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1 Notation Preliminaries

For clarity when discussing scalars, vectors, and matricies, scalar functions and elements will be kept
unbolded where as vectors and matricies will be bolded. Vectors will use lower-cased symbols and matricies
will use upper-cased symbols. If we wish to identify the i*® element of a (column or row) vector &, we will
subscript the unbolded letter z; or subscript parenthesis (x);. Similarly, we will use double subscripts X;;,
x;; or subscripted parenthesis (X )ij to denote the element in the i*" row and j** column of a matrix X.
Finally, we will use non-italics bolded symbols for higher dimentional tensors like so X.

There are two common conventions for writing derivatives involving vectors and matrices. For consistency,
we will use the “numerator style” or “Jacobian formulation”. This involves keeping the dimension of the
derived function, and transposing the dimensions of the element the derivative is being taken with respect

to. Specifically,

1. If y : R® — R™ is a vector valued function with a vector input, the partial derivative with respect to

the vector input is the m x n Jacobian matrix
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In particular,

(a) If m =1, y: R®™ — R. The derivative with respect to the vector input & would be the transpose



of the (column vector) gradient of y:
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(b) If n =1, y : R — R™. The derivative of the function with respect to its scalar input x will remain

a column vector:
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(c) If y = Az, we have 3% = A.
2. We denote the derivative of a matrix valued function Y : R — R™*" with respect to its scalar input

x by the m X n matrix
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Note that if n =1, Y : R — R™, this notation agrees with the notation in (1b).

3. We denote the derivative of a scalar function y : R™*™ — R with respect to its n x m matrix input X

by the m x n matrix
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Note that if m = 1, y : R® — R, this notation agrees with the notation in (1a).

4. Let y : R™™ — RP be a vector valued function with a matrix input X. The derivative with respect



to its m X m matrix input is the p X m x n tensor
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In our shorthand component notation, we may write this as ((%y() L aif. In particular, if p = 1,
Z] J

y: R™™™ — R, and the partial derivative is of dimension 1 X m x n = ((1)(m)) x n = m x n, which is
identical with the one we denote in item (3) of the list. If m = 1, y : R™ — RP, the partial derivative

is of dimension p x 1 x n = ((p)(1)) X n = p x n. Here we use the following convention when we go

from 3D to 2D when the first or the second entry is one:

Ixmxn=(Im)xn=mxn, mx1lxn=(ml)xn=mxn.

5. Recall matrix product: If x € R*,y € R™, &y’ € R
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6. Similarly, we can denote the tensor product of a vector & € RP with a matrix Y € R"*™ as
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or the shorthand notation (z ® Y), ;. = @;yk;. Note that if m =1, Y =y (a column vector), and

rTRY =

which can be regarded as zy? € RP*",
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7. The tensor product of a matrix Y € R™"*™ with a vector & € RP is given by the m X p X n tensor
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In particular, if Y = I,,, € R™*™_ the identity matrix, we have

I, ®x=
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This tensor has the property that the vector-tensor product y ' (I,, ® ) = zy ' for any y € R™.

Note that Y @  # (x @ Y) " .

8. The element-wise product of two vectors @,y € R™ is given by
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We may also write the element-wise product in terms of the diagonal operator

2 Backpropagation of a Shallow Network

z 0y = diag(z)y =

U1
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Proposition 1. Consider z = Wz + b, where x € R, W € R"*? b c R*, z € R*. Then
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Proof. Note the i*" component of z is
= (Wx+b); = (Wa); +b; = w x +b,

where w; is the ith

5zi

_ O(w] x+ bi) o>, wimy) Z Ow;;

(’)wjk

8Zi
ob;

8wjk ow; ik a’wjk
Ty o,

Using the notations in Section 1, we complete the proof.

Proposition 2. Consider a shallow network

where z € R%, j € R*, W) ¢ Rh>d W) ¢ R** by € R" and by € R™. For a vector € = (z, ...

R?, denote T € RI*! be the vector x appended by 1 at the end, T = (z1,. ..,
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Denote

W(k) [W(k)lbk} c R(#rows of W) x(1+#cols of WH) f or k= 1,2.
2z =WWr4+b eR", s:=0(2)eR", r:=jecR"

The derivative of ¢(x;0) := §||'r|\§ with respect to its inner and outer layer parameters is given by
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Since r = W@ s + b € R™, from Proposition 1, we have
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Using the notations in Section 1 and the common matrix notations, we can rewrite the above derivatives as

follows:

or ot or
oW @ Ir gw®)

=7 (I,®3)=3r" ¢ R+,



Let @, be the i*" row of W1,
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We also have r = W®) s 4+ b2 5o g’“ = W@, Using chain rule,
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= "W diag(o’(2)) (I} ® T)

= zr' WO diag(o'(2)),

which completes the proof.
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