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Abstract—High-speed train (HST) communications are envi-
sioned to provide diversified broadband services by integrating
with 5G while the high mobility induces fast-fading channels
and potentially degrades the system performance. To address
this issue, we investigate an HST communication network
empowered by intelligent reflecting surfaces (IRSs) with the
multiple-input–multiple-output (MIMO) technology. Statistical
channel state information (CSI) is exploited to mitigate the
impact of the fast time-varying fading. The transceiver beam-
forming vectors and the IRS phase shift matrix are optimized
to improve the system performance in terms of the outage
probability and the ergodic capacity considering the channel
uncertainty. First, we derive the analytical expression of the out-
age probability with a generalized Marcum Q-function. Then, we
develop an alternating optimization algorithm to minimize the
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outage probability by capitalizing on the generalized eigenvalue–
eigenvectors. Moreover, the ergodic capacity is deduced with
statistical CSI and then optimized by analyzing the upper bound
with Jensen’s approximation. Extensive simulations show that
simulation results are consistent with the theoretical analysis,
and the IRS-assisted system significantly outperforms the system
without IRS in terms of the outage probability and the ergodic
capacity.

Index Terms—Ergodic capacity, high-speed train (HST) com-
munications, intelligent reflecting surface (IRS), outage probabil-
ity, statistical channel state information (CSI).

I. INTRODUCTION

H IGH-SPEED train (HST) communication networks are
envisioned to provide more diverse data-immense

services, including automatic train operation, Internet of
Things for railways and passenger infotainment, for HST
operating beyond 350 km/h with ambitious data rates reach-
ing multi-gigabits per second [2]. Millimeter-wave (mmWave)
technologies with frequencies ranging from 30 to 300 GHz
have been investigated to meet the immense demands for
higher data rates [3], which serves as a powerful engine to
enhance the train-to-ground capacity. Several challenges faced
with mmWave technologies include blockage sensitivity, prop-
agation attenuation and penetration loss [4]. Unfortunately,
blockage widely exists in HST environments, where ran-
dom obstructions are distributed along the rail track, such as
transportation infrastructure [5].

Intelligent reflecting surface (IRS) has been exploited to
combat the blockage issue and improve the link transmis-
sion quality by providing assistant Line-of-Sight (LoS) link
connections [6]. IRS is capable of reconfigurable electromag-
netic (EM) features including the phase shift control of each
reflecting element in real time. In general, IRS is dynami-
cally implemented by tuning PIN diodes via the bias voltages
and is generally connected to a central controller in a field-
programmable gate array (FPGA) [7]. Therefore, IRS can
manipulate the incident EM wave propagation to the tar-
get direction and rebuild wireless channel environments to
be favorable. Specifically, IRS can be integrated with the
multiple-input–multiple-output (MIMO) technology and serve
as passive beamforming by adjusting the phase shift and
amplitude of all reflecting elements.

To meet the performance requirements of IRS-assisted HST
communication networks, several intrinsic challenges should
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be addressed. First, due to the high mobility of the train and
nearly passive capability of IRSs, the instantaneous channel
state information (CSI) in the considered network is difficult
to acquire thus may affecting the system performance [1]. For
one thing, high-mobility communications introduce fast fading
which incurs frequent channel measurement and heavy feed-
back burden. The fast time-varying fading may deteriorate the
detection accuracy of instantaneous CSI due to the rapid chan-
nel variation [8]. The system performance will be degraded if
the beamforming configuration is designed adaptive to inaccu-
rate CSI. For another, IRS is generally considered to be passive
without channel sensing capability. It is power consuming and
inefficient to frequently update IRS reflecting coefficients with
instantaneous CSI in a short stationarity time.

Second, it is difficult to derive explicit expressions while
characterizing outage probability and ergodic capacity [9].
Rician scenarios happen when the train travels at high speeds
and concurrently receives signals from the trackside base
stations (BSs) and the IRSs. Therefore, the composite wire-
less channel conforms to a finite sum representation of the
Gaussian cumulative distribution function (CDF) complicates
the expression derivation. In this particular IRS-assisted HST
MIMO communication system, it is necessary to approxi-
mate the nonconvexity function into an explicit and tractable
function to make the optimization problem easy to solve.

Third, traditional optimization such as the nonlinear pro-
gramming technique incurs excessively high computational
complexity, which is proportional to the number of transceiver
antennas and IRS elements since it involves huge search oper-
ations for possible action space. Nevertheless, this work is
confined to an HST mmWave MIMO scenario enhanced by
IRS implementation. It is necessary to find an efficient solution
to optimize the approximated explicit functions.

Motivated by the above challenges, we study the
performance analysis and optimal configuration of the IRS-
assisted downlink MIMO system for HST communications
composing direct and reflective connections, by utilizing the
slow-varying statistical CSI with location-related information.
All channels associated with the train are modeled as Rician
fading channels since both LoS and non-LoS components
exist most of the time. Specifically, we investigate the optimal
design of the transceiver beamforming and IRS phase shift
matrix, then propose cost-effective solutions to address the
above challenges while determining the optimal configuration.
The following are the main contributions of this article.

1) We integrate IRSs into HST MIMO systems to address
the blockage issue of signal transmission. Moreover, we
utilize statistical CSI of the involved transmission chan-
nels to reduce the impact of fast fading channels induced
by the high mobility and avoid the heavy overheads
when exploring and exploiting instantaneous CSI.

2) We employ a generalized Marcum Q-function to approx-
imate the derived closed-form expression of the outage
probability with statistical CSI to make it tractable. Then,
we develop an alternating optimization algorithm to solve
the outage probability minimization problem with the
generalized eigenvalue–eigenvectors and quadratically
constrained quadratic programming (QCQP).

3) We investigate the ergodic capacity in terms of the
channel uncertainty and analyze the upper bound and
Jensen’s approximation since the nonconvex ergodic
capacity maximization problem is difficult to be
directly solved. A computationally effective algorithm
is designed to tackle the time-consuming problem and
optimize the upper bound of the ergodic capacity
approximation.

The remainder of this article is organized as follows.
Section II presents related works. Section III describes the
system model. In Section IV, we formulate the outage prob-
ability minimization problem and present an algorithm with
statistical CSI. In Section V, we investigate the ergodic
capacity maximization problem and derive the upper bound
and Jensen’s approximation. Numerical results are presented
in Section VI to evaluate the proposed algorithms. Finally,
Section VII concludes this work.

II. RELATED WORK

The blockage problem has been studied with massive
MIMO technology, such as relay-assisted cooperation systems
and large-scale antenna systems [10], [11]. On the one hand,
the relay-assisted schemes steer signal transmissions around
obstacles by multihop forwarding [12]. However, the relay
not only consumes power to amplify (or decode) and forward
signals but also operates in either half-duplex (thus lowering
efficiency) or full-duplex (thus introducing self-interference)
mode [13]. On the other hand, the large-scale antenna system
is developed as massive MIMO to remedy the blockage issue
and signal attenuation by steering narrow beams with sub-
stantial beamforming gains [14]. But the large-scale antenna
systems suffer from huge path loss and penetration loss when
confronted with poor wireless propagation conditions such as
in high-mobility scenarios. Some of the existing anti-blockage
schemes are expensive to be implemented in outdoor scenar-
ios due to the expenditure of extensive backup access points
and/or BS deployment.

To remedy the above limitations, IRS has been exploited
to enhance wireless communications in a cost-effective way,
particularly when the LoS connection between the transceiver
is weak or interrupted. IRS has been regarded as not only
an alternative to typical phased arrays but also as a new
paradigm for IRS-assisted communication systems that have
recently attracted substantial research attention. In [15], an
IRS-aided multiuser communication network is studied in a
multiple-user multiple-input single-output (MU-MISO) sce-
nario, and the power consumption is minimized by utilizing
an alternation optimization. In [16], IRS is utilized to miti-
gate mutual interference in device-to-device communications
and maximize the sum rate with a suboptimal solution.
However, the instantaneous CSI is assumed to be avail-
able [15], [16], and this may not be proper in high-mobility
scenarios. In addition, updating the IRS reflecting coefficients
regularly with instantaneous CSI is inefficient and power
consuming.

In the case of an IRS-aided system without instantaneous
CSI, numerous research efforts have been devoted to channel
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estimation [17], [18], [19], [20]. These channel estimation
strategies can be divided into following main categories. First,
ON–OFF based channel estimation schemes are executed by
sequentially tuning on a single IRS element (or a combina-
tion of IRS elements) or by evaluating the direct link and all
reflected links one by one [17], [18]. Second, overheads-aware
efficient schemes are developed by utilizing compressing sens-
ing or deep learning [19], [20]. Inevitable estimation errors
arise from limited channel measurements (in terms of power,
frequency, or time) and impractical assumptions (including
sparse characteristics), thus affecting the system performance.
In view of above challenges, statistical CSI which varies more
slowly than instantaneous CSI and can be comparatively easily
explored is beneficial for high-mobility scenarios. Depending
on the deterministic large-scale information, statistical CSI
(including spatial correlation and channel covariance) remains
invariant for a longer interval. Thus it is reasonable for BSs
to exploit slow varying statistical CSI via long-term feedback
and covariance extrapolation [1]. Generally, statistical CSI is
more accessible in high-speed railways since the commuting
route and location information are available.

Recently, some works advocate the utilization of IRS in
high-mobility scenarios [21], [22], [23], [24], [25], [26], [27],
with an emphasis on numerous categories, such as IRS
configuration [22], [23], channel estimation [24], [25], and
performance analysis [26], [27]. In [21], an IRS-aided HST
communication paradigm depicting key challenges and main
application scenarios is elaborated, and it also provides
promising solutions and points out future directions. The joint
configuration of IRS phase shift and transceiver beamforming
in an HST MIMO system is investigated in [22] to maximize
the ergodic capacity by an alternative optimization algorithm,
assuming the direct link and reflection link coexist while one
is for communication and the other one is for measurement.
Against outdated CSI, a deep reinforcement learning approach
is developed in [23] to orchestrate the IRS phase shift and
transceiver beamforming to improve the spectral efficiency in
an IRS-aided HST MISO system. In [24], a practical chan-
nel estimation framework is designed for the HST MIMO
system aided by both onboard and roadside IRSs. In [25],
IRS is employed in high-speed vehicular communications
and a two-stage transmission protocol is proposed to achieve
both IRS channel estimation and refraction optimization.
In [26], a continuous time propagation model in IRS-
assisted low-Earth-orbit (LEO) satellite communications is
developed with predictive mobility compensation. In [27],
IRS is introduced into an HST SISO system to suppress
interference from EM disturbances or other communications
systems.

Aforementioned works provide interesting results but pay
little attention to the HST MIMO system especially when
CSI is unavailable and both direct link and reflection links
are considered for communications. Questions remain open
regarding the outage probability minimization problem and
approximating the ergodic capacity. In this article, we aim to
reduce the outage probability and increase the ergodic capac-
ity under the assumption of statistical CSI for HST MIMO
communications.

Fig. 1. Illustration of an IRS-assisted system for HST communications.

III. SYSTEM MODEL

In this section, we elaborate an IRS-assisted HST commu-
nication system as sketched in Fig. 1.

A. IRS-Assisted Architecture for HST Communications

In the considered system, a trackside BS serves the users
onboard the HST during the dwelling time. A mobile relay
(MR) is installed on top of the train to reduce penetration loss
and frequent handover. The BS and the MR are equipped with
NBS and NMR antennas, respectively. Two IRSs are centered
around the BS along the rail track, to rebuild reflection links.
Each IRS comprises a smart controller connected to the BS
via a wired way. IRSs are composed of M passive reflecting
elements to alter the amplitude and phase shifts in incident sig-
nals, thus regulating radio propagation into target directions.
There is only one IRS activated by the BS through the con-
troller to communicate with the MR, which depends on the
train’s current location. If the train resides on the left side of
the cell coverage, the IRS on the left is accordingly chosen
to serve as a passive relay while the right-side IRS is muted.
Otherwise, the left-side IRS is muted while the right-side IRS
is activated as the passive relay. As shown in Fig. 1, the pro-
jections of the BS and the serving IRS onto the track are
denoted as points O and A. The horizontal distance between
BS and IRS is denoted as d0 and the cell radius is denoted as
R, while d0 ranges from 0 to R.

For practical application, the time of IRS phase shift oper-
ation To depends on the EM pulse according to the regulation
voltage, which is in orders of ns [28]. To measure the time-
variant effect in HST communications, the stationarity time is
introduced during which time the channel keeps constant or
has no great change. Ts is in orders of milliseconds in HST
mmWave communications [29]. Thus it is valid and practical
for the almost real-time IRS operation in time-varying HST
communications.

The transmitted symbol from the BS to the MR is denoted
by x ∈ C. Without loss of generality, we assume E{x} = 0 and
E{xHx} = 1. The BS adopts the transmit beamforming vector
f ∈ C

NBS×1 to transmit the symbol x, where the transmit power
constraint should be satisfied as ‖f‖2 ≤ PT and ‖·‖ denotes the
Euclidean norm. Similarly, the MR adopts the combing vector
ω ∈ C

NMR×1. The channel matrices of the direct link from the
BS to the MR, of the reflection link from the IRS to the MR,
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and of the link from the BS to the IRS are denoted by Hd ∈
C

NBS×NMR , Hr ∈ C
M×NMR, and G ∈ C

M×NBS , respectively.
Note that all involved links are assumed for communications
to improve the system throughput.

The reflection-coefficient matrix of the IRS is denoted as
a diagonal matrix � = diag(θ1, . . . , θm, . . . , θM). Herein,
θm = βmejεm is composed of the amplitude reflection coeffi-
cient βm ∈ [0, 1] and the phase-shift coefficient εm ∈ [0, 2π).
j is the imaginary unit. Ideal reflection is widely assumed for
all elements of IRSs with βm = 1 and |θm|2 = 1 [15].

The signal received at the MR is expressed as

y = ωH(HH
d + HH

r �G
)
fx

︸ ︷︷ ︸
the desired signal

+ωHn (1)

where n is the additive white Gaussian noise at the MR with
distribution CN (0, σ 2INMR).

Hence, the signal-to-noise ratio (SNR) at the MR is

γ = |ωH
(
HH

d + HH
r �G

)
f |2

σ 2
(2)

where | · | denotes the modulus.

B. Channel Model

Given the stationary of the predeployed BS and IRSs, G can
be precisely acquired by the BS in advance. Due to the high
velocity of the train, both Hd and Hr related with the train
vary with time and transceiver distance.

We describe the time-varying characteristics of channels
Hd and Hr using the Rician fading model, where NLoS
components vary slowly and LoS components are location-
based [30]. Specifically, Hd is modeled as

Hd =
√

κd

κd + 1
H̄d +

√
1

κd + 1
H̃d (3)

where H̄d represents the LoS components of the direct link
which stays constant in the channel coherence time, H̃d rep-
resents the NLoS components which entity is modeled as an
independent circularly symmetric complex Gaussian (CSCG)
random variable with CN (0, σ 2

d ), and κd is the Rician K-factor
of Hd. The Rician K-factor is a crucial parameter to character-
ize the channel quality, representing the ratio of the strength of
the LoS component and the NLoS component [31]. The shad-
owing effect is neglected and the large-scale fading is assumed
to be dependent on the path loss. As observed, this channel
model converges to Rayleigh fading when κd = 0 and to an
LoS channel when κd → ∞.

Two types of array architectures are adopted where antennas
at the BS and the MR are equipped in a uniform linear array
(ULA) and IRS elements are displaced in a uniform planar
array (UPA). The Angle of Arrival (AoA) and the Angle of
Departure (AoD) of the BS-MR direct link is respectively,
denoted by νMR, ϕBS, and H̄d is expressed as

H̄d = ar(νMR)aH
t (ϕBS). (4)

Similarly, we can easily model Hr as

Hr =
√

κr

κr + 1
H̄r +

√
1

κr + 1
H̃r (5)

where H̄r (H̃r) represents the LoS (NLoS) components of the
reflection link, respectively. κr is the Rician K-factor of Hr.
Similarly, the entries of H̃r are independently generated from
CSCG distribution CN (0, σ 2

r ). The antennas at the MR are
arranged in a ULA mode, thus H̄r follows the similar form
as (4) and is omitted for short.

The elements of the IRS are supposed to form a UPA
structure and the BS-IRS channel G is modeled by

G = ar
(
νIRS,a, νIRS,e

)
aH

t (ϑBS)

= ar,a
(
νIRS,a

)⊗ aH
r,e

(
νIRS,e

)
aH

t (ϑBS) (6)

where ⊗ is the Kronecker product, νIRS,a (νIRS,e) and ϑBS
represent the azimuth (elevation) AoA and the AoD of the
BS-IRS assistant link.

The composite channel H can be expressed as

H = Hd + GH�HHr. (7)

The LoS components H̄d and H̄r, are dependent on the MR’s
location and are accessible when accurate location information
of the train is available. As noted above, the BS-IRS assistant
channel, G, is precisely known for fixed deployment.

IV. OUTAGE PROBABILITY MINIMIZATION

Considering the outage probability minimization, we first
deduce an explicit expression of the outage probability and
then develop an outage probability minimization algorithm.

A. Outage Probability Minimization Problem Formulation

We investigate the outage probability minimization problem
to find the optimal configuration of the transceiver beam-
forming and the IRS coefficient design, while satisfying the
transmit power limit and the constant modulus constraint.

Let Pout denote the outage probability, which illustrates the
received signal power falls below the given threshold

Pout � Pr(γ ≤ γth)

= Pr
(
|ωH(HH

d + HH
r �G

)
f |2 ≤ σ 2γth

)
(8)

where γth is the corresponding SNR threshold in dB. The
outage probability minimization problem is formulated as

P1 : min
ω,f ,�

Pout (9a)

s.t. ‖f‖2 ≤ PT (9b)

‖ω‖2 ≤ 1 (9c)

|θm|2 = 1 ∀m ∈ {1, . . . , M} (9d)

where PT denotes the transmit power limit. The problem is
intangible because it is prohibitive to obtain a tractable or
analytical closed-form expression for the probability function
in (9a) and the unit-modulus constraint in (9d) is nonconvex.
To solve the problem, we first derive the outage probability
distribution with the location-dependent statistical CSI, then
reformulate the objective function.
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B. Outage Probability Analysis

This section first features the outage probability by analyz-
ing properties of the composite channel, then transforms the
implicit objective function (9a) into an explicit representation.

Proposition 1: Each element of the composite channel
H obeys a complex Gaussian distribution, i.e., Hi,j ∼
CN (μi,j, σ

2
i,j) wherein the mean value μi,j and the variance

σ 2
i,j can be given by

μi,j = αd
(
H̄d
)

i,j + αr
(
GH�HH̄r

)
i,j (10a)

σ 2
i,j = β2

dσ 2
d + β2

r ‖G(:,i)‖2σ 2
r (10b)

where αd = √
(κd/[κd + 1]), βd = √

(1/[κd + 1]), αr =√
(κr/[κr + 1]), and βr = √

(1/[κr + 1]).
Proof: The detailed proof is given in Appendix A.

Specifically, H̄ � E{H} = αdH̄d + αrGH
HH̄r, H̄i,j = μi,j,
where E{·} is the expectation operator. In the following, the
derivation of the desired signal received at the MR to an
amiable form helps gain insights into the problem.

Proposition 2: The term X = f HHω follows a complex
Gaussian distribution, i.e., X ∼ CN (μX, σ 2

X) with mean μX

and variance σ 2
X given by

μX = f HH̄ω, σ 2
X = f H�1f = ωH�2ω (11)

where we invite two auxiliary variables

�1 = diag(� ), (� )i =
NMR∑

j=1

σ 2
i,j|ωj|2, ∀i ∈ {1, . . . , NBS}

�2 = diag(�), (�)j =
NBS∑

i=1

σ 2
i,j|fi|2, ∀j ∈ {1, . . . , NMR}. (12)

Proof: The detailed proof is given in Appendix B.
Based on the analysis above, the distribution of the outage

probability can be derived by manipulating the statistical CSI
in the following proposition.

Proposition 3: The outage probability in the considered
system is derived by a noncentral chi-square distribution
χ2(υ, λ) with 2 degrees of freedom and noncentrality param-
eter λ = (μ2

X/σ 2
X). The outage probability can be derived as

follows:

Pout = 1 − Q υ
2

(√
λ,

√
γ0

)
(13)

where γ0 = (σ 2γth/σ
2
X) and QM(a, b) is the generalized (Mth-

order) Marcum Q-function.
Proof: With Proposition 2, (X/σX) ∼ CN ([μX/σX], 1).

Therefore, Y = |(X/σX)|2 = |([f HHω]/σX)|2 obeys a chi-
square distribution, i.e., Y ∼ χ2(υ, λ) with the degree of
freedom υ = 2 since one for the real part and one for the
image part [32]. The noncentrality parameter λ is given by

λ = μ2
X

σ 2
X

= |f HH̄ω|2
f H�1f

= |f HH̄ω|2
ωH�2ω

= f H�1f

f H�1f
= ωH�2ω

ωH�2ω
≥ 0

(14)

where �1 = H̄ωωHH̄H and �2 = H̄Hf f HH̄. A central
chi-square distribution is a special case of the chi-square dis-
tribution defined above with λ = 0, whereas in practical

IRS-assisted HST communications λ > 0 leads to a noncentral
chi-square distribution.

The outage probability defined in (8) is easily shown to be

Pout = Pr
(
|ωH(HH

d + HH
r �G

)
f |2 ≤ σ 2γth

)

= Pr

⎛

⎝

∣∣
∣∣∣
f HHω

σX

∣∣
∣∣∣

2

≤ σ 2γth

σ 2
X

⎞

⎠ = Fυ,γ0(Y) (15)

where γ0 = ([σ 2γth]/σ 2
X), and Fυ,γ0(Y) denote the CDF of

the noncentral chi-square distribution Y ∼ χ2(υ, λ). Using the
CDF of the noncentral chi-square distribution [33], we have

Pout = 1 − Q υ
2

(√
λ,

√
γ0

)
(16)

where QM(a, b) is the generalized Marcum Q-function of real
order M.

The generalized Marcum Q-function QM(a, b) is log-
concave and monotonically increasing with regard to both a
and b [34, p. 451]. Further exploiting the monotonicity of
Proposition 3, the following implication holds true:

min
ω,f ,�

Pout = 1 − Q1

(√
λ,

√
γ0

)
⇔ max

ω,f ,�
λ. (17)

Applying (17) to P1 gives rise to the following problem:

P2 : max
ω,f ,�

μ2
X

σ 2
X

= |f HH̄ω|2
f H�1f

= |f HH̄ω|2
ωH�2ω

s.t. (9b), (9c), (9d). (18)

The reformulated nonconvex fractional problem P2 is still
tough to solve. The nonconvex unit-modulus constraint of the
IRS phase shift design (9d) is intractable. In addition, the
expectation term in the objective function is computationally
expensive without instantaneous CSI.

C. Outage Probability Minimization Algorithm Design

In this section, an alternating algorithm is proposed to solve
the tough problem P2 by sequentially optimizing one of the
decision variables while fixing the others.

Given the transceiver beamforming vectors f and ω, we
rewrite P2 considering the denominator part of (18) is inde-
pendent of �

P3A : max
�

|f HH̄ω|2

s.t. |θm|2 = 1,∀m ∈ {1, . . . , M}. (19)

To handle this quadratic program, the objective function is
reformulated

|f HH̄ω|2 = |f H(αdH̄d + αrGH
HH̄r
)
ω|2

= tr
(
αdH̄H

d AαdH̄dB
)+ tr(C�) + tr

(
�HCH)

+ tr
(
�HD�E) (20)

where some new variables are introduced as A = f f H ,
B = ωωH , C = GAαdH̄dBαrH̄H

r , D = αrH̄rBαrH̄H
r , and

E = GAGH . Note that the first term in (20) is constant.
The above auxiliary variables are nonnegative semi-definite
matrices and independent with �.
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By substituting (20) into (19), the objective can be equiva-
lently re-expressed (with the constant term removed)

max
�

tr(C�) + tr
(
�HCH)+ tr

(
�HD�E) � �(θ). (21)

We define a column vector c = diag(C) ∈ C
M×1 with cm =

Cm,m,∀m ∈ {1, · · · , M}. According to the following properties
regarding trace operation:

tr(C�) = cTθ , tr
(
�HD�E) = θH(D � ET)θ (22)

it can be inferred that

�(θ) = θH(D � ET)θ + cTθ + θHc∗. (23)

By far, simplifying and rearranging P3A yields the follow-
ing equivalent problem:

P3A′ : max
θ

�(θ)

s.t. |θm|2 = 1,∀m ∈ {1, . . . , M}. (24)

This subproblem can be transformed as a nonconvex QCQP
subject to a unit modulus constraint and the optimal IRS phase
shift design �∗ (θ∗) can be obtained.

For fixed IRS coefficients (θ) and receive beamforming
design (ω), P2 is reduced to a transmit beamforming design
problem

P3B : max
f

|f HH̄ω|2
f H�1f

= f H�1f

f H�1f

s.t. ‖f‖2 ≤ PT (25)

where �1 = H̄ωωHH̄H . This subproblem is a generalized
eigenvalue problem and can be solved by employing the
generalized eigenvalue–eigenvectors [35].

Finally, with fixed θ and f , P2 is simplified to a receive
beamforming design problem as follows:

P3C : max
ω

ωH�2ω

ωH�2ω

s.t. ‖ω‖2 ≤ 1 (26)

where �2 = H̄Hf f HH̄. Similarly, this subproblem can be
solved by generalized eigenvalue analysis.

The complete procedure for getting the joint design of IRS
coefficients and transceiver beamforming is summarized in
Algorithm 1 and detailed in our prior work [1].

V. ERGODIC CAPACITY MAXIMIZATION WITH

STATISTICAL CSI

In the presence of CSI uncertainty, the ergodic capacity of
our considered system is calculated as

Cerg = E

{
log2

(
1 + |ωHHHf |2

σ 2

)}
(27)

where the expectation is taken concerning the time-varying
composite channel H. We investigate the ergodic capacity
maximization problem, which is formulated as

P4 : max
ω,f ,�

Cerg

s.t. (9b), (9c), (9d). (28)

Algorithm 1: Outage Probability Optimization Algorithm
for Solving P2

Input : Statistical CSI H̄d , H̄r . G, κd , κr , σ 2
d , and σ 2

r .
Output: ω∗, f∗,�∗, SNR γ, and Pout.
Initialization: Transceiver beamforming (ω, f ) and IRS
coefficients (�) design with maximal SNR from L
randomizations.
repeat

Solve (24) and update �∗ = diag(θ∗);
Solve (25) and update f∗ in the direction of λmax(�−1

1 �1)

with amplitude
√

PT ;
Solve (26) and update ω∗ with λmax(�−1

2 �2);
until the predefined stopping criterion is satisfied;

Solving problem P4 is a challenging task because of two
reasons. First, an exact analytical expression of the objective
function (27) is not solvable. The computational complexity
of implicit expressions of ergodic capacity increases with the
number of transceiver antennas, which becomes prohibitively
high for massive MIMO cases. Second, the nonconvex unit-
modulus constraint is intricate. To handle this issue, we inves-
tigate the ergodic capacity based on approximations according
to Jensens inequality.

Note that |ωHHHf |2 = tr(HHf f HHωωH) is convex of chan-
nel H, and log(·) is strictly concave and increasing over R+.
According to Jensens inequality [36], the objective function in
P4 is upper bounded as follows:

E

{
log2

(
1 + |ωHHHf |2

σ 2

)}
≤ log2

(

1 + E
{|ωHHHf |2}

σ 2

)

.

(29)

We establish an upper-bound problem

P5 : max
ω,f ,�

E

{
|ωHHHf |2

}
a= μ2

X + σ 2
X

s.t. (9b), (9c), (9d) (30)

where
a= comes from Proposition 2. Let Cerg, C1 denote the

optimum obtained by solving P4 and P5, respectively. It
implies that Cerg ≤ log2(1 + [C1/σ

2]) � Cub.

A. Upper Bound of Ergodic Capacity

We target on solving an upper bound of the ergodic capacity
in P5. According to Proposition 3, σ 2

X is dependent on f and
ω, but nonrelated to �. This implies that with given f and ω,
P5 is degraded into

P5A : max
�

μ2
X = |f HH̄ω|2

s.t. |θm|2 = 1,∀m ∈ {1, . . . , M}. (31)

Note that P5A is the same as P3A, and the optimal IRS phase
shift matrix �∗, obtained by solving the outage probability
minimization problem also fits well with an upper bound of
the ergodic capacity maximization solution.

We investigate the transceiver beamforming design by cal-
culating the upper bound of the ergodic capacity in P5 with an
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Algorithm 2: Ergodic Capacity Optimization Algorithm
for Solving P5

Input : Statistical CSI H̄d , H̄r . G, κd , κr , σ 2
d , and σ 2

r .
Output: ω∗, f∗, �∗, SNR γ, and Cub.
Initialization: Transceiver beamforming (ω, f ) and IRS
coefficients (�) design with maximal SNR from L
randomizations.
repeat

Solve (31) and update �∗ = diag(θ∗);
Solve (32) and update f∗ in the direction of λmax(ϒ1) with
amplitude

√
PT ;

Solve (33) and update ω∗ with λmax(ϒ2).
until the predefined stopping criterion is satisfied;

alternative optimization method. First, with the fixed receiver
beamformer ω, the optimization problem boils down to

P5B : max
f

μ2
X + σ 2

X = f Hϒ1f

s.t. ‖f‖2 ≤ PT . (32)

Then, with obtained transmitter beamformer f , the
optimization problem is simplified as

P5C : max
ω

μ2
X + σ 2

X = ωHϒ2ω

s.t. ‖ω‖2 ≤ 1. (33)

Note that ϒ1 = �1 + �1 and ϒ2 = �2 + �2. The optimal
solution of transceiver beamforming is to find the eigenvector
associated with the largest eigenvalue related to ϒ1 and ϒ2,
respectively. Particularly, let ς and ζ be the eigenvector of ϒ1
and ϒ2 corresponding to the largest eigenvalue. The optimal
BS beamforming vector is f∗ = √

PTς , and the optimal MR
beamforming vector is ω∗ = ζ , respectively.

The presented algorithm to solve the upper bound of the
ergodic capacity maximization problem P5 is detailed in
Algorithm 2.

B. Jensen’s Approximation of Ergodic Capacity

To further investigate the influence of the IRS on the system
performance improvement with the ideal transceiver beam-
forming design, we utilize the trace properties again and relax
the received signal power

|ωHHHf |2 = tr
(
ωHHHf f HHω

)

≤ λmax
(
ωωH)tr

(
HHf f HH

)

≤ λmax
(
ωωH)λmax

(
f f H)tr

(
HHH

) b≤ PT tr
(
HHH

)

(34)

where
b≤ comes from (9b) and (9c), which means that

λmax(f Hf ) ≤ PT , and λmax(ω
Hω) ≤ 1, respectively.

By this way, we can find that

E

{
|ωHHHf |2

}
≤ PTE

{
tr
(
HHH

)} c= PT�(�) � C2 (36)

where
c= comes from the mathematical manipulations in (35),

shown at the bottom of the page, where E{H̃H
d H̃d} = σ 2

d and
E{H̃H

r H̃r} = σ 2
r .

It can be obtained that Cerg ≤ Cub ≤ CJensen � log2(1 +
[C2/σ

2]). Herein CJensen mainly depends on the IRS phase-
shift matrix �, thus we focus on the following optimization
problem:

P6 : max
�

�(�)

s.t. |θm|2 = 1,∀m ∈ {1, . . . , M}. (37)

Problem P6 can be readily solved using the homogeneous
QCQP transformation [15], which is addressed in the same
way as Problem P3A. CJensen can be obtained after acquir-
ing the optimal values for �∗ and �∗ and illustrates Jensen’s
approximation upper bound of the ergodic capacity.

VI. PERFORMANCE EVALUATION

In this section, simulation results are provided to evaluate
the proposed algorithms in terms of the outage performance
and the ergodic capacity. The transmit power and the horizon-
tal BS-IRS distance are set to be PT = 42 dBm and d0 =
150 m, if not specified. The train runs at an average speed of
360 km/h and the system performance is averaged over the
cell coverage. The path loss in LoS components H̄d and H̄r

are modeled as follows [30]:

PL = α0 + 10β0log10
(
dTx,Rx

)
(38)

where α0, β0, and dTx,Rx denote the interception, slope, and
link distance, respectively. More details are available in [30].
Each simulation composes of 103 trails and L = 100 random
initialization. Unless otherwise specified, the main parameters
are listed in Table I.

A. Outage Probability Minimization Performance

To validate the performance of the proposed Algorithm 1,
we present the following benchmark schemes for comparison.

1) Perfect CSI (P-CSI): The presented Algorithm 1 is per-
formed under the assumption that perfect instantaneous
CSI of all corresponding channels is available.

2) Without IRS: We consider a traditional system without
IRS then minimize the outage probability.

E
{
tr
(
HHH

)} = tr
(
E
{
HHH

}) = tr
(
E
{
HH

d Hd + GH�HHrHH
d + HdHH

r �G + GH�HHrHH
r �G

})

= tr
(
E
{
HH

d Hd
})+ tr

(
E
{
GH�HHrHH

d

})+ tr
(
E
{
HdHH

r �G
})+ tr

(
E
{
GH�HHrHH

r �G
})

= tr
(
H̄H

d H̄d
)+ tr

(
E
{
H̃H

d H̃d
})+ tr

(
GH�HH̄rH̄H

d

)+ tr
(
H̄dH̄H

r �G
)+ tr

(
�GGH�H(H̄rH̄H

r + E
{
H̃rH̃H

r

}))
� �(�)

(35)
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TABLE I
SIMULATION PARAMETERS

Fig. 2. Outage probability performance with respect to the transmit power.

Algorithm 1 is labeled as Statistical CSI (S-CSI) for short.
To verify the analytical accuracy, we consider the above

schemes executed under the following two conditions.
1) Analytical Results: The outage probability is calculated

based on the theoretical analysis of the propositions.
2) Simulated Results: The outage probability is achieved by

Monte Carlo simulation (all simulations are statistically
averaged over a large number of independent runs).

We evaluate the ergodic capacity by the effective capacity
Ceff multiplied by the nonoutage probability since data is only
correctly received on 1 − Pout transmissions

Ceff � (1 − Pout)Cerg. (39)

Fig. 2 shows the outage probability averaged over the cell
with respect to transmit power. As observed, the analytical
results agree with the simulation results. This observation val-
idates the accuracy of the closed-form expression of the outage
probability derived in Proposition 3. The curves denoted by
“S-CSI” and “P-CSI” yield nearly the same outage probability.
Thus, the proposed outage probability minimization algorithm
can be generalized to the problems when statistical knowl-
edge of CSI can be exploited. As expected, the increasing
transmit power limits PT decrease the SINR outage probabil-
ity Pout since the received signal power at MR rises. Besides,
Pout decreases as M increases, which demonstrates that the
number of IRS reflecting elements is positively related to the
regulating ability on EM environmental conditions.

Fig. 3 shows the impact of SNR thresholds γth on the out-
age performance. Intuitively, raising SNR thresholds at the
receiver side incurs a higher outage probability. It is due to the

Fig. 3. Outage probability performance with respect to SNR thresholds.

Fig. 4. CDF of the outage probability with respect to the transmit power.

receiver requiring stronger received signal strength to satisfy a
higher SNR threshold, thus more susceptible to outage events.
Apparently, the performance gaps between the IRS-assisted
system and the system without IRS rise with enlarging SNR
thresholds. By comparing the IRS element settings as M =
{16, 36, 64}, the outage probability is decreased as predicted
with increasing M, which indicates that the composite channel
is highly improved.

Fig. 4 shows the impact of transmit power on the CDF of
the outage probability. The black lines denote the performance
of the system without IRS. The solid and dashed lines indicate
the performance of the proposed S-CSI algorithm with PT =
42 dBm and PT = 54 dBm, respectively. As observed, enlarg-
ing transmit power PT or the IRS element number M reduces
the outage probability Pout. With PT = 42 dBm and M = 16,
the cumulative probability of Pout ≤ 0.2 is about 40%. When
enlarging PT = 54 dBm or increasing M = 64, the cumulative
probability of Pout ≤ 0.2 rises up to 99.68% and 90%, respec-
tively. In comparison with the system without IRS (PT =
54 dBm, black dashed line), the IRS-assisted system (PT =
42 dBm and M = 16, red solid line) achieves a slightly lower
outage probability with a narrow gap. It demonstrates that the
IRS-assisted system can provide resilience against visibility
outages with efficient power saving (around 12 dBm).

Fig. 5 shows the impact of SNR thresholds on the CDF of
the outage probability. The dashed and solid lines represent the
outage probability distribution obtained by the proposed S-CSI
scheme and the scheme without IRS, respectively. The blue,
red, and green dashed curves depict the outage performance
of the proposed S-CSI scheme against SNR thresholds when
γth = {0, 9, 15} dB and M = 36, respectively. As observed,
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Fig. 5. CDF of the outage probability with respect to SNR thresholds.

Fig. 6. Outage probability performance with respect to the IRS deployment.

the cumulative probabilities of Pout ≤ 0.1 with γth = {0, 9,
15} dB reaches up to 1, 95%, and 81.7%, respectively. The
yellow dashed line plots the outage probability attained with
γth = 15 dB, M = 16. By comparing the yellow and green
lines, Pout decreases as M increases since a better wireless
propagation environment is constructed.

Fig. 6 shows the impact of the IRS deployment on the out-
age performance. The value of the horizontal BS-IRS distance
d0 ranges from 0 to 600 (m). It is worth noting that Pout first
increases then decreases to a nadir around d0 = 400 m with
PT = 42 dBm (or 500 m with PT = 54 dBm), after that
the outage probability climbs again. By comparing the out-
age probability between the IRS-assisted system with PT =
42 dBm and the system without IRS with PT = 54 dBm, we
observe that the IRS leads to power saving (around 12 dBm
in this simulation settings).

Fig. 7 shows the cell average effective rate with respect to
the IRS deployment. As d0 increases, Ceff of the proposed
S-CSI algorithm increases at first and then descends, following
a unimodal distribution. The peak rate arrives at d0 = 100 m,
and Ceff closes at its lowest value when IRSs are deployed at
the cell edge. By comparing the proposed S-CSI algorithm with
PT = 42 dBm and the system without IRS with PT = 54 dBm,
it shows that the proposed algorithm significantly boosts the
system efficacy and efficiently saves power consumption.

B. Ergodic Capacity Maximization Performance

To characterize the spectrum efficiency of the IRS-assisted
system, we investigate the ergodic capacity in terms of channel

Fig. 7. Effective rate performance with respect to the IRS deployment.

Fig. 8. Effective capacity performance with respect to the transmit power.

uncertainty. The simulation experiments are carried out based
on the following schemes.

1) Jensen’s Approximation (Jensen Approx.): Refers to
Jensen’s Approximation of ergodic capacity CJensen,
obtained by solving Problem P6 with optimal IRS
phase-shift matrix design.

2) Alternative Optimization-Based Upper Bound (AO-UB):
Refers to the ergodic capacity upper bound Cub, obtained
from Algorithm 2 with optimal transceiver beamforming
vectors and IRS phase-shift matrix design.

3) Maximum-Ratio Transmission/Combining-Based Upper
Bound (MRT/C-UB): Refers to the ergodic capacity
upper bound obtained by assuming the optimal trans-
mitter/receiver beamformer with the maximum-ratio
transmission/combining method [37].

4) Without IRS: Refers to the ergodic capacity obtained by
solving the ergodic capacity maximization problem in
the HST system without IRS.

Fig. 8 shows the effective capacity averaged over the whole
cell with respect to the transmit power. It is observed that the
enlarging transmit power leads to higher received power and
larger effective capacity. With PT = 40 dBm, the effective
capacity of the system without IRS is around 20% of the IRS-
assisted system with MRT/C-UB approach. In particular, the
Jensen’s approximation significantly outperforms other bench-
mark schemes, due to the irrespective of transceiver beam-
forming. The effective capacity with AO-UB is lower than
that with Jensen’s approximation, which shows a closer bound.
Moreover, the AO-UB method is superior to the MRT/C-UB
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Fig. 9. Effective capacity performance with respect to SNR thresholds.

Fig. 10. Effective capacity performance with respect to the number of IRS
elements.

in terms of the ergodic capacity, indicating the inferiority of
the maximum-ratio-based transceiver beamforming.

Fig. 9 shows the impact of the SNR threshold on the cell
average effective capacity. The increment of the SNR threshold
indicates higher requirements on the received signal and results
in more outage events. We can observe that the IRS-assisted
systems are insensitive to the SNR threshold while the system
without IRS is more susceptible to the rising SNR threshold.
Meanwhile, the performance gap among the schemes in IRS-
assisted systems first remains stable and then rises slightly
with the SNR threshold.

As shown in Fig. 10, the impact of the number of IRS
reflecting elements on the cell average effective capacity
is presented. As observed, the system without IRS remains
steady in performance and acts as a benchmark. All schemes
assisted with IRS show significant performance enhancement
with more reflecting elements due to the propagation environ-
ment improvement, which resembles the results in the outage
minimization performance.

Fig. 11 plots the impact of Rician K-factors on the cell
average effective capacity. A larger Rician K-factor implies
stronger LoS component and better channel quality. The direct
link and reflection link are assumed with the same Rician
K-factor, κd = κr [36]. If κd → ∞, the power of the NLoS
component can be omitted and the channel model converges
to a deterministic LoS channel. If κd → 0, the channel model
reduces to the Rayleigh channel without the LoS component.
The effective capacity of each algorithm improves with the
Rician K-factor until it reaches the maximum. The proposed

Fig. 11. Effective capacity performance with respect to the Rician K-factor.

Algorithm 1 with the outage probability minimization achieves
lower effective capacity than that of the proposed Algorithm 2
with ergodic capacity maximization.

VII. CONCLUSION

In this article, we have investigated an IRS-assisted down-
link HST MIMO communication system with statistical CSI
in terms of the outage probability and the ergodic capac-
ity. In particular, the closed-form expression of the outage
probability is derived with a generalized Marcum Q-function
and the formulated outage probability minimization problem
is solved based on the generalized eigenvalue–eigenvectors.
The upper bound and Jensen’s approximation of the ergodic
capacity are analyzed and provided. Theoretical and simula-
tion results have demonstrated the superior performance of the
IRS-enhanced system and the optimal configuration by prop-
erly adjusting the transceiver beamforming vectors and tuning
the IRS phase shift matrix with statistical CSI. This work pro-
vides insights to similar scenarios with statistical CSI. For
future work, to characterize the fundamental limit of IRS-aided
HST communication networks, we extend to the multiuser
scenario and manage introduced interference on the system
performance.

APPENDIX A
PROOF OF PROPOSITION 1

By substituting (3) and (5) into (7), we have

H = Hd + GH�HHr

= (
αdH̄d + αrGH
HH̄r

)+ (
βdH̃d + βrGH
HH̃r

)
(40)

where αd = √
(κd/[κd + 1]), βd = √

(1/[κd + 1]), αr =√
(κr/[κr + 1]), and βr = √

(1/[κr + 1]).
Specifically, H̄ � E{H} = αdH̄d + αrGH
HH̄r. It is worth

noting that LoS components of both direct and reflection
links rest on transceiver distances, and the first part of (40)
is deterministic with MR’s location information. Since ele-
ments of NLoS components of both direct and reflection
links obey CSCG distributions with zero mean and vari-
ance σ 2

d (σ 2
r ), the second component of (40) obeys Gaussian

distribution.
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Let Hi,j denote the ith row, jth column element of H. The
corresponding expectation value is expressed as

μi,j � E
{
Hi,j

}

= E
{
αdH̄d + αrGH
HH̄r

}
i,j︸ ︷︷ ︸

deterministic term

+ E
{
βdH̃d + βrGH
HH̃r

}
i,j

= (
αdH̄d + αrGH
HH̄r

)
i,j + βdE

{
H̃d
}

i,j

+ βrGH
H
E
{
H̃r
}

i,j

= αd
(
H̄d
)

i,j + αr
(
GH�HH̄r

)
i,j. (41)

The variance of Hi,j can be calculated by

σ 2
i,j � var

{
Hi,j

}

= var
{
αdH̄d + αrGH
HH̄r

}
i,j︸ ︷︷ ︸

deterministic term with 0 variance

+ var
{
βdH̃d + βrGH
HH̃r

}
i,j

= β2
d var

{
H̃d
}

i,j + β2
r var

{
GH
HH̃r

}
i,j

= β2
dσ 2

d + β2
r ‖G(:,i)‖2σ 2

r . (42)

Thus, each element of H is proved to obey a complex-valued
Gaussian distribution, i.e., Hi,j ∼ CN (μi,j, σ

2
i,j).

APPENDIX B
PROOF OF PROPOSITION 2

The distribution of the product of the Gaussian variable
and deterministic variable, independent from each other, is
shown to be Gaussian. According to Proposition 1, each ele-
ment of the composite channel H obeys a complex Gaussian
distribution. The transceiver beamforming vectors f and ω

are deterministic and to be calculated. Based on the analy-
sis above, X � f HHω is also a complex Gaussian variable.
The mean and variance of X can be derived as

μX = E
{
f HHω

} = f H
E{H}ω = f HH̄ω

σ 2
X = var

{
f HHω

} =
NBS∑

i=1

f 2
i

NMR∑

j=1

ω2
j σ

2
i,j = f H�1f = ωH�2ω

(43)

where H̄i,j = μi,j. Two auxiliary variables are introduced for
simplification

�1 = diag(� ), (� )i =
NMR∑

j=1

σ 2
i,j|ωj|2,∀i ∈ {1, . . . , NBS}

�2 = diag(�), (�)j =
NBS∑

i=1

σ 2
i,j|fi|2,∀j ∈ {1, . . . , NMR}. (44)

Therefore, X is proved to obey a complex Gaussian distri-
bution X ∼ CN (μX, σ 2

X).
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