is convex, (possibly non-di↵erentiable), with an inexpensive

proximal mapping.

I Proximal gradient algorithm: Initialization x0.

xk+1 = proxtkh (xk � tkrg(xk)) ,

where tk > 0 is the step size.

I The proximal mapping of a convex function h is

proxh(x) := argmin
u

⇣
h(u) +

1

2
ku � xk22

⌘
.

I For h(x) = �kxk1 with � > 0, proxh is the shrink operator
(component-wise):

proxh(x) = sign(x)max(|x |� �, 0).
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Proximal Gradient Algorithm (cont’d)
Theorem 1: Consider

min
x2Rn

f (x) = g(x) + h(x).

Assume:

I h is convex and closed (so that proxth is well-defined)

I g is di↵erentiable with dom(g) = Rn and g is L-smooth:

g(y)  g(x) +rg(x)T (y � x) +
L

2
ky � xk22.

I There exists a constant m � 0 such that

g(y) � g(x) +rg(x)T (y � x) +
m

2
ky � xk22.

Note: if m = 0, this means g is convex; if m > 0, this means g is
strongly convex.

I The optimal value f ⇤ is finite and attained at some x⇤ (may not be
unique).
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Proximal Gradient Algorithm (cont’d)

Theorem 1 (cont’d). Then with fixed step size tk = 1/L, we
have:

1. Each proximal gradient iteration is a descent step:

f (xk+1) < f (xk), kxk � x⇤k22  ckkx0 � x⇤k22,

where c = 1� m
L .

2. Convergence rate of proximal gradient method is O(1/k):

f (xk)� f ⇤ 
L

2k
kx0 � x⇤k22.

1

1http://www.seas.ucla.edu/~vandenbe/236C/lectures/proxgrad.pdf
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Fast Iterative Shrinkage-Thresholding Algorithm (FISTA)
I Consider

min
x2Rn

g(x) + h(x),

where

I g(x) is convex, di↵erentiable
I h(x) is convex, (possibly non-di↵erentiable), with an inexpensive

proximal mapping.
I FISTA2: an accelerated proximal gradient method.

y1 = x0, ↵1 = 1

xk = proxtk h(yk � tkrg(yk)), k � 1

↵k+1 =
1
2

⇣
1 +

q
4↵2

k + 1
⌘

yk+1 = xk +
↵k � 1
↵k+1

(xk � xk�1)

I Convergent rate of FISTA: Under the same assumptions as Theorem 1,

f (xk)� f ⇤  2L
(k + 1)2

kx0 � x⇤k22, 8k � 1.

2“A Fast Iterative Shrinkage-Thresholding Algorithm for Linear Inverse Problems”,
by Beck & Teboulle
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Another `1-Optimization Package: FASTA

Remark:

I The optimal convergent rate we can get from first-order
gradient methods (using only the gradient, under the same
assumptions as Theorem 1) is O(1/k2).

I A review of other variants of (accelerated) proximal gradient
methods: “A Field Guide to Forward-Backward Splitting with
a FASTA Implementation”, by Goldstein, Studer, & Baraniuk.

I Matlab package: FASTA
(http://www.cs.umd.edu/~tomg/projects/fasta/)

I Contains implementations of many variants of proximal
gradient methods (such as FISTA, SpaRSA)

I Automatically handle stepsize selection, acceleration, and
stopping conditions.

¥4t

.

-



①

'

÷÷÷÷÷"**÷
.

- Method of Multipliers

consi-Efbd-gcyls.li Ax+By+c=O

where Ae Rdm, Be /Rdxm, ce
Rd

.

② Examples:

④_min.LU/tx-blbE- 81b¥,kept

⇐ mine 1-211Ax-81122 -1811411g
S.t. ☐c-y=o

0C
,YERM



2.IO#tAF-8-u+k1ywiTVDenoising1Uc-fRmn
where ⇒oculi,J):=UCi-11,5)-Uci,J)

⇐miwIÉdd;?%!?j
"

yu, doody
W

subject to

%ie= doc ¥ ÷.{ ⇒yu=dy



⑧ mina-HAu-sll.IR_ÉÉ¥Ñ
uepinxm 4J Italy

⇐ min 2- HAWAII -1×11 (doo, dy)Ha
such that dgocis-7-tb.euCis)

dycis =Iyu⇒
Here Nobody)1k=_¥rÉyÑÑ



③ NWthodgmultiph.ee# = Backward Gradient

Prolly min float gap at Aoct By to = 0 .
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To solve step2 , we use alternating direction method of

multipliers CADMND :
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steeple : ADMM :
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Summary Compressive Sensing & Sparse optimization .

① Compressive Sensing :
Solve mink 2-Host y=AZ .

ZE where AE
×"

.

Essential ① WE 1cm is sparse on compressible
a C GSCW), issmall)solution

② Randomness in A :→
Gaussian/RandomBernoulli Matrox←

from bounded
orthonormal

system

③ limited Data : men , m= slog

② Greedy Algorithms :
OMP
,
IHT

,
HTP

③ eiminimization : FISTA, Nesterov
's
, ADMM, SPELL
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⑧ Reconstruction Guarantees using

→
coherence

→ null space property
IT↳
RIP

Error Estimation

⑤ Applications min 112-11
,
sit y=Az

Z
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