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Quadrotor Dynamics Model

{1,793} inertial reference frame
{51, 52, 53} body-fixed frame
meR total mass of quadrotor
J e R?*3 inertia matrix w.r.t. body-fixed frame
R € S0(3) rotation matrix (body to inertial frame)
QeR3 angular velocity in the body-fixed frame
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Fig. 1. Quadrotor model

T. Lee, M. Leok, N.H. McClamroch Geometric Tracking Control of a Quadrotor UAV on SE(3)



Quadrotor Dynamics Model

reR3
veR3
deR
fieR
7, €R

feR

M eR3

location of the center of mass in the inertial frame

velocity of the center of mass in the inertial frame

distance from the CoM to each rotor

thrust generated by the i-th rotor along —53 axis

torque generated by the i-th rotor about 53 axis

4

total thrust, i.e., f = Zfi in —53 direction

i=1

total moment in the body-fixed frame
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Quadrotor Dynamics Model

e Total thrust (in the inertial frame):

—fRes € R3
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Quadrotor Dynamics Model

e Total thrust (in the inertial frame):

—fRes € R3

e Torque of i rotor: '
(*1)ZCTffi
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Quadrotor Dynamics Model

e Total thrust (in the inertial frame):

—fRes € R3

e Torque of i rotor: '
(*1)ZCTffi

o Write total thrust f and moments M; as:

f 1 1 1 1][Aa
M| |0 —d 0 dll|k
Myl = d 0 —d 0] |f
Ms —Crf Crf —Crf Crf f4
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Quadrotor Dynamics Model

e Total thrust (in the inertial frame):

—fRes € R3

e Torque of i rotor: '
(*1)ZCTffi

o Write total thrust f and moments M; as:

f 1 1 1 1][Aa
M| |0 —d 0 dll|k
Myl = d 0 —d 0] |f
Ms —Crf Crf —Crf Crf f4

@ For d,c;y > 0, the above matrix is invertible.
Use f, My, Mo, M3 as control inputs, and solve for each f;.
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Quadrotor Dynamics Model

Equations of Motion

="

mv = mges — fRes
R = RO
JA+QxJQ=M

—~~ ~~ —~~
w N
~— N ' ~—

where the hat map > : R? — s0(3) is defined by the condition that

fy=2xy, Vr,ycR>
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Geometric Tracking Control
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© Geometric Tracking Control
@ Tracking Errors
@ Tracking Controller
@ Propositions
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

Goal: track prescribed trajectory of the flat output variables
xq(t) and 51d(t),

where z,4(t) € R? is the desired position of the CoM,
and by, (t) is the desired direction of the first body-fixed axis.
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

Goal: track prescribed trajectory of the flat output variables
xq(t) and 51d(t),

where z,4(t) € R? is the desired position of the CoM,
and by, (t) is the desired direction of the first body-fixed axis.

T4 | Trajectory [ ¥ >
. 1| tracking b3, - : Quadrotor .
bi,! Attitude | ! .| Dynamics
! > tracking | : M
""""""" Controller
z,v, R,
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Tracking Errors
Geometric Tracking Control T ng Controller

In order to track a prescribed trajectory, we must define tracking
errors for each part of the state: z,v, R, .

Note: Euler angles are avoided as singularities arise when used.
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

In order to track a prescribed trajectory, we must define tracking
errors for each part of the state: z,v, R, .

Note: Euler angles are avoided as singularities arise when used.

Define tracking errors:

(5)
ey =V — Vg (6)
(7)
(8)

er =X — X4

er = % (RfR—~R"R) 7

eq = QO — RTRQy 8

where the vee map (.)V : 50(3) — R? is the inverse of the hat map.
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

Given smooth tracking commands z4(¢), gld(t), and positive
constants ky, ky, kg, kq, define the desired direction of the third
body-fixed axis:

—kpe, — kyey, — mges + miy

b3 (9)

C | —kyer — kypey, — mges + miyg||
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

Given smooth tracking commands z4(¢), gld(t), and positive
constants ky, ky, kg, kq, define the desired direction of the third
body-fixed axis:

—kpe, — kyey, — mges + miy

ba =
34 | —kzer — kpey — mges + miq| ©)
and
by, = —2a X b1y (10)
||b3d X bld”
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

Given smooth tracking commands z4(¢), gld(t), and positive
constants ky, ky, kg, kq, define the desired direction of the third
body-fixed axis:

—kpe, — kyey, — mges + miy

by, =
% T kpey — koey — mges + mi || )
and
by, = —2a X b1y (10)
||b3d X bld”
We may now write the desired attitude (rotation) matrix:
Ry = [ba, % bs,, ba,, bs,] (11)

T. Lee, M. Leok, N.H. McClamroch Geometric Tracking Control of a Quadrotor UAV on SE(3)



Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

We choose the control inputs f, M to be:

f=—(—kyey — kye, — mges + miy) - Res (12)
M = — krer — kqeq + 2 x JQ

. . 13
— J(QRT Ry — RTR/Qy) (13)
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

We choose the control inputs f, M to be:

f=—(—kyey — kye, — mges + miy) - Res (12)
M = — krer — kqeq + 2 x JQ

. . 13
— J(QRT Ry — RTR/Qy) (13)

@ exponentially stabilizes the zero equilibrium of the attitude
tracking error
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

We choose the control inputs f, M to be:

[ =— (—kges — kye, — mges + miy) - Res (12)
M = — krer — kqeq + 2 x JQ (13)
— J(QR" R4Qq — R" RyS2q)

@ exponentially stabilizes the zero equilibrium of the attitude
tracking error

@ translational tracking error converges to zero provided the
attitude tracking error is zero
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

We choose the control inputs f, M to be:

[ =— (—kges — kye, — mges + miy) - Res (12)
M = — krer — kqeq + 2 x JQ (13)
— J(QR" R4Qq — R" RyS2q)

@ exponentially stabilizes the zero equilibrium of the attitude
tracking error

@ translational tracking error converges to zero provided the
attitude tracking error is zero

o f= c(ex,ev,id)ggd . 53 — | f] smaller when 53 + ggd
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Tracking Errors
Geometric Tracking Control Tracking Controller
Propositions

Proposition 1
(Exponential Stability of Attitude Dynamics)

Consider the control moment M defined in (13) for any positive
constants kg, ko. Suppose that the initial condition satisfies

U(R(0), R4(0)) <2 (14)

lea(0)[I* < kr(2 = U(R(0), Rq(0))) (15)

)\maw (J)

Then the zero equilibrium of the attitude tracking error eg, g
is exponentially stable. Furthermore, there exist constants
a2, B2 > 0 such that

U(R(t), Rg(t)) < min{2, ane P2} (16)
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Tracking Errors
Geometric Tracking Control Tracking Controller

Propositions

Proposition 2
(Exponential Stability of Complete Dynamics)

Consider control force f and moment M as defined in (12), (13).
Suppose the initial condition satisfies W(R(0), R4(0)) < 91 < 1.

Then for any positive constants k;, k,,, we can carefully choose

kR, kq (details skipped) such that the zero equilibrium of the
tracking errors of the complete dynamics is exponentially

stable. The region of attraction is characterized by

W(R(0). Ra(0)) < 1 <1 (17)
lea(O)]* <3—yhn(l = H(ROLA)  (19)

T. Lee, M. Leok, N.H. McClamroch Geometric Tracking Control of a Quadrotor UAV on SE(3)



Errors
Geometric Tracking Control Controller

Proposition 3
(Almost Global Exponential Attractiveness of Complete Dynamics)

Consider a control system designed according to Proposition 2.
Suppose the initial condition satisfies

U(R(0), Ra(0)) < ¢hr <2 (19)

lea(0)[I* < kr(2 = U(R(0), Rq(0))) (20)

I
)\mam (J)

Then the zero equilibrium of the tracking errors of the complete
dynamics is exponentially attractive.
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Simulations
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© Simulations

T. Lee, M. Leok, N.H. McClamroch Geometric Tracking C



Simulations
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() Snapshots for 2 < ¢ < 2.6 (an animation illustrating this mancuver
is available at hitp://my.fit.cdu/” tacyoung)
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Fig. 4. Case I following an elliptic helix (horizontal axes represent
simulation time in seconds)
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Simulations

(a) Snapshots for 0.5 < t < 4 (Snapshots are shifted forward to
represent the evolution of time. In reality, the quadrotor is flipped at a
fixed position. An animation is available at http:/my.fit.edu/" taeyoung)
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Fig. 5. Case II: recovering from an initially upside down attitude (horizontal
axes represent simulation time in seconds)
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