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In this paper, we study the utility-lifetime tradeoff in wireless sensor networks (WSNs) by
optimal flow control. We consider the flow control in a more practical way by taking into
account link congestion and energy efficiency in our network model, and formulate it as a
constrained multi-objective optimization problem. Because of the variable coupling in the
objective function, auxiliary variables are introduced to decouple it. We introduce the con-
cept of inconsistent coordination price to balance the energy consumption of the sensor
nodes. Based on the congestion price and inconsistent coordination prices, a distributed
algorithm using gradient projection is proposed to solve the optimization problem. The
convergence of the algorithm is also proved. Numerical results show the convergence of
our algorithm, the tradeoff of utility and lifetime, as well as the necessity of considering
link congestion in WSNSs.

Crown Copyright © 2009 Published by Elsevier B.V. All rights reserved.

1. Introduction

Flow control is to deal with designing distributed algo-
rithms to regulate traffic rate from the users in order to
maximize the total network utility. A general utility func-
tion is defined to characterize the network performance
under the Network Utility Maximization (NUM) frame-
work [2]. The objectives of the flow control is to avoid
the congestion of links, and to guarantee fairness among
users, since only maximizing the total utility of a network
may result in unfairness, starving some users all the time.
In this paper, we confine our interest to Wireless Sensor
Networks (WSNs), which are usually composed of many
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battery-driven sensors. A WSN can only operate in a finite
time interval, making energy management one of the fun-
damental challenges. When addressing the flow control
problem in WSNSs, it is necessary to simultaneously take
into account the energy constraint of the sensor nodes.
This makes the flow control approach for WSNs different
from those for traditional wired networks. For example,
traditional flow control mainly focuses on two components
[3,4]: a source algorithm that dynamically adjusts the node
rate in response to the congestion price defined by some
congestion metric and a link algorithm that updates the
link price, implicitly or explicitly. Transmission Control
Protocol (TCP) is mainly used for source rate control and
Active Queue Management (AQM) is adopted to deal with
link update [5]. When energy management is required, in
addition to link prices, new measures need to be intro-
duced to coordinate the energy consumption among the
sensor nodes. Thus traditional flow control mechanisms
may no longer be effective and we should resort to new ap-
proaches to effectively regulate the rates of the sensors and
prolong the network lifetime.
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When energy management is also considered with the
flow control, the problem becomes more complex. If the
rates of the network are large, the total utility achieved is
correspondingly large. However, the sensor network may
die quickly. There is a tradeoff between total utility maxi-
mization and network lifetime maximization. Therefore,
each sensor node needs to regulate its rate according to
not only the congestion condition of the links but also
the energy consumption of other sensor nodes.

In this paper, we study the utility-lifetime tradeoff in
WSNs with link capacity constraint and energy constraint
by optimal flow control and formulate it as a constrained
multi-objective optimization problem under the NUM
framework. The comprehensive formulation of the util-
ity-lifetime tradeoff in the transport layer, is particularly
important with the development and integration of video
technology WSNs, such as multimedia application in sen-
sor networks [6,7]. Most of existing works under the
NUM framework assume each source has an independent
utility function, while the adopted objective function is
generally coupled and can not be separable directly, thus
making a fully distributed algorithm extremely difficult.
To the best of our knowledge, this is the first study that
provides a practical solution to decouple the coupling in
the objective function by introducing auxiliary variables
and present a systematic distributed approach based on
inconsistent coordination price for the formulated con-
strained multi-objective optimization problem. We first
introduce two system parameters: scaled parameter w,
which is used to map the two performance metrics (utility
and lifetime) into the same order of magnitude, and weight
parameter Y, which is used to combine the two objective
functions into a single one. We show that the combined
objective function is strictly concave and the global opti-
mal solution exists. y is also called a tradeoff parameter
and we can change its value to achieve different tradeoffs
between network lifetime and total utility. We adopt La-
grange duality method to decompose the problem. We
can interpret the Lagrange multipliers, 4, as link congestion
price. To coordinate the energy consumption among the
sensor nodes, we also introduce Lagrange multipliers u,
which can be interpreted as the inconsistent coordination
price. Based on the link congestion price and inconsistent
coordination price, we propose a distributed algorithm to
obtain the optimal solution by using gradient projection.
We also prove the convergence of the algorithm by using
the knowledge of convex optimization. Numerical investi-
gations are conducted to demonstrate the following three
aspects: (1) the convergence of our distributed algorithm;
(2) the need for considering link congestion, which is left
aside in [8]; and (3) the affects of weight parameter y on
total utility and network lifetime.

The remainder of the paper is organized as follows. In
Section 2, we discuss the related work about flow control
and energy management. We establish our mathematical
model in Section 3, and propose a distributed algorithm
to solve the problem in Section 4, followed by the proof
of convergence in Section 5. Numerical results are given
to verify the analysis in Section 6. Finally, we conclude
our paper in Section 7.

2. Related work

Flow control is a fundamental problem in the tradi-
tional wired network and has been extensively studied
[9,10,2]. Two important aspects in flow control are con-
gestion avoidance and fairness [11], apart from the stabil-
ity of both homogeneous and heterogeneous flow control
with/without feedback delay [12,13]. Mo et al. demon-
strate the existence of fair end-to-end congestion control
protocols for packet-switched networks [14]. In [15,16],
Kelly proposes a novel way to solve the problem and con-
verts the flow control problem with fairness requirement
into a convex optimization problem. In this way, the de-
sign of flow control algorithms can be systematically
investigated. In [2], Low shows that this optimization
problem for the single-path case is strictly concave under
the assumption that the utility function is strictly concave,
thus a global optimal solution exists. Gradient projection
or subgradient projection are often adopted to design a
distributed algorithm for obtaining the optimal solution.
The congestion avoidance functionality of TCP has been
recently reverse-engineered to implicitly solve the basic
Network Utilization Maximum (NUM) problem [17]. Due
to its advantages, the methods for NUM dominate solu-
tions to the flow control problem. Current work on flow
control can be differentiated from each other in (1) the
types of networks, e.g., single or multi-path networks
[2,18]; (2) the choices of utility functions, e.g., fairness
utility function or other metrics; and (3) the approaches
to solving the problem, e.g., primal decomposition or dual
decomposition by gradient projection or penalty function-
based method [19,20]. However, most of the research on
this problem mentioned above does not take the energy
constraint into account, which is one of the fundamental
challenges in WSNs.

As mentioned above, network lifetime is a critical per-
formance metric in WSNs and should be involved when a
rate allocation scheme is designed. In [19], Srinivasan
et al. consider the optimal rate allocation with guaranteed
lifetime in multi-path networks. They incorporate the en-
ergy dissipation as a constraint. In [8], Zhu et al. study
the tradeoff between network lifetime and fair rate alloca-
tion in multi-path sensor networks. However, they do not
consider the link congestion and formulate it as an uncon-
strained multi-objective optimization problem. In [21], the
link capacity constraint is added in the cross-layer formu-
lation, and the rate allocation and energy conservation
problem s solved directly using gradient projection method.
But they do not give detailed information about how to
distributively implement the algorithm to solve the rate
allocation and energy conservation problem in each layer.
In [22], Nama et al. formulate a similar cross-layer model.
They use penalty functions to regulate the rates to con-
serve energy and do not provide the distributed solution
in each layer. To the best of our knowledge, most reported
research work have not provided a distributed algorithm in
the transport layer by transferring the coupling in the
objective function to the coupling of the constraints for
the tradeoff between total utility and network lifetime in
WSNs, which are the focus of our study.
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3. Problem statement

In this section, we model the utility-lifetime tradeoff in
WSNs as a constrained multi-objective problem and show
that the combined objective function is strictly concave,
thus having a unique global optimal solution.

Throughout the paper, we denote sets and the cardinal-
ity of sets by capital letters, variables by lowercase letters,
vectors by bold lowercase letters and matrices by bold cap-
ital letters. For a vector &, its ith component is x;, and its
transpose is Xx7. Let |x||; = > x|, |x], = <Z,-|xi|2>2 and
||x]| ., = max;|x;] denote the 1-norm, 2-norm and co-norm
of x, respectively. For matrix A, denote its (i,j) component
by aj, and its transpose by A. Let ||A|;, |A], and |A]| de-
note the 1-norm, 2-norm and co-norm of the correspond-
ing matrix.

We consider a WSN consisting of a set S = {1,2,...,5}
of sensor nodes and N = {1,2,...,N} of sink nodes. The
sensor nodes can transfer their sensing data to the sink
nodes over a set L= {1,2...,L} of links, each of which
has capacity ¢, € L. The single-path routing is assumed
in this paper. Each sensor node is characterized by three
parameters (Us(-), ms, ms), where Us : R, — R is a strictly
concave utility function related to rate allocation and
ms > 0 and m; < oo are the required minimum and maxi-
mum transmission rates, x;, for each sensor node s, respec-
tively. The notations used in this paper has been
summarized in Table 1.

3.1. General flow control model

A general flow control problem is often concerned with
how to allocate the rates to users to maximize the total
utility of the network. Two important goals in flow control
are congestion avoidance and rate fairness. There are sev-
eral fairness definitions introduced in the literature, such
as max-min or proportional rate fairness [16], application-
oriented fairness [23] and so on. It is shown by Kelly
[15,16] that each data flow issued from sensor node s can
be associated with a utility function U,(-) and achieve dif-

Table 1
Notation definitions.

Symbol Definition

L The set of links

L(s) The subset of links L used by sensor node s

q The capacity of link [

N0 S(l) = {s € S|l € L(s)} is the set of nodes using link [

Lin(s) The set of incoming links of sensor node s

Lout () The outgoing link set of sensor node s

Sin(s) The set of sensor nodes that use sensor node s as a relay

Se(s) Se(s) = {s’ € S|s € Sin(s')} is the set of sensor nodes that
sensor node s uses as relays

Ig The outgoing link that sensor node s uses for transmitting

its own data at rate x;

Us The utility function at sensor node s

ms The required minimum transmission rates for each sensor
node s

ms The required maximum transmission rates for each
sensor node s

Ds The total power dissipation at sensor node s

Ts The lifetime of sensor node s

ferent kinds of fairness by maximizing the aggregate utility
functions ) . Us(x;). The sink nodes are responsible for
receiving data from sensor nodes and they contribute
nothing to the utility of the network. We establish the
mathematical model for a general flow control problem
in WSNs as follows.

max Y Us(xs), (1)
seS
Z XS < C17l € L7
st seS(l) (2)
ms < X, < m,, Vs e S.

The feasible set of constraints in Eq. (2) is convex,
> sesaXs < €1, L€ L is the constraint of link capacity, and
the objective function in Eq. (1) is strictly concave in x.
According to the convex optimization theorem [24], the
defined problem has a unique global optimal solution. La-
grange duality method is introduced to decompose the
problem into several subproblems, which can be easily
solved distributively at each individual sensor node.

3.2. Lifetime model

The energy of a sensor node is mainly used for sensing,
processing, transmitting and receiving data. It is widely
recognized that the process of transmitting and receiving
data dominates the energy consumption [25]. Similar to
[26], we only consider the energy consumption for com-
munication. Assume that the sink nodes have enough
energy.

The power depletion, p!,, at sensor node s for transmit-
ting unit data over link I can be stated as:

Pl = p + ody, 3)

where p and o are constants related to the functionality of
the physical layer and the environment factors, dy is the
length of the logic link I, and n(2 < n < 4) is the path loss
constant. The power consumption, pf, for receiving a unit
of data from link [ at a sensor node s is generally assumed
to be a constant. Then the total power dissipation, p;, at
sensor node s equals

=) D pixe+ Y D pixs. (4)

leLin(s) s'eS(l) leLout (s) s'€S(I)

The sensor node s is often powered with energy-con-
strained batteries and has a limited initial energy, e;. Its
lifetime, T, is then described as

€s
ps

Generally, the network lifetime is defined as the lifetime of
the sensor node whose energy is first drained [27], and
maximizing network lifetime is equivalent to maximize
the minimum lifetime of the sensor nodes in the network.
let T denote the network lifetime: T = mingTs. The life-
time problem can be formulated as

max T (6)

T, = (5)

It is very difficult to solve Eq. (6) in a distributed manner
because each sensor node needs to communicate with all
other sensor nodes to know their energy consumption.



3034 J. Chen et al./ Computer Networks 53 (2009) 3031-3041

There are only partial distributed algorithms for this pri-
mal problem [26]. A viable approach is to substitute the
objective function Eq. (6) with other separable objective
functions with an approximation guarantee.

An effective approximation approach to solve Eq. (6) is
proposed by in [14]. It is shown that maximizing the aggre-
gate utility can achieve max-min rate allocation for each
source when the utility functions are given by V#(.) and
B — oo, where V#(.) is defined as follows:

logx, p=1,
By —
v (x)_{ﬂ—ﬁx”f, p>1. (7)

Notice that in Eq. (6) we have to maximize the mini-
mum lifetime of the sensor nodes, we take the lifetime of
each sensor node as its profit, which is similar to the
max-min rate allocation problem. If we introduce new util-
ity functions, V/(-), for each sensor node and maximize the
aggregate utility, the lifetime model of Eq. (6) is approxi-
mated. The problem is then transformed into

max Y " VI(Ty), (8)
se§
where V(T,) = {51,
To simplify the problem, let z; = 1/T;, where z; is de-
fined as the normalized power dissipation of the sensor
node s. Then Eq. (8) becomes

1
max ) mzﬁ“, (9)

seS

st.  ps=ez, seS. (10)

Eq. (9) is called the lifetime model of the WSN.

3.3. Utility-lifetime tradeoff model

Generally, unattended operation of the WSNs is often
desirable or required for area monitoring applications,
which makes the sensor nodes cannot be recharged due
to the inaccessibility of the area of interest. So there is a
need to maximize the network lifetime as long as possible
by balancing the energy consumption of each node, mean-
while maximizing the total monitoring information gained.

We consider a more practical model by considering fair-
ness and link congestion into utility-lifetime problem,
which differentiates our work from that in [8]. Eq. (1) tries
to maximize the whole utility under link capacity con-
straints and fairness guarantees. While, Eq. (9) tries to pro-
long the lifetime of the sensor network. One extreme
situation is not to let any sensor node transmit data, i.e.,
xs = 0,s € S. Under this situation, the WSN is useless and
impractical although it may have a longer lifetime. Thus,
the utility-lifetime problem is important but the conflict-
ing network performance metrics generate tradeoff. This
is a constrained multi-objective optimization problem. To
solve the problem, we introduce two system parameters,
w, a scaled constant to transform two objective functions
into the same order of magnitude, and 7, a system weight
constant to combine two objective functions into a single
one. Then, the optimal flow control problem for the util-
ity-lifetime tradeoff can be formulated as follows.

max zs: <VUs(xs) -(1- y)%zf*l), (11)

Y x<q, lel,
seS(l)

ps =6z, SE€ES,
s.t (12)
ms <X <M, VseS,

Ps= > X PyXe+ > > PyXs-

leLiy (s) s'€S(1) l€Lout (s) s'€S(I)

In the above formulation, the two metrics are combined
into a single one and existing optimization methods in
[24,28] can be applied to solve it. @ is a mapping parame-
ter which can transform the values of the two objective
functions into the same level. This is important because if
the two metrics are not at the same level, it is hard to
get a right and clear understanding about the tradeoff
problem. 7 can be interpreted as a tradeoff parameter
and used to evaluate the importance of the two perfor-
mance metrics. Both @ and 7y are application-dependent.
For example, when preferring total utility to the network
lifetime, we can have a large y and vice versa. In Egs.
(11) and (12), zs can be expressed by x, thus they are dum-
my variables. Since the constraints for x are linear, the fea-
sible set of Eq. (12) is convex. Under the assumption that
Us(), VE(-),s € S are strictly concave, the objective function
Eq. (11) is strictly concave in x. Thus, there exists a unique
global optimal solution for the problem Eq. (11) [28]. In the
next section we will utilize this property to design a dis-
tributed algorithm.

4. Distributed algorithm

In this section, we will adopt the gradient projection to
design a distributed algorithm to solve the problem Eq.
(11) and prove its convergence.

Notice that the objective function Eq. (11) is coupled in
x. To make the problem solvable in a distributed manner,
we solve the coupled objective function by introducing
auxiliary variables and additional equality constraints.
We can then transform the coupling in the function to
the coupling in the constraints, which can be decoupled
by Lagrangian dual decomposition [20,29]. We introduce
auxiliary variables, {y}cs, 5),S €S, and transform Eq.
(11) into the problem P.

P : max Z OS(X57 {yss’}s/eS,-,,(s))v (]3)
s

Y xs<q, lel,
seS(l)

> 2 (DY +Dpy)Ysy + XDy, = esZs, SES,

leLin(s) s'€S(l)
s.t ) (14)
Yoo =Xy, S € 5Sin(s),

mngsnga

Vss = 07 NES 57 S Sm(s),

where aS(X57 {yss’}s’esi"(s)) = ’VUS(XS) —(1- "/)%Z?il.
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Define the Lagrangian as [28, Section 6]

L(x,y, lv ”) = Z as(x57 {.VSS’ }s’esm(s) Z ’11 (Z Xs — Cl)

seS leL seS(l

+ Z Uss (X9 — Yso)

§'eSin(s).s€S
=S Us(Xs, Vss Yyes, ) —Xs D
seS leL(s)
HX Y Ugs— Y usS,ySS,}—i—ZA,C,. (15)
S'eSe(s) s'€Sin(s) leL

With this formulation, the first term is separable in each
sensor node s. Let Bs(4, ) be the maximum of the following
optimization problem DP;:

7x5(;“s 7‘u5) - Z Uss' Y55

max U (X37 {yss’ }S’Esm (3))

'€Sin ()
(16)
> > Dy +Dy)Yse + XDy, = esZs,
leLip(s) s'eS(l)
SE3 m, < x < M, (17)

<
Yes = 0,5 € Sin(9).

where 2° =374 1 = Y ges, s Mes- Then the objective
function of the dual problem is [28, Section 6]

DP:D(4,p) =Y Bi(d,m)+ Y _ e, (18)

seS leL
and the dual problem is

minD(4, p). (19)

A=0.u

The first term of the dual function, D(4, p), is decomposed
into S subproblems DP;. Notice that each sensor node s
maintains xs and {yy }y.s, s in its memory which facilitates
the implementation of a distributed algorithm. If we inter-
pret /; as the price per unit bandwidth at link [, then /° is
the total price per unit bandwidth for all links paid by sen-
sor node s. Different from the existing methods, we intro-
duce the auxiliary variables {y },.s, ), and the Lagrange
multipliers { }cs, s tO coordinate the values of Xy in
sensor node s’ and yss, in sensor node s. We can interpret
U as the inconsistent coordination price between xy and
the auxiliary variable y,, for sensor node s, and p* as the to-
tal inconsistent coordination price of all the sensor nodes
that the sensor node s uses along its route. Since the prob-
lem P is strictly concave the dual problem DP is continu-
ously differentiable with derivatives given by [28, Section
6]

{g?l(lv”)_cl_xl7 IGL,

20
o (h) =Xy —Yig, S ESin(s), SES. (20)

where x' = > sesayXs 1S the aggregate rate on link . We adopt
the gradient projection method [28, Section 6,30] to solve
the dual problem where the link price and the inconsistent
coordination price are updated in the opposite direction to
the gradient VD(4, p):

[a(t) = o(cr = X)), lel,
:/“Lss'( ) (XS/( )_yss/(t))v 5,65111(5)7 seS.
(21)

Alt+1)=
Heg (E+1)

where § is a stepsize, and [z]” = max{0, z}.

After both the link price and the inconsistent coordina-
tion price are updated, each sensor node s collects /°, and
updates its rate x; and the auxiliary variables {y }cs (s
by solving the problem DP;. We summarize the distributed
algorithm for utility-lifetime tradeoff (DAULT) as follows.

4.1. Algorithm DAULT
Link I's Algorithm for t =1,2,...:

(1) Receives data at rate x;(t) from each sensor node
s € S(I) that uses link ! and computes x/(t).
(2) Computes a new price.

Mt +1) = [4(t) — 3(c; — x'(£)].

(3) Communicates the new link price 4;(t + 1) to all sen-
sor nodes s € 5(1), which use the link L

Sensor node s’s Algorithm for time t =1,2,...:

(A) Inconsistent coordination price update:

(1)  Receives from the network xy (t),s’ € Sp(s) of
sensor nodes that use sensor node s in its
transport route.

(2) Updates the inconsistent coordination price
{lsg (t+ 1)}, s according to the following
equation

:l’Lss’(t+ ]) ,LLSS,( ) (XS/( ) 7.)’55’(’:))'

(3) Communicates its inconsistent coordination
price {1 (t)},s € Sin(s), to the sensor nodes
that use it as a relay node.

(B) Rate and auxiliary variables update:

(1) Receives from the network the link price 4(t)
of the links I € L(s) that are used by sensor
node s and computes 2°(t).

(2) Receives from the network the inconsistent
coordination price p,(t) of the sensor nodes
s’ that are used as relays by node s and com-
putes L(t).

(3) Updates the internal variables in the sensor
node S7x5(t + 1)7 {yss’(t + ])}s/esm(s)' by SOIVing
the dual problem DP;s (i.e., Egs. (16) and (17)
) for the given )“s(t)v :us(t)v {:uss/(t)}s'esm(s)'

(4) Communicates new rate x;(t + 1) to links that
sensor node s uses.

The following are remarks on theAlgorithm DAULT :

e Link prices /,,l€L, are updated by collecting the
corresponding rate information x/(t),l € L, which
can be implemented through active queue manage-
ment (AQM). The inconsistent coordination prices
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{Uss }yes, S €S, are updated in each sensor node s,
which can also be easily implemented. The parameters
J1,1 € L are the measures of how the links are congested.
The larger the parameters /,,! € L, the more congested
the corresponding link will be. Correspondingly, param-
eters {ly }yes, > S €S, are used to evaluate the consis-
tency between the rate variables and their auxiliary
variables.

e In each sensor node’s algorithm, sensor node s has to
solve the dual problem DP; for the given 2°,y° and
{Mss }yecs,, s> Which can be solved in a centralized man-
ner. There are many effective algorithms such as New-
ton-Raphson method to achieve this. As the process of
transmitting and receiving data dominates the energy
consumption [25], the energy cost of computation can
be neglectable and is excluded from our energy model.

e Each sensor node, s, has to communicate with other
nodes to collect the aggregate link price /°, which is sim-
ilar to the approach in [2]. Also, each sensor node has to
exchange message packets to collect the aggregate
inconsistent coordination price ¢ and the rate of sensor
nodes, Xxy,s" € Siz(s). A similar mechanism for link price
can be exploited to solve this problem. The updates
are necessary, because we have to balance the energy
consumption among sensor nodes. As shown in Algo-
rithm DAULT, each sensor node s only needs to commu-
nicate with those sensor nodes lying along its route. So
the message exchange in each iteration is tolerable,
which is very important for implementation of the
algorithm.

e There are two time scales, one for link and inconsistent
coordination price updates and the other for deciding
the rate of each sensor node by solving DP. It is reason-
able to assume that the time scale for the rate update is
much smaller than that of link and inconsistent coordi-
nation price updates, since each sensor node s can solve
DP; in a centralized manner by using local information.

e We adopt the gradient projection method to distribu-
tively solve the optimal flow control problem, which is
a strongly convex problem as discussed in Section 3.
Hence, according to [30], the algorithm DAULT converges
geometrically.

Using the concepts of control theory, the close-loop sys-
tem framework of Algorithm DAULT is illustrated in Fig. 1.
The matrices A and H in the figure are defined in Section 5.

—~()————— DP Xy
AT = (Ax-0)" A

T

L H ]

p=HGx-y)[ | H

Fig. 1. Close-loop system framework of algorithm DAULT.

From the above discussion, we can conclude that Algo-
rithm DAULT can be implemented and the message ex-
changes for the global information are tolerable, which
makes DAULT a practical algorithm.

5. Convergence performance of the distributed
algorithm

In this section, we will establish the convergence of the
distributed algorithm designed in the previous section.
Some assumptions are given as follows:

e Al: The utility function Us(-), V¥(-),s € S, for each sensor
node s is strictly concave and twice continuously differ-
entiable. Hence Us(-),s € S is strictly concave and twice
continuously differentiable.

e A2: If every sensor node s transmits its data at the min-
imum required rate ms, then the aggregate rates on link
are less than its capacity, which makes the feasible con-
straint set Eq. (14) a nonempty set.

e A3: The curvature of Us(-) is bounded away from zero in
the feasible set {(xs, V), Ms < Xs < Mg, Xy =Yy, S €
S,‘n(S)}, i'e" 7U;I(XS7 {yss/ }s’eSin(s)) = xlé
Define R = max,s|L(s)| as the maximum number of

links that a sensor node uses. Let & = maXsos, the maxi-

mum of o. Let S = max;|S(l)|, the maximum number of
sensor nodes that use link I, and S = max{2,S}. Define

Rin = MaXcs|Sin(s)| as the maximum number of sensor

nodes that the sensor node s uses as interim relays. Let

L=R+Rj,.

For the convenience of the proof, we first introduce
some vectors and matrices. Let p = (7, u")" be the vector
of Lagrangian multipliers, z = (21,2, . .. ,zs)T be the vector
of power dissipation and ¥y = V11, Yins--- Y15
ysnz,...7...7y517,..7y5ns)T be the vector of auxiliary vari-
ables. Here y,¥,, ..., Y5, are the auxiliary variables that
the sensor node s maintains in its memory, with the total
number of auxiliary variables in the sensor node s being
ns. Let y = (x7,y")". Let d; be the vector whose ith compo-
nent is 1 and other components are 0. Define matrix H;
as ns x S whose ith row is set to be dy, if y; is an auxiliary

variable corresponding to Xg. Then define
(ny +ny +---+ns) x S matrix H as
H,
H,
H=| . (22)
H;

Also we define A as L x S routing matrix, with its elements
being

1, seS(),
ag = 23
8 { 0, otherwise. (23)
With the above definition of the vectors and matrices, the
constraints given in Eq. (14) of the objective function (13)
can be transformed in matrix form as
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Ax<c
y = Hx,

stdm<Ix<m, (24)
> > (D +DPy)Yse +Xse§15 = ez, SES,

leLip (s) s'eS(l)

x>0, y=0,

where I is an identity matrix. Then the objective function
of Eq. (15) can be described as

L(x,y,p) = ZU Xs; Vs Yoesyis) — <AH ?) (;) +p<lc)>'
(25)

In the sensor node s’s algorithm, we need to solve the prob-
lem DP; to get (X, {Vss }cs,, s))» Which can be carried out by
taking the derivative again of Eq. (16)

@:}F—,us, seSs,

o (26)

We— piy, '€ Sinls).
The relationship between X, {Y}yes, s and 2°, 4 and
{Mss }yes, s 1S implicit. Since Eq. (16) is strictly concave
and continuously differentiable, x; and {y },.s, ;) are un-
iquely decided by 2,y and {i}scs, - By taking the
derivative again of Eq. (26), we get

PUs 0xs _ : PUs x5 _ _Ho.
a2 oy — S ok o T ss
~ ~ (27)
PUs sy PUs Wy
ay2, oy Y, iy

Let y = (x,¥), and n,, is the number of its elements. We de-

fine 0;(p) = —

= 1f00 ’és is nonzero and the implicit solution
)/2

of Eq. (26) is within the region of the feasible set of con-

straints (17); 6;(p) =0, otherwise. Let 0(p) = diag(6;(p),

i=1,2,...,n,). Using this, we get the Lemmas shown

below.

Lemma 1. Under assumption A1, the Hessian of D is given by

wow -, Dow(?, 1) 28)

Proof. From Eq. (27), we have

2] = om(, 0) (29)

From Eq. (25), we have

oo - (o) - (%, 1 )x (30)

Then, the Hessian of D is given by

vow - (%, 7)), 1)
(% Dew (", D) 32)

which yields the conclusion. O

Let K = (ﬂH ?) then D(p) = KO(p)K" and we have

the following Lemma.

Lemma 2. Under assumptions Al and A2, VD is Lipschitz

with

IVD(™) — VD), < aLS|lp” — p/|l,, 33)
where  pM = (2D 4W), p? = (4@ u®) and for all
A @ 2,

Proof. For any given p() = (D, y™), p@ = (42, @), and
4142 = 0, by adopting Taylor Theorem and Lemma 1, we
have

vD(p'") - VD(p®) = V*D(e)(p" — p**)
— Koe)K" (p" - p®),
where ¢ = tp) + (1 — t)p?,t € [0,1]. Then
IVD(®™") = VD), (34)
< (KoK |3 — p® |31,
< (IIKG(E)KTHOOIIKO(P)KT\h)7||P<” ~p?,,

= KoK | Ip™ - p@|,, (35)
:Hp“)—pa)llzm,.aXZIKG(«S)KT\fp (36)
= p™ - ||2max2|20 KiK. (37)
<p™ - ||2Lmax2\9 Kil, (38)
< [p" - p¥,Lamax Z Ky, (39)
< |p™ - p?||,LaS. (40)

The Eq. (35) is correct because of the symmetry of K. 0(e)K".
Let k = L35, then |VD(p® — VD(p®))|, < klp® - p@|,,
which yields the conclusion. O

The above discussion and Lemmas establish the conver-
gence of the sequence that is generated by the Algorithm
DAULT, provided that the assumptions A1-A3 are satisfied.
We get the following result.

Theorem 1. If assumptions A1-A3 hold, and the stepsize
satisfies 0 < 6 < -2 then starting from any initial rates
m=<x=<my>> 0"and link price 2> 0, each limit point
(x*,y*, A", u*) of the sequence (x(t),y(t),4,n) generated by
Algorithm DAULT is primal-dual optimal.

Proof. From the assumptions A1-A2, the dual objective

function D is continuously differentiable and lower

bounded. VD is Lipschitz from Lemmas 1 and 2. Then by

following the process of [2, p. 871] [30, pp. 213-214], when

o< % we can conclude that the algorithm is convergent.
ol

Because the objective function (11) is strictly concave,
x*(p*) is also primal optimal. O
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6. Numerical results

In this section, we use numerical results from Matlab to
evaluate the performance of Algorithm DAULT. Mainly we
show the convergence of the algorithm and how the net-
work performance depends on the system parameter 7.

We use 6 sensor nodes and 1 sink node in our numerical
experiments and the positions of the nodes are randomly
generated in an area of size 50 x 50, which is illustrated
in Fig. 2. Nodes 1-6 are sensor nodes and node 7 is the sink
node and there are 7 links (as shown in Fig. 2). The sensor
nodes 1-6 will transmit their sensing data to the sink
(node 7), which is only responsible for receiving data.
The functionality of the network layer is beyond the scope
of this paper, thus we just assume that there is a routing
mechanism in place to find a route for each sensor node.
We give the 6 x 7 routing matrix A as below.

Ococo oo o~
©coo oo~ o
cCo oo o~
oo o~ oo
(= Y = J S RN
o~ oo oo
- - O = O O

In our experiments, we set Us(-) = & logx; (i.e., the utility
function is to guarantee the proportional fairness among
the sensor nodes), where ¢ = (22,24,26,28,30,32). As
illustrated in [8,26], the function Y, V¥(z;) can have a ratio
higher than 0.95 to approximate the original lifetime prob-
lem T (see Section 3.2) when 8 > 8. We use in our experi-
ment f=9. We set the capacity of links 1-7 to be
¢ =(150,180,150,280,330,180,330) (bit/s). We set
p =50 nJ/bit,c =0.0013 pJ/b/m* and n=4 for the
parameters of the data transmitting power model, pf, in
the formula (3). We set pf, = 50 n]/bit for the data receiv-
ing power model [8]. The initial energy of sensor nodes 1-6
are set to be e = (900,910, 1100, 950,950,1100) (J) and the
sink is assumed to have enough energy for all communica-
tions. In our numerical experiments, we set the scaled

45 T T T T T T T T T

40}

35}

30

20+

151

Fig. 2. Topology of a wireless sensor network.

parameter @ = 3.2768 x 10°> and we will show the net-
work performance with different ) values.

First, we show the convergence of the Algorithm DAULT.
The minimum and maximum rates of each sensor node are
set to be m; = 50 and m; = 250, respectively. By randomly
choosing the initial point A(0), 1(0), we collect the rate
information in the iteration and plot them in the figure.
First, we set 7 =0.8 and the corresponding results are
shown in Fig. 3. The rates of all nodes change sharply at
the beginning of the iteration and then converge to the
optimal solution quickly, which shows the effectiveness
of our algorithm. From Fig. 3, we can also find something
interesting. The rates of nodes 1, 2, 3 and 5 is relatively
small and the rates of node 4 and node 6 are relatively
large. In Fig. 2 we can see that node 4 and node 6 can trans-
mit their data to the sink directly, so they transmit data in
an efficient way, i.e., do not need other sensor nodes to re-
lay their data. On the other hand, if node 1, 2, 3, 5 want to
transmit data, they need other nodes to relay its data, thus
consuming additional energy. So in the optimal rate alloca-
tion, the rates of node 4 and node 6 can be relatively large
to obtain high utility, which shows the performance of

180

160 g % i

Node rates (bit/s)

— & — Node 4
40 — + — Node 5
— & — Node 6
20 y L
0 50 100 150

Iteration number (t)

Fig. 3. The convergent performance of the Algorithm DAULT, y = 0.8.

180

160

N
N
o

N
N
o

Node rates (bit/s)
)
o

— © —Node 1
60 — * —Node 2|]
— % — Node 3

— & — Node 4
40 — + —Node 5

— $ — Node 6

20 y -
0 50 100 150
Iteration number (t)

Fig. 4. The convergent performance of the Algorithm DAULT, y = 0.95.
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Algorithm DAULT is different from that of rate allocation
without consideration of the lifetime of the whole
network.

We then increase ) to a high value of 0.95, in which the
network lifetime is almost out of consideration. The corre-
sponding result is shown as in Fig. 4. As we increase ) to
get more utility and reduce network lifetime, all the opti-
mal rates shown in Fig. 4 are much larger than those in
Fig. 3. Notice that the rates on link 5 and link 7 are almost
equal to their capacity in this situation (the rates on link 5
and 7 are equal to x5 = x; + X + x4, = 328.3 bit/s, x” = 330
bit/s, respectively), which is very similar to the link con-
gestion problem. Thus, our mathematical model for the
problem also covers the link congestion problem as a spe-
cial case.

Finally, we set y = 0.1, a low value. In this case, we con-
cern more about the network lifetime than the utility and
the corresponding results are plotted in Fig. 5. Except for
rates of node 4 and node 6, the rates of other nodes are
very small (close to 50, which is the minimum rate that
the sensor has to transmit). In such a manner, each sensor

3039

151" .

141 >

Network lifetime (h)
&

121 \ i

Fig. 7. Relationship between network lifetime and system parameter 7.
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Fig. 5. The convergent performance of the Algorithm DAULT, y = 0.1.
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can conserve a lot of energy. From Figs. 3-5, it can be seen
that there is a tradeoff between the network utility and
network lifetime.

As discussed above, we show that the system parameter
7 represents the tradeoff between the utility and network
lifetime. Next we give some detailed information on how
the total utility and network lifetime depend on ). We
use different y and collect the corresponding results, which
are shown in Figs. 6 and 7. From these two figures, we can
see that as 7 increases from 0 to 1, the whole utility of the
network also increases; meanwhile the network lifetime
decreases. There is apparently a tradeoff between utility
and network lifetime. Thus, we can decide y according to
the actual requirements and make the network behave at
a desired performance.

At last, we show the necessity of considering link con-
gestion for the utility-lifetime tradeoff. In Fig. 8, we show
the result of flow control for the utility-lifetime tradeoff
without link capacity constraint. The rates are much larger
than those by Algorithm DAULT. When 7y = 0.8, the rates
over links 5 and 7 are x5 = 364, x"” = 424 (bit/s), and when
y =0.95,x5 = 441 bit/s,x” = 499 (bit/s). The rates over
links 5 and 7 exceed their capacities (cs = 330,c; = 330).
Therefore, without link capacity constraint, the network
will incur congestion, thus degrading the performance of
the whole network.

7. Conclusions

In this paper, we have studied optimal flow control for
utility-lifetime tradeoff in WSNs. First we characterize
the tradeoff between utility and lifetime by introducing
the system parameters, w and y, and demonstrate that
the combined objective function is strictly concave
and the global optimal solution exists. Then we introduce
auxiliary variables to decouple the objective function,
derive a distributed algorithm DAULTand prove its conver-
gence. Further, we verify its fast convergence of DAULT as
well as the necessity of considering link congestion by
the numerical results.

Our future work will focus on cross-layer design,
including quantifying the impacts of interference between
links in the physical layer and the MAC layer, and the rout-
ing strategies in the network layer. We will also consider a
general flow control algorithm for stochastic multi-objec-
tive optimization problems (e.g., cross-layer design) in
multi-path routing.
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