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Entrainment and scattering in microswimmer-colloid interactions
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We use boundary element simulations to study the interaction of model microswimmers
with a neutrally buoyant spherical particle. The ratio of the size of the particle to that
of the swimmer is varied from RP/RS � 1, corresponding to swimmer-tracer scattering,
to RP/RS � 1, approximately equivalent to the swimmer interacting with a fixed, flat
surface. We find that details of the swimmer and particle trajectories vary for different
swimmers. However, the overall characteristics of the scattering event fall into two regimes,
depending on the relative magnitudes of the impact parameter, ρ, and the collision radius,
Rcoll = RP + RS. The range of particle motion, defined as the maximum distance between
two points on the trajectory, has only a weak dependence on the impact parameter when
ρ < Rcoll and decreases with the radius of the particle. In contrast, when ρ > Rcoll the
range decreases as a power law in ρ and is insensitive to the size of the particle. We also
demonstrate that large particles can cause swimmers to be deflected through large angles.
In some instances, this swimmer deflection can lead to larger net displacements of the
particle. Based on these results, we estimate the effective diffusivity of a particle in a dilute
bath of swimmers and show that there is a nonmonotonic dependence on particle radius.
Similarly, we show that the effective diffusivity of a swimmer scattering in a suspension of
particles varies nonmonotonically with particle radius.
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I. INTRODUCTION

There is considerable current interest in the physics of microswimming. This is due to the relevance
of bacterial swimming as an example of self-propulsion at low Reynolds number [1], and also because
of the technological and medical applications that are promised by the possibility of designing
robust, steerable swimming microrobots [2–8]. Recent advances in imaging and nanotechnology
are allowing experiments investigating the swimming and stirring properties of bacteria [9–12]
and demonstrating the potential for harnessing bacterial motion to perform work, such as driving
microscopic gears [13,14].

Many bacteria and artificial microswimmers move in complex environments where surfaces,
colloids, and biopolymers influence their motion [7,15–17]. Experiments have shown that some
bacteria (e.g., Escherichia coli) can swim near solid surfaces for over a minute before eventually
escaping [11], while other species (e.g., Vibrio alginolyticus and Caulobacter crescentus) swim away
within a second of encountering a surface [18,19]. Simple theoretical models of bacterial swimming
suggest that hydrodynamic interactions lead to attraction between a swimmer and a nearby planar
surface [11,20]. More detailed hydrodynamic simulations confirm this hydrodynamic trapping effect
[21,22] and also show that it is strongly dependent on details of the cell and flagellum shape and
elastic effects [23]. For example, it was found that elongated (high aspect ratio) cell bodies and short
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flagella encourage escape from surfaces whereas low aspect ratio cell bodies and long flagella lead
to attraction to surfaces [22].

Interestingly, in both E. coli [20] and C. crescentus [19], the density of bacteria close to the
surface is observed to be higher than in the bulk fluid. This accumulation of bacteria at a substrate
can lead to attachment and colonization of surfaces. Indeed, bacterial motility has been found to be
an important factor in biofilm initiation [24,25].

Other recent experimental and theoretical work has considered the behavior of passive particles
in suspensions of swimming bacteria [9,26,27] and algae [28,29]. These studies demonstrate that
transport of tracers can be significantly enhanced by the activity of swimmers. For example, Wu and
Libchaber [9] found that passive, spherical particles as large as 10 μm in diameter in a bacterial bath
exhibited superdiffusive motion on time scales under 1 s. On long time scales, motion was diffusive,
but the effective diffusion coefficient was around 100 times larger than that expected from Brownian
motion in thermal equilibrium.

As a step toward understanding the transport of passive particles in a bath of active swimmers,
theoretical models have been analyzed for the advection of pointlike tracers in the flow field produced
by single swimmers [30–36]. Since neutrally buoyant, self-propelled microswimmers are free of net
force and torque, the far field generated by an individual swimmer has the form of a force dipole
(or higher order multipole). This flow field causes tracers far from the swimmer to move in (almost
closed) loops. A tracer can become entrained when a swimmer passes close to it, leading to large
displacements before the tracer escapes from the swimmer’s influence.

Such long distance entrainment, though infrequent, was found to contribute significantly to
tracer motion in the presence of the alga Chlamydomonas reinhardtii [37]. Similar experimental
observations have not been reported for bacteria, though theoretical results with model bacteria
indicate that long distance entrainment of tracers is possible [32]. One potential explanation for the
difference in observations between bacteria and algae is the different mechanism of propulsion. C.
reinhardtii is a puller, using a pair of flagella at the front of the organism to pull itself forward. In
contrast, most bacteria swim with the flagella pushing the cell body from behind. Another important
distinction, however, is the size of the organism. The cell body of C. reinhardtii is approximately
spherical with a diameter of 10 μm [28], whereas an E. coli cell is typically 2-3 μm long and 1 μm
wide [9]. Since tracer particles used in experiments are often at least 1 μm in diameter [27,38,39],
it is not clear that such large particles behave purely as “tracers” in the presence of bacteria. For
instance, it has been shown that larger particles have shorter entrainment distances when a swimmer
collides head on because steric interactions keep the particles further away from the no-slip surface
of the swimmer, allowing them to slip around the swimmer and be left behind more quickly [40].

Nonetheless, several experiments have reported that swimmers cause considerable motion of
passive particles even much larger than the swimmers [9,13,14]. This scenario, in which a swimmer
interacts with a colloid or particle of finite size, has received little theoretical attention and is the
subject of the current numerical study. Our aim is to provide results for model systems which are
realistic enough to mirror the behavior of real swimmers, thus providing a benchmark for future
experiments. We consider varying colloid sizes, hence showing how to link existing results for a
tracer particle (colloid much smaller than the swimmer size) and a swimmer moving near a flat
surface (colloid much larger than the swimmer size). We consider three different model swimmers
and calculate how the particle and swimmer are scattered in unbounded, three-dimensional space
as a function of the impact parameter. This will allow us to discuss the effects of finite particle size
on two phenomena: the stochastic motion of a particle in a dilute suspension of swimmers and the
dispersion of a swimmer in a colloidal suspension.

In the next sections we describe the model and the scattering geometry. We then present our
results, showing that the scattering is highly dependent on the details of the model swimmer. We find
that the range through which the colloid moves has only a weak dependence on impact parameter, ρ,
if this is less than the collision radius. For ρ greater than the collision radius, the range decreases as a
power law in ρ. We also show that swimmers can be deflected through large angles by large colloids
and that some swimmers can become hydrodynamically bound to colloids of large enough radius.
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FIG. 1. The three model swimmers used in this numerical study. (a) The spherical squirmer, with radius
RS = 1. (b) The flagellated bacterium LT (long tail) with flagellum length along the centerline L = 10,
A1/A2 = 2, (A1A

2
2)1/3 = RS = 1, λ = 2, a = 0.32, and r = 0.05. Additional modeling details are given in

Shum et al. [22]. (c) Bacterium ST (short tail), with flagellum length L = 5 and other parameters identical to
those for LT.

The trajectories from simulated scattering events are used to calculate the effective diffusivities of a
swimmer in a suspension of particles and of a colloid in a suspension of swimmers. We show that
both diffusivities (swimmer and particle) vary nonmonotonically with the size of the particle.

II. NUMERICAL METHOD AND MODEL SWIMMERS

Many of the features of swimmer-particle scattering are dependent on the details of the swimmer
considered. Therefore, we choose to compare three different swimmer models. The first is the
spherical squirmer, a model for organisms propelled by small body shape deformations proposed
by Lighthill [41] and adopted in many theoretical studies of microswimmers [42–45]. Spherical
swimmer models are generally more tractable as analytical solutions of Stokes flows can be obtained
in simple cases, for example, using bispherical coordinates [46]. Relatively complex problems, such
as finding the instantaneous velocities of two interacting swimmers, can then be solved analytically
or semianalytically [47,48]. Obtaining trajectories, however, requires numerical integration methods.
The other two swimmers we consider resemble bacteria with a stiff, helical, rotating tail such as
Rhodobacter sphaeroides or V. alginolyticus. These model bacteria are distinguished by choosing
parameters so that they tend to either swim away from, or parallel to, flat surfaces.

For the squirmer model, the swimmer is taken to be a sphere of radius RS = 1 [Fig. 1(a)]. Here
and henceforth, variables are nondimensionalized with the length scale set by the swimmer radius.
Using only the first two modes of tangential motion in Lighthill’s general squirmer model [41,43],
we prescribe a steady surface velocity in the polar direction eψ ,

uψ = B1 sin ψ + B2 sin ψ cos ψ,

where ψ is the polar angle from the swimmer’s axial orientation e, B1 sets the swimming speed and
quadrupole strength of the squirmer, and B2 sets the force dipole strength [33,44]. We consider the
fixed parameters B1 = −B2 = 1.5, giving a free space swimming speed V = (2/3)B1 = 1 and a
ratio of dipole to quadrupole strengths β = B2/B1 = −1. The negative sign of β indicates that the
swimmer is a pusher. Defining the reference point xS of the squirmer as its center, the fluid velocity
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at a point x on the surface of the squirmer is

u(x) = US + �S × (x − xS) + uψeψ (x), (1)

where US and �S are, respectively, the translational and rotational velocities of the swimmer.
The first of the model bacteria, which we shall refer to as bacterium LT (“long tail”), is shown in

Fig. 1(b). It comprises a prolate spheroidal cell body and rigid, helical flagellum of finite thickness.
The semimajor and semiminor axes of the cell body are A1 = 1.59 and A2 = 0.79, respectively,
giving an aspect ratio A1/A2 = 2 and an effective radius RS = (A1A

2
2)1/3 = 1 in nondimensionalized

units. The flagellum has helical pitch λ = 2, amplitude a = 0.32, curvilinear length L = 10, and
radius r = 0.05. It rotates with a fixed angular velocity ωM = 2π about its axis, which coincides
with the major axis of the cell body e. We shall also consider bacterium ST (“short tail”), which
differs only in having a shorter flagellum, L = 5, as depicted in Fig. 1(c).

We define the reference point xS in the bacterium models to be the pole of the spheroidal cell
body nearer the flagellum. Imposing a no-slip condition on the cell body and flagellum, the fluid
velocity at a point x on the surface of the bacterium is

u(x) =
{

US + �S × (x − xS), x on cell body,
US + (�S + ωMe) × (x − xS), x on flagellum.

(2)

Based on previous simulations with similar parameter values [49], and a systematic study of the
effects of varying these parameters on swimmer behavior near plane boundaries [22], we expect
bacterium LT to have a tendency to swim close to surfaces and bacterium ST to swim away from
surfaces [22]. Our squirmer, with parameters given above, is also expected to swim away from planar
surfaces [50,51]. We anticipate that the characteristic behavior near single plane boundaries will be
related to the behavior near large particles, which have small surface curvatures.

In our study, the swimmer interacts with a passive spherical particle, which is modeled analogously
to a squirmer except that no prescribed surface velocity uψ is applied. The radius of the particle is
RP and the position, translational velocity, and rotational velocity vectors are, respectively, denoted
by xP, UP, and �P.

A short-range repulsive force between the swimmer and particle is introduced to prevent near-
contact, which could lead to significant numerical errors. The repulsion acts between the points of
each object nearest to one another, xS

near and xP
near, and is of the form [52,53]

Frep = α1
α2 exp(−α2d)

1 − exp(−α2d)

(
d
d

)
, (3)

where d = xS
near − xP

near and d = ||d||. We used the force parameters α1 = 104 and α2 = 250 and
found that the minimum separations attained in simulations were in the range 0.04–0.06 for head-on
collisions. Experimentally, short-range forces between cells and surfaces have been measured at
distances below ∼100 nm [54,55]. Potential interactions include van der Waals forces, electrostatic
interactions, and steric repulsion. We have verified that varying the range of the repulsive interaction
that we used does not qualitatively affect our results. Hence we expect out findings to be broadly
applicable to experimental systems provided that short-range net attraction is negligible.

Using a boundary element method [22], the translational and rotational velocities of the swimmer
and particle are determined simultaneously by solving the equations of Stokes flow subject to the
boundary velocities described above and the constraints that the hydrodynamic forces and torques on
the swimmer and particle balance the forces and torques due to short-range repulsion. A trapezoidal
rule is used for time stepping to construct trajectories for the swimmer and particle [23].

III. SCATTERING GEOMETRY

The scattering process is illustrated in Fig. 2, which shows the interaction between a passive
particle and a squirmer. The swimmer moves in the negative x direction and approaches the particle
at an impact parameter ρ, measured from the center of the particle to the unperturbed path of the
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FIG. 2. Scattering of a squirmer by a passive particle. (a) A sequence of snapshots showing the squirmer
(starting on the right, blue) approach, scatter, and swim away from a passive particle (starting on the left, red).
Portions of trajectories before and after the point of closest separation between the swimmer and particle are
represented by dashed and solid curves, respectively. (b) A magnified view of the trajectory of the passive
particle with the displacement 	 and range δ labeled. The starting position is marked by an open diamond
symbol, and the final position is marked by a filled circle. Trajectories shown are simulated results for particle
radius RP = 1 and impact parameter ρ = 1.

swimmer. The particle is initially centered at the origin and the initial x coordinate of the swimmer
is xi = 300 (in units of RS). The final time of simulation is set such that the swimmer would have
traveled a distance of 600 in the absence of the particle. Figure 2(a) shows three snapshots, before,
during, and after close contact with the particle, respectively. In this example, the particle radius is
RP = 1 and the impact parameter is ρ = 1. Note that the first and last snapshots do not correspond
to the initial and final times, but the squirmer orientation hardly changes when the particle is far
away, so the initial and final orientation vectors ei and ef are well represented in these figures.

For the model bacteria, the orientation and velocity vectors oscillate as the flagellum rotates
relative to the cell body. The axis of the cell body precesses with a small angle around the direction of
net propulsion [56]. It is therefore necessary to first compute a trajectory in the absence of the particle

113101-5



HENRY SHUM AND JULIA M. YEOMANS

FIG. 3. Swimmer and particle trajectories for a squirmer for various particle sizes and impact parameters.
The swimmer (blue curves) approaches from the right. In each plot, the size of the particle is represented by a
filled (red) circle centered at the origin and the trajectory of the particle center is shown as a red curve. Insets
are magnifications of the particle trajectories, with starting points marked by open diamonds and final points
marked by filled circles. Values of ρ were selected to illustrate a progression in particle behavior from collisions
near the center of the particle (top row, ρ/Rcoll � 0.1) to the distant passing regime (bottom row, ρ/Rcoll > 1).

and then use this trajectory to determine the correct initial position and orientation of the swimmer
so that, averaged over the periodic motion, the bacterium follows the intended swimming path.

In general, the presence of the particle alters the path of the swimmer. The scattering angle θ is
defined as the angle between the initial and final swimmer orientation vectors θ = arccos(ei · ef). For
bacteria, the initial and final orientations are computed as normalized averages over several periods
of motion at the beginning and at the end of the trajectory respectively. Due to the rotational motion of
the flagellum, the scattering interaction generally results in the bacterium and particle moving into the
third dimension, whereas for the squirmer, the swimmer and particle trajectories remain in the plane.

To describe the motion of the particle due to a passing swimmer, we define two characteristic
quantities of the particle’s path [see Fig. 2(b)]. The displacement 	 is the net distance moved by
the particle from its initial position xP

i to its final position xP
f . We also compute the particle’s range

δ, defined to be the largest distance between any two points on the trajectory of the particle. We
shall show that two distinct regimes of particle-swimmer interactions can be identified depending
on the impact parameter. Defining the collision radius to be sum of the particle and swimmer radii,
Rcoll = RP + RS, interactions are expected to be more significant when the impact parameter is
smaller than the collision radius than when it is greater. We refer to these regimes, respectively, as
close approach (ρ < Rcoll) and distant passing (ρ > Rcoll).

IV. RESULTS

A. Analysis of individual scattering events

We first present results for the squirmer. Figure 3 shows the particle trajectories in red and the
squirmer trajectories in blue for different combinations of particle radius and impact parameter. As
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FIG. 4. Swimmer and particle trajectories for bacterium LT. Insets show magnifications of particle
trajectories, with starting points marked by open diamonds and final points marked by filled circles.

expected, the particles move less far when the impact parameter is larger. In addition, trajectories are
almost closed loops in the distant passing regime. This is the expected behavior when the swimmer
moves along an infinitely long, straight line [33]. For small impact parameters, small particles are
pushed ahead of the approaching squirmer (to the left in our setup) for a considerable distance [almost
five dimensionless units for RP = 0.1, Fig. 3(a)]. Eventually, the particle slips around the swimmer
and is pushed backward (to the right) by the flow field of the swimmer. Due to the front-back
symmetry of the dipolar flow field, the directions of motion of the particle at the beginning and
at the end of its trajectory, when it is respectively far in front of and far behind the swimmer, are
approximately antiparallel. When the particle is comparable in size or larger than the swimmer [e.g.,
RP � 1 in Figs. 3(e), 3(i), and 3(m)], then the swimmer path is noticeably deflected by the particle
at small impact parameters. The incoming direction of motion of the swimmer is not the same as the
outgoing direction, hence, the directions of motion of the particle before and after collision are not
antiparallel. Since the particle avoids “backtracking,” the initial and final particle positions maximize
the distance between points on the trajectory, i.e., δ = 	 when the particle is large and the impact
parameter is small [Figs. 3(m) and 3(n) insets].

Similar representations of bacterium-particle scattering, in Figs. 4 and 5, show the same qualitative
trends at large impact parameters. Trajectories differ qualitatively from those with the squirmer when
the impact parameter is small, however. In the case of small particle radius (RP = 0.1), the particle
becomes entrained in the rotational near field flow around the bacterium, resulting in helical portions
in the trajectory of the particle [Fig. 4(a) and Fig. 5(a)]. The differences between near field fluid flows
of the squirmer and bacterial swimmer also lead to differences in the deflection of the swimmers.
The squirmer is always deflected away from the particle, akin to elastic collisions [e.g., Fig. 3(j)].
The bacteria, however, tend to be deflected in the opposite direction so as to follow the curvature of
the particle [e.g., Figs. 4(j) and 5(k)] and are also deflected in the out-of-plane direction.

Qualitatively, the two bacterium models show the same behavior in particle motion and swimmer
deflection except when the particle is very large (RP = 150). In this case, bacterium LT becomes
hydrodynamically bound to the surface of the particle if the impact parameter is sufficiently
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FIG. 5. Swimmer and particle trajectories for bacterium ST. Insets show magnifications of particle
trajectories, with starting points marked by open diamonds and final points marked by filled circles.

small (ρ � Rcoll = RP + RS). The swimmer traces out circular orbits close to the surface of the
particle [Figs. 4(m)–4(o)]. This mirrors the circular motion expected for bacterium LT near a
plane wall. Bacterium ST swims away from plane walls and, therefore, is not expected to become
hydrodynamically bound to a spherical particle of any radius.

The range of the particle’s motion δ is plotted as a function of particle radius and impact parameter
for all three swimmer models in Fig. 6. We note that there is no significant qualitative difference
among the three swimmers. The range is greatest when the impact parameter is small and when
the particle radius is small. The curves for different particle sizes coincide for impact parameters
large compared with Rcoll, indicating that large and small particles are transported equally well by
distantly passing swimmers. Figure 6 shows that in this large impact parameter regime, the particle
range approximately fits a power law scaling δ ∼ ρ−α with exponent 1 < α < 1.5.

To understand the origin of this scaling, we analyzed the exact solutions to a far field approximation
of the scattering problem (see the Appendix). From this analysis, we expect the particle range to scale
as δ ∼ ρ−1 at small impact parameters and as δ ∼ ρ−2 at large impact parameters. The cross-over
takes place around ρ ∼ xi = 300, which is slightly above the maximum impact parameter used in
full simulations of swimmers with particles. Thus, the dependence of δ on ρ shown in Fig. 6 (in the
distant passing regime) exemplifies the intermediate ρ behavior, before the transition to δ ∼ ρ−2

scaling.
It is apparent from Figs. 3, 4, and 5 that the path of the swimmer is not significantly altered by the

small particles or when the impact parameter is large. Conversely, large particles noticeably deflect
swimmers when the impact parameter is small. Moreover, the deflection depends sensitively on the
details of the swimmer model. To quantify this we plot the deflection angles of the three swimmers
as functions of ρ/Rcoll, the impact parameter scaled by the collision radius of the swimmer with
the particle, in Fig. 7. For all swimmers, the deflection angle rapidly decreases to zero as the impact
parameter increases beyond the collision radius. Hence, swimmers must approach the particle closely
for deflection to occur. In general, larger particles cause greater deflection, but the effect appears to
saturate as there was little difference between the deflection curves (as functions of the normalized
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FIG. 6. Particle range as functions of impact parameter for (a) the squirmer, (b) bacterium LT, and (c)
bacterium ST. Colors correspond to particle sizes indicated in the legend in (a). The case RP = 0.01 is shown
only for the squirmer.

impact parameter ρ/Rcoll) for the two largest particles in the cases of the squirmer and bacterium
ST. Deflection angles are as large as 2 rad in some instances.

For squirmers, the deflection angle is greatest as ρ → 0 and decreases gradually with ρ until
ρ ≈ Rcoll. For bacterium LT, deflection angles were found to be almost independent of impact
parameter for most of the close approach regime. As discussed above, bacterium LT is also unique
in that the swimmer becomes hydrodynamically bound to the largest particle. The deflection angle
is therefore not well defined for impact parameters below the critical trapping value, indicated
approximately by the vertical dashed line in Fig. 7(b). The deflection of bacterium ST exhibits
the opposite trend to the squirmer; the deflection angle increases gradually with impact parameter
(below Rcoll) and, for large particles, peaks at a value close to the collision radius.
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FIG. 7. Deflection angles as functions of impact parameter rescaled by collision radius for (a) the squirmer,
(b) bacterium LT, and (c) bacterium ST.

To test the sensitivity of our results to the choice of parameters for short range repulsion [Eq. (3)],
we varied α2 while keeping α1α2 constant for the case of a squirmer interacting with a colloid of
radius RP = 1. No qualitative differences in behavior were noted. With α2 = 50, which produces
the same repulsive force as the baseline α2 = 250 case at a separation five times larger, the resulting
particle range δ was 6 % larger averaged over the impact parameters that necessitate repulsive
interactions. With α2 = 25, the particle range was an average of 23 % larger than with α2 = 250.

B. Effective swimmer diffusivity

The dependence of scattering angle on impact parameter shown in Fig. 7 can be used to calculate
an effective diffusivity for swimmers in colloid suspensions, assuming that swimmers are dilute so
that interactions among them may be neglected. Since our simulations show that swimmer paths
are straight except when the swimmer is almost in contact with a particle, it is reasonable to treat
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scattering in suspensions as a series of events with isolated particles provided that there is rarely
more than one particle within a distance of ∼ Rcoll from the swimmer at any given time.

Berg [57] gave the effective diffusion coefficient DS of a tumbling, self-propelled swimmer
traveling with constant speed v and mean run duration τ as

DS = v2τ

3(1 − α)
, (4)

where α is the mean cosine of the angle between swimming paths before and after a tumble. It is
assumed that the swimmer follows a three-dimensional path of straight line segments connected by
random, instantaneous direction changes. Applying this model to reorientations due to collisions
with colloids, the run duration can be estimated as τ = [nPvπ (Rcoll)2]−1, where nP is the number
density of particles in the suspension, and α can be determined from the scattering angles shown in
Fig. 7 using the formula

α = 2

(Rcoll)2

∫ Rcoll

0
ρ cos[θ (ρ)] dρ = 2

∫ 1

0
ρ ′ cos[θ (ρ ′)] dρ ′, (5)

where ρ ′ = ρ/Rcoll.
Note that this definition neglects scattering that takes place when ρ > Rcoll, but this is not expected

to significantly affect the calculated diffusivity since the scattering angle is small at larger impact
parameters. Defining a larger collision radius to take these events into account would decrease the
average scattering angle but increase the overall frequency of collisions.

We remark that by symmetry, all scattering events between a particle and our spherical squirmer
remain planar. In a suspension of randomly distributed particles, however, we expect each pairwise
interaction to lie in different scattering planes. Hence, the overall path of the squirmer would not be
planar but three-dimensional. For bacteria, each scattering event is three-dimensional.

To facilitate comparisons between suspensions of colloids of different sizes, we define the particle
volume fraction φP = 4πnP(RP)3/3 and obtain an expression for the swimmer diffusivity,

DS = 4v(RP)3

9φP(Rcoll)2(1 − α)
. (6)

From this expression, we predict that the diffusive spreading of swimmers in a suspension is
monotonically reduced as the colloid volume fraction increases. The explanation for this is that the
swimmer encounters obstacles and changes direction more frequently, hindering its net displacement.
There is also a trivial dependence on the swimming speed v, which sets the only time scale in this
problem. Hence, we define a normalized effective swimmer diffusivity,

D̃S = DSφP/(RSv), (7)

where the factor RS = 1 is superfluous in dimensionless units but yields a consistent, dimensionless
value for D̃S when variables on the right-hand side are replaced by their dimensional counterparts.

The normalized effective diffusivities of our three swimmers are plotted in Fig. 8 as functions
of the particle radius. For all swimmers, the diffusivity is minimized at an intermediate value of
RP comparable to the swimmer size. Small particles cause insignificant deflection of the swimmer,
yielding α ≈ 1, which leads to large values of the effective diffusivity.

In the limit of large particles, Fig. 2 showed that scattering angles become functions of ρ/Rcoll that
are relatively insensitive to particle size (excluding bacterium LT, which becomes hydrodynamically
bound to large particles). We can explain this saturation in deflection by considering a swimmer
interacting with a fixed no-slip plane, tangential to the particle surface at the point of collision.
Assuming that the swimmer is negligibly deflected before collision, the orientation of the tangent
plane depends only on the ratio ρ/RP ≈ ρ/Rcoll. Since the direction of the swimmer after scattering
depends only on the orientation of the plane, the generic behavior for a boundary escaping swimmer
interacting with a large particle is that θ = θ (ρ/Rcoll).
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FIG. 8. Effective diffusivities of a swimmer in a random suspension of colloids as functions of the relative
size of colloids. The swimmer is assumed to move in straight lines except when scattered by colloids. The
dashed line is a guide to the eye showing the relationship DS ∼ RPv/φP.

Consequently, the mean cosine of the scattering angle, given by Eq. (5), is insensitive to RP.
Further noting that RP ≈ Rcoll for large particles, Eq. (6) reduces to DS ∼ v2τ ∼ RPv/φP. This
scaling is evident for RP/RS > 10 in Fig. 8.

Our results show that swimmer diffusivity becomes large when the particle size becomes either
very small or very large. As discussed by Berg [57], however, the persistence length in real swimmers
will be limited by Brownian rotation. The assumption that swimmers travel along straight paths
between collisions breaks down when reorientation due to collisions is insignificant, i.e., when the
volume fraction is low or when particles are very small or very large compared with the swimmer.
Corrections to Eq. (4) necessary to account for Brownian rotation and swimmer tumbling can be
made as discussed by Lovely and Dahlquist [58]. In the present work, we focus on the role of
scattering and neglect other sources of reorientation.

Another assumption in the derivation of Eq. (4) is that reorientations occur instantaneously.
In our simulations, we found that swimmer reorientation was significant only when the particle
was large and almost in contact with the swimmer. Except in cases where the swimmer became
hydrodynamically bound to the particle, the period of near contact lasted for less than 15% of the
simulation time (for a swimmer path length of 600RS). Hence, we expect the overall fraction of time
spent turning to be negligible in a dilute suspension.

C. Effective particle diffusivity

We follow the approach of Thiffeault and Childress [31] to estimate the effective diffusivity of
particles in a dilute, isotropic bath of swimmers traveling along infinite paths. In this analysis, we
consider a single, spherical particle in a bath of swimmers and neglect interactions among swimmers.
We also neglect thermal Brownian motion of the particle; while Brownian motion adds to the overall
diffusivity of the particle, it has been suggested that entrainment by swimmers at small impact
parameters could be reduced by these fluctuations [40]. The relative significance of thermal effects
can be minimized under certain conditions, such as in high-viscosity fluids, when particles are large,
or when swimmers are fast.

The mean squared displacement of particles over a long time period t is given by

〈||xP(t) − xP(0)||2〉 = 6DPt = 2πvnSt

∫ ∞

0
ρ	2(ρ) dρ, (8)
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FIG. 9. Effective diffusivity of particles due to passing swimmers. (a) Contributions to diffusive particle
motion due to a squirmer approaching at different impact parameters. The function I (ρ) = ρ	2(ρ) represents
the squared displacement due to a collision at impact parameter ρ weighted by the probability of occurrence
of this impact parameter (∼ρ). (b) Particle diffusivities normalized by (RS)4vnS for three swimmer models as
functions of relative particle radius.

where nS is the average number of swimmers per unit volume and 	 is the net displacement of
the particle due to a single swimmer approaching with impact parameter ρ. Our simulation data for
	(ρ) is based on finite, but long (path length ∼600), swimmer trajectories. Hence, our calculations
neglect the small displacements that would occur if the swimmer paths were infinitely extended
forward and backward in time. More accurate formulas for the mean squared displacement due to
swimmers with finite path lengths have been proposed [33,59], but these require integration over
two- or three-dimensional impact parameter space, which is time consuming when the coupled
trajectories of the swimmer and particle are computed to high accuracy.

To illustrate the effect of a particle’s size on its diffusivity (neglecting thermal motion), we
consider interactions with the squirmer. The integrand in Eq. (8), I (ρ) = ρ	2(ρ), is plotted in
Fig. 9(a) for different particle sizes. For each value of RP, there is a prominent peak, which shifts
to larger values of ρ and becomes lower and broader as the particle size increases. In each case,
the integrand is small when ρ > Rcoll, and, in fact, the integrands for different particle sizes overlap
in the distant passing regime. This mirrors the observed overlap in curves of δ at large impact
parameters (Fig. 6).

At small impact parameters, I is generally greater for smaller particles than for larger particles,
i.e., small particles are entrained less than large particles. This trend can also be seen from trajectories
in Figs. 3–5 and plots of the particle range in Fig. 6. Interestingly, however, Fig. 9(a) shows that
for any pair of particle sizes, there is a range of impact parameters for which the smaller particle
experiences less net displacement 	 than the larger particle at the same ρ. One might hypothesize
that this is simply due to the larger particle occupying a larger volume and, hence, being closer to the
swimmer in terms of the distance between the surface of the particle and the swimmer. While it is
true that the hydrodynamic stress distribution on the larger particle is different from that on the small
particle, we find no significant difference in the resulting displacement of the two particles when the
impact parameter is only slightly larger than the collision radius of the larger particle. Comparing two
particles of sizes RP = 0.1 and RP = 5, respectively, with impact parameter ρ = 6.2, for example,
the minimum separation between a squirmer and the smaller particle is 0.3 while the minimum
separation for the larger particle is more than 5. Despite this large difference in nearest separations,
the trajectories of the particle centers are almost identical and final displacements are both small
[Fig. 9(a) inset]. In addition, note that when ρ < 0.5, the smaller particle is displaced much more
than the larger one. Thus, displacement is not simply a function of surface-to-surface proximity.
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Instead, we attribute the enhanced displacement of larger particles to the deflection of the swimmer
upon collision. A swimmer that distantly passes a small particle is not deflected and pushes the
particle forward on approach, then backward after passing by. In contrast, a particle large enough
to obstruct the path of the swimmer and cause a deflection might instead be pushed forward as the
swimmer approaches and sideways after collision. The final displacement of the large particle could
then be greater because there is less cancellation of displacements.

We estimate the total effective diffusivity of particles in a dilute bath of uncorrelated swimmers
using the formula

DP = π

3
vnS

∫ Rthresh

0
ρ	2(ρ) dρ, (9)

where Rthresh is a cut off distance larger than the collision radius. We set Rthresh = 60 and
compute DP/(vnS) for particles up to RP = 50. It has been experimentally demonstrated that the
diffusivity of tracer particles due to a dilute suspension of swimmers scales proportionally with
the active flux, defined as J A = vnS [26,37,38], as expected from Eq. (9). This motivates our
choice of normalization, D̃P = DP/(vnS). In terms of dimensional variables, this dimensionless
characterization is written D̃P = DP/[(RS)4vnS].

As shown in Fig. 9(b), a particle’s normalized diffusivity does not trivially decrease with its size.
Moreover, the qualitative dependence on particle radius is not the same for all swimmer types. For
the squirmer, there is a peak in diffusivity at a particle radius comparable to the swimmer radius. In
contrast, the two bacterium models exhibit a minimum in particle diffusivity at an intermediate value
of RP comparable to the swimmer size. Figure 9(b) also suggests that the bacterium models result
in values of D̃P an order of magnitude greater than those from the squirmer. We note, however, that
the length scale in our model is set by the cell body of the bacterium and does not account for the
flagellum. If we were to instead consider the length of the swimmer, including the flagellum, as the
characteristic swimmer size, then the calculated particle diffusivities would be comparable to those
of the squirmer.

For comparison, we quote the reported (dimensional) quantity D̃P(RS)4 = 13 μm4 obtained
experimentally for latex particles of radius RP = 1 μm in suspensions of E. coli [34]. Another
study, using nonmotile cells as the tracers, obtained the value D̃P(RS)4 = 7.1 μm4 [26]. Assuming
RS = 0.8 μm (for an ellipsoid of major axis 2 μm and minor axis 1 μm), our theoretical analysis
for the bacterial models estimates D̃P(RS)4 ≈ 4 μm4, which is of the same order of magnitude as
experimental results.

V. DISCUSSION

While the motion of low Reynolds number swimmers near plane boundaries has been extensively
studied theoretically [11,20–22,51,60], there have been relatively few analyses of the hydrodynamic
influence of curved surfaces or free particles on swimmers. Experiments have shown that
spermatozoa tend to swim along corners of microchannels [61] and can follow the convex curvature
of a slowly bending channel [62]. Similarly, bacteria have been observed to orbit around the base
of large, circular pillars protruding from a flat substrate [63]. When the pillar radius was larger
than 100 μm, the fraction of cells trapped at the pillar after collision was comparable to the
fraction trapped by a flat wall. Since the radius of curvature of such pillars is much larger than the
body length of a bacterium, the intersection between the pillar and the substrate is similar to the
intersection between perpendicular planes, which was shown to be hydrodynamically attractive to
some swimming model bacteria [64].

Interestingly, self-propelled gold-platinum nanorods were found to similarly orbit around
spherical particles resting on a substrate even when the diameter of the particle was as small
as half of the length of the rod [65]. Motivated by these experimental observations, a detailed
mathematical model was proposed by Spagnolie et al. [66] to describe hydrodynamic interactions
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between a dipolar swimmer and a spherical particle that was assumed to be stationary. Using this
model, hydrodynamic trapping of the swimmer was predicted for particles larger than a critical
radius, which depended on the relative dipole strength and aspect ratio of the swimmer. It is known,
however, that near field effects not captured by the dipolar flow field approximation also influence
hydrodynamic trapping at surfaces [51]. This is evident from the nontrivial transitions in stability of
near-surface swimming in squirmers when squirming modes, corresponding to the relative strengths
of the dipole and higher order multipoles, are varied [50].

Nevertheless, our current simulations demonstrate hydrodynamic trapping of swimmers at curved
surfaces similar to the experimental observations for sperm [62], bacteria [63,67], and catalytic
nanorods [65]. In our study, entrapment only occurred for the swimmer that is hydrodynamically
bound to planar boundaries (bacterium LT) and required the particle radius to be about 150 times
the volumetric radius of the bacterial cell body, corresponding to a physical size of RP ≈ 100 μm
for bacteria [22]. This coincides with the critical pillar radius for trapping bacteria in the study by
Sipos et al. [63], though we note that the estimated critical sphere radius in our model is expected
to be sensitive to the geometry of the model swimmer. Spagnolie et al. [66] suggested that the
swimmer would need to collide with or pass very close to a sphere for hydrodynamic trapping to
occur. This is supported by our simulations of bacterium LT, which passed the RP = 150 particle
without becoming trapped when the impact parameter was ρ � 1.05Rcoll.

For swimmer-particle interactions that do not result in trapping, we find that close approaches
to the particle result in deflection of the swimmer path. The deflection is insignificant for particles
smaller than the swimmer. Unsurprisingly, large particles cause greater swimmer deflection, though
this effect starts to saturate as particle radii increase above 10 times the swimmer length scale for
bacterium ST and the squirmer (which do not become hydrodynamically bound to large particles).

The scattering of the swimmer upon collisions with particles sets an effective time scale of
reorientation for an otherwise straight swimming organism in a suspension. Using simulations to
understand the details of the scattering distributions, we have shown that the normalized effective
diffusivity of a swimmer in a suspension of given volume fraction depends nonmonotonically on the
particle radius and is minimized when the swimmer and particles are comparable in size.

Many theoretical studies have sought to quantify the influence of active particles on the motion
of passive colloids in a fluid [30–33,59]. For analytical treatment, the displacement of a tracer due
to the flow field of a passing swimmer is commonly obtained by integrating the time-varying flow
velocity at a fixed tracer position [30,32]. This approach is valid in the far field when the tracer
motion is small enough that Lagrangian effects may be neglected. If a swimmer approaches close to
the tracer, however, Lagrangian effects are important and lead to entrainment of the particle with the
moving swimmer. Thus, it has been proposed that the effective diffusion coefficient characterizing
the motion of tracers in a bath of swimmers could conceptually be expressed as the sum of three
contributions [33],

DP ≈ Drr + Dentr + Dtherm, (10)

where Drr is due to the far field flow of uncorrelated swimmer trajectories of finite persistence lengths
(infinite, straight trajectories would cause no net displacement of a tracer in the far field), Dentr is
the near field entrainment term, and Dtherm is a contribution from thermal noise. We emphasize that
Eq. (10) is not a mathematically rigorous decomposition but is simply intended to express insight
into the physics on a qualitative level.

Our results for the motion of finite size particles due to swimmers show that the particle’s motion
is almost independent of its radius in the distant passing regime, where the trajectory of the swimmer
is unaffected by the particle. Hence, we expect Drr to be unchanged when particles of finite size are
considered instead of tracers. In head-on collisions, small particles tend to be entrained over long
distances while large particles are not pushed far before the swimmer changes direction and swims
away. We interpret this as a reduction of Dentr with increasing particle size.

The scattering of swimmers upon collision with finite size particles also gives rise to a new
contribution to particle diffusivity Dscat not present in the description of (pointlike) tracer diffusion,
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Eq. (10). Unlike random, “tumbling” reorientations and gradually curving trajectories, which are
intrinsic to the swimmer and accounted for in the Drr term [33], swimmer deflections due to collisions
with particles take place at specific times, namely, when the swimmer encounters the surface of a
particle. The perturbation of the swimmer path results in a different particle trajectory. In some cases,
the “closed loop” path that a tracer would follow is opened up by swimmer scattering, leading to a
large net displacement and increased diffusivity of finite size particles.

Hence, the net effect of increasing particle size, taking into account the reduction of Dentr and the
increase of Dscat, is a nontrivial and swimmer-specific dependence of the effective diffusivity of a
particle on RP. Diffusivities are similar at the two extremes in particle size, while intermediate sizes
can lead to either enhanced or diminished diffusivities.

We note that our approaches for estimating the effective diffusivities of swimmers and particles
do not take into account the potential changes in swimming speed when a particle is nearby. From
Eqs. (6) and (9), we expect both diffusivities to decrease if the average swimming speeds are lower
due to the presence of particles. Previous simulation studies have suggested that bacteria swimming
very close and parallel to a no-slip wall could be 10% faster than in bulk fluid [60], though this
assumes a fixed motor speed. For a given power or motor torque, the increased drag due to the
presence of the nearby boundary results in a lower swimming speed for model bacteria [22]. The
speed also depends on the orientation relative to the surface. It is therefore not simple to predict how
the average speed of a swimmer would depend on the size or volume fraction of suspended particles.

Experimentally, however, bacteria have been shown to swim at a nearly fixed speed under
confinement in channels with heights down to 3 μm [68], and the speeds of self-propelled nanorods
are also unchanged when orbiting a spherical obstacle [65]. In light of these observations, we expect
that changes in swimming speed in suspensions or particles would also be negligible, at least for
some types of swimmers.
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APPENDIX: FAR FIELD SCALING OF PARTICLE RANGE

We seek an approximate analytical solution for the particle range δ in the limit of large impact
parameters. The swimmer-particle scattering problem is as described in Sec. III. For a force-free,
torque-free swimmer, the far field fluid flow is given by the Stokes dipole term. For large impact
parameters, swimmer deflection by the particle is negligible so we assume that the swimmer moves
with constant velocity V = V e, where e = (−1,0,0)T, from the initial point xS

i = (xi,0,ρ)T at time
t = 0 to the final point xS

f = (−xi,0,ρ)T at time t = Tmax = 2xi/V . The particle is initially at the
origin.

For a dipole of strength κ aligned with the swimming direction e at position xS, the flow field is
given by

u(r) = κ
r

||r||3
[

3

(
e · r
||r||

)2

− 1

]
, (A1)

where r = x − xS. According to Faxén’s laws, the velocity of a spherical particle of radius RP in
this flow field is uP = [1 + (1/6)(RP)2∇2]u. To leading order in RP/||r||, we neglect the finite size
effect, treating the particle as a tracer. Simulations suggest that this is a good approximation since
the particle range obtained numerically is not sensitive to RP once ρ > (RP + RS) (Fig. 6). The
motion of the tracer is dxP

dt
= u(xP − xS), which can be integrated numerically over time to obtain

the trajectory of the tracer. An explicit approximation can be found by considering an expansion in
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FIG. 10. Paths of tracer particles, starting at the origin, advected by a dipolar swimmer moving from xS = xi

to xS = −xi with impact parameter ρ = 1. The path half lengths of the swimmer are (a) xi = 0.3, (b) xi = 2,
and (c) xi = 10. Plotted paths are the far field approximations Eqs. (A3)–(A4) with κ/V = 3/4. The particle
range in each trajectory is indicated by a double-headed arrow. Dashed curves are the extensions of the tracer
paths forward and backward in time, assuming the swimmer continues to travel along an infinite line.

the particle displacement (xP − xP
i ) = xP,

dxP

dt
= u(−xS) + (xP · ∇)u(−xS) + O(||xP||2/||xS||2). (A2)

Following the approach in previous studies [30,32,36], we truncate the expansion to the zeroth order
term and integrate. This yields the leading order terms in the displacement xP = (xP,0,zP)T of the
particle,

xP(t) ≈ −κ

V

{
2xS(t)2 + ρ2

[xS(t)2 + ρ2]3/2
− 2x2

i + ρ2(
x2

i + ρ2
)3/2

}
, (A3)

zP(t) ≈ −κ

V

{
xS(t)ρ

[xS(t)2 + ρ2]3/2
− xiρ(

x2
i + ρ2

)3/2

}
. (A4)

In Fig. 10 trajectories are plotted for a range of values of xi. The characteristic shapes traced out
by the particles due to a dipolar swimmer have been discussed in previous studies [30,32,36]. The
two cusps that appear in some of the trajectories satisfy the equation dxP/ dt = 0, which requires
xS = ±ρ/

√
2. Hence, the cusps are present only if ρ <

√
2xi and have positions given by

x
cusp
± ≈ −κ

V

{
25/2 × 3−3/2ρ−1 − 2x2

i + ρ2(
x2

i + ρ2
)3/2

}
, (A5)

z
cusp
± ≈ −κ

V

{
±2 × 3−3/2ρ−1 − xiρ(

x2
i + ρ2

)3/2

}
. (A6)

The particle range is defined by

δ = max
0�t1,t2�Tmax

{||xP(t2) − xP(t1)||}, (A7)

where Tmax is the duration of the trajectory. We identify three potential candidates for maximizing
the distance between points on the trajectory (see Fig. 11):

(1) δi−cusp, the distance from the origin (initial position) to the second cusp,
(2) δcusp−cusp, the distance between the two cusps,
(3) δi−f , the distance from the initial to the final particle position.
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FIG. 11. The dependence of particle range on impact parameter in the far field approximation. The swimmer
path half length is fixed at xi = 300. For a given impact parameter ρ <

√
2xi, the particle range δ is the largest

of δi−cusp, δcusp−cusp, and δi−f . For ρ �
√

2xi, the tracer path has no cusps and the range is δ = δi−f . (Inset) A
comparison of δ obtained in the far field approximation with the fully simulated results for a squirmer interacting
with a particle of radius RP = 0.01, as in Fig. 6(a). Dotted curves correspond to the solid curves of the same
color in the main figure. Simulations deviate from the simple, analytical results at small impact parameters,
where it is not valid to neglect the near field flow around the swimmer or the finite size of the particle.

From Eqs. (A3)–(A6), we obtain

δi−cusp = [(xcusp
− )2 + (zcusp

− )2]1/2, (A8)

δcusp−cusp = |zcusp
+ − z

cusp
− | = 4|κ|

33/2Vρ
, (A9)

δi−f = |zP(Tmax)| = |κ|
V

{
2xiρ(

x2
i + ρ2

)3/2

}
. (A10)

In the limit ρ → ∞ for a given, finite xi, there are no cusps in the particle trajectory and the range
tends to

δ = δi−f ∼ ρ−2. (A11)

In the small impact parameter regime (ρ <
√

2xi), the cusps must be considered when determining
the particle range. The two cusps respectively minimize and maximize the z-coordinate of the
particle. Therefore, δi−f < δcusp−cusp. In this regime, the particle range is the larger of δcusp−cusp and
δi−cusp. It can be shown that δcusp−cusp < δi−cusp whenever ρ/xi < ρ∗, where the threshold is at least
ρ∗ ≈ 0.16. Hence, for small impact parameters, the particle range is set by δi−cusp, which has the
behavior

δi−cusp = |κ|
Vρ

{
2√
3

+ O(ρ/xi)

}
∼ ρ−1 (A12)

in the limit ρ/xi → 0.
To summarize, the particle range approximately exhibits two power-law scaling regimes when

the swimmer path length is finite. At small impact parameters, δ ∼ ρ−1 whereas at large impact
parameters, δ ∼ ρ−2. The crossover occurs around the threshold ρ ≈ √

2xi. We illustrate this
behavior in Fig. 11.
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