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§ we will consider fixed-point (FP) iterative methods to 
numerically compute approximate solutions of scientific 
computing or optimization problems

§ for difficult (ill-conditioned) problems, (asymptotic) FP 
convergence may be (very) slow

§ we will consider nonlinear acceleration methods to improve 
the (asymptotic) convergence, e.g., Anderson Acceleration 
(AA):

(1) introduction
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(A) solving linear equation systems:
affine iteration:

(B) machine learning optimization problems
nonlinear iteration:                                     (Alternating Direction Method 

of Multipliers, ADMM)

(C) canonical tensor decomposition:

nonlinear iteration:                                  (Alternating Least Squares, ALS)

3 applications
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[Kolda and Bader, 2009]



solving linear equation systems:
§ linear system

§ FP iteration:

we choose:

fixed point: 

§ is called the preconditiong matrix (Jacobi, Gauss-Seidel, ...)

(A) solving linear equations
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§ FP method:

§ error:

§ error propagation equation:

§ asymptotic convergence factor:

§ in the nonlinear case:

solving linear equations

Convergence Acceleration for Nonlinear Fixed-Point Methods 
hdesterck@uwaterloo.ca PAGE  6



§ FP method may converge slowly:

solving linear equations
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(SSOR)



§ accelerate convergence by Anderson Acceleration (AA):

solving linear equations
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(SSOR)AA-SSOR
AA, P=I



§ accelerate convergence by Anderson Acceleration (AA):

§ in the linear case, AA is equivalent
to the “Generalized minimal
residual method” (GMRES)

§ GMRES minimizes polynomials
over a “Krylov space”, which
facilitates convergence analysis

solving linear equations
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§ GMRES convergence result:

solving linear equations
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§ nonlinear FP iteration:

§ Anderson Acceleration (AA) is usually done in a “windowed” 
fashion, window size m:

§ we cannot rely on optimal polynomials,
so convergence analysis is hard

in more general cases, convergence analysis is 
hard ...
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(B) Alternating Direction Method of Multipliers 
– optimization for machine learning

§ ADMM:

§ ADMM as fixed-point method:
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§ ADMM as fixed-point method:

§ we consider problems where ADMM converges linearly, in 
particular, where is differentiable at

§ we accelerate ADMM with Anderson Acceleration (AA): 

accelerating ADMM as a fixed-point method
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§ convergence:

§ our contribution:
we consider optimal 
stationary version of AA 
(sAA)

ADMM accelerated by AA: LASSO example
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(least absolute shrinkage and selection operator)



(problem is non-convex, multiple (local) minima, solution may not exist
(ill-posed), ... ; but smooth, and we assume there is a local minimum)

(C) canonical tensor decomposition
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[de Silva and Lim, 2009]



tensor approximation applications
“Discussion Tracking in Enron Email Using PARAFAC” by 

Bader, Berry and Browne (2008) (sparse, nonnegative)
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‘workhorse’ algorithm: alternating least squares 
(ALS)

(1) freeze all ar(2), ar(3), compute optimal ar(1) via a least-
squares solution (linear, overdetermined)

(2) freeze ar(1), ar(3), compute ar(2)

(3) freeze ar(1), ar(2), compute ar(3)

§ repeat

(from [1]) 
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alternating least squares (ALS)

fast case slow case

§ can we accelerate ALS using AA (in this nonlinear case), just like
SSOR is accelerated by GMRES?
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(block nonlinear Gauss-Seidel)



(2) convergence acceleration methods
§ Anderson Acceleration:

§ Nonlinear GMRES (NGMRES):

§ both AA and NGMRES reduce to GMRES if          is linear

§ also, other acceleration methods can be used for                       : NCG, LBFGS, 
Nesterov with restart, adaptive algebraic multigrid (not considered here) (De 
Sterck et al., 2012a, 2012b, 2013, 2015a, 2015b, 2016, 2017, 2020; applied to 
ALS for tensor decomposition)

§ can be seen as a nonlinear preconditioner for AA or NGMRES
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(3) convergence theory: linear 
convergence factors
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root-linear convergence theorem for 
differentiable 

§ so for ADMM with differentiable        :  

§ same for ALS

§ but: the iteration function for AA(m) is not differentiable
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AA convergence theory

§ first convergence proof for AA in 2015:

§ AA-ADMM converges (at least) r-linearly with an r-linear convergence factor that 
is not worse than the convergence factor of ADMM; proof requires boundedness 
assumption on the beta coefficients, and           Lipschitz

§ convergence improvement results (quantifies convergence gain in each iteration):

§ no general results exist on improved AA r-linear asymptotic convergence factor
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§ [1] “On the Asymptotic Linear Convergence Speed of 
Anderson Acceleration, Nesterov Acceleration, and 
Nonlinear GMRES”, De Sterck and He, SIAM J. Sci. Comp. 2021
(and arXiv:2007.01996)
§ introduces stationary AA (sAA), and derives optimal convergence 

theory for sAA
§ ALS for Canonical Tensor Decomposition

§ [2] “On the Asymptotic Linear Convergence Speed of 
Anderson Acceleration Applied to ADMM”, Wang, He and De 
Sterck, submitted, arXiv:2007.02916

§ ADMM

(4) our contributions: stationary AA(m) and 
NGMRES(m)
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(optimal) stationary AA (sAA): convergence 
factor can be analyzed
§ AA:

§ no analysis exists:

§ our sAA:
§ analyzable:

§ e.g., sAA(1):

§ sAA with optimal coefficients: 
§ given           , find the optimal     that minimizes

§ not a practical method, but useful to understand how and to which extent 
sAA can improve the spectrum of ADMM 
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theoretical results from [1] on optimal sAA(1) 
weights

§ optimal     :

§ first result from [1]: if              has real spectrum
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theoretical results from [1] on optimal sAA(1) 
weights

§ second result from [1]: if              has complex spectrum
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results from [1] on optimal sAA(m) weights

§ sAA(2) and higher: use numerical optimization to find 
optimal betas
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(5) application to ADMM
§ regularized logistic regression (nonlinear, fully smooth,  f 

has real spectrum)
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numerical results – logistic regression
§ t
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numerical results - LASSO
§ nonlinear, not fully smooth, complex spectrum
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LASSO with increasing density
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numerical results – nonnegative least squares

§ inequality constraint, real spectrum
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§ tensor decomposition problem:

§ steepest descent:

§ ALS:  

(6) application to canonical tensor 
decomposition
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canonical tensor decomposition

§ Hessian has eigenvalues 0 (scaling degeneracy)

§ modified Hessian condition number:

§ synthetic test problem:

factor matrices have collinearity c
+ noise

ill-conditioned when collinearity
close to 1
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canonical tensor decomposition (c=0.5)

§ spectrum of q’(x) and sAA(1)
Y’(x), for SD (top)
and ALS (bottom)
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canonical tensor decomposition
§ ALS (right) is a better nonlinear preconditioner than SD (left)
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canonical tensor decomposition

§ optimal sAA(1) convergence factor gives good estimate of 
AA(1) factor 
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(7) conclusions
§ we have introduced stationary AA and NGMRES, which have 

computable r-linear convergence factors

§ we have derived results on optimal weights for sAA(1) and sNGMRES(1), 
which allow to understand how and to which extent sAA(1) can improve 
the spectrum of             to obtain faster r-linear converge

§ AA or NGMRES with finite window size show similar r-linear 
convergence improvements as sAA and sNGMRES, but the AA/NGMRES 
r-linear convergence factors are so far too hard to determine or bound
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conclusions
§ the AA/NGMRES r-linear convergence factor (bound) for finite window 

size is expected to depend on the spectral properties of               (like for 
GMRES; e.g.  field of values, normality, complex eigenvalues, ...)

§ for infinite window size, from [1]:

§ interesting GMRES results for linear ADMM iteration with infinite 
window size:
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Thanks! Questions?

§ [1] “On the Asymptotic Linear Convergence Speed of Anderson Acceleration, Nesterov
Acceleration, and Nonlinear GMRES”, De Sterck and He, SIAM J. Sci. Comp. 2021 (and 
arXiv:2007.01996)

§ [2] “On the Asymptotic Linear Convergence Speed of Anderson Acceleration Applied to 
ADMM”, Wang, He and De Sterck, submitted, arXiv:2007.02916

§ Matlab code, acceleration of ALS for tensor problems: 
https://github.com/hansdesterck/nonlinear-preconditioning-for-optimization

§ Python code, acceleration of ADMM: https://github.com/dw-wang/AA-ADMM
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