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This paper investigates the effective eddy viscosity inferred from direct numerical simulations
of decaying stratified and non-stratified turbulence. It is shown that stratification affects
the horizontal eddy viscosity dramatically, by increasing non-local energy transfer between
large and small horizontal scales. This non-local horizontal energy transfer is around 20%
of the local horizontal energy transfer at the cutoff wavenumber kc = 40. The non-local
horizontal energy transfer occurs at large vertical wavenumbers, which may be larger than
the buoyancy wavenumber kb = N/urms, where N is the buoyancy frequency and urms is
the root-mean-square velocity. By increasing the value of the test cutoff wavenumber kc from
large scales to the dissipation range, the non-local horizontal eddy viscosity decreases and
the local eddy viscosity is dominant. Overall, the presence of stratification can significantly
change the features of subgrid-scale (SGS) motions. Current SGS models should therefore be
modified for use in large-eddy simulation of stratified turbulence.
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1. Introduction

The nature of turbulence in the atmosphere and the ocean is characterized by very
high Reynolds numbers. Moreover, in the atmospheric mesosphere and the oceanic
sub-mesoscale range, turbulent flows are strongly affected by stable stratification,
but only weakly affected by the Earth’s rotation [1]. Thus, vertical motions are re-
strained by buoyancy forces and horizontal structures are elongated into anisotropic
pancake-like vortices [2, 3]. Such flows can have Reynolds numbers of the order 108

or higher. Performing a direct numerical simulation (DNS) at such scales, there-
fore, requires that an enormous range of scales be resolved. Such resolution is not
possible because of high computational memory and time costs. Large-eddy simu-
lation (LES) is an alternative approach that removes the need to resolve any but
the large-scale motions. The basic idea behind LES is to explicitly resolve large
scales and to model the effects of small scales on large ones through subgrid-scale
(SGS) models.
Recent advances in the understanding of geophysical turbulence have described

the appearance of stratified turbulence when the buoyancy Reynolds number is
sufficiently high and the horizontal Froude number is sufficiently low [4–7]. Un-
der such conditions, the inertial subrange of stratified turbulence is divided into
an anisotropic range at large scales and an isotropic range at small scales. The
anisotropic and isotropic parts of the inertial subrange are separated by the Ozmi-
dov [8] wavenumber ko = (N3/ǫ)1/2, where ǫ is the kinetic energy dissipation rate

∗Corresponding author. Email: sinakhani@uwaterloo.ca

ISSN: 1468-5248 (online only)
c© 2013 Taylor & Francis
DOI: 10.1080/14685248.2013.837913
http://www.tandfonline.com



April 20, 2015 Journal of Turbulence Effective˙eddy˙viscosity˙in˙stratified˙turbulence

2 S. Khani and M. L. Waite

and N is the buoyancy frequency. Generally, SGS models are used to model small-
scale isotropic turbulence [9–13]. In the inertial subrange of isotopic turbulence,
the energy spectrum E(k) is [14]:

E(k) ∼ ǫ2/3k−5/3, (1)

where k =
√

k2x + k2y + k2z is the total wavenumber. However, stratified turbulence

includes an additional anisotropic subrange because of stratification. According to
the stratified turbulence hypothesis [5, 6], the energy spectrum in this range is
proportional to different power laws in the horizontal and vertical wavenumbers:

E(kh) ∼ ǫ2/3k
−5/3
h E(kv) ∼ N2k−3

v , (2)

where kh =
√

k2x + k2y and kv = |kz| respectively stand for the wavenumbers in

the horizontal and vertical directions. Although simulations are largely consistent
with these predictions, the universality of −5/3 and −3 slopes is still under inves-
tigation [6, 15–18]. Isotropic SGS models do not seem to be the proper approach
for modelling the effects of turbulent scales in the anisotropic part of the stratified
turbulence inertial range. Since these models have been designed to represent the
effects of small-scale motions in the isotropic subrange, it is important to study
in detail the features of the anisotropic inertial subrange. One approach is to di-
rectly measure the effective spectral eddy viscosity using DNS results. This type of
fundamental analysis has already been done for the Kolmogorov isotropic inertial
subrange (as in e.g. Domaradzki et al. [19, 20]), but it is not been studied so far
for the anisotropic stratified turbulence. The main aim of this paper is to study
the dynamics of energy transfer in the anisotropic inertial subrange of stratified
turbulence using the effective eddy viscosity point of view. A theoretical spectral
eddy viscosity model for isotropic turbulence has been suggested by Kraichnan [10],
who considered an infinite inertial subrange. The Kraichnan eddy viscosity model
includes two parts: a constant plateau at small wavenumbers, which represents the
non-local energy transfer between SGS motions and large resolved scales, and a
cusp near the cutoff wavenumber kc, which accounts for the local energy transfer
around the cutoff [10, 21].
In this paper, we use DNS of stratified turbulence to explicitly measure the

effective spectral eddy viscosity in the horizontal and vertical directions, following
Lindborg’s [5] hypothesis of an anisotropic cascade from large to small horizontal
scales. If the cascade to small scales is fundamentally anisotropic, the shapes of the
effective eddy viscosity in the horizontal and vertical directions will provide insight
into the nature of this energy transfer. We compare the results of this study to
those of the original Kraichnan eddy viscosity model [10] and also Domaradzki’s
[19, 20] results for unstratified turbulence, and evaluate how different they are. Our
objective is to clarify the effects of stratification on SGS models. In Section 2 we
review the literature on stratified flows and DNS and LES of stratified turbulence.
This section also describes the governing equations of stratified flows as well as
equations for measuring effective eddy viscosity. An overview of our numerical
experiments and initial conditions is presented in Section 3. In Section 4, we present
our simulation results and discuss the effects of stratification, Reynolds numbers,
and the cutoff location. Finally, conclusions are given in Section 5.
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2. Background

Strong stratification generates horizontal motions with large vertical shear, referred
to as layered pancake structures [3, 22, 23]. Although Gage [22] and Lilly [23]
proposed an inverse energy cascade (in analogy with two-dimensional turbulence)
for these anisotropic three-dimensional structures, more recent results point to a
downscale cascade (e.g. Lindborg [5]). The vertical scale [3, 15] of the pancake
structures is urms/N , which yields a vertical Froude number of O(1). This scaling
for the vertical Froude number is the basis for the stratified turbulence hypothesis
[5, 6] in which the inertial subrange has an anisotropic part at large scales in
addition to the classical isotropic part at small scales.
Several studies have investigated numerical simulations of stratified turbulence,

both DNS [4, 6, 17, 18] and LES [12, 24–26]. The main disadvantage of the DNS
approach is its intrinsic limitation in achieving high Reynolds number flows. For
example, in the DNS study by Almalkie and de Bruyn Kops [17], in which the
spatial resolution is very high, the maximum Reynolds number is O(104). On the
other hand, the LES of Siegel and Domaradzki [12] and Carnevale et al. [25],
who used spatial and spectral eddy viscosity, respectively, neglected the effects of
anisotropy in their SGS models. In addition, the implicit LES (ILES) approach
(e.g. Remmeler and Hickel [26]) uses numerical diffusion to represent SGS, and
thus very sensitive to the numerical scheme [27]. Therefore, there is a real need for
better understanding of SGS motions of stratified flows.
The non-dimensionalized Navier-Stokes equations under the Boussinesq approx-

imation are

∂u

∂t
+ u · ∇u = −∇p−

1

Frℓ
2 ρez +

1

Reℓ
∇2u, (3)

∇ · u = 0, (4)

∂ρ

∂t
+ u · ∇ρ− w =

1

ReℓPr
∇2ρ, (5)

where u is the velocity vector, and ρ and p are the density and pressure fluctuations
from their ambient values. The initial Reynolds number Reℓ, Froude number Frℓ,
and Prandtl number Pr are defined as

Reℓ =
uℓ

ν
, (6)

Frℓ =
u

Nℓ
, (7)

Pr =
ν

D
, (8)

where u and ℓ are the initial velocity- and length-scales, respectively, ν is the
molecular viscosity, and D is the mass diffusivity. In this work, we take Pr = 1
and assume constant N . This latter assumption is common in idealized studies of
stratified turbulence [4, 6, 7, 15, 16, 18].
Assuming periodic boundary conditions, a flow variable f(x, t) can be expanded

in a Fourier series as
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f(x, t) =
∑

k

f̂(k, t)eik·x, (9)

where f̂(k, t) is the Fourier coefficient of f , and the sum is up to an isotropic cutoff
|k| < kmax. In DNS, kmax is set to be around the Kolmogorov wavenumber

kd = (
ǫ

ν3
)

1

4 , (10)

which ensures that the dissipation is resolved. Our kmax/kd is always greater than
0.5, which, following Moin and Mahesh [28], means that most of the dissipation is
resolved. The equations of motion (3-5) can be re-written as

(
∂

∂t
+

k2

Reℓ
)ûj(k, t) +

1

Frℓ
2 ρ̂(k, t)ez = −ikmPjr(k)

∑

p+q=k

ûr(p, t)ûm(q, t), (11)

kiûi(k, t) = 0, (12)

(
∂

∂t
+

k2

ReℓPr
)ρ̂(k, t)− ŵ(k, t) = −ikm

∑

p+q=k

ûm(p, t)ρ̂(q, t), (13)

where the projection tensor Pij(k) = δij−kikj/k
2 is used to eliminate the pressure

term [29]. If we define a test cutoff wavenumber kc, we can express the interactions
between wavevectors with |k| > kc and those with |k| ≤ kc. Consider the non-linear
terms on the right-hand side of equations (11) and (13):

Fj(k, t) = −ikmPjr(k)
∑

p+q=k

ûr(p, t)ûm(q, t), (14)

J(k, t) = −ikm
∑

p+q=k

ûm(p, t)ρ̂(q, t). (15)

The corresponding nonlinear terms in the kinetic and potential energy equations,
Tk and Tp, can be obtained by multiplying equations (14) and (15) by û∗j and

(1/Frℓ
2)ρ̂∗, and adding the complex conjugates (denoted by ∗) yielding [5, 29, 30]:

Tk(k, t) = −
i

2
kmPjr

∑

p+q=k

{ û∗j(k, t)ûr(p, t)ûm(q, t)

+ ûj(k, t)û
∗

r(p, t)û
∗

m(q, t)}, (16)

Tp(k, t) = −
i

2Frℓ
2 km

∑

p+q=k

{ ρ̂∗(k, t)ûm(p, t)ρ̂(q, t)

+ ρ̂(k, t)û∗m(p, t)ρ̂∗(q, t)}. (17)
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Based on the cutoff kc, we can decompose Tk and Tp into Tk and Tp, in which the
sums in equations (16) and (17) are restricted to p and q with |p|, |q| < kc; and T s

k
and T s

p , in which at least one of |p| or |q| is above the cutoff kc. The quantities T s
k

and T s
p represent energy transfer into k from interactions with wavenumbers above

kc. The spectral eddy viscosity approach models T s
k and T s

p by [10, 19, 21, 30]

T s
k (k, t) = −2νe(k, t)k

2E(k, t), (18)

T s
p (k, t) =

T s
k (k, t)

Prt
= −2

νe(k, t)

Prt
k2E(k, t), (19)

where νe(k, t) is the spectral eddy viscosity coefficient, E(k, t) = 1
2 ûj(k, t)û

∗

j (k, t)
is the kinetic energy in wavevector k, and Prt is the turbulent Prandtl number
(usually assumed to be constant [12, 31, 32]). The eddy viscosity at wavenumber
k can therefore be defined as

νe(k, t) = −
T s
k (k, t)

2k2E(k, t)
. (20)

Assuming an isotropic eddy viscosity, T s
k (k, t) and E(k, t) in (20) can be integrated

over spheres of radius k to get the spherical eddy viscosity (following the Pope [30]
notation) as [19]

νe(k|kc, t) = −
T s
k (k, t)

2k2E(k, t)
, (21)

where T s
k (k, t) is the integrated energy transfer between the cutoff-resolved motions

and modes with k > kc, and E(k, t) is the integrated energy spectrum. Here, cutoff-
resolved refers to scales with wavenumbers below the test cutoff kc. This approach
was introduced by Domaradzki et al. [19] for measuring effective eddy viscosity
in DNS of isotropic turbulence. More recently, Domaradzki & Radhakrishnan [27]
measured the effective eddy viscosity in an implicit model of decaying turbulence.
They found that without careful choice of the numerical scheme, ILES was unlikely
to successfully represent SGS features.
Based on the Lindborg [5] stratified turbulence hypothesis, in which there is an

anisotropic cascade from large to small horizontal scales, it seems appropriate to
modify the above approach to apply a test cutoff kc in the horizontal direction. In

this case, T s
k (k, t) in (20) changes to T s,h

k (k, t), which refers to the energy trans-
fer between modes with kh < kc, i.e. horizontal cutoff-resolved, and modes with
kh > kc. In this situation, we assume axisymmetric horizontal eddy viscosity, and

integrate T s,h
k (k, t) and E(k, t) over shells of constants kh to find the horizontal

eddy viscosity. In addition, we can also apply the test cutoff kc in the vertical
direction to define T s,v

k (k, t) and integrate over kx and ky to compute a vertical
eddy viscosity. In summary, to measure the horizontal and vertical eddy viscosity,
equation (21) can be used if altered somewhat:
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νhe (kh|kc, t) = −
T s,h
k (kh, t)

2k2hE(kh, t)
, (22)

νve (kv |kc, t) = −
T s,v
k (kv, t)

2k2vE(kv , t)
. (23)

where T s,h
k (kh, t) and T s,v

k (kv, t) are the integrated energy transfer between cutoff-
resolved motions and modes with kh > kc and kv > kc, respectively; where kc is
applied accordingly in the horizontal and vertical directions. Moreover, E(kh, t)
and E(kv , t) are the integrated energy spectrum in the horizontal and vertical
directions, respectively.
The distinctions between the horizontal, vertical, and spherical eddy viscosities

are important. These eddy viscosities are categorized based on directions in which
the test cutoff is applied. When we apply the cutoff kc in the horizontal direction,
for example, we filter at the horizontal cutoff-resolved resolution π/kc. However,
the vertical resolution remains unchanged (i.e. ∆z ∼ π/kd). Therefore, by applying
the test cutoff kc in a specific direction, the effective resolution in that direction
decreases. As a result, we have a specific eddy viscosity based on the definition
of the cutoff kc in a specific direction. In summary, the kinetic energy equation is
affected by these three definitions of the test cutoff kc in the spherical, horizontal,
and vertical directions and are, respectively

∂E(k, t)

∂t
+B(k, t) = Tk(k, t)− 2νe(k|kc, t)k

2E(k, t), (24)

∂E(kh, t)

∂t
+B(kh, t) = Tk

h
(kh, t)− 2νhe (kh|kc, t)k

2
hE(kh, t), (25)

∂E(kv , t)

∂t
+B(kv , t) = Tk

v
(kv , t)− 2νve (kv |kc, t)k

2
vE(kv , t), (26)

where the molecular dissipation is neglected for clarity, and

B(k, t) =
1

2Fr2ℓ
{ρ̂(k, t)ŵ∗(k, t) + ρ̂∗(k, t)ŵ(k, t)}, (27)

is the buoyancy flux, the spherical, horizontal, and vertical wavenumber spectra of
which are defined as above.
Applying the test cutoff kc in different directions (i.e. the horizontal, vertical,

and spherical) results in different influences over the triad interactions of p, q,
and k in (16-17). For example, compare the effect of defining the test cutoff in
the horizontal direction to that in the spherical one. Applying the cutoff in the
horizontal direction, modes with kh < kc are retained, but there is no restriction
on kv or k. However, if we apply the cutoff kc in the spherical direction, all large-
scale modes with k < kc are included; this restriction involves both the horizontal
and vertical scales. Hence if, for example, there is an energy exchange between
large and small horizontal scales at large vertical wavenumbers, the horizontal eddy
viscosity will measure this energy transfer but the spherical eddy viscosity will not.
In this case, there is a non-local energy transfer in the horizontal direction, which
occurs at large vertical wavenumbers. This energy transfer will therefore lead to a
non-local horizontal eddy viscosity but no spherical eddy viscosity. This behaviour
could lead to confusion for unstratified turbulence where the underlying cascade
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is isotropic. However, given the overwhelming evidence for an anisotropic cascade
in stratified turbulence (e.g. [4–6, 15, 33]), the separate consideration of horizontal
and vertical eddy viscosity is meaningful and important.
Stratification is characterized in our simulations by two Froude numbers: the

initial Froude number, as defined in (7); and a time-dependent horizontal Froude
number

Frh =
urms

NLh
, (28)

where urms is the root-mean-square velocity and the horizontal scale Lh ≡ [urms]
3/ǫ

is defined using the Taylor hypothesis [6]. We will evaluate this approximation
below in Section 4. In the same manner, we define the buoyancy Reynolds number
[6] as

Reb =
ǫ

νN2
. (29)

When the horizontal Froude number Frh is sufficiently small (i.e. when flows are
strongly stratified), the buoyancy Reynolds number plays a similar role to the
Reynolds number in non-stratified flows. In fact, the buoyancy Reynolds number
sets the magnitude of the vertical viscous term in the Boussinesq equations [6].
Thus, a flow with a smaller horizontal Froude number (stronger stratification)
needs larger Reynolds numbers to ensure turbulence. There are a variety of other
Froude numbers defined in the literature; e.g. Riley and de Bruyn Kops [4] used the
periodic buoyancy frequency to define the Froude number 2πu/Nℓ which differs
from (7) by a factor 2π; the associated buoyancy Reynolds number differs by a
significant factor (2π)2.

3. Methodology

In this work, DNS of stratified turbulence are employed to measure the effective
eddy viscosity. An idealized decaying stratified turbulence test case has been con-
sidered, following the DNS of Riley & de Bruyn Kops [4]. The initial condition
consists of Taylor-Green (TG) vortices in a periodic cubic domain of size L = 4π,
i.e. two TG wavelengths. The TG vortices are designed to have horizontal struc-
tures with vertical variations:

u(x, 0) = cos(z)[cos(x)sin(y),−sin(x)cos(y), 0]. (30)

Low-level noise of approximately 10% of the initial energy is also added to the
initial condition [4]. In our study, the random noise is distributed isotropically,
and noise is restricted to wavenumbers with kh ≤ 7/2 and |kz| ≤ 7/2. Since the
non-dimensional domain is 4π, wavenumbers spacing is 1/2.
The spectral transform method has been used to solve the governing equation

with n grid points in the x, y, and z directions. To eliminate aliasing errors, the
two-thirds rule [34] with spherical wavenumber truncation is applied, yielding an
effective grid spacing of ∆x = 1.5L/n. The third-order Adams-Bashforth scheme
is adopted for time-stepping of the nonlinear and buoyancy terms; the implicit
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trapezoidal method is used for the diffusion terms. Simulations with two different
initial Reynolds numbers Reℓ = 6400 and 800, and three initial Froude numbers
Frℓ = 0.32, 0.64, and ∞ are considered. Finally, four values of kc = 10, 20, 40, 80
are employed as test cutoffs to analyze the effective eddy viscosity. Table 1 shows
a list of the parameters and corresponding identifiers used in this study.

4. Results and Discussion

4.1. Overview of simulations

Figure 1 illustrates the general evolution of the energy, dissipation rates, kinetic
energy spectra, and kinetic energy dissipation spectra for two stratified and one
non-stratified cases with the same initial Reℓ = 6400, and one stratified case with
initial Reℓ = 800. Figure 1a shows total (kinetic plus potential) energy versus time.
The non-stratified case is much less energetic than the stratified case for t & 10.
This behaviour is also evident in Figure 1b, where the total dissipation rate is much
higher in the non-stratified turbulence at early time (as in e.g. Remmler & Hickel
[26] and Domaradzki et al. [20]). Figures 1c,d show respectively the spherical energy
spectrum E(k) and the kinetic energy dissipation spectrum D(k) = 2νk2E(k)
averaged over a time range around the maximum dissipation rates of the stratified
and non-stratified cases (15 ≤ t ≤ 20 for the stratified cases with Frℓ = 0.64;
20 ≤ t ≤ 25 for the stratified case with Frℓ = 0.32; and 10 ≤ t ≤ 15 for the
non-stratified case). Table 1 shows the range of kmax/kd for all simulations. Since
we are interested in results with large Reynolds and buoyancy Reynolds numbers,
time averages are computed around the time of maximum ǫ. At these times, the
Kolmogorov scale is smallest and hence closest to the grid scale, and kmax/kd
reaches the minimum value shown in Table 1, which is still consistent with DNS
[28]. This resolution of the Kolmogorov scale is similar to other recent DNS studies
of stratified turbulence (e.g. [4, 33, 35, 36]). It is also noteworthy that the large-
scale energy increases with decreasing initial Froude number (from Frℓ = ∞ to
0.64 to 0.32), regardless of the value of the initial Reynolds number (Figures 1c,d).
For the non-stratified case, the approximate time for the onset of turbulence is

t ≈ 10, when the dissipation rate is maximum. However, the time of maximum
ǫtot = ǫ + ǫp, where ǫp is the potential energy dissipation, is postponed in the
stratified flows. This behaviour can also be seen in Figure 1a where the total energy
is almost constant for Frℓ = 0.64 up to t ≈ 15, and for Frℓ = 0.32 up to t ≈ 20.
Decreasing the initial Froude number from 0.64 to 0.32, at fixed Reℓ, may suppress
the onset of turbulence as it causes Reb to fall to around 1 (see below). Hence, in
the stratified case, higher Reynolds numbers may be necessary to accelerate the
onset of turbulence as in the non-stratified case. The maximum ǫtot occurs at t = 15
for Frℓ = 0.64 and t = 21 for Frℓ = 0.32. This behaviour demonstrates a delay in
the commencement of turbulence caused by decreasing the initial Froude number
[4, 35] (and hence the horizontal Froude number as well). The vertical arrows in
Figures 1c,d indicate values of the test cutoff kc, which will be addressed in Section
4.2.
Figure 2 shows the time series of the horizontal Froude number and the buoyancy

Reynolds number for two different initial Froude numbers. Recall that the time-
dependent Lh is defined using Taylor’s hypothesis, which is not expected to be
valid when the flow is not turbulent. As a result, Figure 2 does not necessarily
yield reasonable results before the commencement of turbulence. Therefore, for
Frℓ = 0.64, Figure 2 is expected to be valid when t & 15. Similarly, for Frℓ = 0.32,
it is valid when t & 20. As seen in Figure 2a, the horizontal Froude numbers
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are relatively small and fairly close to the Lindborg [5] threshold of value 0.02
for stratified turbulence. (Since Riley & de Bruyn Kops [4] defined their Froude
numbers based on the periodic buoyancy frequency, the Froude numbers in Figure
2a should be multiplied by 2π to compare their results [4].) Figure 2b shows that
the values of the buoyancy Reynolds number are O(1) for Frℓ = 0.32 and O(10)
for Frℓ = 0.64, suggesting that these flows are (marginally) strongly stratified
turbulence. For case Frℓ = 0.32, the buoyancy Reynolds number is Reb ≤ 4, and
so the vertical viscous shear may be significant [6]. In the literature, simulations
with Frℓ = 0.64 and Frℓ = 0.32, and Reℓ = 6400 have been reported to be inside
the strongly stratified turbulence regime [6, 35].
Time series of the horizontal and vertical length-scales are shown in Figure 3.

These length-scales are calculated using the horizontal and vertical energy spectra
as follows [5]:

lh =
2π

∫

∞

0 E(kh) dkh
∫

∞

0 khE(kh) dkh
, lv =

2π
∫

∞

0 E(kv) dkv
∫

∞

0 kvE(kv) dkv
. (31)

In the unstratified case, lh decreases significantly over 0 ≤ t ≤ 10. Increased strati-
fication leads to a much smaller decrease (or even slight increase) in lh, so the hor-
izontal length-scale almost retains its original length. However, the vertical scale
decreases significantly in all cases. For example, the Frℓ = 0.32 case retains its
initial horizontal length-scale up to t = 15, at which time the vertical length-scale
is about 30% of its initial value (see Figure 3b). After the onset of turbulence,
the buoyancy Reynolds number decreases, and so the simulation transitions from
marginally viscous (i.e. Reb & 1) to viscosity-affected (i.e. Reb . 1) stratified tur-
bulence. According to Figure 3a, the horizontal scales increase as Reb decreases.
There are four interesting results in Figure 3: first of all, as seen in Figure 3c,

using the Taylor hypothesis to estimate lh can be a good approximation for the non-
stratified case since lh/Lh is almost constant (≈ 0.6) after the onset of turbulence.
For stratified turbulence, on the other hand, lh/Lh ≈ 0.4 at the time of maximum
ǫtot and increases with time. A similar trend for lh for stratified turbulence has
been observed in other experimental [37] and numerical [33] studies. Secondly, the
vertical length-scales for Frℓ = 0.64 and Frℓ = 0.32 are shown in Figure 3d,
scaled by the buoyancy scale Lb = 2πurms/N (the factor 2π is included, following
[16, 18], because it is the buoyancy wavenumber kb = N/urms that appears in
applications, e.g. [2]). After turbulence commences (i.e. t & 20), lv ∼ Lb is a fairly
good approximation. It is found that lv is larger than Lb for the case with smaller
Reb, in agreement with the finding that lv is set by viscosity at small Reb [6, 35].
Moreover, Figures 3a and 3b also demonstrate an approximate equality of lh and
lv for the non-stratified case. And finally, for the simulation with Frℓ = 0.64 and
Reℓ = 800, we can see an almost constant horizontal length-scale throughout the
simulation (Figure 3a) and hence a fairly weak agreement with Taylor’s hypothesis
(Figure 3c). This behaviour is consistent with small Reb in which the stratified flow
seems to not be very turbulent.

4.2. Effective eddy viscosity

This section describes the results of directly measuring the effective eddy viscosity
in the horizontal, vertical, and spherical directions. Effective eddy viscosity rep-
resents the effects of smaller-scale motions on eddies with wavenumbers below kc.
Four different cutoffs kc have been employed in each of the horizontal, vertical,
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and spherical directions to analyze the DNS results. The effective eddy viscosities
have been averaged over a time range around the maximum dissipation rates (as
in Figures 1c,d). Based on the Kraichnan eddy viscosity model [10], the effective
cutoff kc should be inside the inertial subrange. According to Figure 1d, kc = 80 is
inside the dissipation range. Therefore, we expect the measured eddy viscosity in
this case to be small. All figures in this section are plotted in terms of k+ = k/kc or
k+h = kh/kc or k+v = kv/kc. Moreover, the values of eddy viscosities in each figure
(except Figure 8) have been normalized by the value of the corresponding molec-
ular viscosity to show their effectiveness. The values of the SGS energy transfer in
Figures 4c,d are normalized by those of the spherical SGS energy transfer at the
test cutoff kc = 40.

4.2.1. Stratification and effective eddy viscosity in different directions

First, we examine the Frℓ = 0.64 case when the cutoff wavenumber kc = 40
is around the Ozmidov wavenumber ko ≈ 35. The unstratified case is also con-
sidered for comparison. Figure 4a,b show the non-stratified and stratified eddy
viscosities, along with the Kraichnan theoretical eddy viscosity model [10]. The

SGS energy transfer T s
k , T

s,h
k , and T s,v

k are shown in Figures 4c,d. According to
Figure 4a, the horizontal, vertical, and spherical eddy viscosities are very similar
for non-stratified turbulence when k+ & 0.1. This behaviour is a sign of isotropic
unstratified turbulence in which, for kc = 40, the effective eddy viscosities are inde-
pendent of direction. There are differences in the spherical, horizontal, and vertical
eddy viscosities at large scales (i.e. k+ . 0.1), which is to be expected given the
anisotropy of the initial TG vortices. The slightly negative values of the effective
eddy viscosity for small k+ have also been previously reported [19, 20, 27, 38].
Large positive values of vertical eddy viscosity in Figure 4a when k+v . 0.1 demon-
strates a non-local energy transfer from large to small vertical scales (cf. T s,v

k in
Figure 4c). It is important to note that for measuring the vertical eddy viscosity,
we did not apply a restriction on the horizontal wavenumbers. Since the energy
transfer in the non-stratified case is likely isotropic, the non-local energy transfer
in the vertical direction may result from a local spherical transfer around kc. The
same conclusions hold for the large positive horizontal eddy viscosity as well.
In the stratified case, the horizontal eddy viscosity exhibits a very different be-

haviour: it has a positive plateau for 0.05 . k+h . 0.8 and a sharp cusp near kc
(Figure 4b). This behaviour is also clear in Figure 4d, in which for 0.05 . k+h . 0.8,

the horizontal SGS energy transfer T s,h
k has an almost constant plateau, which has

a value of 23% of the local horizontal SGS energy transfer at the cutoff kc. How-
ever, νe is smaller overall than in the unstratified case. The presence of stratification
results in a considerable difference between νhe and νve : it increases the non-local en-
ergy transfer and effective eddy viscosity in the horizontal direction. A peak around
k+h = 0.05 is seen in the horizontal eddy viscosity, which is due to the effects of
the initial conditions. Moreover, when k+v . 0.02, the non-local vertical energy
transfer is larger than the non-local horizontal energy transfer (Figure 4d). This
behaviour suggests that there is a stronger energy transfer between large vertical
scales and small vertical ones, which is consistent with the development of layers
and small-scale turbulence with vertical wavenumbers above the cutoff kc.
In summary, Figures 4b,d display two phenomena for k+ ≪ 1 in the stratified

case. In the vertical, there is a transfer of energy from large to small scales. This
large non-local energy transfer, which yields a large vertical eddy viscosity at small
kv , which is shown through the vertical eddy viscosity, is in agreement with the
layering hypothesis of stratified turbulence (e.g. Billant & Chomaz [3]). The other
phenomenon is the presence of a positive plateau for 0.05 . k+h . 0.8 in the
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horizontal eddy viscosity and the horizontal SGS energy transfer T s,h
k . Such non-

local energy exchange between large and small horizontal scales is reminiscent of
recent results in forced stratified turbulence [16] and the breakdown of columnar
vortices [39, 40].
As mentioned above, the shape of the horizontal eddy viscosity in the stratified

case shows a non-local energy transfer between large and small horizontal scales.

All vertical scales are included in the calculation of T s,h
k and νhe , so it is important

to know if there is a specific vertical scale at which the non-local horizontal energy
transfer occurs. In Figure 4b, it is clear that there is essentially no effective eddy
viscosity in the spherical direction when 0.1 ≤ k+ . 0.8. Similarly, there is no
spherical SGS energy transfer for 0.1 ≤ k+ . 0.8 (Figure 4d). There is no sign
of non-local energy transfer between small and large k. As a result, the non-local
horizontal energy transfer has to occur entirely at large vertical wavenumbers. This
means that this non-local horizontal energy transfer and eddy viscosity correspond
to a local energy transfer in the spherical direction.
We have shown that the non-local energy transfer in the horizontal direction

occurs at vertical wavenumbers which are larger than kc. Recent works [16, 39]
have found non-local energy transfer between large-horizontal-scale motions and
the buoyancy wavenumber kb = N/urms. For Frℓ = 0.64 the maximum of N/urms

for 15 ≤ t ≤ 20 is about 6.5. If we normalize this value by using the test cutoff kc in
Figure 4, which is 40, it gives kb/kc = 0.16. By contrast, the Ozmidov wavenumber
has ko/kc ≈ 1. As seen in Figures 4b and d, there is a wide plateau in the horizontal
direction for 0.05 . k+h . 0.8, which illustrates a non-local horizontal energy
transfer between scales larger than the Ozmidov scale, including the buoyancy
scale, and those smaller than the Ozmidov scale. It is noteworthy that the spherical
SGS energy transfer in the stratified case is smaller than that of the non-stratified
case at the cutoff kc = 40, i.e. the local energy transfer, by a factor of around 2.
Consider the theoretical Kraichnan model, which is also shown in Figures 4a,b.

This model has been calculated by assuming an infinite inertial subrange [20, 38]
and is widely used [25, 41–43]. It has two distinct parts: a constant plateau for
k ≪ kc and a cusp near the cutoff kc. By contrast, the effective eddy viscosity com-
puted here is from DNS with a relatively short inertial subrange. Therefore, we do
not expect to measure a plateau with the same amplitude as in Kraichnan’s model.
Batchelor et al. [32] applied a ‘zero’ plateau, while retaining the cusp parameters of
the Kraichnan model, to LES of homogeneous turbulence generated by buoyancy.
They found that this modification increases the accuracy of the mean-square veloc-
ity fluctuations in their simulations [32]. The long-dashed curve in Figure 4a shows
the measured spherical eddy viscosity. Domaradzki et al. [19, 20] have measured
the eddy viscosity for a case of non-stratified decaying turbulence; our measured
unstratified spherical eddy viscosity is very similar to theirs.

4.2.2. Effects of different Reynolds numbers

Two simulations with the same initial Froude number Frℓ = 0.64 but with
different initial Reynolds numbers Reℓ = 800 and 6400 have been considered to
show the effects of changing Reynolds numbers on the effective eddy viscosity. Since
the Kolmogorov wavenumber for the lower Reynolds number case is kd = 42, we
have applied the test cutoff wavenumber kc = 20 in both high and low-resolution
cases to calculate the effective eddy viscosity.
Figure 5 shows the spherical and horizontal effective eddy viscosities normalized

by their corresponding molecular viscosities in a,b; and normalized by just the
molecular viscosity of case Reℓ = 6400 in c,d. According to Figure 5a, the spherical
eddy viscosity of case Reℓ = 800 displays an almost zero plateau for k ≪ kc and a
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cusp near kc. The effective eddy viscosity is much smaller than its corresponding
molecular viscosity for k, kh < kc. In theReℓ = 6400 case, there is a more significant
plateau, and the eddy viscosity in the cusp is much larger than its corresponding
molecular viscosity (i.e. ν+e > 1). These two different behaviours can be explained
by the critical role of the buoyancy Reynolds number if stratified turbulence is to
be ensured. The maximum value of Reb in the Reℓ = 800 case is about 0.98 and
the horizontal length-scale is almost constant versus time (Figure 3a), suggesting
little if any stratified turbulence . Hence, the values of effective eddy viscosity are
almost zero even at k+ ≈ 0.7.
The horizontal eddy viscosity for case Reℓ = 6400 is dramatically affected by the

occurrence of stratified turbulence. The shape of the eddy viscosity shows a large
non-local horizontal eddy viscosity for kh ≪ kc, and a sharp cusp nearby kc (Figure
5b). The horizontal eddy viscosity for the case Reℓ = 800 is correspondingly very
weak and very similar to its spherical eddy viscosity. Figures 5c and d, illustrate
the spherical and horizontal eddy viscosities in both cases which are normalized
by the molecular viscosity of the case Reℓ = 6400. It is found that increasing the
Reynolds number increases the non-local horizontal eddy viscosity for kh ≪ kc and
decreases the cusp value near kc (Figures 5c,d).

4.2.3. Effects of different Froude numbers

In this section, we study the effects of various stratifications on the effective eddy
viscosity when the initial Reynolds number is Reℓ = 6400 and kc = 40. Two cases
– one with an initial Froude number of 0.64 and the other with one of 0.32 – have
been considered. The horizontal eddy viscosity for case Frℓ = 0.32 is clearly larger
than that of case Frℓ = 0.64 when k+h . 0.7 (Figure 6b). In other words, there is an
enhanced transfer of energy directly from large to small horizontal scales when the
stratification is increased. The local energy transfer near the cutoff kc, however, is
less dependent on Frℓ; the horizontal eddy viscosity of case Frℓ = 0.64 is slightly
larger than that of case Frℓ = 0.32 at the cusp. By contrast, the effect of changing
Frℓ on the spherical and vertical eddy viscosities is relatively minor (Figures 6a,c).

4.2.4. Effects of changing the cutoff wavenumbers

To study the effects of the cutoff wavenumber kc on the effective eddy viscosity,
the case with Reℓ = 6400 and Frℓ = 0.64 has been considered with four differ-
ent cutoffs kc = 10, 20, 40, 80 (Figure 7). As already mentioned, the Ozmidov
wavenumber ko ≈ 35, so kc ranges from smaller to larger than ko.
Following Figure 7a towards 7d shows that by increasing the value of the test

cutoff kc, the horizontal eddy viscosity changes its shape by dramatically decreas-
ing its non-local (kh ≪ kc) and cusp (kh ≈ kc) values. This trend means that
by increasing the test cutoff kc at fixed Reℓ, non-local and local horizontal eddy
viscosity (energy exchange) decreases, with local energy transfer dominating non-
local at large kc. Similar behaviour was observed by Bartello et al. [21] in rotating
stratified turbulence. When the cutoff kc decreases toward the initial large scales,
the horizontal eddy viscosity increases due to enhanced energy transfer between
energetic horizontal motions and modes with kh > kc (i.e. non-local horizontal
energy transfer due to the elongated triads mechanism). However, when the cutoff
kc moves toward the dissipation range, modes with kh > kc exchange less energy
with energetic initial horizontal scales and more with modes with kh . kc (i.e. the
local triad mechanism). Therefore, local energy transfer dominates the non-local
horizontal transfer for increased kc [10, 21].
According to Figure 1d, kc = 80 is in the dissipation range; thus, the measured

eddy viscosities using this cutoff are on the order of the molecular viscosity or less.
As seen in Figure 7d, at the cutoff point (i.e. k+ = 1), the value of Kraichnan’s
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model is less than that of the molecular viscosity (i.e. ν+e . 1). This finding demon-
strates that the cutoff value has been chosen inside the dissipation range in which
the Kraichnan model is not valid. Furthermore, when k+ & 0.1, the horizontal,
vertical, and spherical eddy viscosities of stratified turbulence overlap fairly well
in Figure 7d, suggesting relative isotropy in the dissipation range in this case.
It is also interesting to consider the potential self-similarity of the effective eddy

viscosity computed with different cutoffs kc. Spherical, horizontal, and vertical
effective eddy viscosities computed with four different test cutoff kc are shown in
Figure 8. For a better evaluation of self-similarity, the vertical axes are normalized
[30, 38] by [E(kc)/kc]

1/2. Significant changes in the structure of the horizontal eddy
viscosity (Figure 8b) demonstrate the absence of a self-similar inertial subrange
when the cutoff kc is applied in the horizontal direction. This non-similarity in the
horizontal direction make sense because self-similarity is expected mainly when
local energy transfer dominates (i.e. the similarity cascade [44]). By contrast, the
vertical and spherical eddy viscosities show some degrees of self-similarity in the
inertial subrange when k+, k+v & 0.1 for kc ≥ 20, especially for kc & ko which is
≈ 35 (Figure 8a,c).

5. Conclusions

Decaying stratified and non-stratified turbulence has been analyzed to measure
the spherical, horizontal, and vertical eddy viscosities in DNS results. As seen in
previous studies, stratification decreases the total dissipation rate, and the time
of peak dissipation is postponed. Furthermore, the energy spectrum steepens due
to enhanced viscous effects when stratification increases or the Reynolds number
decreases, due to the reduction of the buoyancy Reynolds number.
When kc = 40, the spherical, horizontal, and vertical eddy viscosities overlap

fairly well in the non-stratified case when k+ & 0.1 (i.e. small scales), but since
the initial motions are anisotropic, there are clear differences between these eddy
viscosities when k+ . 0.1. In the non-stratified case, the non-local energy transfer
in the horizontal or vertical directions may be interpreted as a local energy transfer
in the spherical direction because of the Kolmogorov cascade. The effective eddy
viscosities in stratified turbulence appear very different. When the cutoff is around
the Ozmidov wavenumber, the horizontal and vertical eddy viscosities are quite

different from one another. Furthermore, the horizontal SGS energy transfer T s,h
k

at k+h ≪ 1 is around 20% of the local horizontal SGS energy transfer at k+ = 1.
Meanwhile, T s

k at k+ = 1 for the stratified case is two times smaller than that
of the non-stratified case. These behaviours show an almost constant plateau in
horizontal energy transfer for kh ≪ kc, and a decrease in local energy transfer near
kc, in the presence of strong stratification. Positive values of the horizontal eddy
viscosities demonstrate a forward energy cascade from large to small horizontal
scales in stratified turbulence, as seen in other studies [4–7, 15–18].
These results are consistent with the findings of Augier et al. [39] in which a

columnar vortex pair first transforms into layered structures at large horizontal
scales. We claim that the large positive vertical eddy viscosity of stratified tur-
bulence at large vertical scales (i.e. k+v . 0.02) shows a non-local energy trans-
fer from large to small vertical scales. Moreover, we have shown that for strat-
ified turbulence, there is energy transfer directly from large to small horizontal
scales in the range of large vertical wavenumbers, i.e. non-local in the horizontal
direction but local in the spherical direction. This finding is reminiscent of the
second stage of the vortex breakdown discussed by Augier et al. [39], in which
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secondary Kelvin-Helmholtz instabilities are generated and ultimately transition
into small-scale turbulence below the buoyancy scale. Our results show that energy
may transfer directly to horizontal scales that are even smaller than the buoyancy
scale. Further studies with a wider scale separation between the initial, buoyancy,
and cutoff wavenumbers are needed to investigate the details of direct non-local
horizontal energy transfer between the (large) energetic scales with wavenumbers
below kc, and small-scale motions with wavenumbers above kc. However, this large
separation would requires a high Reℓ and Reb.
Changing the cutoff wavenumber kc has a considerable effect on the shapes and

values of effective eddy viscosities. When the cutoff is near the scale of the ini-
tial conditions, the values of measured horizontal eddy viscosity shows a non-local
transfer for kh ≪ kc. However, by moving the cutoff kc towards the Kolmogorov
scale, the effective eddy viscosity decreases dramatically. This behaviour demon-
strates a decrease in the non-local horizontal energy transfer by increasing the value
of test cutoff kc into the dissipation range, as expected.
We have confirmed that stratification modifies the effective eddy viscosity quali-

tatively. A stratified inertial subrange that clearly includes scales above and below
the Ozmidov scale requires very high Reynolds number. Such an inertial subrange is
difficult to obtain with a DNS approach. By contrast, LES of stratified turbulence,
in which the Ozmidov scale is not resolved, is seriously affected by anisotropic
features. Kraichnan’s [10] theoretical model is based on the assumption that lo-
cal energy transfer, near the cutoff kc, dominates non-local energy transfer, at
k ≪ kc. This idea was also confirmed by Domaradzki et al. [20] in DNS results of
non-stratified isotropic turbulence. However, as shown here, the presence of stratifi-
cation increases the non-local horizontal energy transfer for kh ≪ kc, between large
energetic and SGS horizontal motions, which is significant. Therefore, an isotropic
SGS model such as the Kraichnan model (with the infinite inertial subrange) does
not seem to be a proper approach for LES of stratified turbulence. For example, in
a recent paper by Schaefer-Rolffs and Becker [45] about large-scale atmospheric dy-
namics, where stratification is important, a dynamic Smagorinsky model has been
applied just to the horizontal direction. Our future work will include investigations
on how to improve current SGS models to consider the effects of anisotropy and
non-locality and hence the effects of stratification in the horizontal direction.
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Table 1. List of numerical simulations for DNS.

Identifier Frℓ Reℓ n kmax/kd

F0.6 0.64 6400 768 0.73 − 0.94
F0.3 0.32 6400 768 0.69 − 0.84
UNST ∞ 6400 768 0.5 − 1.25
F0.6R 0.64 800 256 1.21 − 1.41

kc 10 20 40 80
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Figure 1. (a) Total energy, (b) total dissipation rate, (c) time-averaged kinetic energy spectra, and (d)
time-averaged dissipation spectra. Arrows indicate values of the different test cutoffs kc, which are presented
in Section 4.2.
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Figure 2. Time series of (a) horizontal Froude number and (b) buoyancy Reynolds number for the two
stratified simulations with Reℓ = 6400. Froude and buoyancy Reynolds numbers are computed with a
horizontal length scale obtained from Taylor’s hypothesis, which may not be valid at early times.
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Figure 3. Time series of (a) the horizontal length-scale, (b) the vertical length-scale, (c) the horizontal
length-scale scaled using the Taylor hypothesis, and (d) the vertical length-scale scaled by the buoyancy
scale Lb.
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Figure 4. Effective eddy viscosity for (a) the unstratified case and (b) corresponding stratified case (runs
UNST and F0.6, respectively), with kc = 40. Based on the time average over the maximum dissipation

rates. The theoretical eddy viscosity for the Kraichnan [41] model gives by the solid line. Here, ν+e stands

for νe/ν, νhe /ν, and νve /ν; and k+ = k/kc, k
+

h = kh/kc, k
+
v = kv/kc in all cases. Panels (c) and (d) show

the corresponding SGS energy transfer spectra for the unstratified and stratified cases, respectively. Values
in (c) and (d) are normalized by the corresponding absolute values of T s

k (kc) for the non-stratified and
stratified cases. The solid black line indicates the value of zero.
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Figure 5. Effective (a,c) spherical and (b,d) horizontal eddy viscosity for two simulations with Frℓ = 0.64
and Reℓ = 6400 (solid) and 800 (dashed), with kc = 20. In (a,b), the eddy viscosity of each case are
normalized by the corresponding molecular viscosity; in (c,d) they are normalized by the Reℓ = 6400
molecular viscosity. The solid black line indicates the value of zero.
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Figure 6. (a) Spherical, (b) horizontal, and (c) vertical effective eddy viscosity for different stratification
(runs F0.6 and F0.3) at kc = 40. The solid black line indicates the value of zero.
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Figure 7. Effective eddy viscosities F0.6 computed with different cutoff wavenumber kc = (a) 10, (b) 20,
(c) 40, and (d) 80. The solid red line: the Kraichnan [41] model. The scales of the vertical axes varies in
panels (c) and (d) from (a,b). The solid black line indicates the value of zero.
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Figure 8. (a) Spherical, (b) horizontal, and (c) vertical effective eddy viscosity F0.6 using different cutoff

wavenumbers kc. Eddy viscosities are normalized [30, 38] by [E(kc)/kc]1/2 to evaluate the self-similarity
clearly. The solid black line indicates the value of zero.


