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1 Notation Preliminaries

For clarity when discussing scalars, vectors, and matricies, scalar functions and elements will be kept

unbolded where as vectors and matricies will be bolded. Vectors will use lower-cased symbols and matricies

will use upper-cased symbols. If we wish to identify the ith element of a (column or row) vector x, we will

subscript the unbolded letter xi or subscript parenthesis (x)i. Similarly, we will use double subscripts Xij ,

xij or subscripted parenthesis (X)ij to denote the element in the ith row and jth column of a matrix X.

Finally, we will use non-italics bolded symbols for higher dimentional tensors like so X.

There are two common conventions for writing derivatives involving vectors and matrices. For consistency,

we will use the “numerator style” or “Jacobian formulation”. This involves keeping the dimension of the

derived function, and transposing the dimensions of the element the derivative is being taken with respect

to. Specifically,

1. If y : Rn → Rm is a vector valued function with a vector input, the partial derivative with respect to

the vector input is the m× n Jacobian matrix

∂y

∂x
=


∂y1

∂x1
. . . ∂y1

∂xn

...
. . .

...

∂ym

∂x1
. . . ∂ym

∂xn

 .

This has the convenient shorthand notation
(

∂y
∂x

)
ij
= ∂yi

∂xj
.

In particular,

(a) If m = 1, y : Rn → R. The derivative with respect to the vector input x would be the transpose
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of the (column vector) gradient of y:

∂y

∂x
=

[
∂y
∂x1

. . . ∂y
∂xn

]
= (∇y)

⊤
.

(b) If n = 1, y : R → Rm. The derivative of the function with respect to its scalar input x will remain

a column vector:

∂y

∂x
=


∂y1

∂x

...

∂ym

∂x

 .

(c) If y = Ax, we have ∂y
∂x = A.

2. We denote the derivative of a matrix valued function Y : R → Rm×n with respect to its scalar input

x by the m× n matrix

∂Y

∂x
=


∂y11

∂x . . . ∂y1n

∂x

...
. . .

...

∂ym1

∂x . . . ∂ymn

∂x

 ,

(
∂Y

∂x

)
ij

=
∂yij
∂x

.

Note that if n = 1, Y : R → Rm, this notation agrees with the notation in (1b).

3. We denote the derivative of a scalar function y : Rn×m → R with respect to its n×m matrix input X

by the m× n matrix

∂y

∂X
=


∂y

∂x11
. . . ∂y

∂xn1

...
. . .

...

∂y
∂x1m

. . . ∂y
∂xnm

 ,

(
∂y

∂X

)
ij

=
∂y

∂xji
.

Note that if m = 1, y : Rn → R, this notation agrees with the notation in (1a).

4. Let y : Rn×m → Rp be a vector valued function with a matrix input X. The derivative with respect
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to its n×m matrix input is the p×m× n tensor

∂y

∂X
=


[
∂y1

∂X

]
...[

∂yp

∂X

]
 =

∂yp

∂x11

. . . ∂yp

∂xn1

...
. . .

...
∂yp

∂x1m

. . . ∂yp

∂xnm

∂y1

∂x11

. . . ∂y1

∂xn1

...
. . .

...
∂y1

∂x1m

. . . ∂y1

∂xnm

In our shorthand component notation, we may write this as
(

∂y
∂X

)
ijk

= ∂yi

∂xkj
. In particular, if p = 1,

y : Rn×m → R, and the partial derivative is of dimension 1×m× n = ((1)(m))× n = m× n, which is

identical with the one we denote in item (3) of the list. If m = 1, y : Rn → Rp, the partial derivative

is of dimension p × 1 × n = ((p)(1)) × n = p × n. Here we use the following convention when we go

from 3D to 2D when the first or the second entry is one:

1×m× n = (1m)× n = m× n, m× 1× n = (m1)× n = m× n.

5. Recall matrix product: If x ∈ Rn,y ∈ Rm, xy⊤ ∈ Rn×m:

xy⊤ =


x1y1 . . . x1ym
...

. . .
...

xny1 . . . xnym

 ,
(
xy⊤)

ij
= xiyj .

6. Similarly, we can denote the tensor product of a vector x ∈ Rp with a matrix Y ∈ Rn×m as

x⊗ Y =


[
x1Y

T
]

...[
xpY

T
]
 =

xpy11 . . . xpyn1

...
. . .

...
xpy1m . . . xpynm

x1y11 . . . x1yn1

...
. . .

...
x1y1m . . . x1ynm

∈ Rp×m×n,
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or the shorthand notation (x⊗ Y )ijk = xiykj . Note that if m = 1, Y = y (a column vector), and

x⊗ y =


[
x1y

T
]

...[
xpy

T
]
 ∈ Rp×1×n = Rp×n,

which can be regarded as xyT ∈ Rp×n.

7. The tensor product of a matrix Y ∈ Rn×m with a vector x ∈ Rp is given by the m× p× n tensor

Y ⊗ x =

x1y1m . . . x1ynm

...
. . .

...
xpy1m . . . xpynm

x1y11 . . . x1yn1

...
. . .

...
xpy11 . . . xpyn1

∈ Rm×p×n, (Y ⊗ x)ijk = xjyki.

In particular, if Y = Im ∈ Rm×m, the identity matrix, we have

Im ⊗ x =

↑ ↑ ↑
0 . . . 0 x

↓ ↓ ↓

↑ ↑ ↑
x 0 . . . 0

↓ ↓ ↓

∈ Rm×p×m.

This tensor has the property that the vector-tensor product y⊤ (Im ⊗ x) = xy⊤ for any y ∈ Rm.

Note that Y ⊗ x ̸= (x⊗ Y )
⊤
.

8. The element-wise product of two vectors x,y ∈ Rn is given by

x⊙ y =


x1y1
...

xnyn

 ∈ Rn.
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We may also write the element-wise product in terms of the diagonal operator

x⊙ y = diag(x)y =


x1 0

. . .

0 xn



y1
...

yn

 .

2 Backpropagation of a Shallow Network

Proposition 1. Consider z = Wx+ b, where x ∈ Rd,W ∈ Rh×d, b ∈ Rh, z ∈ Rh. Then

∂z

∂W
=


[
∂z1
∂X

]
...[

∂zh
∂W

]
 =

↑ ↑ ↑
0 . . . 0 x

↓ ↓ ↓

↑ ↑ ↑
x 0 . . . 0

↓ ↓ ↓

= Ih ⊗ x ∈ Rh×d×h,
∂z

∂b
= Ih.

Proof. Note the ith component of z is

zi = (Wx+ b)i = (Wx)i + bi = w⊤
i x+ bi,

where wi is the ith row vector of W . Component-wise, we have the following:

∂zi
∂wjk

=
∂(w⊤

i x+ bi)

∂wjk
=

∂(
∑

l wilxl)

∂wjk
=

∑
l

∂wil

∂wjk
xl =

∑
l

δijδlkxl = δijxk

∂zi
∂bj

=
∂(w⊤

i x+ bi)

∂bj
=

∂bi
∂bj

= δij .

Using the notations in Section 1, we complete the proof.

Proposition 2. Consider a shallow network

ŷ(x;W (1),W (2), b1, b2) = W (2)σ(W (1)x+ b1) + b2,

where x ∈ Rd, ŷ ∈ Rn,W (1) ∈ Rh×d,W (2) ∈ Rn×h, b1 ∈ Rh and b2 ∈ Rn. For a vector x = (x1, . . . , xd)
T ∈

Rd, denote x̃ ∈ Rd+1 be the vector x appended by 1 at the end, x̃ = (x1, . . . , xd, 1)
T .
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Denote

W̃ (k) := [W (k)|bk] ∈ R(#rows of W (k))×(1+#cols of W (k)) for k = 1, 2.

z := W (1)x+ b1 ∈ Rh, s := σ(z) ∈ Rh, r := ŷ ∈ Rn,

The derivative of ℓ(x; θ) :=
1

2
∥r∥22 with respect to its inner and outer layer parameters is given by

∂ℓ

∂W̃ (1)
= x̃r⊤W (2) diag(σ′(z)),

∂ℓ

∂W̃ (2)
= s̃r⊤.

That is,
∂ℓ

∂W (1)
:= xr⊤W (2) diag(σ′(z)) ∈ Rd×h,

∂ℓ

∂b1
= r⊤W (2) diag(σ′(z)) ∈ R1×h,

∂ℓ

∂W (2)
= sr⊤ ∈ Rh×n,

∂ℓ

∂b2
= rT ∈ R1×n.

Proof. Since ℓ =
1

2
∥r∥22, we have

∂ℓ

∂ri
=

∂( 12
∑

j r
2
j )

∂ri
=

1

2

∑
j

∂(r2j )

∂ri
=

1

2

∑
j

2rj
∂rj
∂ri

=
∑
j

rjδij = ri ⇒
∂ℓ

∂r
= rT .

Since r = W (2)s+ b(2) ∈ Rn, from Proposition 1, we have

∂ri

∂W
(2)
jk

= δijsk,
∂r

∂W (2)
= In ⊗ s.

∂ri

∂b
(2)
j

= δij ,
∂r

∂b(2)
= In.

Therefore,

∂ℓ

∂W
(2)
jk

=

n∑
i=1

∂ℓ

∂ri

∂ri

∂W
(2)
jk

=

n∑
i=1

ri δij sk = rjsk

∂ℓ

∂b
(2)
j

=

n∑
i=1

∂ℓ

∂ri

∂ri

∂b
(2)
j

=

n∑
i=1

riδij = rj .

Using the notations in Section 1 and the common matrix notations, we can rewrite the above derivatives as

follows:

∂ℓ

∂W̃ (2)
=

∂ℓ

∂r

∂r

∂W̃ (2)
= r⊤(In ⊗ s̃) = s̃r⊤ ∈ R(h+1)×n.
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Let w̃⊤
i be the ith row of W̃ (1).

(
∂s

∂z

)
ij

=
∂si
∂zj

=
∂(σ(z))i

∂zj
=

∂σ(zi)

∂zj
= σ′(zi)

∂zi
∂zj

= σ′(zi)δij(
∂z

∂W̃ (1)

)
ijk

=
∂zi

∂W̃
(1)
kj

=
∂(w̃⊤

i x̃)

∂W̃
(1)
kj

=
∂(
∑

l W̃
(1)
il x̃l)

∂W̃
(1)
kj

=
∑
l

∂W̃
(1)
il

∂W̃
(1)
kj

x̃l =
∑
l

δikδlj x̃l = δikx̃j .

We also have r = W (2)s+ b(2), so ∂r
∂s = W (2). Using chain rule,

∂ℓ

∂W̃ (1)
=

∂ℓ

∂r

∂r

∂s

∂s

∂z

∂z

∂W̃ (1)

= r⊤W (2) diag(σ′(z))(Ih ⊗ x̃)

= x̃r⊤W (2) diag(σ′(z)),

which completes the proof.
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Diagram to compute Back Propagation - Giang .

See Notations in the Niwas
'

notes
.

Convention out CIµ④ od = OCÑ

Diagram1 : Detailed diagram ( forward,
backward, dimension,

notation

number)

for the mean squared error loss of ash
allow network

.

Diagram2 : simpler version of diagrams
( forward &backward)

Diagram 3 : Two- hidden layer network , forward&backward .

MSE loss
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'
G-D) c- 1Rd✗W

dxl.si/ninxlyhatey then lhxw

12


