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Random forcing of geostrophic motion is a common approach in idealized simulations of rotating
stratified turbulence. Such forcing represents the injection of energy into large-scale balanced motion,
and the resulting breakdown of quasi-geostrophic turbulence into inertia–gravity waves and stratified
turbulence can shed light on the turbulent cascade processes of the atmospheric mesoscale. White
noise forcing is commonly employed, which excites all frequencies equally, including frequencies
much higher than the natural frequencies of large-scale vortices. In this paper, the effects of these
high frequencies in the forcing are investigated. Geostrophic motion is randomly forced with red noise
over a range of decorrelation time scales τ, from a few time steps to twice the large-scale vortex time
scale. It is found that short τ (i.e., nearly white noise) results in about 46% more gravity wave energy
than longer τ, despite the fact that waves are not directly forced. We argue that this effect is due to
wave–vortex interactions, through which the high frequencies in the forcing are able to excite waves
at their natural frequencies. It is concluded that white noise forcing should be avoided, even if it is
only applied to the geostrophic motion, when a careful investigation of spontaneous wave generation
is needed. Published by AIP Publishing. https://doi.org/10.1063/1.5004986

I. INTRODUCTION
In idealized numerical simulations of turbulence, ran-

dom forcing is often employed to represent the injection of
kinetic energy at large scales or the transfer of energy from
scales larger than the domain. Such forcing is convenient
because the length scale and other characteristics can be con-
trolled, e.g., by selectively forcing particular Fourier modes.
Forcing is usually random in time, with white noise forcing
being a common approach.1–3 Other non-random approaches
are based on fixing the energy in a particular wavenumber
band,4 fixing the energy injection rate,5,6 or relaxation to a
prescribed large-scale flow.7 The underlying assumption in all
studies that use idealized forcing, which is rarely verified, is
that the details of the resulting turbulence do not depend too
much on the forcing parameters.8 As a result, such forcing
is a useful tool for exploring generic properties of turbulent
flows.

White noise forcing is natural for homogeneous isotropic
turbulence because it is unbiased in time. The forcing vari-
ance determines the energy injection rate (on average, or
precisely if forcing-velocity correlations are removed1). All
resolved time scales are excited equally. However, in geophys-
ical flows, density stratification and system rotation introduce
additional natural time scales and modes of motion, and the
choice of forcing becomes more involved. Depending on the
problem, it may or may not make sense to force all of these
modes and/or frequencies. Rotating stratified flows can be
decomposed into slow geostrophic motion and fast inertia–
gravity waves (IGWs), e.g., via the linear normal modes of

a)Electronic mail: mwaite@uwaterloo.ca

the Boussinesq equations.9 Studies of forced rotating stratified
turbulence generally fall in one of three categories: (i) force
all fields randomly,2,10–12 thereby exciting both geostrophic
motion and waves at the forcing scale; or selectively force
only the (ii) slow geostrophic motion,3,13–15 or (iii) fast wave
motion.16 Approach (i) is simple, but approach (ii) more
closely represents the dynamics of the atmosphere and ocean
away from wave sources, since large-scale motion is domi-
nated by quasi-geostrophic flow. In all cases, the forcing is
usually white noise or red noise correlated over a short time
scale.

Forced rotating stratified turbulence can be used to inves-
tigate the downscale energy cascade through the atmospheric
mesoscale.3,14,15 In such studies, approach (ii) must be taken.
This idealized setup is capable of reproducing the general
shape of the observed kinetic energy (KE) spectrum, which
has a �3 spectral slope at large scales followed by a shallower
�5/3 slope in the mesoscale.17 At large scales, energy is dom-
inated by geostrophic motion, which has an approximately
�3 spectral slope. The wave energy spectrum is shallower but
lower in amplitude. Because of the different spectral slopes,
the geostrophic and wave energy spectra cross downscale,
below which both follow an approximately �5/3 slope.3,15

Even though large-scale IGWs are not directly excited by
the forcing, they are generated via nonlinear interactions with
the slower geostrophic motion. Indeed, their generation and
amplitude seem to influence the transition to a mesoscale �5/3
spectrum.

Is white noise the best approach for forcing geostrophic
motion in rotating stratified turbulence? Forcing all time scales
is not a particularly realistic model for the injection of energy
from larger scale balanced motion. The forced geostrophic
modes evolve on the slow advective time scale, but white
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noise forcing excites high frequencies as well. It is pos-
sible that, since the geostrophic modes evolve slowly, any
high frequencies in the forcing might be benign and not
contribute much to the energy injection rate. On the other
hand, the geostrophic modes are coupled to wave modes via
the nonlinearities of the equations of motion. As a result,
high frequencies in the forcing may be communicated to the
fast modes, thereby influencing the injection of energy into
the waves. This possibility is investigated here, by employ-
ing red noise forcing with different decorrelation times.
The background and methodology are outlined in Sec. II,
results are presented in Sec. III, and conclusions are given
in Sec. IV.

II. APPROACH
A. Equations

For this study, we use the Boussinesq equations on an
f -plane with constant buoyancy frequency N,

Du
Dt

+ f z × u = −∇p + bẑ + Fu + Du, (1)

Db
Dt

+ N2w = Fb + Db, (2)

∇ · u = 0, (3)

where u is the velocity, p is the pressure scaled by a reference
density, and b is the buoyancy. The velocity and buoyancy
forcing Fu and Fb and diffusion Du and Db are given below.
Boundary conditions are periodic in the horizontal and vertical
directions. Since the buoyancy b is proportional to the fluctua-
tion potential temperature about a linearly varying basic state,
it is only the fluctuation potential temperature, not the total,
that is assumed to be periodic.

With periodic boundary conditions, Eqs. (1)–(3) can be
Fourier transformed into equations for the Fourier coeffi-
cients ûi(k, t) and b̂(k, t), where k = (kx, ky, kz) is the dis-
crete three-dimensional wave vector. The dependence on time
t is suppressed for clarity. These equations can be rewrit-
ten in terms of the linear normal mode basis at every wave
vector,9,18–20

∂

∂t
B( j)

k + iλ( j)
k B( j)

k =
∑

p,q,r,s

Γ
jrs
kpqB(r)

p B(s)
q

+ F( j)
k + D( j)

k , (4)

where j, r, s ∈ {�1, 0, 1} and the sum on the RHS is over
wave vector triads k = p + q. Here, B( j)

k is the amplitude of
normal mode j at wave vector k, where j = 0 corresponds to the
geostrophic mode and j = ±1 corresponds to the IGW mode
with positive and negative frequency, respectively. The Γjrs

kpq

are the interaction coefficients. The linear frequencies λ( j)
k are

given by the dispersion relation

λ(0)
k = 0, λ(±1)

k = ±

√
N2k2

h + f 2k2
v

k
, (5)

where k2
h = k2

x + k2
y , kv = |kz |, and k2 = k2

h + k2
v . The velocity

and buoyancy for the geostrophic mode are in geostrophic and

thermal wind balance; the wave modes contain all the horizon-
tal divergence and have velocities and buoyancy in the correct
phase relationships for linear plane waves with no background
flow. The evolution of mode B( j)

k is a linear oscillation at a nat-
ural frequency (zero for the geostrophic mode and given by the
IGW dispersion relation for the wave modes) along with triad
interactions with other modes. The normal mode decomposi-
tion is convenient because of its simplicity and orthogonality;
e.g., it allows for a clean decomposition of the total energy
into geostrophic and wave contributions.9 However, as a lin-
ear decomposition, it does not isolate balanced motion as well
as higher-order balance schemes.21 The projection of the forc-
ing and dissipation onto the modes are given by F( j)

k and D( j)
k ,

respectively.
Because of the orthogonality of the modes, the total

mechanical energy E(k) in the wave vector k satisfies

2E(k) = |û(k)|2 + |v̂(k)|2 + |ŵ(k)|2︸                           ︷︷                           ︸
kinetic

+
|b̂(k)|2

N2︸  ︷︷  ︸
potential

= |B(0)(k)|2︸    ︷︷    ︸
geostrophic

+ |B(−1)(k)|2 + |B(+1)(k)|2︸                        ︷︷                        ︸
wave

(6)

and therefore can be decomposed into a sum of kinetic and
potential energy, as well as a sum of geostrophic and IGW
energy.9 The evolution of the geostrophic and wave modal
energies at wave vector k is obtained by multiplying (4) by
B( j)∗

k , where * denotes the complex conjugate, adding the com-
plex conjugate equation, and summing the +1 and �1 wave
energies together. The resulting equations are

∂

∂t
1
2

���B
(0)
k

���
2
= T (0)

k + F (0)
k + D(0)

k , (7)

∂

∂t
1
2

(���B
(+)
k

���
2

+ ���B
(−)
k

���
2
)

= T (W )
k + F (W )

k + D(W )
k , (8)

where T, F, and D terms are nonlinear transfer, forcing, and
dissipation, respectively. Here W denotes wave, i.e., the sum
of the +1 and �1 contributions. The nonlinear transfer terms
are sums over normal mode triads and therefore have contri-
butions from the various classes of geostrophic–geostrophic,
geostrophic–wave, and wave–wave interactions.9 In particular,
the transfer term in the wave equation is

T (W )
k =

∑
p,q,r,s

(
Γ

+1rs
kpq B(+1)∗

k + Γ−1rs
kpq B(−1)∗

k

)
B(r)

p B(s)
q + c.c.

= T (WGG) + T (WWG) + T (WWW ). (9)

The wave energy transfer has contributions from wave–
geostrophic–geostrophic (WGG) interactions (r = s = 0),
wave–wave–geostrophic (WWG) interactions (one of r and
s = 0, the other = ±1), and wave–wave–wave (WWW) inter-
actions (both r and s = ±1). The geostrophic energy transfer
has a similar decomposition. In strongly rotating and strat-
ified flows, the WWG and WWW terms are dominated by
resonant triads,9 i.e., triads for which λ

( j)
k + λ(r)

p + λ(s)
q = 0.

In resonant WWG interactions, the geostrophic mode facil-
itates a transfer of energy between the two wave modes in
the triad but is unaffected itself.9,19,22 The transfer of energy
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between geostrophic and wave modes is therefore mainly
given by the WGG term, which are never resonant because
the geostrophic frequencies are both zero. Off-resonant
WWG interactions may also contribute to geostrophic–wave
exchange.9

B. Numerical model

Equations (1)–(3) are solved with a Fourier-based spec-
tral code on a domain of size L × L × H, where L = 4000 km
and H = 20 km. Time stepping is performed in the spectral
domain with the third-order Adams-Bashforth scheme with
constant time step ∆t, and dissipation terms are treated implic-
itly with a Crank-Nicolson approach.23 Nonlinear terms are
computed in physical space and transformed back and forth
with a fast Fourier transform.24 The number of wavenumbers is
nh × nh × nv and aliasing errors are eliminated by axisymmet-
ric truncation following the two-thirds rule.25 As a result, the
effective grid spacings are

∆x = ∆y ≈ 1.5L/nh, ∆z ≈ 1.5H/nv . (10)

The wavenumber spacing is ∆kh = 2π/L in the horizontal and
∆kv = 2π/H in the vertical. Dimensionless (integer) wavenum-
bers k ′h = kh/∆kh and k ′z = kz/∆kv are employed below for
convenience. Spectral quantities are computed in terms of kh

by summing wave vectors in kh bins of width ∆kh, i.e., for
geostrophic energy

E(G)(k ′h)∆kh =
∑

k′h−1/2≤p′h≤k′h+1/2

1
2
|B(0)(p)|2, (11)

for integer values of k ′h and similarly for the IGW energy
spectrum E(W )(k ′h).

At geophysical scales, direct numerical simulation is
not feasible. As an alternative, we use hyperviscosity and
hyperdiffusion to dissipate energy at small scales, which is
a common approach in idealized studies of rotating stratified
turbulence.3,10,11,13,14 The dissipation operators in (1)–(3) are

Du = −ν∇
8
hu, Db = −κ∇

8
hb. (12)

No explicit vertical dissipation is included, which is reasonable
when the vertical resolution is not too low.7 Hyperdiffusion
coefficients are set by assuming hyper-Prandtl number of unity,
i.e., κ = ν. In addition to the hyperviscosity, there is also a weak
linear damping term, with time scale 1 day, applied to modes
with k ′h ≤ 3 to balance any inverse cascade.

C. Forcing

The forcing is designed to excite large-scale geostrophic
modes, with

F(0)
k =




AG(k, tn) k ′h ∈ [3, 5], k ′v = 1

0 otherwise
, F(±1)

k = 0, (13)

at time tn = n∆t, where A ∈ R is the amplitude. There are
nf = 108 wave vectors in the forcing band k ′h ∈ [3, 5], k ′v = 1.
The time dependence is chosen to be an AR(1) process with
specified decorrelation time scale τ,15,26,27

G(k, tn) = αG(k, tn−1) + βg(k, n), (14)

where g(k, n) is a random complex number having Gaussian
real and imaginary parts with zero mean and unit variance.
The same random sequence g(k, n) is used in each simula-
tion. The coefficients satisfy α = exp(�∆t/τ) and β2 = 1 � α2,
implying that G(k, tn) has variance 2 (sum of the real and
imaginary variances). The time scale τ sets all the parameters
in (14). The interpretation of τ can be seen by considering the
autocovariance

〈G(k, tn+m)G(k, tn)〉 = 2αm

= 2 exp (−m∆t/τ) , (15)

where 〈. . . 〉 denotes the ensemble average (time averages
are used below). The autocovariance falls off exponentially
with time scale τ. Letting τ → 0 implies α → 0 and the
forcing is white noise. On the other hand, setting τ �∆t
gives α � β and the forcing is correlated over many time
steps. We use τ ≥ 3∆t so that the forcing is resolved by the
time stepping scheme.

The average rate of the energy input by the forcing is 〈P〉,
where

P =
1
2

∑
k

F(0)
k B(0)∗

k + c.c. (16)

The forcing amplitude is chosen to give approximately equal
〈P〉 for all τ. Let A = a/

√
τ. For small τ, equal a values yield

approximately equal 〈P〉 ≈ 2nf a2, similar to the white noise
case. However, for larger τ, the 1/

√
τ dependence causes 〈P〉

to decrease with increasing τ when a is held fixed. As a result,
for larger τ, we increase a to keep 〈P〉 within 2% of the small
τ value Pf .

D. Setup of simulations

Our main set of simulations is run for a range of τ with
nh = 256, nv = 128, f = 10�4 s�1, N = 10�2 s�1, ∆t = 15 s,
and ν = 4.8 × 1028 m8 s�1. The grid resolution is therefore
∆x = 23.8 km and ∆z = 238 m. The corresponding iner-
tial period is 17 h. The target forcing power Pf = 8.4 ×
10�4 m2 s�3. Forcing parameters for each τ are given in
Table I. Parameters are chosen to be typical of the atmospheric
mesoscale at mid-latitudes. The simulations are character-
ized by the forcing length scales Lf = L/4 = 1000 km and
H f = H = 20 km and velocity scale Uf = (Lf Pf )1/3 = 9.4 ms�1.
The corresponding time scale of the forced vortices is T f =
Lf /U f = 29 h. The associated Rossby and Froude numbers
are

Ro =
Uf

fLf
= 0.094, Fr =

Uf

NHf
= 0.047. (17)

A range of τ values between ∆t and 2T f is considered.
Simulations are initialized with low-level random large-scale
geostrophic modes and run for 48 days = 40T f , except for
simulations with τ = 48 h and 72 h, which are run for
72 days = 60T f . Statistics are averaged over the entire
simulation after a 6 day spin-up period.

In addition, two sets of sensitivity simulations are per-
formed. In the first set, the dependence on resolution is tested
by repeating the τ = 150 s and 24 h simulations with nh = 512.
The fast forcing simulation with τ = 150 s is also performed
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TABLE I. Summary of forcing amplitude a and power 〈P〉 for simulations
with nh = 256, n3 = 128, f = 10�4 s�1, and N = 10�2 s�1.

τ τf a (ms�3/2) 〈P〉 (m2 s�3) 〈P〉/(2nf a2)

45 s 0.0045 1.92 X 10�3 8.34 X 10�4 1.0
150 s 0.0150 1.92 X 10�3 8.36 X 10�4 1.1
5 min 0.0300 1.92 X 10�3 8.36 X 10�4 1.1
10 min 0.0600 1.92 X 10�3 8.20 X 10�4 1.0
15 min 0.0900 1.92 X 10�3 8.41 X 10�4 1.1
30 min 0.180 1.92 X 10�3 8.40 X 10�4 1.1
1 h 0.360 1.92 X 10�3 8.23 X 10�4 1.0
3 h 1.08 2.00 X 10�3 8.18 X 10�4 0.95
6 h 2.16 2.15 X 10�3 8.39 X 10�4 0.84
12 h 4.32 2.38 X 10�3 8.48 X 10�4 0.69
24 h 8.64 2.76 X 10�3 8.29 X 10�4 0.50
48 h 17.3 3.32 X 10�3 8.16 X 10�4 0.34
72 h 25.9 3.88 X 10�3 8.43 X 10�4 0.26

TABLE II. Summary of parameters used in sensitivity tests with nh = 256,
n3 = 128, f = 2 × 10�4 s�1, and N = 2 × 10�2 s�1.

τ τf a (ms�3/2) 〈P〉 (m2 s�3) 〈P〉/(2nf a2)

45 s 0.009 00 1.92 X 10�3 8.43 X 10�4 1.1
150 s 0.030 0 1.92 X 10�3 8.54 X 10�4 1.1
5 min 0.060 0 1.92 X 10�3 8.13 X 10�4 1.0
15 min 0.180 1.92 X 10�3 8.38 X 10�4 1.1
30 min 0.360 1.92 X 10�3 8.11 X 10�4 1.0
1 h 0.720 1.92 X 10�3 8.15 X 10�4 1.0
3 h 2.16 2.00 X 10�3 8.34 X 10�4 0.96
6 h 4.32 2.15 X 10�3 8.40 X 10�4 0.84
12 h 8.64 2.38 X 10�3 8.71 X 10�4 0.71
24 h 17.3 2.76 X 10�3 8.42 X 10�4 0.51

with nh = 1024. Higher-resolution simulations are only run
for 24 h. The hyperviscosity coefficient is adjusted to keep
the grid scale damping rates fixed (≈200 s). In the second
set, the dependence on f and N is investigated by repeating
simulations with f = 2 × 10�4 s�1 and N = 2 × 10�2 s�1

with nh = 256 for a subset of τ (Table II). In all sensitiv-
ity tests, the forcing amplitudes from Table I are used. The
resulting P values are within a few percent of the values in
Table I.

III. RESULTS
A. Dependence on τ

Time series of domain-averaged total energy
E = E(G) + E(W ) are shown in Fig. 1 for a subset of the τ values.
Here E(G) and E(W ) are the sum over k of the modal energies
|B(0)

k |
2 and |B(±1)

k |2, respectively. Simulations are started from
near rest, and it takes a few days for the energy to approach its
statistical equilibrium value. The time series appear stationary
for t & 6 days, and all τ values give approximately equal time-
averaged energy 〈E〉 ≈ 110 m2 s�2. The average kinetic energy
is similarly insensitive to τ, and the square root of the average
KE is around 9.5 ms�1, which is close to the forcing velocity

FIG. 1. Time series of total energy (i.e., kinetic plus potential or equivalently
geostrophic plus wave) in simulations with τ = 150 s, 1 h, 6 h, and 24 h.

U f found above. However, the signature of the forcing time
scale is clear in the time series, where the large-τ simulations
vary much more slowly than those with small τ.

Time series of instantaneous forcing power P scaled by Pf

are shown in Fig. 2. For τ ≤ 1 h, only a 6 h segment is shown

FIG. 2. Time series of forcing power in simulations with (a) τ = 150 s, 5 m,
15 m, 30 m, and 1 h, and (b) 3 h, 6 h, 12 h, 24 h, and 48 h. Note that the t-axes
in (a) and (b) are different to better illustrate the high frequencies in the time
series.
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for clarity; for longer τ, 6 days are presented. As for the total
energy, the time scale of the forcing is clearly visible in these
time series, with P evolving much more rapidly for small τ than
for large. In addition, the variance of P is much larger for small
τ, especially for τ = 45 s and 150 s. The variance decreases with
increasing τ. In particular, the variance is ≈5Pf for τ = 45 s
and only 0.2Pf for τ = 24 hours. As τ increases, the forcing
becomes better correlated with the flow, and the instantaneous
power remains closer to its average value. Recall that in all

FIG. 3. Time-averaged horizontal wavenumber spectra of (a) geostrophic, (b)
wave, and (c) total energy for all τ. In (b), the inset shows the wave spectra
with linear-linear axes for 0 ≤ kh ≤ 20.

cases, the time-averaged power is approximately Pf , so the
average of all the time series in Fig. 2 is close to 1.

Time-averaged kh spectra of geostrophic, wave, and total
energy are shown in Fig. 3. The geostrophic spectra [Fig. 3(a)]
are nearly identical for all τ, suggesting that the geostrophic
energy spectrum is nearly independent of the forcing time
scale. All spectra exhibit a peak in the forcing wavenumber
band 3 ≤ kh ≤ 5, followed by a power law range with a slope
around �3.2, followed by a narrow dissipation range where
the energy falls off rapidly with increasing kh. There is some
shallowing in the geostrophic spectra at larger kh before the dis-
sipation range. By contrast, the amplitudes of the wave spectra
[Fig. 3(b)] vary with τ, with smaller τ having larger ampli-
tudes. In all cases, the wave spectra are peaked around the
forcing band and fall off with a power law range with a slope
of around �1.5. The geostrophic and wave spectral slopes are
therefore approximately �3 and �5/3, in agreement with pre-
vious work.15 However, Fig. 3(b) indicates that the time scale
of the forcing does influence the amount of wave energy that is
generated, with shorter τ simulations being more effective at
generating waves. The effect on the spectrum of total energy
[Fig. 3(c)] is small.

To further explore the dependence of the wave energy on τ,
Fig. 4 plots the time-averaged fraction of wave energy E(W )/E
for different τ. The nh = 256 simulations are plotted in red.
For τ . 1800 s = 30 min, the wave energy is approximately
constant at 18.7% of the total. As τ increases further, this
fraction decreases to as low as 12.8% for τ = 48 and 72 h. In
other words, the small-τ simulations have around 46% more
wave energy than the largest τ case. The fraction of wave
energy seems to be levelling off for large τ. The large-τ ratio
is consistent with numerical studies from more comprehensive
global atmospheric models, which show a ratio of divergent
to total kinetic energy at 200 hPa of around 10% at length
scales of 1000 km.28 Note, however, that these ratios are not
exactly equivalent because the geostrophic and wave modes
decompose the total (kinetic and potential) energy, while the
rotational and divergent energy decompose only the kinetic
energy.

FIG. 4. Time-averaged ratio of wave energy to total energy for simulations
with different τ and different grid resolutions. Colors correspond to nh = 256
(red closed circles), 512 (green open circles), and 1024 (blue x). Error bars
show ±1 standard deviation in the time series. The vertical lines mark the
buoyancy and inertial periods.
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Wave energy is not directly forced but is rather gener-
ated via nonlinear interactions with the geostrophic motion.
To quantify this process, we consider the terms in the wave
energy transfer (9). Figure 5 shows the contribution to the
wave energy transfer from wave–geostrophic–geostrophic,
wave–wave–geostrophic, and wave–wave–wave interactions.
Total integrated WGG and WWG transfer, which give the net
conversion rate of geostrophic to wave energy, are given in
Fig. 6 (the WWW interactions are not shown because they
are conservative and sum to zero). The production of wave
energy from geostrophic modes is dominated by the WGG

FIG. 5. Time-averaged kh wave energy transfer spectra due to (a) WGG, (b)
WWG, and (c) WWW interactions for all τ. Spectra are multiplied by kh to
preserve area on log–linear axes and are nondimensionalized by Pf .

FIG. 6. Total transfer due to wave–geostrophic–geostrophic (red, solid) and
wave–wave–geostrophic (green, dashed) interactions, i.e., the sum of the spec-
tra in Figs. 5(a) and 5(b) over kh. The vertical lines mark the buoyancy and
inertial periods.

interactions [Fig. 5(a)]. This term is everywhere positive and
peaked in the forcing band. There is a clear dependence on τ,
with the smallest τ values having the largest transfer values,
and a general decreasing trend as τ increases. This trend is
evident in Fig. 6, where the total WGG transfer is 25%-30%
larger for the smallest τ than for τ & 6 h. There is also a smaller
net conversion of geostrophic to wave energy from the WWG
interactions, which decreases only slightly with increasing τ
(Fig. 6). Therefore, despite the random forcing of geostrophic
modes having the same power for all τ, the transfer into the
wave energy is more efficient for smaller τ. Once injected,
the wave energy is removed from the forcing band, cascades
downscale, and is deposited in the dissipation range by the
WWG and WWW interactions.

To better understand the role that τ plays in geostrophic–
wave interactions, we consider the frequency spectra of a
subset of modal amplitudes B( j)

k . We consider nine k from
the forcing band and present average frequency spectra of the
associated time series over the averaging interval 6 ≤ t ≤ 48
days. A Hanning window was used to make the time series
periodic. Frequencies are nondimensionalized by the interval
length, i.e., ω′ = ω/∆ω, where ∆ω = 2π/(42 days). Frequency
spectra are shown in Figs. 7(a) and 7(b) where, as above, the
+1 and �1 spectra are summed to get the wave spectra. In addi-
tion, wave spectra for nine k with kh in the forcing band and
k ′v = 2 are also shown [Fig. 7(c)], since these are wave modes
that will interact with forced geostrophic modes. The linear
wave frequencies ωLIN ≈ 130 = 2.2f and 80 = 1.4f associated
with k ′v = 1 and 2 are indicated in Figs. 7(b) and 7(c). The
corresponding wave periods are 8 h for k ′v = 1 and 12 h for
k ′v = 2.

The geostrophic frequency spectra [Fig. 7(a)] are fairly flat
and independent of τ for the lowest frequencies ω′. 10, cor-
responding to periods & 4 days. For higher frequencies, there
is a significant dependence on τ, with the spectra for smaller
τ being much broader and shallower than those for longer τ.
The forced geostrophic modes have significantly more energy
at high frequencies when the forcing is faster, as expected.
This dependence is dramatic: for example, around ω′ = 1000
(period of 1 h), the geostrophic energy is roughly constant for
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FIG. 7. Average frequency spectra of (a) geostrophic and (b) wave modes
for nine wave vectors with k′h ≈ 4 and k′v = 1, and (c) wave modes for
nine wave vectors with kh ≈ 4 and k′v = 2. Dimensionless frequency ω′

corresponds to a period of 42/ω′ days. Spectra are smoothed with a 5-point
running average. The linear wave frequency ωLIN , buoyancy frequency N,
and Coriolis frequency f are marked for reference. In (b) and (c), the inset
shows the region around ω = ωLIN with linear–linear axes.

τ = 45 s and 150 s but then drops by four orders of mag-
nitude as τ increases to 24 h. The wave frequency spectra
for k ′v = 1 [Fig. 7(b)] and k ′v = 2 [Fig. 7(c)] have distinct
peaks: a large one at the linear frequency ωLIN and a much
smaller one at the buoyancy frequency N. The peaks at the
linear frequency have roughly equal amplitudes for τ ≤ 1 h
and then decrease and disappear for larger τ. Otherwise the
dependence on τ is similar to the geostrophic spectra, with

smaller τ yielding more energy at higher frequencies than
larger τ.

Forced geostrophic modes have k ′h ≈ 4 and k ′v = 1.
Wave vectors of modes directly interacting with two forced
geostrophic modes will therefore have horizontal component
.8 and vertical component 0 or 2. In fact, most of the transfer
from geostrophic to wave energy by WGG interactions hap-
pens at k ′v = 2 (Fig. 8). Consider, for example, wave modes
with k ′h ≈ 4 and k ′v = 2, the frequency spectra of which are
shown in Fig. 7(c). The dimensionless linear frequency of such
modes isω′≈ 80. It is therefore interesting to look at the energy
in the forced geostrophic modes [Fig. 7(a)] around ω′ = 80.
Figure 9 plots the total energy of these modes in the band
40 ≤ ω′ ≤ 160. The shape of this curve is remarkably sim-
ilar to the dependence of wave energy on τ in Fig. 4. For
τ . 1800 s, the geostrophic energy at these frequencies is
roughly independent of τ. For these cases, the forcing time
scale is sufficiently short that the excitation of this band is
insensitive to τ. For larger τ, the energy in this frequency
band falls off with increasing τ. This rapid decrease with

FIG. 8. Time-averaged kv wave energy transfer spectra due to WGG interac-
tions for all τ. Spectra are nondimensionalized by Pf . Linear–linear axes are
used so that the transfer into kv = 0 can be seen. Only the range 0 ≤ k′v ≤ 10
is shown, to clearly illustrate the peak at k′v = 2. The transfer outside of this
range is negligible.

FIG. 9. Total geostrophic energy in the frequency band 40 ≤ ω′ ≤ 160 for
simulations with different τ. The vertical lines mark the buoyancy and inertial
periods.
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increasing τ is due to the steepening of the geostrophic fre-
quency spectrum, as expected for red noise forcing. The slope
of the spectrum decreases from �2 for τ = 45 s to �4 for τ =
24 h. The similar transition with τ in Figs. 4 and 9 supports
the idea that forcing-induced oscillations in the geostrophic
modes around the linear wave frequency enhance the transfer
of geostrophic to wave energy.

B. Dependence on resolution

The vertical resolution employed above is relatively high,
especially when compared to more realistic atmospheric mod-
els.7 However, the horizontal resolution is modest, and so we
have checked the sensitivity of our results to increasing nh.
Rather than repeating the full set of τ values, we have focused
on two extreme cases of small τ = 150 s and large τ = 24 h.
Simulations with both τ values were repeated with nh = 512
(∆x = 11.8 km), and the small τ case was also repeated with
nh = 1024 (∆x = 5.9 km). The resulting levels of wave energy
are included in Fig. 4. The wave energy decreases slightly
with increasing resolution, although the mean values are still
well within the error bars of the nh = 256 simulations. These
simulations show that the overall trend found above, of more
wave energy generated when τ is short, is not an artifact of
low resolution.

FIG. 10. Wave energy transfer spectra due to WGG interactions for
(a) τ = 150 s and (b) 24 h at different horizontal resolutions. Other details
are as in Fig. 5.

The reason for the insensitivity to resolution is that,
despite the modest resolution, the forcing and resulting con-
version of geostrophic to wave energy are large-scale and
therefore well resolved. Figure 10 shows the WGG transfer
spectra for τ = 150 s and 24 h for different resolutions. The
dependence of the transfer spectra on resolution at large scales,
where most of the conversion from geostrophic to wave energy
occurs, is small.

C. Dependence on N and f

To investigate the possible dependence of these results on
N and f, and hence the linear wave frequencies, we consider
a set of simulations with N and f twice as large as above.
Doubling both N and f is convenient because the linear fre-
quencies at all k will also double. The forcing-based Rossby
and Froude numbers are correspondingly reduced by a fac-
tor of two. The resulting KE-based velocity scale is around
10.5 ms�1 for all τ, which is only slightly larger than what was
obtained with smaller N and f. The resulting levels of wave
energy are reduced at all τ, likely because of the weaker off-
resonant interactions due to the smaller Ro and Fr in these
simulations. For example, for τ = 45 s, 〈E(W )/E〉 = 0.069
compared to 0.19 for the smaller N and f. The wave energy
fractions 〈E(W )/E〉 are plotted in Fig. 11. To facilitate com-
parison with the above simulations, the ratios for both sets

FIG. 11. Time-averaged ratio of wave energy to total energy for simulations
with different τ. Colors correspond to runs with standard (red, solid) and
double (green, dashed) values of N and f. Ratios are normalized by their
respective values at τ = 45 s and are plotted against (a) τ and (b) τf. Other
details are as in Fig. 4.
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of simulations are scaled by their respective τ = 45 s values.
Given the importance of the relationship between τ and the
linear frequencies suggested by the above results, the ratios in
Fig. 11 are plotted against τ and τf. Since N and f are both
doubled in these tests, the linear frequencies of all modes vary
like f.

As mentioned earlier, there is a transition from larger
to smaller levels of wave energy as τ increases. However,
with larger N and f, this transition happens at smaller val-
ues of τ [Fig. 11(a)]. Plotting the wave energy ratio against
τf [Fig. 11(b)] collapses some of this difference, and the drop
in wave energy with increasing τ is found to occur around
τf & 0.2 in both cases. However, this drop begins at slightly
smaller τf and is more rapid for the larger N and f simulations.
Since these simulations have weaker off-resonant interactions,
they may be more sensitive to τ. While there appears to be a
local minimum in wave energy at τf ≈ 4 in the larger N and f
simulations, given the error bars, both sets of simulations are
consistent with the wave energy approaching a constant level
for τf & 10.

Frequency spectra for simulations with the small and
large values of N and f are compared in Fig. 12. For clar-
ity, only τ = 30 min and 1 h are shown, both of which show
a strong dependence on N and f in Fig. 11(a). In addition,

FIG. 12. Average frequency spectra of geostrophic modes for nine wave vec-
tors with k′h ≈ 4 and k′v = 1 and wave modes for nine wave vectors with
k′h ≈ 4 and k′v = 2. Simulations with standard and double values of N and f
are shown at (a) τ = 30 min and (b) τ = 1 h. Other details are as in Fig. 7.

only geostrophic modes in the forcing band and wave modes
with k ′v = 2 are considered. For both τ values, the frequency
spectra of geostrophic energy are relatively independent of
N and f. By contrast, the wave spectra are quite different,
since they are peaked at the linear wave frequency, which
is twice as large for the simulations with larger N and f.
In all cases, the size of the peak in the wave spectrum at
the linear frequency generally follows the amplitude of the
geostrophic spectrum at the same frequency. Since there is
less geostrophic energy at the linear frequency in the large N
and f simulations, the wave energy peak is correspondingly
smaller.

IV. CONCLUSIONS

We have presented simulations of rotating stratified tur-
bulence with red noise forcing of large-scale geostrophic
modes. Simulations are designed as an idealization of the
atmospheric mesoscale. The decorrelation time scale τ of
the noise is varied from 3∆t (i.e., nearly white noise) to the
slower time scale of the forced vortices. Wave modes are not
forced directly. Nevertheless, the conversion of geostrophic
energy into waves, and the resulting level of wave energy, is
found to vary with τ. Short τ values yield greater transfer into
wave energy and about 46% more wave energy than larger τ.
The drop in wave energy occurs as τf exceeds 0.2, although
it is more rapid for the case with larger N and f, possibly
due to weaker off-resonant interactions when Ro is smaller.
Since the conversion of geostrophic to wave energy occurs at
large scales, these findings are insensitive to increases in grid
resolution.

The dependence on τ has been explored by examining
the frequency spectra of geostrophic and wave modes at var-
ious wave vectors. Random forcing excites a range of fre-
quencies in the forced geostrophic modes. The value of τ
controls the amount of energy in the high frequencies. When
τ is short, the resulting frequency spectrum is broad, and
there is significant energy at higher frequencies. When τ is
longer, the spectrum steepens and the high-frequency energy is
reduced. We argue that geostrophic–wave transfer is enhanced
when wave modes are excited, through nonlinear interactions,
around their linear frequency. Such interactions happen more
readily when the forced geostrophic modes have more energy
at the linear frequency of the waves with which they inter-
act. This hypothesis is supported by frequency spectra of
the interacting wave modes, which are peaked at their lin-
ear frequency. The size of this peak follows the geostrophic
energy spectrum. When the geostrophic energy at the linear
frequency is increased—e.g., by decreasing τ or decreasing
the linear frequency through N and f —the transfer to the
waves is stronger. By contrast, when the geostrophic energy
at the linear frequency is decreased—e.g., by increasing τ or
increasing the linear frequency—the transfer to the waves is
reduced.

As an ad hoc model for the excitation of large-scale quasi-
geostrophic vortices, white noise forcing is simple but not
very realistic. Large-scale vortices are generated in nature
by baroclinic instability or nonlinear interactions with other
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vortices. These processes occur on the time scale of the large-
scale vortices. White noise forcing excites unnaturally high
frequencies in the geostrophic motion. The energy in these fre-
quencies is not benign; it yields an unrealistically large transfer
to wave energy and almost 50% more wave energy at small τ
compared to large. This effect is not enormous and might be
acceptable in simulations where the generation of waves is not
of particular interest. However, in studies where the level of
wave energy is critical—e.g., for the transition of the energy
spectrum from a �3 to �5/3 slope3,14,15—it is probably safest
to avoid white noise forcing and use larger τ closer to the
time scale of the forced vortices or another forcing approach
altogether.4,7
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