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Abstract

This paper studies the stability of large-scale impulsive delay differential systems and
impulsive neutral systems. By developing some impulsive delay differential inequalities and
a comparison principle, sufficient conditions are derived for the stability of both linear and
nonlinear large-scale impulsive delay differential systems and impulsive neutral systems.
Examples are given to illustrate the main results.

1. Introduction

Many evolution processes exhibit abrupt changes of their states at certain moments ir
time, such as threshold phenomena in biology, bursting rhythm models in medicine,
optimal control models in economics, circuit networks and frequency modulated
systemsetc These abrupt changes are of short-term duration and may be described
by impulsive differential equations. The theory of impulsive differential equations has
been significantly developed in the past two decades 1$e8,[12, 11, 2, 16, 5, 20] and
references therein. However, the corresponding theory for impulsive delay differential
equations is less developed due to some theoretical and technical difficulties. Some
existence and unigueness results have been developed recenslyfan peneral
impulsive delay differential equations and some special classes were considered ir
[8, 4, 1]. Some exponential stability results for linear delay impulsive differential
equations are obtained id,[1] utilising fundamental matrices. Weakly exponential
stability is studied in 9. Two criteria on asymptotic behaviour are given for a
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nonlinear neutral differential equation with an impulse 14][ Impulsive integro-
differential questions are studied in a Banach spac&]inThe method of Lyapunov
is used to study the stability problem of impulsive delay differential equations in
[17, 18, 6]. However, how to construct a suitable Lyapunov function or functional for
a large-scale complex system remains a challenging issue. Recently, a new approac
has been proposed iaJ] for studying the stability problem of large-scale dynamic
systems, where the study of a complicated large-scale system is converted to that of :
lower order linear system by using a comparison principle.

In this paper, we shall study stability problems for both linear and nonlinear large-
scale impulsive differential equations with a time delay in the spiritl&].[ We
shall first establish the comparison principle and some inequalities for impulsive
delay differential equations, and then derive some sufficient conditions to guarantee
stability of the nonlinearimpulsive large-scale differential equations. These conditions
are simple and easy to verify. Examples are given to illustrate the main results.
The remainder of this paper is organised as follows. In Sejadine comparison
principle and several inequalities for linear impulsive differential equations with delay
are proved, which are useful in studying the stability of large-scale impulsive delay
differential equations. Some stability criteria for both linear and nonlinear large-scale
impulsive delay differential equations are established in Se&idn Section4, the
stability problem for large-scale impulsive neutral differential systems is investigated.
Finally, the conclusion is given in Sectién

2. Preliminaries

Let R be the set of real numberR] be the space of-dimensional column vectors

X =COl(X4, . . ., Xa) With the norm||x|| = 3", |xi| and let]| Al = maX<j<m Y, |aj |
denote the norm of an x m matrix A = (&;).
Letl =ty [ <t <+, -t 1>a>01=212...},J={t]|t>t,

the R, k=1{t|t1 =<t <t}andA() = {k |ty <t < t}. Without loss of
generality, lety < t;, wheret, is the initial time of the IVP (initial value problem, see
Sections34) andt; is the first instant of .

Fora,b € R, a < b, define

PC[[a,b],R"1={¢ : [a,b] — R" | ¢¢(t +0) = ¢(t), for allt € [a, b);
¢(t —0) exists InR", for allt € (a, b] and¢(t —0) = ¢ (1)
for all but at most a finite number of points= (a, b]};
PClla,00), R ={¢ :[a,0) — R"| forallb > a, ¢ € PC[[a, b], R"]}.

Let ||l =SUR_, -y~ ll¢ ()|l denote the norm of functions < PC[[t — 7, t], R™™M],
wherer > 0 is a constant.
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Let A = (&;), B = (by;) ben x m matrices, denoté\ < B if a; < b for all
i=1...,n j =1 ...,m Denote by® the zero matrix, that is, all of the entries
of ® are 0.

LEMMA 2.1. Assume thaH € C[J, R"™*"], H = (hij (t))rxrs hij(t) >0,i # ],
i,j=212,...,r,f €eC[J,R], D€ R andDy > ©. Letx, y € C}[J\I, R"] be
such that

dx(t)/dt < H)x(t) + f(t), te I\l

X(t) < Dyx(tk — 0), tel,
X(to) < Xo

and
dyt)/dt = HOy®) + f), te\l,
y(t) = Dky(tk — 0), tel,
y(to) = Yo.

Thenxg < Yo impliesx(t) < y(t) fort € J.

ProOF It follows from the comparison principle ii] thatx(t) < y(t) fort € J;.
SinceD; > O, we getx(ty) < y(ty). Letx(t) < y(t),t € [to, t), thenx(t) < y(t)
since Dy > ©. With [10], x(t) < y(t) for t € [t, t;1) and sox(t) < y(t) for
t € [to, tx.1). By induction,x(t) < y(t),t € J. The proof is complete. O

LEMMA 2.2 (Comparison principle)Assume thaH, G € C[J, R™"], H(t) =
(hij (1), h”(t) >0,i % j, G = (g”(t)), G >0, f eC[J, R]andthatD, > ©
arer x r matrices. Lek, y be the solutions of the following systems

dx(t)/dt < Ht)x(®) + G)xt — )+ f), te I\I,

X(tx) < Dix(tx — 0), tel,

X(0) < ¢(0), tr—1 <0<t
and
dyt)/dt = HOY®) + GOyt — o) + f(t), te I\,

1 V() = Dyy(tk — 0), te eI,

y) =), to—7<60<t,

respectively, wherg, ¥ € PC[[—1, 0], R"]. Theng(0) < ¢ (0) impliesx(t) < y(t).

PrOOF. We first prove thak(t) < y(t) fort € [ty — 7, t3).
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Consider the system

dY()/dt=HOY®) + GOY({t —1)+ f(t)+€, telbt),
YY) =v(0)+e, to—t <6 <ty

We claim thatys (6) > ¢ (0) implies thatY (t) > x(t) fort € [ty — 7, ty).
In fact, if this is not true, then there existéya< t* < t; and some such that

Xt <Yit), telt—r.t9),
% (1) =Y () and
i) <Yj(t), telt—r1,t7], j#i

ThusY; (t*) < x/(t*). On the other hand,

Y/(t) =) hyt)Yt) + Y gttt — 1) + fit) +e

=1 j=1

> hy )X ) + ) g )Xt — 1) + fit) +e

=1 =1

> DM )X ) + D0 g )Xt — 1) + fit") = Xt
j=1 j=1

This contradiction indicates that(t) > x(t) fort; >t >ty — 7. Lete — 0, then
y(t) — Y(t) and hence/(t) > x(t) fort; >t >ty — 1.

SinceD; > 0, X(t;) = Dix(t; — 0) < Dyy(t; — 0) = y(ty). Letx(t) < y(t) for
t € [ty — 7, t), thenx(ty) = DyX(tx — 0) < Dyy(tk — 0) = y(t). Similar to the
previous process, we haxét) < y(t) whent € [ty —, t;1). By induction, it follows
thatx(t) < y(t),t € [ty — t, c0). The proofis complete. O

LEMMA 2.3. Let A, B € CJ[to, c0), R™"], ®(t, ty) be the fundamental matrix of
dx/dt = A(t)x andx(t) = x(t, to, ¢) be the solution of the system

dx/dt = A(t)x(t) + BO)x(t — 1)
X(0) = ¢(©), 0 €[to— 7, ],

where¢ € PC[[ty — 7, 1], R"]. Assume that there exist positive numbgrs- 0
andM > 0 such that|| ®(t, to)| < Me7*" andy > Msup.,, [IB(t)|. Then there
exists anx > 0 such that|x(t)|| < M||x,|le >,

(2.1)

PROOF. Sincey > Msup.,, [|B(t)|, there exists an > 0 such that

y —a — Msup||B(t)||e" > 0.

t>to
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We claim that, for thigy, || x(t)|| < M|x,[le**~". In fact, by the method of variation
of parameters, the solution d.() is given by

t
X(t) = B (t. to)x(to) + / O(t, BEX(s — 1) ds,
to
and
t
X < D, to) [ IX(To) +/ [®(t, s)IIIB(S)lIX(s —1)|Ids
to
t
< Me 7 x|l +/ Me 7 B(s)|llIx(s — 7)|| ds.
to
Let Q(t) = e [Me "9 x| + flz Me 9| B(s)||[x(s — )| ds], t > t, and
Q1) = IIXell, t € [t — 7, to]. Then
Q) > [Ix(t)||e*"™, t>ty—7 (2.2)

and

t
Q(t) = aev [Mey<“°)||xm|| + S/M e " IIB©)|Ix(s - 1)l ds}
to

t
+ et [—V Me 79 x| — ¥ /M e B)llIx(s— 1) ds}
to

+ Me T BOlIX(t — )

aQ(t) —y Q1) + Me | B[ |x(t — )]
(@ —y)Q() + Me B[l [Ix(t — )|

< (@ =py)QM) + MIIBMO[I1Q(t — )[le”

in view of (2.2).

For anyK > 1, we claim thatQ(t) < K| Q|| =: L, L > 0,t > to — . If this
is not true, then there exists > t, such thatQ(t*) = L, Q(t) < L, tg—7 <t < t*
andQ’(t*) > 0. On the other hand,

Q'(t") = (¢ —y)QU) + MIIBAHIQ(" — )l|e*”
< (@ —y)L+M[BE")|Le"
<(x—y+ M|B{"]e")L < 0.

This contradiction implie®(t) < L. LetK — 1, thenQ(t) < ||Qy, ]|l and
IX®)] < Q)e ™™ < |Qqlle* ™ = M| x,[le ™, t>tb—1. (2.3)

The proof is complete. O
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LEMMA 2.4. Let A, B € C[[tp, 00), R*"] and ®(t, ty) be the fundamental matrix
ofdx/dt = A(t)x(t). Assume that

(1) there exist positive numbeys> 0andM > Osuchthat|®(t, tp)|| < Me 7t
andy > Msup. [BM)I;
(2) X(t, t, @) is the solution of the IVP

dx(t)/dt = A@)x() + B()x({t — 1), te I\,
X(tk) = DkX(tk — O), ty € I, (24)
X(0) = ¢(9), th—7<0 =<1,

wheregp € PC[[tg — 7, to], R"] andt,,; — ty > 7.
Then there exists am > 0 such that

IXOI < %] [T M**max{|ID;]l. & }e @, t <t <te.

jeawm
PrROOF. From Lemma2.3, it follows that for anyk, we have
X < M{ix, e, t e [, ta).
Sincex(ty) = Dyx(tx — 0), it follows that

X [l = sup [IxX@®]

ty—r<t<ty

maxj sup ||X(t)||,||X(tk)||}

tk—t<t<ty

IA

IA

maxy sup X, [ DXt — 0)||}

tk—r<t<ty

IA

max{ sup M|, [le” % M| DlllIX, , IIe““k‘“)}

tk—r<t<ty

IA

—er(t—ti
M1, lle”*" ¥ max(e’, || Dgl}.

Using a similar argument, we havieg, ,|| < M| _,|le *%1%2 max{e*”, | Dy_1|}
and so on. Thus we get
X < MIlx,[le "
2 —o(t—ty_
MZ||x,,_, [le”*" % max{e*", || Di||}

= %l [T MET max(||D; |l €7 }e Y, t <t <t

jea)

IA

IA

The proof is complete. O
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3. Stability of large-scale impulsive delay systems

Consider the large-scale impulsive delay differential equations

d);:t) = AiOX®) + ) AjOX;(O) + Z B, ()X (t — 1), te \I,
’ - - (3.1)
Xi (tk) = Z Diijj (tk — O), tk c |,

j=1

wherex, = (xi,...,x)" € R", Aj, Bj € C[J,R"™"], Dy € R™™M i, j =
1,...,r,k=12...and)_ n =n.

In this section and in the following section, we always assumetthat,_; > ,
k=12 ....

Assume that there exist positive numbers> 0,¢ > 0,i = 1,...,r such that
the fundamental solution matriR (t, t,) of the isolated subsystem

dx (t)/dt = A ()X (1)

satisfies| R (t, tp)|| < e and

IA; O < a;t) < +oo, Lj=L1L2...,r 0 #]j,
||B|](t)|| fb”(t) < 400, i, j =12 ...,r and
| Dijkll < dij, ih,j=212....,r, k=12 ....

Denote byA(t) = ((1 — 8j)Gaj (1)rxr, B(t) = (b)) and D = (Gji)rr,
where

=i
S [

We are ready to state and prove our first result.

THEOREM 3.1. Assume that-oj + Zi# cajt)y<—y <0, j=1...,r,—y+
SUR.,, IBM®)| < 0 ande > 0 is the solution ofy — sup., IB(t)[€" —a > 0.
Then

(1) limsup_ .. (ITjcae, max|IDjl. €7}) /e~ < oo implies systen(3.1) is sta-
ble;

(2) limsup_ . (]_[jeA(t) max{|| I5J- I, e‘”})/e““—‘o) = 0 implies systen{3.1) is as-
ymptotically stablg



210 Xinzhi Liu, Xuemin Shen and Yi Zhang [8]

(3) if there exists a positive numbgr such thats < « and

[T ca, max|IDj I, &7}
. JEA() ]l
i sup = G <

then systen(3.1) is exponentially stable.
PrOOF From (3.1), we have, fott € Ji. 4,
Xi (1) = Ri(t, t)x (t)

t r
+/ |:Ri(t,S)ZAij (9)X%;(s) + Ri(t»s)ZBij (S)XJ(S—T):| ds
tk j#i j=1

and

t
I (O] < ce x| +/ Cie""“’s)zan ®)lxj(s)lds
t j#i
t r
+/ Qe""“’s)zbn (lx;(s =)l ds=: R ().

tk j=1

Then|x(t)]| < P(t),t € J1, and

P'(t) < —aP(t) + ) _ca;(OP(t) + Y cb ()Pt —1), ted\l.

ji j=1
LetP =col(Py, ..., P), P(ty) = D«P(ty — 0), t € |, then||x;(t)| < Pi(t), t € J.

Consider the comparison system

P/(t) < diag(—ay, ..., —a)P(t) + AQ)Pt) + BOP(t —1), te \l,
P(t) = DcP(t — 0), tel;

and

£'(t) =diag(—a1. ..., —a)EM+ADED +BMDEE — 1), ted\l,

- (3.2)
() =Dié(tk — 0), teel,

whereg (t) = col(&i(t), ..., & (1)). Since—aj + 3, ,; ¢a;(t) < —y <0, weclaim
that the solutionm(t) of the system

n'(t) = diag(—a, . .., —a)n(t) + Alt)n(t) (3.3)

satisfies|n(t)| < ||n(ty)||le””*"© and hence the fundamental matdxt, ty) of (3.3
satisfieg| ®(t, tp) || < e 7 wheren = col(n, ..., n).
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In fact, letQ(t) = >, [ni (D], t > to, thenQ(to) = >, |ni ()| and

D QM) => D nt) <) [—ai M+ cay <t>|m<t>|}

i=1 i=1 j#i
= (=ajlni®Oh + > (anj (t)) In; )]
j=1 j=1 \i#j
=> (—aj -+ an,—(t)) i <=y > Iy = —y Q).
=1 i j=1

Thus

In®1 =" Im® = QM) < Qe ™ = [In(to)le™ ™

i=1

and so||®(t, tp) || < e 79t > t4, sinced(t, to) is the fundamental matrix.
From Lemma2.4and the condition-y + sup.,, B[ < O, it follows that there
exists anx > 0 such that the solutions of systef4) satisfy

16t o, )1 < gl TT max{ Byl e e, (3.4)

jeam)

It follows from Lemma2.2that||x (t)|| < P.(t) < &(),i =1,...,r,and from 8.4)
that statements (1)—(3) of Theoréhi are true. The proof is complete. O

COROLLARY 3.2. Assume that the conditions of Theor&rfh hold and there exist
positive numberg > r and M > O such thatty — t,_; = nforall k = 1,2,...
andmax{sup{|| Dy|l}, €7} < M. ThenM < e implies systen(3.1) is exponentially
stable.

ProoOF In this case

I1 max{|||5,— I, em} a0 MmaAIBET) < M [ g
jea)
and so
~_ T
njeA(t) max{” Dl ”’ e } < ekln M—a(t—to) ekln M —kan
ex(t—to) - - ’

which implies the required result. O
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COROLLARY 3.3. Assume that the conditions of Theor8r hold and there exist
positive numberd/ > 0and p > 0 such thatmax{sug || D||}, €} < M and
. t,t+T
lim u =p,
T—o0 T
wheren (o, t) denotes the number of impulses in the time intefigat).
ThenM < e*/P implies that syster(B.1) is exponentially stable.

PrOOF. From the condition, it follows that for any > 0, there exist§ > 0 and
M = M(ty) > 0O, such that wheh >ty + T,

n(tg,t)
0

H max{|||5,- I, €7} = erEA(UInmax{”DJ”.e‘”} < el—ﬂ—(hm)lnM < Me(p+e)|n M (t—to)
jeam)

and so
[Tjcaw max(iiD; . &) < Nig(ProinM—alit—to) (3.5)
e (t—to) = : :
Sincee can be chosen arbitrarily smalB.p) implies the required results. O

ExampLE 1. Consider the large-scale impulsive delay system

dx (t)/dt = A(t)Xa(t) + Az(t)X(t)
+Bi1(t)xl(t — T) + Biz(t)XZ(t — ‘L'), i = 1, 2, te J\I y (36)
Xi (o) = Dis(t)Xa(te — 0) + Dio(t)Xa(te — 0), =12 tel,

Wherexl, X2 € RZ, Aijv Bijs Dij € RZXZ, i, J =1 2.
Letty=0,7 =1,

Au(t>=[ 4 0} and Azz(t):|:

— —4+3sint 0
Zsit —4

0 =3

Choose Ajx(t), Axu(t) and B(t) = (B;;(t)) such that||Apt)| < 1 — (4e?)7 1,
1A < 1— (4t and||BM)|| < e:l. Theng; = =3,¢ = 1,i = 1, 2.
Choosey > 2,a = 1and soy —sup.,, IB()|e" —a > 0. Let

e—3/2 -12 0 1

D, — Dix Dia| 1 0 0 O

7 | Daw Daal 0 1 0o -1\’
0 2 0 O

then||Dy|| = || D«|l = e — 1/2 and if
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(1) t—ts =1 =1, then(]], ., max{| ;. e})/e <1,

() te—tey > 1+ 1/K, then im_ o ((TT;.aq Max|[ID; |, €7}) /e =0,

(3) t—tis =1 +n,n >0, then(],_,, max{|D; |, e})/e/ < 1.

Thus we can conclude that systedng] is: stable ifty —t,_; > t = 1; asymptotically
stable ifty — t,_1 > © + 1/k; and exponentially stable if —t,_1 > 7 +n,n > 0.

ReEMARK. This example illustrates that Theoréniis simple and easily verified. It
is very interesting to notice that, from the example, even if at every impulsive point
Dkl > 1, which implies that the norm of solutions is increased at impulsive points,
that the system may still be stable or exponentially stable.

Consider the nonlinear impulsive delay differential system

(3.7)

dx/dt = diag(Au(t), ..., As (0)X®) + F(t, x(®), Xt — 7)), te I\,
X(t) = Dx(tc — 0), t eI,

whereF e C[l x R" x R, R", F(t,0,0) =0, X = (X;, ..., %)" € R", x, ¢ R",
A (t) aren; x n; matrices, D, = (Djjx) aren x n matrices,D;j aren; x n; matrices,
iji=212...,r,>  n=nk=12 ... Rewriting 3.7) by components,

{dX.-/dt = A (DX () + Rt xt), xt — 1)), ted\l, 38)

Xi(tk)IZQ:]_ Diijj(tk—O), € l, i =12 ...,r1.

THEOREM3.4. If
(1) there exist scalar functionig, kjj € C[J, R], such that

r r
IRE X I <Y oIxl+ Y _ki®lyll. i=12...r;

j=1 j=1
(2) there exist constants and scalar functiong;, € C[J, R], such that the fun-
damental solution matri>Réi (t, tp) of the isolated subsystedw, /dt = A; (t)x;(t)
satisfies| R (t, to)|| < Ge& oA ®% j =1 . . r,
then the stability, uniform stability, global asymptotic stability, global uniform as-
ymptotic stability, global exponential stability, the Lagrange stability of all solutions,
uniform Lagrange stability of the trivial solution of the lower dimension linear equa-
tions

dn; (t)

G =IO+ 6l OO+ akiOnit—1), te

' 1=t 1=t (3.9)
7i(t) =Y _ IDijklln; (t — 0), el

j=1
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wherei =1, ..., r, imply the stability, uniform stability, global asymptotic stability,
global uniform asymptotic stability, global exponential stability, the Lagrange sta-
bility of all solutions, uniform Lagrange stability of the high dimension nonlinear
systen(3.7), respectively.

PROOF. Letx(t) = X(t, to, ¢) be the solution of¥.7) satisfying the initial condition
X)) =¢®),to—1 <t <ts. Thenwe have, for=1,...,r andt € J1,

t

X (1) = R (t. tx (t) + / R (t, S)Fi (S, X(5), X(5 — 7)) ds
r t
X (ty) = Z DijkXj (tc — 0),

j=1
and

@) < ge kA )

+Z[ ce ARl (9)x; (9)] + Ky (911 (s — )] ds

1% (b | < Z 1D lH1X; (b — )]
j=1
Letfori =1,...,r andt € J, 1,

& (1) = e hAO%| x|

+Zf ce EAON 1o)X (9 + ki (9)Ix; (s — D)ll] ds,

&(t) =Y _ IIDikl& (t — 0),

j=1
then|x (V)] < &(®),i =1,. ..,r,and
d&it) (t) I
g = HOED+ Zq i (D& ) + th (OF (t — 1),
& () = Z IDiji [1€ (b — 0).
j=1
With the comparison system fo=1 ,randt € J.1,
dt = —Bm(t) + qu..(t)njm + th (®)n;(t — 1),
) j=1 j=1
7 (t) = Z IDijillm; (t — 0),

j=1

and from Lemma2.2, we have||x, ()| < &@) < i), t > t,i =1,...,r. The
inequality implies the results of the theorem. The proof is complete. O
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ExamMPLE 2. Consider the nonlinear impulsive delay differential system

dx [ 54+ ¢t In(1+t2)} | sint| «
at ~[-ha+t -4 2720+ %)
P
(1 + sint?) sirf(x{ x,) %ot — 1).
4/2e2
dx, —6 + sint t NZ) (3.10)
—_— = Xz + Xl
dt —t —7+ 2cost 31+ In(L+ 1%]2)
NG
+ 462(2 _ e—ll\xl(tfl)\\z) XZ(t o 1)’ t 7& tk’
X(ty) = DkX(tk — 0), k= 12 ...,

wherex = (x],x))"T € R% X1, % € R?, Dy = (Dijjx) € R** andDjjx € R¥?,
i,j=1,2.
Using the notation of Theoref4, we have

A _| Bte In(1+t?) A, _ | 6+ sint t
L= n+t?) —4 | T —t —7+2cogt |’
| sint| (1+ sint?) sin?(x{ X,)
Fit, x, x(t — 1)) = X X;(t —1) and
XX = BT ) 4y/2¢2 (=
V2 V2

FZ(t» X, X(t - T)) = (t — 1)

X X
3L+ InL+ [x02) " + 4e2(2 — ethat-D[?) "2

By choosing, = v/2, Bi = 4,111(t) = (1) = kip(t) = kaa(t) = 0, 112(t) = +/2/4,
I1(t) = v/2/3, ki = (24/26%) 1 andky(t) = (24/2€?) 71, the comparison system is

I dns©) + i) + —nat — 1)
dt = T]]_ 2772 2e2771 9
di, 2 1
5t = —An,(t) + §m(t) + gt - D, t#F4 k=1..., (3.11)
2
ni(tk)=Z||Diik”nj(tk_o)’ =12 k=1....
j=1

For system 3.11), using the notation of Theorefl,
A— A Al |4 1/2 B Bu Bw| [@e)™ 0
A Anl| [2/3 -4 | By B 0 e’
and

- [0 12] 5 . [edt o0
A_[2/3 o]’ B_B_[ 0 (2e2)—1]
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By choosinge = 1,0 =4,i =1,2,||B|| = (26)™, y =3,|B| = 2e) ™, r =1,
a =2,then||R(t,tp)|| < et i=12 andy — |B|le" —a > 0. Let

e—3/2 0 1 12

o _[Pw Dm]_| 1 0 0 w2
“ Do Dax 0 1 2 0|’
0 -1 0 0

then||Dy|| = || Dy|| = e — 1/2 and if

(1) te—tcy>2> 7, then(e® [, 5, max{| D] e‘”})Ng 1,

(2) t—tc1>2+1/k thenlim_ . (e [T, 0 max|| D~,- I, e}) =0,
(3) tc—t1>2+1n,n >0, then(e /@[], ,,, max||D;|.e}) < 1.

Thus we can conclude that syste&1() is: stable in case (1), asymptotically stable
in case (2), and exponentially stable in case (3).

4. A large-scale impulsive neutral system

In this section, we consider the large-scale impulsive neutral system

dx(t
S = A% O+ Y A X0 + 3By WXt - 1)
i i1
+Y Cixt—1), ted\l, i=1...r 4.1)
j=1

)
X () = Z DijXjtc = 0), tcel,

=1

where Aj, Bj € C[J, R"™™], Dy € R, xT = (x},...,x,) € R, G €
CHJ, R™M] i, j=1,...,r,andd;_,n =n.

If n; =n; =1andD = (Djx) = E in the system4.1), whereE is an identity
matrix, it means that the system does not have an impulse at thegoifihen the
system becomes

dx(t)
dt

= AD)X(t) + BOX(t — 1) + COX(t — 7). (4.2)

Denote byR(t, tp) the fundamental matrix @fx/dt = A(t)x and byx(t) = X(t, to, ¢)
the solution of 4.2) with initial conditionx(t) = ¢ (t),t € [t, — T, to].
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LEMMA 4.1. Assume that

(1) |IC(t)| is a decreasing functign 1
(2) there existy € C[R, R*], M > 0such that|| R(t, to)|| < Me ™/ ?©s,
(3) there exist$ > 0 such thae7©ds < |,

Then the solutiox(t) = x(t, to, ¢) of (4.2) satisfies
IX®1 < [M@L+ ICt)ID) + IIC(t — D)IIl]

t 1
< 1% exp( / [I (;||C<s>|| + ML(s)) - y<s>} ds) L @3
to
whereL (t) = IADIICOI + IC' O + IBOI.

PrOOF. By the method of variation of parameters, the solutiondo®)(is given by

t

X(t) = R(t, to)x(ty) + /R(t, S)B(s)x(s— ) ds

to

+ /ttR(t, S)C(s)X'(s— 1) ds. (4.4)
Integrating by parts, the thi:d term on the right-hand side is
[l R(t, s)C(s)x'(s— ) ds
= /t R(t, s)C(s)dx(s — 1)
= Rto(t HCHX({E — 1) — R(, to)C(to)X(tg — 7)
— /t[R;(t, S)C(s) + R(t, s)C'(s)]x(s — ) ds
= C(tt;x(t — 1) — R(t, ) C(t)X(to — 7)
— /tt[— R(t, s)A(S)C(s) + R(t, s)C'(s)]x(s— 1) ds
sinceR(t,t) = E. So 0

t
X(t) = R(t, to)X(tg) + / R(t, s)B(s)x(s— ) ds+ C(t)x(t — 1)
to

t
— R(t, t9)C(to)X(to — 7) +/ R(t, 9)[A(S)C(s) — C'(s)Ix(s — 1) ds.
to
Thus

t
IXEO < IR, W) HIX ) I +/ IR, 9)[[IIB(S)IIX(s — )l ds
to
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+ ICOIIXE = DIl + IRE, ) [IC (L) 11X (to — )l

t
~I—/ IR, S)ITAG)HICO)I + IC(9)1IX(s — 7)ll ds
to

t t t
< Me @9 x || + / Me L7@B(s)|/[x(s — 7)| ds

to

FICONIXE = )] 4+ Me O Cte) [, |
t
+/ Me™ 7@ A)[[C(S)]| + IC'(S)[1TIIX(s — 7)|| ds
to
= Me " O%|x 1+ [Cto) ) + [CO Xt — 1)

t
+/ Me~ 7@ A)[[I[C(S)|| + IC'(S)]| + IB(S)IITIIX(S — 7)|| ds

to

= Me b % (14 [[Ct) ) + ICD Xt — )]

t
+/ Me™ k7L (s)|[x(s — 7)| ds.

to

Multiplying both sides byes”® %, we have

o ” @S x(t)]| < MIx[I(L+ ICE)) + [ICH &b’ @ %|xt — 1)

t S
n / Mels” M (s)[[x(s — )| ds.

to

Let
y(t) = sup e’ |x(s)].

to—T<s<t

Theny(t) > efo”®®x)|l,t > t — 7, y(t) is a nondecreasing function and

elo” @ x ()]
< M X I(L+ [C(to)[}) + [IC (D) [|el~ el YO0t — 1)

t —T
+f Mel=- ¥ dnglhs ¥ (g)|x(s — 1) ds

to

t
= MIX I+ ICt) D) + ICO Iyt — ) +/ MIL(s)y(s— 7)ds

to

I t
< MI[Xll(X+ IC ) D) + ;/ IC(s)ly(s)ds
t—1

t
+/ MIL(®)Y(s — 1) ds,

to
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in view of the fact thaf|C(t)|| is nonincreasing anyl(t) is nondecreasing. Thus

to

" |
079X ()| < M|, |l (L + [C(to) ) + / —lIC®ly(s)ds

to—7

+/t:';||0<s>||y<s>ds+/mtMlL(s)y(s)ds
< M lI(L+ IS + 11t — D)X

+/;';||C<s>||y<s)ds+/t0[MIL(s)y(s)ds
< 1% IICL+ ICE)IM + [C(to — )]

" /totl Enas)u M L(s)} y()ds
The right-hand side of the last inequality is nondecreasing and it yields that
y(®) < %[ (L + IC(t) DM + [|C(to — 7)||I]
+ft:| [%IIC(S)II ¥ ML(s)} y()ds
The Gronwall-Bellman inequality implies
Y(O) < XL+ [Clto) M + [C(ty — 7) I Jels!F1CO ML
and so ¢.3) holds. The proof is complete. O

LEMMA 4.2. Assume that condition@)—(3) of Lemma4.1 hold and there exists
C > Osuch that|C(t)|| < C < 1/I1. Then the solutiox(t) of (4.2) satisfies

ML+ I TMILE)
- ~._ pos - , 4_
o = S e [ TS -ve)es). @)

whereL (t) = [ADIICOI + IC' O + IBO®)I.
PrROOF. From the first part of the proof of Lemna&al, it follows that
el x (V)| < MII%,lI(L+ [IC(to) )
+[C)fleh- 7Ol YOS x (¢ — o))
+ f Mels¥mdnghs YW1 (g)|x(s — 7)|| ds

to

= MIX I+ [ICto) D + ICO Iyt — )
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t
~|—/ MIL (s)y(s — ) ds
to

t
< M[[X[[(L+ [[IC(tp) ) + Cly(t) +/ MIL (s)y(s) ds,
to

wherey(t) > eflto”s)ds||x(t)||,t >ty — 1, is a nondecreasing function. Furthermore,

since the right-hand side of the last inequality is nondecreasing, it follows that

t
Y() < Ml I (L+ ICE) D) + Ely® +f MIL (9)y(s) ds

to

thus

t
Y < M||Xto||(1+||c(t0)”)+ 1 / MIL (8)y(s) ds

1-Cl 1—-Cl Jy
The Gronwall-Bellman inequality implies

M(1+ [[C(t)l) CMILG) g
— =X [lef @
1-Cl
and so ¢.5) holds. The proof is complete. O

y@®) <

THEOREM4.3. Assume that the conditions of Lemiinahold andx (t) = X(t, tg, ¢)
is the solution of the system

dx/dt = A(t)x(t) + B(t)x(t — ) + COX'(t — 1), t £t
X(t) = Dix(tc — 0), (4.6)
X(0) = ¢ (), 0 € [ty — T, to].

Then forty <t < ty,q,

tj—r<t<t;

t t
IXI < 11%,[Mo ] MJWBX{ sup eﬁ“QdinDjn}e%“®di

1=j<k

wherea (t) = (IC(©S)|| + ML(S)) — ¥(S), Mk = ML+ ICt)I) + IC (& — DI,
L®) = IADOIICOI + IC' M1 + IB®)] andl > el t > t,

PROOF. From Lemma4.1, foranyk =1, ..., we have
X < Millx, €59, t € [, tira).

Sincex(ty) = Dx(tx — 0), it follows that

tk—r<t<ty t—r<t<ty

%l = sup ||x(t)||:max{ sup ||X(t)||,||X(tk)||}
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=< max{ sup [IX@®, Il DicllIx (b — O)II}

t—r<t<ty

t 1)
(s)ds Kk w(s)ds
smaX{ Sup Miql|%, , €@ My [|Di [, , [[efr” }

t—r<t<ty

t g
< My allX,, max{ sup ehk®9 ||Dk||}e%k1°‘<s>ds.

tk—r<t<ty

Using a similar argument, we have that

t k-1
1% 1 < MiallXi | max{ sup el *®9 ||Dkl||}eftkz"“>"$

thor—T<t<ty 1
and so on. Thus we get, for <t < ty 1,
X[ < Myllx, e/ “© %

t e rt
MM (1% | max{ sup ek @9 | Dkn} el *O dsgh e ds

tk—t<t<ty

IA

t t
= MMy 1% | max{ sup eho%, ||Dk||}ef‘m"<s>"$

ti—r<t<ty

IA

t d t
- < 1% 1 Mo 1_[ M, max{ sup eli“@9 ||Dj||} eloa®ds.
5

1<j<k —T<t<tj

The proof is complete. O

THEOREM4.4. Assume that the conditions of Lem#a hold and thatx(t) is the
solution of (4.6). Then fort, <t < ti,1,

IXOI < %Mo ] MjmaX{ sup €/““% | ||}ef%“<s>d$,
4

1<j<k —T<t<tj

wherea(t) = MIL(s)/(1—Cl) — y(s), Mc = M1 + ||[Ct) ) /(L —Cl), L(t) =
IAMOIICOI + IC'ON + IBM| andl > flt,r y(s)ds.

PROOF. The proof is similar to that of Theoreh3, and we therefore omit it. [

It is easy to obtain the following result from Theoreh8 and4.4.

COROLLARY 4.5. Assume that the conditions of Theoreh#or 4.4hold. Then

(1) limsup.,., (efé“s”SnjeA(t) M; max{[|Djll, SUR, _, <, e “OE <00
implies systeni.6) is stable
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(2) limsup_ ., (€%“@%[;_,,, M; max{]|Dj . sup _,_,, € “®*}) = 0implies
system(4.6) is asymptotically stable,

whereM; and«(t) are as in Theorerd.3 or Theorem¥.4 respectively according to
which conditions hold.

COROLLARY 4.6. Assume that the conditions of Theorefs or 4.4 hold and
a(t) = —a = constant Furthermore, there exist a constapt- r and M > 0 such
thatt, — tc_, = n and M; max{e*”, || Dj||} < M. Then

(1) M < e implies systenf4.6) is stable
(2) M < e implies systeni.6) is exponentially stable.

Next, we will consider a large-scale impulsive neutral systém)( Assume that
R (t, s) satisfiesR; (t,t) = E and

IR (t,9)

ot :Aii(t)Rii(t,S), teJ\I,i:l,...,r.

THEOREM4.7. Assume that
(1) there exist a scalar functiom € C[J, R] and constaniVl; > 1 such that

IR (8, to) | < M fo@®0.

(2) IICjj (t)|| are nonincreasing functions

(3) there existN > 0, I > 0 and a scalar function8 € CJI, R] such that
| > sup.,, gl-«®ds and the fundamental matrix solutio(t, ty) of the ordinary
differential equations

% = jzr_;vij(t)nj, i=1....r,
satisfies| Q(t, to) || < Nefo#®% where
vij = (L= &) MillAj ()] + MilL(s) + I;”Cij(s)” and
L) = 1B I+ IC; O + 1A OIHICij 1

If M = maxi« Mi, My = N[M + (M +1)||C,||], then
(1) systen(4.]) is stable if

t
7 (B(s)—a(s))ds
l_[jeA(t) M; max{ 1Dl SUR, _; <, el }

lim
Sup eho@®—p(s)ds

t—o00

< 00,
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(2) systen{4.l) is asymptotically stable if

t
Y L (B(9)—a(9)ds
[Tjeai My max{ID; . sup, ..., " |

limsu =0
t—00 P elo@®—p()ds
(3) if there exists a positive numbgrsuch that
t
Y, (B(9—a(s) ds
 Tjes My max{Dj Il sup .y € |
limsup . -0
t—o00 e/to(“(s)_lg(s)+ﬂ) ds

then systen.1) is exponentially stable.

PrOOF. Using the method of variation of parameters, the solution of systeij (
can be written as

t
X (1) = Ri(t, o)X (to) + / Ri(t,s) Y Aj(9)x;(s)ds
o j#

t r t r
+f Ri(t,s)zBij(s)xj(s—r)ds+/ Ri(t.s) > Cij(9)x|(s—1)ds
fo j=1 to j=1

Since
/tt Ri(t,s) Xr:cij(s)x]f(s— 7)ds
o =
= Zr:cij ®X;(t — 1) — Ri(t, t) Xr:Cij (to)Xj(to — 1)
=1 =1
_/tt R“(t,s)ici/j ($)X; (s — 1) ds
o =t
+/tt Rii(t,S)Aii(S)Xr:Cij (®)xj(s —7)ds,
o =t
then

t
KO = Rilt o)+ [ Rilt.9) Y Ay ©x,(5)ds
to j#i

t r
+/ Ri(t,s) Y Byj(s)x(s—1)ds
to j=1
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+ ZC.J OXj(t = 1) = Ri(t, 1) Y Cij (to)X; (to — )

i=1

/ Ri t, S)ZC”(S)XJ(S 7)ds
+/ R (1. 9A Y Gy, (s — 1) ds
to j=1

Thus we have

t
— d
I @] < Mie o ®%|x, |

r t
+3 [ @=5)MiIA; ) lle F 9% X (9)] ds

j=1 70

+Z/ M 1By (S)le % 1x; (s — 1) ds

+ Z IS 11Xt = Tl + Mg f‘o““)dSZ I (@11 (o — )l
i=1 j=1

/ Me fsa(é)dSZ”C’ ®lxj(s—1)|ds

to j=1

t r
+/ Mg~ = ©% ) Ay 9)]1 Y11 (91X (s — 1) ds
to

i=1

and

t ! t 'S
1% (©)[1€56 % < M 1%, ]| + > / (1= 8)Mi[| A (s)lleh % x;(s)[| ds
j=1 %
r t )
Y f M 1By ()15 “© % x; (s — 7)) ds
j=17b
. r r

+ el @9 T O %) — D+ MY 11Cij (o) 11X

j=1 j=1

t r
" [ M el % 37 Ch (9)1x; (s — ) ds
o j=1

t r
" / Ml O A (8) | 3 1IC; (9% (s — 7]l ds

to j=1
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)
= Mi Xt Il + M; Z 1Cij (to) 1 Xjt, |

i=1

r t
+) 0 @=s)MilIA; )l ¥ x;(9)] ds
j=1 7%

t
+3 /t M el "% 1B, ($)]| + 1C;(9)]

=1

+ 1A SIS 9 1]1Ix; (s — o)l ds

+ el @% Syl = Il (4.7)

=1

Let yi(t) = maX, <<t [IX ($)||efffa“‘s)ds, then y;(t) is a nondecreasing function,
i = 1,...,r. Asy(t) is nondecreasing||C;(t)| is nonincreasing, and because
| > sup.,, e/~ *®9, we have

Z ICi; (O111%; (t — 7)[|efo s

j=1

= Z ICi; OIly;(t — T)eﬁl,a<s>ds

=1

r I t r I t
52;/ IC; Yt — 7)ds < Z;f IC;; (9)1ly;(s) ds
j=1 t—1 j=1 t—t

0

r | t r | to
SZ;/ ||Cij(S)||yj(S)dS+Z;/ ICij (s)llyj(s) ds
i=1 to j=1 to—1

r I t r
< Z . /t 1Cij (S)]ly;(s) ds+ Zl 1Cij (to — ) 11X, I
-1 =1

0

Thus
1 (1) ]| el «©

.
< Mill%ig [l + Mi Y~ 1ICij (to) 11 Xjso

=1

r t r t
+ [ a-smiA©I©ds+ Y [ MLy ©ds
j=1 /0

=170

r [ t r
+ Z z /{ ICij (s)Ily;(s) ds+ ZIIICU (to — DXt
j:l 0 j:l
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= M |[Xie, Il + Z [Mi I1Cij () | +11I1Cij (to — T)||)]||tho||

=1

r t |
+ Z/ [(1— SPOMilA; (S + MIlL(s) + ;”Cij(s)”] yi(s)ds.
j=1 7%
The right-hand side of the last inequality is increasing and hence

Vi (1) < Mi[Xieo Il + Z [Mi I1Cij (t) | + 111Cij (to — T)||]||tho||

-1
+ Zr:/tt [(1— S)MilIA; ()1 + MilL(s) + I;||Cij(s)||i| yj(s)ds
=1 o
= MillXit Il + (M; +|)Zr: IICijo 11 Xjto I
=1
+ Zr:/tt [(1— S)MilIA; ()1l + MilL(s) + I;||Cij(s)||i| yj(s)ds
=1 o
=< M|[Xit, | + (M +1) Xr: IICijto 11 Xjt6
-1

r t I
+Z/ [(1—8”)Mi||/x,-<s)||+MiIL<s)+;||Ci,-<s)||] yi(s)ds
=170

r t
=M + Z/ vij (S)Y;(s) ds.
j=1 7%
Let P(t) = M + X}, i v (9)yj(s)ds. ThenR (1) > yi(t), Pi(t) = M; and
P =) vyt <) vtP).
j=1 j=1

Consider the system

d&/dt =1 v (9)§(9), telto,ty),

_ 4.8
%—(to) = Mv ( )

whereg(s) = col(&.(s), . .., £(s)) andM = col(My, ..., M,). ltis obvious that

) > P > yi(t) > [x D))o telto—1,t)
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and thus|£(®) | > [Ix(t)[lef*® . Furthermore, from condition (3), it follows that
the solutioné (t) of (4.8) satisfies|&(t)]| < N|I&(to) €/ ?® % onto, t;) and

r

lE@l =M => M=) [M ENEXEIDY ||cim,||||x,-to||}
i=1 j=1

i=1

=M%l + M+ [Z ||cmo||} 15

i=1 [j=1

IA

M{[X;, [l 4+ (M 4+ D [|Co 11 X, -
Thus

IE®1 < N[M + (M +DICq ]I e ”¥%  and

X1 < [E@e 6“D% < N[M + (M + )| Cy |1 || o719,
Using the same argument, it is easy to get that
X(t) < N[M + (M + D[IC, I ]l1x, [|€-FO—®1% ¢ ¢ [t_1 1),

Furthermore,

%[l = sup IIX(t)II=maXi||X(tk)|I, sup IIX('[)II}

tk—r<t<ty tk—r<t<tx

< maxy [ DullIX(t — O)[l, sup Mklllx(t)ll}

tk—r<t<ty

~ t _ ~ t _
< max| My_1 [ Dl 1%, . €52 799 sun K_y[1x, ,[[eia® a(S))ds}

tk—r<t<ty

t _ ~ ty _
<max{| Dy, sup ek¥® ““”"S} Mic_1| X, , [|@fs PO s,

tk—r<t<ty
ThUS Whert e [tk, tk+1),
~ t _ d
IX()[| < M|, || @i #O—e1s

~ ~ t t
MkMk_lmax{ IDkll. sup eftk“@““”“} 1l PO e

tk—r<t<ty

IA

~ ~ t — d t _
. S MO l_[ M] maX{HD]”, sup e/‘J(ﬁ(s) a(s)) S} ||Xt0||e[(0(ﬁ(3) Dl(s))ds‘

jea® tj—r<t<tj

The inequality implies all of the results of Theorém. The proof is complete. [
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THEOREM4.8. Assume that conditiond)—(2) of Theorem?.7 hold. Let

CH) = (GO, At) =@ -8DIApl), L) = (L),

M = maxM,. N, = MAFICWN g4y MAADI+HILOD
L 1-(Ctl 1— Cto)|
| = tSL:pe/‘—rOt(S)dS <+oo and Lij®) = [IB;®[ + IC; O+ 1A ONIC; D]
Then

(1) systen(4.]) is stable if

it
7 (B(s)—a(s))ds
l_[jeA(t) M; max{ 1Dl SUR, _¢ <, el }

limsu - < 00
oo P eho@®—ps)ds
(2) systen{4.l) is asymptotically stable if
t
v L (B(9—a(s)ds
fimsu [Ticaw M max{ IDj I, SUR, _r <, el } o
too0 P elo@®—F()ds o

(3) if there exists a positive numbgrsuch that

t
Y " (B(9)—a(s) ds
HieA(t) M max{ IDj I, SUR, <, el }

: =0
ef‘o(a(s)fﬁ(s)ﬂt)ds

limsup

t—oo

then systen.1) is exponentially stable.
PrROOF. By the first part of the proof of Theore?7, we have 4.7). Let
d S)ds
V() = max [x(&)lel ",

theny, (t) is a nondecreasing function,= 1,...,r. As yi(t) is nondecreasing,
ICi; ()| is nonincreasing, and because sup.,, eh-2®9s ~ 100, we have

>GOOI — 0)ef % < ST C; Myt — vk«

j=1 j=1

< Y IC; M)y, ).

=1

Thus from &.7), we can get the following estimate:

1% )11 < Myl | + Mi > 1Gs 1ol + > 1 Oy (1)

j=1 j=1
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r t
+Y | @=s)MilA; )y (s) ds

=170
r t

+Z/ MilLij(S)yj(S)dS
j=1 7%

sincey(t) is increasing anddC;; (t)|| is decreasing. It is easy to see that the right-hand
side of the last inequality is increasing and hence

Yi () = MillXig [l + M; Z 1Cij o) 1 Xjt, [l + Z ICij (ONIly; (1)

j=1 j=1

r t
+ Z/[; [(L—8)MilA;(S)] + ML (9)]y;(s) ds.

Thus

Zy.(t) < Z M|t || + Z M Z 1Ci; (to) 11Xyl + ZZ IC; O 1ly; (1)
i=1

i=1 j=1

+ ZZ[ A= 8)MIIA; (S + MiIL;j(9)]y;(s) ds

i=1 j=1

<M Z ENESDY [Z IC; (to)||i| Xt
i=1 j=1 Li=1
+ Z [Z IC; (t)n] ly; (t)
/ My [Z(l—a.mm ©l+ ZIL.,@} yi(o) ds

to j=1 Li=1

t
< M{[X, [l + MIC(to) 1| %, I +/ M[IAG) + L]y ds
to

+HCO Y]

Since||C(t)|| is nondecreasing,

t
ly® | < MIixlI(X+ 1Cto) ) +/ M{IIA®)[ + L) I]Ily(s)ll ds
to

+1IC ) YO
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and thus

M+ [C(to)I]) M /t "
ly) < 2 D e M A+ L Iy ds
Y e el e b L Iy

t
— Mol +f Byl ds
to

The Gronwall-Bellman inequality impliegy(t)|| < |\7I0||xt0||e/§:aﬁ($)ds. In view of the
relations

Iyl = ZSUpHX (S)||eflo°‘<")d'7 > Z (1 (t)||ef a(s)ds

i=1

we obtain
IXO)] < Mox, [P~ t € [t5,1y).
Using the same argument, it is easy to get that
IXO)] < Ml [IeAFO7@1 ¢ e [, ;).

Furthermore,

t—r<t<ty

~ t _ (k _
1% Il < Mklmax{nDkn, sup eh® “(S”“S} %, [|@fss PO~ s,

Thus whert € [ty, tiy1),
IXOI] < M|, || ful#E-e@1ds

~ ~ t t
< MkMklmax{nDkn, sup eftkWS)‘“(s”ds} 1, | efhs e

t—r<t<ty

IA

~ d
MO 1_[ M maX{HD || Sup e/ (B(s)—a(s)) S} ||X ||e/10(ﬂ(5) C((S))ds

jea® tj—t<t<t;

The inequality implies all of the results of Theorén®. The proof is complete. [

THEOREM4.9. Assume that
(1) there exist > 0, M > 1 anda € C[R, R] such thate/ -«®ds < | and, for
i =1,....r, |Ri(t )| < Mekemd,
(2) there exist;; > 0such thatHC.J Ol <gj,i,j=1,.
(3) we denote byC = (Cij), At) = (A; 1D, L(t) = (L.J(t)) L) =
I1Bij I + I1C; O + 1A OGO M = M@+ Cl)/@—C|) and B(t)
MIADI +HIL® /@ = [C].
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Then
(1) systen(4.l) is stable if

t
7k (B(9)—a(s)ds
) l_[jeA(t) M max{ D51l SUR, _r <<, el }
limsup

oo elo@®—p()ds

< o0;
(2) systen(4.1) is asymptotically stable if

t
7k (B(s)—a(s)) ds
. [Tjcay M max{|| Dijll, sup, <t el }
limsup . —0;
t—>c0 glo@®—B)ds

(3) if there exists a positive numbgrsuch that

t
7k ' (B(9)—a(9) ds
: [Tjean M max{ 1D Il SUR, <, el }
limsup

o0 el @®—-pE+u)ds

=0,
then systeni.1) is exponentially stable.

PROOF. The proof is similar to that of Theoreth8and thus we omit it here. [

THEOREM4.10. Assume that
(S1) there exist scalar functiong € C[I, R™] and constants;, M; > 1, such that

r
IRt 9]l = Mg £9% and 3 |ICy )] < ge hr @,

j=1

(S2) &j(t) = =dijjo (1) + (L= &) Mi | A; (O,
bij (1) = MilIB; (D1 4+ Mi | A OIIIC; O + MilIC] D1
then the stability properties of the system

&) = Z;Zla@j(t)éj ® + Zz:lﬁij Mgt —1), ted\l, j=1...r,
&) = erzl 1Dij ) 11&; (t — 0), tcel,

imply the corresponding stability properties @f.1).

PrROOF. Using the same argument of Theordr, fort € Ji,1, we have

r t
I )1 < Mie kOB x|+ 3 [ (@ =8 Mie O A @)1 (&) d&

j=1 "t
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r

t
+Z/ Mie O % By €)1 (6 — )l dé
=17k

(s)ds

— [t ai(s)d —fia
+ Mg O |1, || + e kO x, |

r

t
+Z[ Mg~ O Ay ) [ICyj ) I11x; (€ — )| dé
j=1 7k

t
+Z/m Mie~ @ %ICl )11 (5 — )| dg

j=1
=: P ).

Then|x (|l < P (1), t € Jqa. Let Pit) = >°i_, 1Dy (WP (t — 0), & € I, then
I M| < P(t),t > t,. Furthermore,

P'() = — (R (M) + Z(l — S Mill A (O NHIX; O

i=1

+ Z Mill Bij (O11Ix; t — D)l + Z Mill Ai OTHICi O 111X (T — D)l

=1 j=1

+ Y MIIC Ot = D)

=1

<~ ®OPM® + Y (L—8)MIA;OIP ) + Y MBI Pt — 1)

=1 =1

+ ) Ml A OIC; ONP;t —7) + > Mi[IC/ (DIIP;(t — 1)
=1 i=1

=>a;OP M)+ Y BiOPt—1), te

=1 =1

Let P(t) = col(Py(t), ..., P (1), Pi(t) = X\ _; IIDyj (k)| Pj (t — 0), then||x (1) || <
P.(t),t € J. Consider the comparison system

{P{(t) <Y L AmOPO+ Y b OPt—1), teed\l,

Pt = erzl | D (t) || P; (tx — 0, tel,;
EM) =Y 18 00+ bj0Et—1), ted\l,
&) = erzl I Dijk 1€ (tx — 0), tel.

Lemma2.2and|x®)|| < ||P@®)| imply that||x(t)] < ||E()||, which implies that the
conclusions of the theorem are true. The proof is complete. O
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ExampLE 3. Consider the neutral impulsive system

dxy (1)
dt

= A (D)X (1) + Ap()Xo(t) + Br(t)x(t — 1)

+ CraO)Xp(t — 1),

dxlt
>§t( ) = Ap(%(0) + Ar®)%o(t) + Boa(hxalt — 1) (4.9)

+ C21(t)X1(t — 1), t ;ﬁ 1y,
X(tk) = DkX(tk — 0), k = 1, 2, ey

Whereto >0,x= (Xq, X2)T € R4, X1, X2 € Rz, Dy = (Dijk) € R4X4, Dijk € RZXZ,
i,j=12and

Au(t) = __(1112)1 “ +_t:)1], Ara(t) = :((cs;?nszztt))//s (coi’-/?)/4]’
An() = _11//144 —f/s]’ Aee(t) = __Li_s:i(r:\gtéZ t Si—n:t]’
. 1(4%)1 [4e(1j6t2)]1]’ . 3(46(;_1 (498)1]
[ B e[
CL(t) = __4e:<t+l) _2894@“)], Cu®) = __((:;:B)_—ll 8]

Then the fundamental matrix solutior®; (t, to) and Ry(t, to) of systemsx;(t) =
All(t)Xl(t) andXé(t) = Azz(t)Xz(t) SatiSfy
IRw(t, to) | < v2e 079, | Rea(t, to) | < V267370
and
AL <5, [A2M®I <5 [[A®ll=1/2, [[Aa®] < 1/3,
Bl < (4e),  [Ba)| < (4e)7", [[Cr()| <e**Y/2,
ICa(®)]| <€ and | Byl = [|Ball = [[Cuall = |C22ll = 0.
Using the notation of Theorem10and a simple argument, we have

tc=k, =1 o1=4, a=3 M=M=+2
ua(t) = —ou = —4,  8p(t) = Mef A®)]| < v2/2,
G1(t) = Mol| Al < V2/3,  Ep(t) = —ap = -3,
bi(t) < (207%,  bp(t) <1l/e. but) < (29" and by(t) < 1/e.
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Let the comparison system be

o[ -4 V22 1/2e 1/2e
§t) = [ﬁ/3 3 }S(t) + [l/Ze 1/24 -1, t#1, (4.10)
&(t) = (IIDijic D 2x2§ (t — 0).

From (@.10), using the notation of Theoregnl, we havey; = 4, @, = 3,¢; = ¢, = 1,
y=21,|B| =€t r=1andx = 1. Let

e—3/2 0 0
o _[Du D] _| /2 0 0 0
T Dok Dox| 0 1 12 ol

0 0 0 1

then||Dy|| = || Dx|| = e— 1 and

(1) ifty —t s> 7 =1, thene ™[]y, max{||D; |, e} < 1,

(@) ifte—ty =1+ 1/Kk, then lim_ . (e7[];.5,, max[D; . e7}) =0,

3) iftq—tys>147n,1>0,thene™ /[T, _,  max|D,|. e} <e

By Theoremd.4, system 4.9) is stable in case (1); asymptotically stable in case (2);
and exponentially stable in case (3).

5. Conclusion

In this paper, we have studied the stability issue for both linear and nonlinear
impulsive functional systems with delay. Our approach has utilised the comparison
principle and an inequality for the establishment of stability criteria. Although only a
single delay has been considered in this paper, the study can be extended to the ca:
with multiple delays.
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