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ABSTRACT: The atmospheric kinetic energy spectrum and energy cascade are investigated in idealized simulations of
radiative–convective equilibrium (RCE). WRF is employed to perform cloud-resolving simulations of an idealized radiative–
convective equilibrium with and without aggregation with Dx5 4 km. The horizontal kinetic energy (HKE) spectrum for the
aggregated simulation in the upper troposphere is steeper than the nonaggregated case and closer to25/3. The HKE spectra
for the nonaggregated simulation in the upper troposphere and the lower stratosphere are much shallower than the
25/3 spectrum. In the upper troposphere, the divergent kinetic energy has a similar magnitude to the rotational kinetic en-
ergy in both the nonaggregated simulation and aggregated simulation. Energy is mainly gained from the buoyancy flux and
mainly lost from the vertical energy flux for scales larger than 20 km. Downscale energy transfer is found in the upper tropo-
sphere. Numerical dissipation is the main source of energy loss at small scales. In the lower stratosphere, the divergent kinetic
energy dominates the kinetic energy spectrum in both simulations. Energy is mainly gained from the vertical energy flux and
is balanced by the loss from the buoyancy flux term, transfer term, and dissipation. An Eliassen–Palm flux analysis suggests
that wave–mean-flow interaction may be responsible for the upscale energy transfer found in the lower stratosphere. The
magnitudes of our kinetic energy spectra are similar to spectra calculated from aircraft data. Rotation is found to promote
aggregation and steepen the energy spectrum.

KEYWORDS: Radiative-convective equilibrium; Numerical weather prediction/forecasting;
Spectral analysis/models/distribution; Kinetic energy

1. Introduction

Radiative–convective equilibrium (RCE) is an idealized cli-
mate system driven by sensible and latent heat fluxes at the
surface (e.g., Nolan et al. 2007; Wing et al. 2018). It is often
considered as one of the simplest climate model configura-
tions (e.g., Wing et al. 2018). We study the kinetic energy
spectrum and spectral budget in simulations of RCE. A 25/3
kinetic energy spectrum has been identified from wavelengths
of a few hundred km to small scales in both midlatitudes (e.g.,
Nastrom and Gage 1985) and the tropics (e.g., Cho et al.
1999). This spectrum is significant because25/3 is the theoret-
ical slope of a kinetic energy cascade, which suggests that an
energy cascade may be occurring through the mesoscale.
While the 25/3 kinetic energy spectrum has also been found
in mesoscale simulations (e.g., Skamarock 2004; Peng et al.
2014; Sun et al. 2017) and global simulations (e.g., Hamilton
et al. 2008; Skamarock et al. 2014; Malardel and Wedi 2016),
the responsible physical mechanisms are still unclear.

Whether RCE will generate the 25/3 mesoscale spectrum is
uncertain. RCE is at a statistical equilibrium and is driven by
surface fluxes rather than baroclinic instability, which is differ-
ent from most other idealized simulations of the mesoscale
spectrum. Unlike midlatitude simulations, in which KE is forced
at the large scales by baroclinic instability, KE in RCE is forced
by surface fluxes and radiative cooling, and the characteristic
length scales of this forcing is not clear. One interesting aspect
of RCE is the phenomenon of self-aggregation (e.g., Bretherton
et al. 2005; Wing and Emanuel 2014). Self-aggregation is the

organization of some small random cloud clusters into one or
several larger clusters. Self-aggregation is known to be sensitive
to subgrid parameterization and domain size (e.g., Bretherton
et al. 2005; Wing and Emanuel 2014; Tompkins and Semie
2017). The effect of self-aggregation on the kinetic energy spec-
trum and energy cascade is still unknown. The fact that self-
aggregation organizes small cloud clusters into large cloud clusters
may affect how kinetic energy transfers from small scale to large
scale in an inverse energy cascade. This connection between ag-
gregation and the spectral budget is explored in this work.

a. RCE and self-aggregation

RCE is often used in model development and model com-
parison due to its simple configuration. In particular, it is used
as a framework for understanding subgrid representations
such as convective parameterizations (e.g., Becker et al. 2017)
and cloud microphysics parameterizations (e.g., Satoh and
Matsuda 2009). Since RCE generates a flow with many inter-
acting convective systems at different scales, it has been em-
ployed in models with different horizontal resolutions such
as atmospheric general circulation models (e.g., Reed and
Medeiros 2016) and cloud-resolving models (e.g., Muller and
Held 2012; Wing et al. 2017).

Self-aggregation is a phenomenon in which many small and
random moist convective cores organize into a small number
of large and isolated clusters (e.g., Wing et al. 2017). Self-
aggregation in simulations is known to be sensitive to details
of clouds parameterization (e.g., Satoh and Matsuda 2009),
microphysics (e.g., Colin et al. 2019), circulations (e.g., Muller
and Bony 2015), cold pool (e.g., Jeevanjee and Romps 2013),
sea surface temperature (SST) (e.g., Bretherton et al. 2005;
Wing et al. 2017), background wind (e.g., Robe and EmanuelCorresponding author: Kwan Tsaan Lai, ktlai@uwaterloo.ca
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2001; Nolan et al. 2007), horizontal resolution (e.g., Bretherton
et al. 2005; Muller and Held 2012), and domain size (e.g.,
Bretherton et al. 2005; Wing et al. 2017). Here, we review the
literature to help us to understand the mechanisms and the im-
portance of self-aggregation.

The resolution dependence of self-aggregation in RCE in
Muller and Held (2012) was found to be related to the
strength of the subgrid turbulence mixing by Tompkins and
Semie (2017). They performed an investigation of the role of
updraft entrainment on self-aggregation. In particular, they
performed idealized RCE simulations with 2D Smagorinsky,
3D Smagorinsky, and turbulence kinetic energy (TKE) sub-
grid turbulence mixing scheme. They found that when the 3D
Smagorinsky scheme was used, self-aggregation occurred.
When a less dissipative subgrid turbulence mixing scheme
such as the TKE scheme was used, there was no aggregation.
However, by increasing the strength of the eddy viscosity of
the TKE scheme, they recovered aggregation. This finding
suggested that the strength of the eddy viscosity played a cru-
cial role in self-aggregation in RCE. They further investigated
the role of momentum and moisture subgrid mixing and
found that when moisture subgrid mixing was neglected, there
was no aggregation. They pointed out that entrainment was
one of the main factors to whether the convective plumes ag-
gregated or not.

Wing and Emanuel (2014) performed a budget analysis of
the variance of the density-weighted, vertically integrated fro-
zen moist static energy (FMSE) to identify the physical mech-
anisms associated with self-aggregation. When there is
aggregation, the domain is separated into a dry and several
moist regions. Since the moisture profile of the dry and moist
regions are both significantly different from the mean mois-
ture profile when there is aggregation, increased variance of
FMSE can identify self-aggregation. Horizontal convergence
feedback was found to be positive at the intermediate stage of
the self-aggregation process, which was consistent with the
circulation theory suggested by Bretherton et al. (2005) and
Muller and Held (2012). Wing and Emanuel (2014) also found
that air–sea disequilibrium feedback was strongly negative,
and it was competing with strong positive feedback from the
surface wind. They found that while longwave radiative cool-
ing created positive feedback for self-aggregation at the early
stage, it also created slightly weaker negative feedback for
self-aggregation at the intermediate and late stages.

b. Energy spectrum

In this work, we investigate whether the 25/3 mesoscale
kinetic energy spectrum develops in RCE and analyze the
mechanisms that govern the energy at different length scales.
The 25/3 kinetic energy spectrum has been reproduced in
several idealized mesoscale simulations (e.g., Peng et al. 2014;
Skamarock 2004; Sun et al. 2017). Unlike other mesoscale sys-
tems, where baroclinic instability controls large scales, meso-
scale energy in RCE is generated entirely by the heating from
surface fluxes and radiative cooling. These processes are not
necessarily restricted to large scales, and so the resulting

spectral budget may be more complicated than a cascade
from large to small scales.

In a turbulent inertial range, energy is transferred conserva-
tively between scales with a constant spectral flux. In this
framework, dimensional arguments yield the Kolmogorov
spectrum with a 25/3 slope (Kolmogorov 1941). Atmospheric
measurements show a k23

h energy spectrum for synoptic scales
in midlatitudes and a shallower k25/3

h energy spectrum in the
mesoscale (e.g., Nastrom and Gage 1985; Callies et al. 2014;
Cho and Lindborg 2001) in tropics and midlatitudes, where kh
is the horizontal wavenumber. While there is a general agree-
ment that the k23

h spectrum is due to quasigeostrophic
turbulence (Charney 1971), there is no agreement on the
mechanisms responsible for the k25/3

h spectrum in the meso-
scale. Proposed theories that attempted to explain the k25/3

h

spectrum fall into two categories: the direct energy cascade
theory and inverse energy cascade theory (e.g., Lilly 1983).
The inverse cascade hypothesis is found to be unlikely at
scales smaller than 100 km (e.g., Cho and Lindborg 2001).
Possible mechanisms for a downscale cascade include inertia–
gravity waves (IGW) (e.g., VanZandt 1982; Callies et al.
2016), quasigeostrophic turbulence (e.g., Tung and Orlando
2003; Tulloch and Smith 2009), and strongly stratified turbu-
lence (e.g., Lindborg 2006).

c. Energy spectral budget

Classical turbulence theories assume that there is no signifi-
cant source or sink of kinetic energy in the inertial subrange
between the forcing and dissipation scales. As a result, cas-
cade theories of the mesoscale energy spectrum implicitly
make this assumption. However, moist processes can energize
the mesoscale by directly injecting energy at the mesoscale
according to Waite and Snyder (2013). They investigated
the effect of moisture on the mesoscale KE spectrum in a
baroclinic wave. The buoyancy flux spectrum suggested that
the energy generated by latent heat injected kinetic energy
at the mesoscale.

Augier and Lindborg (2013) developed a formulation for
spectral energy budget analysis to compare two hydrostatic
global numerical weather forecasting models: the Atmo-
spheric GCM for the Earth Simulator (AFES) and European
Centre for Medium-Range Weather Forecasts (ECMWF) In-
tegrated Forecast System (IFS). In their formulation, spheri-
cal harmonics functions are employed. The nonlinear transfer
term was separated into horizontal and vertical contributions.
The horizontal nonlinear transfer is conservative. As a result, the
direction of the energy cascade can also be identified by this for-
mulation. They found a strong downscale energy cascade in the
mesoscale for the AFESmodel. However, AFES has low vertical
resolution (e.g., Hamilton et al. 2008), which can affect the meso-
scale spectrum (e.g., Waite 2016).

Malardel and Wedi (2016) conducted a kinetic and avail-
able potential energy spectral analysis of the IFS model. In
particular, the spectral analysis techniques developed by
Augier and Lindborg (2013) were used to examine the role of
physical parameterizations in the k23 spectrum at the synoptic
scale and k25/3 spectrum at the mesoscale. Malardel and Wedi
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(2016) found that KE and APE spectra and their spectral en-
ergy fluxes were significantly affected by physical parameter-
izations. For example, KE and APE spectra were smaller in
adiabatic simulations than in the full physics simulations at all
scales except at very large scales. The energy flux for the con-
version from APE to KE was also significantly affected at dif-
ferent scales when the deep convection parameterization or
vertical diffusion parameterization was disabled. The choice
of physical parameterization could affect the energy cascade.
As suggested by Malardel and Wedi (2016), if physical pro-
cesses were not represented properly due to resolution and
subgrid-scale parameterizations, the parameterized energy
transfer would not be realistic.

Sun et al. (2017) conducted an energy spectral budget anal-
ysis of an idealized nonhydrostatic mesoscale convective sys-
tem simulation. The k25/3 spectrum was found from the lower
troposphere to the lower stratosphere. At small scales, buoy-
ancy flux injected kinetic energy in the upper troposphere and
the vertical flux divergence distributed energy in the vertical
directions through convection and inertia gravity waves. Such
results suggested that the mechanisms responsible for the
spectrum could be three-dimensional. In other words, an
inverse cascade was unlikely to be the main responsible mech-
anism in mesoscale convective systems. However, the simula-
tions were short and far from equilibrium, and there were no
surface fluxes. As a result, it is not clear how relevant this is to
RCE over longer time scales.

We investigate the mechanisms and energy cascade in RCE
simulations with and without self-aggregation by performing
an analysis of the atmospheric energy spectrum and the spec-
tral energy budget. By analyzing the spectral budget and com-
paring nonaggregated and aggregated simulations, we can
understand the role of convection on the development of the
kinetic energy spectrum and the spectral energy budget. The
rest of this paper is organized as follows. In section 2, we pre-
sent the methodology and the details of the spectral budget.
Results and discussion are presented in section 3. In section 3a,
an overview of the simulation is presented. In section 3b, we
discuss kinetic energy spectra and spectral budget. In section 3c,
we discuss nonlinear spectral energy flux. In section 3d, we dis-
cuss compensated kinetic energy spectra. In section 3e, we dis-
cuss the effect of rotation on kinetic energy spectra and spectral
budget. Conclusions are given in section 4. The details on nu-
merical dissipation are given in the appendix.

2. Methodology

a. Model

We use the Advanced Research Weather Research and Fore-
casting (WRF)Model to perform all simulations (Skamarock et al.
2008). The fully compressible nonhydrostatic Euler equations
are solved in WRF (Skamarock et al. 2008) with a third-order
Runge–Kutta time-stepping scheme, a third-order advection
scheme in the vertical, and a fifth-order advection scheme in the
horizontal. Terrain-following hydrostatic pressure is used as the
vertical coordinate.

The setup of our simulations is modified from the
radiative–convective equilibrium test case from WRF. The
initial temperature and moisture profiles are from Rotunno
and Emanuel (1987). The domain size is L(x) 3 L(y) 3 H(z),
where L 5 600 km and H 5 25 km. The horizontal grid spac-
ing is Dx5 4 km, with 199 grid levels in the vertical. The verti-
cal level spacing is about 100 m from the ground to 15 km,
above which the vertical resolution stretches to a level spacing
of about 400 m at the top of the domain. Simulations are run
for 77 days. Boundary conditions are periodic in x and y. In
the top 5 km of the domain, Rayleigh damping with a damp-
ing coefficient of 0.003 s21 is applied. There is no rotation,
except for in one rotation test case, or imposed background
wind.

A brief overview of parameterizations used will be given
here. No planetary boundary layer (PBL) scheme is used. The
SST is set to 302 K. Other RCE studies have performed simu-
lations with similar SST (e.g., Colin et al. 2019; Tompkins and
Semie 2017). Revised MM5 Monin–Obukhov surface layer
scheme (Jiménez et al. 2012), and RRTMG radiation scheme
for longwave and shortwave radiation are used. There is no
diurnal cycle and the incoming solar radiation is set to
434.12 W m22, which corresponds to an effective zenith angle
of 50.58 (e.g., Holloway and Woolnough 2016). We use the
Thompson microphysics scheme (Thompson et al. 2008).
The subgrid turbulence mixing scheme used in simulations
presented is the 1.5-order TKE closure model (Skamarock
et al. 2008).

b. Kinetic energy spectrum and spectral budget

The horizontal kinetic energy (HKE) per unit volume con-
tributed by horizontal wave vector k5 (kx, ky) at height z is

Eh(k, z) 5
1
2
r(z)[û(k,z)*û(k, z) 1 ŷ (k,z)*ŷ (k, z)], (1)

where a hat represents Fourier coefficient and an asterisk denotes
the complex conjugate. It is common to decompose the HKE
into the horizontal rotational (RKE) and divergent kinetic energy
(DKE) (e.g., Augier and Lindborg 2013; Waite and Snyder 2013).
The horizontal kinetic energy is decomposed by Helmholtz
decomposition:

Eh(k, z) 5 RKE(k, z) 1 DKE(k, z), (2)

RKE(k, z) 5 1
2
r(z) d̂

*
d̂

k2h
, (3)

DKE(k, z) 5 1
2
r(z) ĵ

*
ĵ

k2h
, (4)

where kh 5|k|, and

j 5
­u
­x

1
­y

­y
,

d 5
­y

­x
2

­u
­y
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are the horizontal divergence and vertical vorticity of the
horizontal velocity, respectively. RKE is often used to diag-
nose horizontal vortices, while DKE can identify energy from
IGWs. DKE is significantly larger than RKE in the lower
stratosphere, suggesting IGWs are important. In addition,
RKE�DKE in the upper troposphere in many studies (e.g.,
Waite and Snyder 2013; Peng et al. 2015b).

While WRF is a compressible model, acoustic modes are
damped by the semi-implicit time stepping, and so the anelas-
tic approximation is used in the spectral budget analysis (as
in, e.g., Sun et al. 2017). The anelastic approximation is often
employed to simplify the governing equations in the atmo-
sphere due to the fact that density changes with height are
more significant than the changes in the horizontal (e.g., Vallis
2006). The anelastic approximation assumes that the density
(r), pressure (p), and potential temperature (u) can be written
as the sum of a hydrostatically balanced state, which is a func-
tion of height ˜( ? ), and a small perturbed state (?)′:

r 5 r̃(z) 1 r ′(x, y, z, t), (5)

p 5 p̃(z) 1 p ′(x, y, z, t), (6)

u 5 ũ(z) 1 u ′(x, y, z, t): (7)

In the atmosphere, the variation of density, pressure, and po-
tential temperature at a certain height is often small com-
pared to the balanced state (e.g., Vallis 2006), which is given
by |r ′|,, r̃(z). In this approximation, the continuity equation
(e.g., Vallis 2006) takes the simpler form

= ? (r̃ v) 5 0: (8)

With the anelastic approximation, the momentum equations
are written as

Dv

Dt
5 k̂gu

9

y ũ 2 cpuy=p
′ 1

­tij
­xj

, (9)

where v5 (u, y , w)5 (u1, u2, u3) is the velocity vector in three
dimension, = is the three-dimensional gradient operator, u is
the potential temperature, uy is the virtual potential tempera-
ture, p is the Exner function (e.g., Sun et al. 2017), and tij is
the subgrid-scale stress tensor, which is a viscosity-like term
for subgrid turbulence mixing modeling.

To understand the evolution of Eh(k, z), it is useful to con-
sider its budget. This budget was developed by Augier and
Lindborg (2013) on a spherical hydrostatic model, and modi-
fied by Peng et al. (2015a) and Sun et al. (2017) to a nonhy-
drostatic model with rectangular coordinates. The budget is
derived by taking the Fourier transform of the momentum
equations and dotting with the conjugate of the horizontal ve-
locity vectors:

­Eh

­t
(k, z) 5 Re[A(k, z) 1 P(k, z) 1 D(k, z)], (10)

where

A(k, z) 52r(z)û*
iF uj

­

­xj
ui

( )
, (11)

P(k, z) 52r(z)û*
iF cpuy

­

­xi
p ′

( )
, (12)

D(k, z) 5 r(z)û*
iF

­

­xj
(tij)

[ ]
, (13)

where F( ? ) represents the two-dimensional horizontal Fourier
coefficient of (?) which is dependent on z, A(k, z) is the energy
tendency from the nonlinear advection, P(k, z) is the energy
tendency from the pressure term, andD(k, z) is the energy dis-
sipation from subgrid turbulence mixing. Note that in some
other studies, the dissipation is often ignored or calculated as a
residual (e.g., Peng et al. 2015a). We calculate the effect of the
dissipation explicitly in our study. In the analysis of the model
energy spectrum, wavelengths less than 6Dx are often ignored
due to the effect of the dissipation (e.g., Bryan et al. 2003). In
global or regional climate simulations, 6Dx can be the length
of a convective plume or even a convective system (e.g., Bryan
et al. 2003; Bryan and Morrison 2012). Dissipation is Dx
dependent and purely dissipative in eddy viscosity models. Be-
cause of the importance of dissipation, we calculate the dissi-
pative term in the spectral budget explicitly.

The advective contribution to the spectral budget A(k, z)
can be further broken down into the contribution from the
conservative horizontal nonlinear transfer T(k, z), which cor-
responds to conservative transfers of energy between differ-
ent scales at the same height, the sum over k of which at each
height is zero; and a contribution to the divergence of vertical
energy flux (e.g., Augier and Lindborg 2013; Peng et al.
2015a; Sun et al. 2017):

A(k, z) 52rû* ?F u ? =hu 1 u
=h ? u

2

( )
(14)

2
1
2
rû* ?F w

­u

­z

( )
1

1
2
r
­̂u

­z

*

?F(wu) (15)

2
1
2
­[rû* ?F(wu)]

­z
, (16)

5 T(k, z) 2 1
2
­[rû* ?F(wu)]

­z
, (17)

where (14) and (15) can be defined as the horizontal nonlin-
ear transfer T(k, z) and (16) is a part of the divergence of ver-
tical energy flux and it is defined as

Vadv(k, z) 52
1
2
­[rû* ?F(wu)]

­z
:

The pressure term P(k, z) can be decomposed into a contri-
bution from the buoyancy flux and another contribution to the
divergence of vertical energy flux (e.g., Augier and Lindborg
2013; Peng et al. 2015b; Sun et al. 2017):
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P(k, z) ’2cp
­

­z
(ruŵ*p̂ ′) (18)

1 cpruŵ
*F

­p ′
­z

( )
, (19)

52cp
­

­z
(ruŵ*p̂ ′) 1 B(k, z), (20)

where (19) is the buoyancy flux B(k, z). The vertical flux from
(16) and (18) are collected to form the divergence of vertical
energy flux V(k, z), which is given below.

In summary,

­E
­t

(k, z) 5 Re[T(k, z) 1 B(k, z) 1 V(k, z) 1 D(k, z)],
(21)

where

T(k, z) 52rû* ?F u ? =hu 1 u
=h ? u

2

( )
(22)

2
1
2
rû* ?F w

­u

­z

( )
1

1
2
r
­̂u

­z

*

?F(wu), (23)

B(k, z) 5 cpruŵ
*F

­p ′
­z

( )
, (24)

V(k, z) 52
1
2
­[rû* ?F(wu)]

­z
2 cp

­

­z
(ruŵ*p̂ ′), (25)

D(k, z) 5 rû*
iF

­

­xj
tij

( )
: (26)

Due to computational limitations, it is not possible to re-
solve the smallest eddies directly. As a result, Smagorinsky
(1963) suggested the eddy viscosity model which parameter-
izes the subgrid eddies with a viscosity-like term. The subgrid
stress tensor tij is defined as

tij 5 Kh,vDij, (27)

where Dij is the deformation tensor, with i, j 5 1, 2, 3, Kh is
the eddy viscosity for i, j 5 1, 2, and Kv is the eddy viscosity
for i or j 5 3. In the TKE closure model, K is computed using
the evolution of the subgrid turbulence kinetic energy:

Kh,v 5 Cke
1/2Dh,v, (28)

where Ck is a constant, Dh is the horizontal grid spacing, and Dv

is the vertical grid spacing; e is the subgrid turbulence kinetic en-
ergy and its evolution is predicted with a model equation (e.g.,
Wyngaard 2010).

In this study, we will also consider the effect of numerical
dissipation. WRF uses a third-order upwind advection scheme
in the vertical, and a fifth-order upwind advection scheme in
the horizontal (Skamarock et al. 2008), both of which have
weak dissipation. The calculation of the numerical dissipation
is described in the appendix.

All two-dimensional energy and budget spectra on the kx–ky
plane are transformed to one-dimensional spectra on kh as in
Waite and Snyder (2009):

E(kh)Dk 5 ∑
kh20:5Dk#|k|#kh10:5Dk

E(k), (29)

where kh is the nondimensionalized horizontal wavenumber,
Dk 5 2p/L is the wavenumber spacing, and similarly for spec-
tra of T(kh, z), B(kh, z), V(kh, z), and D(kh, z). Unless other-
wise specified, D(kh, z) includes both eddy dissipation and
numerical dissipation.

The nonlinear spectral energy flux P(kh, z) is defined as
(e.g., Peng et al. 2015b)

P(kh, z) 5 Dk ∑
k$ kh

Re[T(k, z)], (30)

where Dk 5 2p/L; P(kh, z) is the rate at which kinetic energy
is transferred downscale past wavenumber kh at height z. Posi-
tiveP implies forward energy transfer and negativeP suggests
inverse energy transfer. A downscale cascade is characterized
by a wide range of constant positive P(kh, z).

When computing energy spectra and the energy spectral
budget terms, fields are interpolated from WRF Model levels
to a constant height at every 50 m, which is about half of the
vertical resolution of the simulation from the lower tropo-
sphere to the lower stratosphere (as in Sun et al. 2017). Non-
linear terms are computed after interpolating to higher
horizontal resolution to eliminate aliasing (e.g., Durran 2010).
This approach ensures that T(k, z) is indeed conservative.
Horizontal derivatives are computed with Fourier transform
and the vertical derivatives are computed with the second-
order central finite difference scheme. All energy spectra pre-
sented are averaged in both time (final 42 days of simulation)
and height. In the following discussion, the upper troposphere
is defined as the region between 6 and 10 km in height and
the lower stratosphere is defined as the region between 15.5
and 17 km in height.

Two main simulations will be discussed: one with and one
without aggregation. Unless otherwise specified, we will focus
our following discussion on the two simulations without rota-
tion. Note that whether or not aggregation occurs is strongly
affected by the subgrid turbulence scheme. It is very hard to
get aggregation if the standard TKE subgrid turbulence
scheme is used. Inspired by Tompkins and Semie (2017), we
have multiplied the TKE coefficient (Ck) by two in the aggre-
gated simulation. In the following discussion, we will call
the simulation with the default TKE coefficient (Ck 5 0.15)
the nonaggregated simulation and the simulation the larger
TKE coefficient (Ck 5 0.3) the aggregated simulation. The
configuration of the nonaggregated and aggregated simula-
tions are otherwise identical. We will discuss the evolution,
horizontal kinetic energy spectra, and the spectral budgets of
the aggregated and nonaggregated simulations in this section.
Note that features with length scale of less than 6Dx (kh . 25)
are often considered as not well-resolved (e.g., Sun et al.
2017; Menchaca and Durran 2019). As a result, findings from
scales smaller than 6Dx (24 km) will be interpreted with care.
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Not surprisingly, we find that the energy budget at these mar-
ginally resolved scales is dominated by dissipation. An addi-
tional shorter simulation with rotation added will be
presented to briefly demonstrate the effect of rotation on the
kinetic energy spectrum and the spectral energy budget. The
detail of the rotation simulation will be given in the corre-
sponding subsection.

3. Results and discussion

a. Overview of the simulations

To identify and quantify aggregation, we visualize the evolu-
tion of the outgoing longwave radiation at top of the atmo-
sphere (TOA OLR) in Fig. 1. In the nonaggregated simulation
(Figs. 1a–h), the system reaches approximate equilibrium at
about 320 h. After the simulation reaches equilibrium, the con-
vective cores are randomly distributed over the whole domain
and remain so throughout the remaining time of the nonaggre-
gated simulation (Figs. 1a–h). Note that the convective system
develops some large-scale structure at late times (e.g.,
Figs. 1e–h), but they are very different from the large isolated
convective structure that develops in the aggregated case. In the
aggregated simulation (Figs. 1i–p), the convective cores are ran-
domly distributed in the domain at early times. The convective
cores aggregate significantly after 160 h and the simulation
reaches an aggregated state, with one large cloud region sur-
rounded by a dry region, after about 480 h (Figs. 1k–p).

We find that aggregation changes mean profiles, which
agrees with findings from other studies (e.g., Wing et al. 2017).
In the nonaggregated simulation, there are no significant
changes to the water vapor mixing ratio profile throughout the
simulation (Fig. 2a). In contrast, the lower troposphere in the
aggregated simulation dries as the convective system reaches
an aggregated state (Fig. 3a). The drying in the troposphere in
the aggregated simulation has also been reported in other
studies (e.g., Bretherton et al. 2005; Wing and Cronin 2016).
The vertical profile of the cloud water plus cloud ice mixing ra-
tio changes throughout the simulation for nonaggregated sim-
ulation (Fig. 2b). On the other hand, there is a significant
increase in cloud condensate (cloud water plus cloud ice) over
time in the lower troposphere of the aggregated simulation
(Fig. 3b), which is consistent with the findings from other stud-
ies such as Wing and Cronin (2016). Note that while Wing and
Cronin (2016) found that there was a reduction in cloud con-
densate in the midtroposphere with aggregation, there is no
obvious trend of increase or decrease in midtroposphere liquid
condensate in our study. The cloud-top height of the aggre-
gated simulation is slightly lower than the cloud-top height of
the nonaggregated simulation (Figs. 2b and 3b).

The variance of frozen moist static energy (e.g., Wing and
Emanuel 2014; Wing et al. 2017) or OLR (e.g., Muller and
Held 2012) can be employed to quantify aggregation. We will
use the variance of frozen moist static energy to quantify ag-
gregation. As we can see in Figs. 2d and 3d, the variance of
FMSE in the aggregated simulation is significantly larger than
the variance in the nonaggregated simulation. A larger
variance of FMSE suggests the convective system is more

aggregated in line with the findings above. According to the
variance of FMSE time series, the nonaggregated simulation
reaches a stable state at about 300 h (Fig. 2d) as found above.
After that, we can see that the variance of FMSE oscillates
around the same level throughout the remaining simulation
time and increases slightly at around 800 h. After it reaches
the peak at about 950 h, it drops significantly from 950 to
1600 h. The fact that the variance of FMSE oscillates from
300 to 800 h suggests that the convective system aggregates
and disaggregates slightly even after it reaches its equilibrium
state. Similarly, the convective system in the aggregated simu-
lation reaches its most aggregated state at about 450 h, then it
disaggregates slightly. After the drop at 450 h, the variance of
the FMSE oscillates. The oscillation in variance of FMSE sug-
gests that the convective system in the aggregated also aggre-
gates and disaggregates throughout the simulation. Overall,
while there are some significant variations in the FMSE time
series in Fig. 2d, the overall magnitude of the FMSE variance
is still much smaller than in the aggregated case in Fig. 3d.
The different OLR structures in Fig. 1, and the different
FMSE variance magnitudes in Figs. 2 and 3, support the iden-
tification of these cases as nonaggregated and aggregated.

b. Kinetic energy spectra and budget

In this section, we will discuss the difference in the horizontal
kinetic energy spectrum and spectral budget of the aggregated
and nonaggregated simulation in the upper troposphere. After
that, we will discuss the difference in the lower stratosphere.

1) UPPER TROPOSPHERE

The horizontal kinetic energy spectrum for the nonaggre-
gated simulation in the upper troposphere is much shallower
than the 25/3 spectrum (Fig. 4a). By contrast, the horizontal
kinetic energy spectrum for the aggregated simulation in the
upper troposphere is steeper than the nonaggregated case and
closer to 25/3 (Fig. 4b). The fact that the horizontal kinetic
energy spectrum is more energetic at scales of O(100) km in
the aggregated simulation is consistent with the size of the ag-
gregated convective cores (Fig. 1). The convective core in the
aggregated simulation aggregates and forms a large convec-
tive system of a few hundred kilometers in size, which is not
seen in the nonaggregated simulation.

Horizontal kinetic energy equals the sum of divergent
kinetic energy and rotational kinetic energy. In the nonaggre-
gated simulation, RKE is similar to DKE over most scales in
the upper troposphere, with the DKE spectrum marginally
larger than the RKE spectrum for kh , 40 (Fig. 4a). In the ag-
gregated simulation, the DKE�RKE for kh , 30 (Fig. 4b).
In other studies such as Waite and Snyder (2013) and Peng
et al. (2015b), it was found that RKE�DKE in the upper tro-
posphere, while DKE dominates in our simulations. The dif-
ference is likely due to the fact that their simulations were
driven by large-scale vortices and rotation, while our nonag-
gregated and aggregated simulations are driven by surface
fluxes and convection in a nonrotating environment. This con-
clusion is confirmed by the rotation simulation presented in
section 3e.
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The tendency of the horizontal kinetic energy spectrum can
be decomposed into the nonlinear transfer T(kh), the vertical
energy flux V(kh), the buoyancy flux B(kh), and the dissipa-
tion D(kh). In the upper troposphere, the nonaggregated sim-
ulation gains kinetic energy from the buoyancy flux term and
loses energy from vertical energy flux and dissipation
(Fig. 4c). The energy gain from the buoyancy flux and energy

loss from the vertical energy flux is approximately balanced
for kh , 30 (wavelengths larger than 20 km). Moist processes
energize the mesoscale by directly injecting energy at the me-
soscale (as in Waite and Snyder 2013). Convection adds latent
heating and potential energy, some of which is converted to
KE by the buoyancy flux. Hence, the buoyancy flux injects
kinetic energy to the flow. Most of this kinetic energy is

FIG. 1. The outgoing longwave radiation (W m22) at top of the atmosphere (TOA OLR) for the nonaggregated simulation at t5 (a) 160,
(b) 320, (c) 480, (d) 640, (e) 800, (f) 1120, (g) 1440, and (h) 1760 h and for the aggregated simulation at t 5 (i) 160, (j) 320, (k) 480, (l) 640,
(m) 800, (n) 1120, (o) 1440, and (p) 1760 h.
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removed from the upper troposphere by vertical energy
fluxes. The energy loss from the vertical energy flux is likely
associated with the upward-propagating gravity waves. At
smaller scales, the energy gain from buoyancy flux is mainly
balanced by the loss of energy from dissipation at kh . 30,
which corresponds to wavelength of 20 km or less. The energy
gain from buoyancy flux and the energy loss from dissipation
both peak at about kh 5 75, which corresponds to a wave-
length of 2Dx. Recall that scales smaller than 6Dx, or kh . 25,
are only marginally resolved. Kinetic energy from buoyancy
flux is mainly generated at the smallest scales in the nonaggre-
gated simulation. At all scales, the nonlinear transfer term is
weak compared to the other terms in the budget. Note that
the transfer term is conservative, so the sum of the transfer
term should be zero. We can see that there is a positive

contribution for the transfer term for kh . 20, which suggests
that there is a negative contribution from kh , 20. This means
energy transfer from large scale to small scales, which corre-
sponds to downscale energy transfer.

The terms in the spectral budget for the aggregated simula-
tion in the upper troposphere are weaker than the terms for
the nonaggregated simulation (Fig. 4d). Unlike the nonaggre-
gated simulation, the energy gain from the buoyancy flux is
not mainly balanced by the loss of energy from the vertical
energy flux for kh , 3 in the aggregated simulation; rather, it
is balanced by the loss of energy from the transfer term and
the vertical energy flux. Note that kh , 3 corresponds to
length scales larger than 200 km, which is approximately the
size of the convective core in the aggregated simulation. The
energy gain from the buoyancy flux is balanced by the energy

FIG. 2. Vertical profiles of (a) water vapor mixing ratio, (b) cloud water plus cloud ice mixing ratio, and (c) tempera-
ture at t 5 160 (black), 320 (blue), 480 (green), 640 (red), 800 (orange), 1120 (purple), 1440 (light pink), and 1760 h
(dark pink) and (d) the time series of the variance of vertically integrated frozen moist static energy (FMSE) for the
nonaggregated simulation. The variance of vertically integrated FMSE is smoothed with a 24-h moving average.
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loss in the vertical energy flux at smaller scales in the aggre-
gated simulation for 3 , kh , 30. For kh . 30, there is energy
gain from the vertical energy flux for the aggregated simula-
tion, which is different from the nonaggregated simulation;
while there is still a positive contribution from the buoyancy
flux at these scales, it is not the dominant term. Note that
scales smaller than 6Dx (kh . 25) are not well-resolved. The
positive contributions from the vertical energy flux, transfer,
and buoyancy flux are balanced by the dissipation. Similar to
the nonaggregated simulation, there is a positive contribution
for the transfer term at large kh, which again implies that
there is downscale energy transfer. Nevertheless, since the
transfer term contributes a relatively small part to the overall
spectral budget, the spectrum does not appear to result from
a turbulent cascade; rather, it is due to a balance between
forcing by buoyancy flux and removal by vertical energy flux.
The fact that the kinetic energy spectrum of the aggregated
simulation is steeper than that in the nonaggregated case, and

closer to the 25/3 spectrum, may be due to the fact that B,
which adds kinetic energy, has a much broader spectrum in
the aggregated simulation than in the nonaggregated simula-
tion, where is it more dominated by small scales. Notice that
the buoyancy flux and vertical energy flux divergence terms
peak at a smaller wavelength in the nonaggregated simulation
than in the aggregated simulation. This is reasonable because
of the convective core in the aggregated simulation corresponds
to a larger wavelength than the convective core in the nonaggre-
gated simulation. The fact that there is a change in sign in the
vertical energy flux term at small scales in the upper troposphere
for the aggregated simulation (Fig. 4d) is different from what
was found in Sun et al. (2017), in which buoyancy flux was posi-
tive and vertical energy flux was negative in the upper tropo-
sphere at all wavelength. Note that the peak of all the terms in
the spectral budget in the upper troposphere are at kh 5 75 for
both simulations, which suggests that, as expected, Dx 5 4 km
may not be sufficient to fully resolve small-scale convection.

FIG. 3. As in Fig. 2, but for the aggregated simulation.

L A I A ND WA I T E 1961AUGUST 2023

Brought to you by UNIVERSITY OF WATERLOO | Unauthenticated | Downloaded 08/10/23 12:55 PM UTC



Figures 5a and 5c show the sum of the computed budget
terms along with the tendency of the horizontal kinetic energy
spectrum. The budget is approximately balanced for the well-
resolved wavenumbers kh , 25 in both the aggregated and
nonaggregated. Note that features with length scale of less
than 6Dx (kh . 25) are often considered as not well-resolved
and we should treat the result in the underresolved range with
care. Even at large kh, the residual is less than 13% of the
maximum terms in the budget, and is likely due to additional
model damping terms and error.

2) LOWER STRATOSPHERE

In the lower stratosphere, the nonaggregated horizontal
kinetic energy spectrum is again shallower than25/3 (Fig. 6a).
The horizontal kinetic energy spectrum for the nonaggregated
simulation is less energetic than the spectrum from the aggre-
gated simulation (Fig. 6b), which resembles the 25/3 spectrum
for 4 , k , 20 (wavelength between 30 and 150 km). The di-
vergent kinetic energy dominates the horizontal kinetic energy
at all wavenumbers in both the nonaggregated and aggregated
simulations, as reported in other studies (e.g., Menchaca and
Durran 2019). In Menchaca and Durran (2019), their Fig. 6b,
we can see that the DKE dominated the horizontal kinetic en-
ergy spectrum from wavelength of 60 to 180 km and the RKE
dominated the horizontal kinetic energy spectrum in the larger
scales. The domination of the DKE in all wavelength in our

study is likely due to the fact that there is no rotation in our
nonaggregated and aggregated simulations, which is confirmed
by the simulation with rotation (see section 3e). Both the hori-
zontal kinetic energy spectra from the aggregated and nonag-
gregated steepen for kh . 30. The steepening of the spectrum
at wavelengths smaller than 6Dx has also been found in other
studies (e.g., Peng et al. 2015a; Sun et al. 2017; Menchaca and
Durran 2019) and is due to numerical dissipation and the sub-
grid turbulence scheme.

The spectral budgets for both the aggregated and nonaggre-
gated simulations in the lower stratosphere are similar in
overall shape, but different in magnitude (Figs. 6c,d). The
terms of the spectral budget from the aggregated simulation
are about an order of magnitude smaller than those from the
nonaggregated simulation. For both the aggregated and the
nonaggregated simulation, the vertical energy flux is the main
source of energy gain. The transfer and buoyancy flux re-
moves kinetic energy at most length scales, except for the hor-
izontal mean flow at kh 5 0. Similar to what was found in the
upper troposphere, the aggregated simulation produces a
steeper KE spectrum closer to 25/3 at larger scales because
V, which adds kinetic energy, has a much broader than in the
nonaggregated simulation, which are more dominated by
smaller scales. The dissipation removes energy at a rate that is
about half of the transfer term for both simulations. The en-
ergy gain from the vertical energy flux is removed by the

FIG. 4. The horizontal kinetic energy spectrum (blue), rotational kinetic energy spectrum (yellow), and divergent kinetic energy spec-
trum (purple) in the upper troposphere (6–10 km) for (a) the nonaggregated simulation and (b) the aggregated simulation; and the spec-
tral budget, including horizontal nonlinear energy transfer (blue), buoyancy flux (yellow), vertical energy flux divergence (red), dissipation
from the subgrid mixing scheme (purple), and numerical dissipation (green), in the upper troposphere for (c) the nonaggregated simula-
tion and (d) aggregated simulation. All spectra are averaged in the vertical and in time from 841 to 1848 h. Budget spectra are multiplied
by kh, for all kh except for kh 5 0, to preserve area on semilog plots. Note that kh 5 0 is shown in (c) and (d).
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transfer term, the buoyancy flux, and the dissipation, similar
to what was found in Sun et al. (2017). Sun et al. (2017) found
that a significant amount of kinetic energy was injected by the
vertical energy flux in the lower stratosphere and that energy
was removed by the transfer term, the buoyancy flux, and the
dissipation. Also note that in Menchaca and Durran (2019),
while the vertical energy flux injected energy at wavelengths
from 50 to 180 km, it also removed energy at large scales of
900 km.

While the transfer term is not significant in the upper tropo-
sphere, it is more important in the lower stratosphere. Since
the transfer term is conservative, the loss of energy from kh . 1
means that there is an energy gain at kh # 1. In other words,
there is an upscale energy transfer in the lower stratosphere for
both the aggregated and nonaggregated simulation. In particu-
lar, most of the upscale transfer goes into the mean flow
(kh 5 0). The dissipation is removing energy at small scales in
both simulations, which is consistent with other studies such as
Sun et al. (2017).

The sum of all the terms in the spectral budget matches rel-
atively well with the tendency of the horizontal kinetic energy.
The difference between the sum of all the terms and the ten-
dency is less than 9% of the maximum of all the terms for
both the aggregated simulation and the nonaggregated simu-
lation (Figs. 5b,d). Be mindful that features with kh . 25 are
often considered not well-resolved.

c. Nonlinear spectral energy flux

In the above discussion of the nonlinear transfer, we see
that the direction of energy transfer can be determined by the
shape of the transfer term. A more systematic way of deter-
mining the direction of energy transfer is to look at the non-
linear spectral energy flux. If the nonlinear spectral energy
flux is positive (negative), it means that there is direct, down-
scale (inverse, upscale) energy transfer.

For the nonaggregated simulation, direct energy transfer or
weakly inverse energy transfer can be found in the upper tro-
posphere at all scales (Fig. 7). By contrast, at heights above
11 km, inverse energy transfer happens at almost all scales
(Fig. 7) for the nonaggregated simulation, except for some di-
rect energy transfer at heights from 14 to 15 km.

Similarly, for the aggregated simulation, we can see that at
heights from 6 to 10 km (upper troposphere), there is direct
energy transfer at kh . 2 (Fig. 8). At a height above 12.5 km,
inverse energy transfer dominates at kh 5 2–30 (Fig. 8). A di-
rect energy cascade has also been reported in Augier and
Lindborg (2013) and Peng et al. (2015b). Peng et al. (2015b)
found that there was a direct energy cascade for scale less
than 2000 km in a baroclinic wave in the upper troposphere.

Note that the sum of T(kh) has to be zero. The fact that we
see T(kh . 0) , 0 at most scales in the lower stratosphere for
both simulations suggests that T(0) has to be larger than zero,
which is also confirmed by the budgets in Fig. 6. In fact,

FIG. 5. The rate of change of kinetic energy spectrum (dE/dt) is compared to the sum of the budget for the nonaggregated simulation
(a) in the upper troposphere and (b) in the lower stratosphere, and for the aggregated simulation (c) in the upper troposphere and (d) in
the lower stratosphere. The error is the ratio between the absolute value of the difference between the sum of the budget and dE/dt and
the maximum of the absolute value of all the terms in the budget.
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kh 5 0 is the only wavenumber at which T(kh) is significantly
larger than zero. As a result, the upscale transfer in the lower
stratosphere corresponds to transfer directly into the horizontal
mean flow with kh 5 0, rather than a turbulent inverse cascade
into eddies of large but finite scales, as in two-dimensional and
quasigeostrophic turbulence.

An inverse cascade in the lower stratosphere has also been
reported by Peng et al. (2015a), Sun et al. (2017), and Menchaca
and Durran (2019). Sun et al. (2017) found energy transferred
out of small convective scales to larger scales, but it is not clear
whether it is going into their mean flow or not. Unlike our
transfer, transfers in Peng et al. (2015a) and Menchaca and
Durran (2019) are mainly into small nonzero kh. Notably, both
of these simulations had rotation. Peng et al. (2015a) found in-
verse transfer from 200 to 3000 km and Menchaca and Durran
(2019) found that inverse cascade can exist from 90 to 1500 km
in their two mountain simulations. The inverse cascade in
Menchaca and Durran (2019) occurred with flow over moun-
tains, in which a significant amount of gravity waves were gener-
ated in the mesoscale. The fact that the inverse cascade was
associated to gravity waves in their finding is similar to ours. As
suggested by the vertical energy flux in our budgets (Figs. 6c,d)
from the lower stratosphere, our lower stratospheres are domi-
nated by waves as well. Note that in their simulation with no
mountains, there was forward cascade instead of inverse cascade.

Inspired by the Eliassen–Palm (EP) flux discussion in
Menchaca and Durran (2019), we would like to relate the
transfer term at kh 5 0 to the rate of change of the mean-flow
kinetic energy, which is given by the sum of the following two
equations:
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where ( ? ) represents the horizontal average and (?)′ repre-
sents the perturbed state from the horizontal average. The
first term on the right is the contribution from eddies or the
EP flux and the second term on the right is the contribution
from the mean flow. Note that the equations above neglect
dissipation because we are interested in the wave–mean-flow
interaction and the mean-flow interaction here.

The horizontal mean-flow kinetic energy also can be expressed
using the advection terms in the spectral budget at kh 5 0, which
can be further decomposed into the contribution from the trans-
fer term and from part of the vertical flux term:
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Table 1 shows the contribution of EP flux, mean-flow inter-
action, T(0), and Vadv(0) in the upper troposphere and the
lower stratosphere for both simulations. EP fluxes are signifi-
cantly larger than the mean-flow interaction in all cases. We
can further our understanding of the EP flux when we con-
sider T(0) and Vadv(0) as well. In the upper troposphere, the
EP flux is dominated by Vadv(0) in both simulations and the
contribution from the mean flow is smaller. This suggests that

FIG. 6. As in Fig. 4, but in the lower stratosphere (15.5–17 km).
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the mean flow gains energy by vertical energy flux from the
advection and the nonlinear transfer term T(0) is not as im-
portant as the vertical energy flux in the upper troposphere.
In other words, the direct energy cascade found in the upper
troposphere does not relate to the wave–mean-flow interac-
tion. In the lower stratosphere, we can see that the EP flux is
dominated by T(0) in both simulations. As a result, the fact
that T(0) is positive and significant (inverse energy transfer)
in the lower stratosphere in both simulations can be explained
by the EP flux contribution. Such inflow of energy to the
mean flow from the transfer term T(0) in the lower strato-
sphere is a result of interactions with small-scale waves. Note
that while T(0) is stronger, the energy loss of vertical energy
flux from the advection for the aggregation is also significant.

d. Compensated kinetic energy spectra

To compare the kinetic energy spectra to observational
studies such as Li and Lindborg (2018), one-dimensional
(zonal) compensated wavenumber kinetic energy spectra for
the nonaggregated and aggregated simulations are computed.

Density dependence is removed to compute kx spectra of KE
per unit mass. One-dimensional compensated spectra are
plotted in Fig. 9. These spectra are multiplied by k25/3

x and
plotted on log-linear axes to more carefully compare with a
25/3 spectrum. The kinetic energy spectrum from the aggre-
gated simulation is closer to the 25/3 spectrum when compared
to the nonaggregated simulation in both the upper troposphere
and lower stratosphere. The kinetic energy spectrum for the non-
aggregated simulation is shallower than 25/3 out to kx ’ 15.
Even though the slope of the compensated spectrum from the
aggregated simulation in the upper troposphere is positive from
kx 5 1–10, it only increases by a factor of 1.5; by contrast, the
compensated kinetic energy spectrum for the nonaggregated
simulation increase by a factor of approximately 4–5 for
kx 5 1–10. The compensated kinetic energy spectrum confirms
that DKE is similar to RKE in the upper troposphere and DKE
dominates the lower stratosphere for both simulations.

Note that even though there is no baroclinic instability and ro-
tation in our nonaggregated and aggregated idealized simulations,
the magnitudes of our compensated kinetic energy spectra are
similar to spectra calculated from aircraft data in Li and Lindborg
(2018) Fig. 4. They also showed that all of their compensated

FIG. 7. The nonlinear transfer spectral energy flux P(k, z)
(m2 s23 kg m23), which is averaged in time from 841 to 1848 h,
from height 6 to 17 km for nonaggregated simulation.

FIG. 8. As in Fig. 7, but for the aggregated simulation.

TABLE 1. The Eliassen–Palm flux contribution (m2 s23 kg m23), mean-flow contribution (m2 s23 kg m23), transfer at kh5 0 (m2 s23 kg m23),
and vertical flux from the advection at kh5 0 (m2 s23 kgm23) for the upper troposphere and the lower stratosphere.

Simulation EP-flux Mean-flow interaction T(0) V(0) from advection

The upper troposphere (6–10 km)
Nonagg 1.99 3 1026 22.60 3 1028 22.68 3 1027 5.17 3 1027

Agg 2.92 3 1027 5.08 3 10210 21.02 3 1028 7.31 3 1028

The lower stratosphere (15.5–17 km)
Nonagg 2.59 3 1025 4.99 3 1029 2.48 3 1025 27.26 3 1026

Agg 5.41 3 1026 9.42 3 1029 6.28 3 1026 23.34 3 1026
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kinetic energy spectra are flat in the mesoscale, which suggested
that the spectra were close to the25/3 spectrum.

e. Rotation

The effect of rotation is briefly examined in this subsection.
An additional simulation with rotation is run for 42 days and
results are averaged for the last 7 days. The setup of the simu-
lation is the same as the nonaggregated simulation, except for
the inclusion of midlatitude rotation (f 5 1024 s21). With the
addition of rotation, aggregation is identified in the simulation
at about 640 h. The convective system looks similar to the ag-
gregated simulation and remains aggregated in the remaining
simulation time. In the upper troposphere, the kinetic energy
spectrum resembles the 23 spectrum from kh 5 6 to kh 5 20
(Fig. 10a) in the rotation simulation. This is different from
other studies such as the rotation simulation from Sun et al.
(2017) and observation from Callies et al. (2014), which found
that kinetic energy has a 25/3 spectrum at the mesoscale in
the upper troposphere. In Sun et al. (2017), the simulation
time was significantly shorter and there was low-level wind
shear. The fact that our simulations are much longer allows
time for energetic large-scale vortices to develop. In addition,
the absence of imposed low-level shear in our simulations may
result in different vertical structures. These two factors may
explain the steeper spectrum in our study. With the addition
of rotation, RKE dominates the kinetic energy spectrum for
kh , 10. DKE is marginally stronger than RKE from kh 5 10
to kh 5 50. The DKE spectrum is shallower, similar to 25/3,

and so it eventually crosses the RKE spectrum, leading to mar-
ginally stronger DKE at kh . 10, which is similar to other
studies (e.g., Waite and Snyder 2013). In the aggregated and
nonaggregated simulations without rotation, RKE and DKE
are similar in magnitude for most kh. The kinetic energy spectrum
from the simulation with rotation is also more energetic than the
simulations without rotation. The fact that RKE�DKE in the
upper troposphere in the rotation simulation is similar to the find-
ings from other studies such as Waite and Snyder (2013) and
Peng et al. (2015b).

In the upper troposphere, the energy gain from the buoy-
ancy flux is mainly balanced by the loss of energy from the
vertical energy flux for kh � 10 in the rotation simulation. For
kh ’ 10 to 20, there is energy gain from the vertical energy
flux that is balanced by the energy loss from the buoyancy
flux. The transfer term plays a more significant role in the ro-
tation simulation in the upper troposphere. In the simulations
without rotation, the transfer term is weak in the upper tropo-
sphere. The transfer term in the rotation simulation transfers
energy from large scales to small scales. Energy is dissipated
by the dissipation terms at small scales.

In the lower stratosphere, the kinetic energy spectrum is steeper
than 25/3 but shallower than 23. The kinetic energy spectrum
for the rotation simulation in the lower stratosphere is dominated
by RKE for kh�2 and dominated by DKE for kh . 2. Note that
this is very different from the simulations without rotation. In the
simulation without rotation, the kinetic energy spectra for both
simulations are dominated by DKE.

FIG. 9. The compensated kinetic energy spectrum for the nonaggregated simulation (a) in the upper troposphere and (b) in the lower
stratosphere, and for the aggregated simulation (c) in the upper troposphere and (d) in the lower stratosphere. All spectra are averaged in
the vertical and in time from 841 to 1848 h.
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In the lower stratosphere, there is a strong energy gain
from the vertical energy flux for all kh in the rotation
simulation. It is balanced by energy loss from buoyancy and
dissipation. The transfer term is transferring energy out of in-
termediate scales into larger and smaller scales. Note that the
dissipation from the subgrid turbulence scheme is significant
even at large scales. The vertical resolution stretches signifi-
cantly as height increases above 12 km. In our simulations,
the vertical resolution at height below 10 km is fairly close to
100 m. The vertical resolution at 15.5 km is approximately
120 m and the vertical resolution at 17 km is approximately
140 m. Low vertical resolution might be leading to significant
dissipation at large horizontal scales from vertical gradients
(however, this large-scale dissipation was not observed in the
simulations without rotation). We decided to keep the same
vertical resolution in the rotating case to facilitate compari-
sons with the nonrotating simulations. It is worth noting that
the nonnegligible dissipation at large scales in the lower
stratosphere has also been reported in Fig. 9 of Menchaca and
Durran (2019).

4. Conclusions

Aggregation in RCE has an impact on the kinetic energy
spectrum. In the upper troposphere, the horizontal kinetic en-
ergy spectrum is much shallower than the 25/3 spectrum for

the nonaggregated simulation. The spectrum for the aggre-
gated simulation is much steeper than the spectrum for the
nonaggregated simulation and closer to the 25/3 spectrum.
This difference is consistent with the convective system being
more energetic in the large scales for the aggregated simula-
tion. In the upper troposphere, DKE is similar to RKE at
most scales for the nonaggregated simulation and DKE is
slightly larger than RKE for kh , 30 (wavelengths larger than
20 km) in the aggregated simulation. The significant DKE at
all scales is likely because of the fact that there is no rotation
or large-scale baroclinic instability in our study. The lack of
rotation leads to the domination of the DKE in the nonaggre-
gated and aggregated simulation, as confirmed by the simula-
tion with rotation. The addition of rotation was found to
facilitate aggregation and development of a 23 spectrum
dominated by RKE, in line with other studies.

In the upper troposphere, there is energy gain from the
buoyancy flux for both the aggregated and nonaggregated
simulation. Buoyancy flux due to latent heating from the con-
vection injects energy into the upper troposphere. In both the
nonaggregated and aggregated simulation, the energy gain
from buoyancy flux is balanced by energy loss from the verti-
cal energy flux for kh , 30. In the upper troposphere for both
simulations, the transfer term transfers some energy from
large to small scales and that energy is dissipated, which is
consistent with a direct energy cascade.

FIG. 10. The horizontal kinetic energy spectrum (blue), rotational kinetic energy spectrum (purple), and divergent kinetic energy spec-
trum (green) for (a) the upper troposphere (6–10 km) of the rotation simulation and (b) the lower stratosphere (15.5–17 km) of the rota-
tion simulation; and the spectral budget, including horizontal nonlinear energy transfer (blue), buoyancy flux (yellow), vertical flux diver-
gence (red), dissipation from the subgrid mixing scheme (purple), and numerical dissipation (green), in the upper troposphere for (c) the
upper troposphere (6–10 km) of the rotation simulation and (d) the lower stratosphere (15.5–17 km) of the rotation simulation. All spectra
are averaged in the vertical and in time from 841 to 1008 h. Budget spectra are multiplied by kh, for all kh except for kh 5 0, to preserve
area on semilog plots. Note that kh 5 0 is shown in (c) and (d).
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In the lower stratosphere, the horizontal kinetic energy
spectrum is shallower than 25/3 and steepens at larger kh
from dissipation. The horizontal kinetic energy spectrum for
the aggregated simulation resembles the 25/3 spectrum for
4 , kh , 20. DKE dominates the horizontal kinetic energy
spectrum at all kh for both simulations. The spectral budgets
for both the aggregated and nonaggregated simulations are
similar in shape but different in magnitude. The vertical en-
ergy flux injects energy to the lower stratosphere and this en-
ergy gain is balanced by energy loss from the buoyancy flux,
the transfer term, and the dissipation at most scales. Note that
the sum of the transfer term has to be zero. The energy loss at
kh . 1 is transferred upscale and results in energy gain in the
mean flow, which suggests that inverse energy transfer exists
in the lower stratosphere. This upscale energy transfer ener-
gizes the mean flow in the lower stratosphere, which can be
explained by the Eliassen–Palm wave–mean-flow analysis.
The transfer of energy to the mean flow in the lower strato-
sphere is likely due to interactions with small-scale waves.
Strong wave activity in the lower stratosphere triggers the
wave–mean-flow interaction, and hence energy is transferred
from small scales to the mean flow. This may suggest that
wave–mean-flow interaction may be responsible for the in-
verse energy transfer in the lower stratosphere, but not neces-
sarily the same kind of energy cascade/transfer found in
inertial-gravity waves and strongly stratified turbulence in ex-
plaining the25/3 spectrum.

Even without large-scale forcing and rotation in our nonag-
gregated and aggregated simulations, the magnitudes of our
compensated kinetic energy spectra are similar to spectra cal-
culated from aircraft data. Our results show that latent heat-
ing and radiative cooling, through buoyancy and vertical
energy fluxes, can force a KE spectrum that resembles a 25/3
power law. This spectrum is not due to a turbulent cascade;
the role of the nonlinear advective transfer is relatively insig-
nificant. These results serve as a caution that care should be
taken when making interpretations about dynamics from the
shape of the KE spectrum alone. Note that aggregation does
not seem to be an inverse cascade; it results from the buoy-
ancy flux and the vertical energy flux, not the transfer.

In this work, we use model simulations to explore different
phenomena and mechanisms that govern the mesoscale en-
ergy spectrum. These phenomena and mechanisms are pre-
sent in the real atmosphere, and idealized simulations allow
us to isolate them. RCE experiments focus on dynamics
driven by convection, in contrast to previous idealized studies
that have focused on, for example, stratified turbulence
(Lindborg 2006) and baroclinic instability (Waite and Snyder
2009). We show that RCE develops an energetic mesoscale
from a spectral budget that is not an energy cascade, but
rather a balance between buoyancy flux and vertical flux. The
implication of these results is that in regions dominated by
convection, the mesoscale spectrum develops differently than
a turbulent cascade.

Future work should focus on the effect of domain size and
more carefully identifying gravity waves. Due to the computa-
tional expense, it is difficult to run long RCE simulations with
a larger domain or higher resolution. Limited domain size

may affect our results, and presents a challenge for compari-
sons with other studies at larger scales. The energy transfer to
the mean flow should be investigated with a larger domain.
Note that in Peng et al. (2015b) and Menchaca and Durran
(2019), the domain size of their simulation was significantly
larger than the simulations we presented and rotation was
present. This suggests that an inverse energy cascade may ex-
ist at scale as large as O(1000) km, at least in the presence of
rotation. While we suggest that wave activity may lead to en-
ergy transfer from small to large scales, more investigation
should be performed. In the H500 mountain simulation from
Menchaca and Durran (2019), DKE dominated the HKE
spectra in the lower stratosphere at scales less than 900 km.
Hence, they concluded that IGWs are important in the lower
stratosphere and that might be an explanation for the inverse
energy transfer. Is there a way to measure wave activity at a
particular length scale? There is a need to confirm if wave ac-
tivity is crucial in explaining the inverse energy transfer found
in the lower stratosphere in the future. DKE is one tool but
more work is needed to confirm that DKE identifies waves,
and how the wave–mean-flow interaction in our work com-
pares to the inverse cascades reported elsewhere.
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APPENDIX

Modified Equation

When investigating the effect of numerical dissipation for a
partial differential equation, the modified equation can be
used. The modified equation is a partial differential equation
to which the discretization is a better approximation that the
original PDE. It takes both the temporal and spatial discretiza-
tion into consideration. The modified equation for a one-
dimensional linear advection equation, discretized as in WRF,
will be given in this section. Consider an advection equation
­q/­t52U­q/­x with a constant and positive flow velocity of
U. The RK3 time-integration scheme used by WRF for the ad-
vection (Skamarock et al. 2008) is given by

qn11
i 5 qni 2

UDt
Dx

(q**i11/2 2 q**i21/2), (A1)

where

q**i 5 qi 2
UDt
2Dx

(q*i11/2 2 q*i21/2), (A2)

q*i 5 qi 2
UDt
3Dx

(qi11/2 2 qi21/2): (A3)
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For horizontal advection, a fifth-order discretization for
qi21/2 is used:

qi21/2 5 (qadv)6thi2(1/2) 2
1
60

(qi12 2 qi23)
[

2 5(qi11 2 qi22) 1 10(qi 2 qi21)
]
, (A4)

where (qadv)6thi21/2 is the sixth-order flux:

(qadv)6thi21/2 5
37
60

(qi 1 qi21) 2
2
15

(qi11 1 qi22)

1
1
60

(qi12 1 qi23): (A5)

Letting Cr 5 UDt/Dx, we can substitute the flux in (A4)
in (A1)–(A3), then Taylor expand to obtain

­q
­t

1
Dt
2!
­2q
­t2

1
Dt2

3!
­3q
­t3

1
Dt3

4!
­4q
­t4

1
Dt4

5!
­5q
­t5

1
Dt5

6!
­6q
­t6

52U
­q
­x

1
1
Dt

Cr
60

Dx6
­6q
­x6

1
Cr2

2
Dx2

­2q
­x2

( )
2

Cr3

3!
Dx3

­3q
­x3

( )[ ]

1 h:o:, (A6)

where h.o. represents the sixth-order terms.
The modified equation for the horizontal advection can

be obtained by repeatedly differentiating (A6) to replace
time derivatives with spatial derivatives (as in, e.g., Durran
2010):

­q
­t

1 U
­q
­x

5
Cr
60Dt

Dx6 2
UCr5Dx5

72

( )
­6q
­x6

2
UCr3Dx3

24
­4q
­x4

2
UCr4Dx4

30
­5q
­x5

1 h:o: (A7)

Note that the third term on the right side of (A7) is disper-
sive and the first and second term on the right side of (A7)
are dissipative. Similarly, letting Cr 5 WDt/Dz, the modified
equation for the vertical advection (Skamarock et al. 2008) is

­q
­t

1 W
­q
­z

5
2Cr
12Dt

Dz4
­4q
­z4

2
WCr3Dz3

24
­4q
­z4

1 h:o:, (A8)

where h.o. represents the terms that are O(Dz4). Note that
the first two terms in (A8) are dissipative. The horizontal
numerical dissipation and vertical numerical dissipation pre-
sented are defined using the first two terms of (A7) and
(A8), respectively.
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