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Abstract—It is expected that the sixth-generation (6G) cellular
networks will provide high-accuracy positioning services. For
the millimeter wave (mmWave) frequency band in 6G, both the
Doppler and the spatial wideband effects can lead to channel
variation in time and space domains, respectively. However, the
impact of these effects on the positioning performance is not well
studied. In this paper, we will investigate this issue and show
that these two effects are not only challenges, but also provide
great opportunities in terms of positioning in vehicular networks.
Particularly, we will conduct system modeling, algorithm design,
and fundamental performance analysis of simultaneous localiza-
tion and communications (SLAC) in mmWave-based vehicular
networks, exclusively dependent on channel state information.
The major challenge in algorithm design is the high compu-
tational complexity that comes with the huge antenna arrays
and bandwidth. For high-speed vehicle positioning, timeliness
is as important as accuracy. For performance evaluation, the
Cramér-Rao lower bounds (CRLB) will be derived as bench-
marks. We will show that it is possible to achieve CRLB-level
positioning accuracy, with almost linear complexity. With the
closed-form theoretical results, we will evaluate how different
system parameters contribute to positioning accuracy, such as
bandwidth, carrier frequency, size and orientation of antenna
arrays, etc. These results will shed light on system-level design
and optimization of SLAC with ultra-wide frequency band in
highly dynamic environments, i.e., very strong spatial wideband
and Doppler effects. Comprehensive numerical results will also be
presented to verify the theoretical analyses and the effectiveness
of the proposed algorithms.

Index Terms—Localization, ultra-wideband, millimeter wave,
Doppler effect, beam squint, high-speed vehicles.
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I. INTRODUCTION

THE real-time tracking of high-speed vehicles is a challeng-
ing problem, especially for bullet trains moving at a speed

over 300 km/h. Over the past two decades, the Global Position-
ing System (GPS) has been playing a dominant role in providing
outdoor positioning services. However, it has poor coverage
in urban environments due to blockage, and very low refresh
rate. With the advent of millimeter wave (mmWave) communi-
cations and massive MIMO (Multiple-Input-Multiple-Output)
in the fifth- and sixth-generation (5G, 6G) cellular systems,
we have another possible choice: the simultaneous localization
and communications (SLAC) technique [1], [2]. SLAC will be
able to provide ubiquitous positioning services, for both indoor
and outdoor applications [3]. Compared with the GPS, SLAC
has higher refresh rate, much improved coverage, and better
accuracy. Meanwhile, the position information of the mobile
devices helps to improve the communication performance [4],
[5], [6], [7]. For example, with location information, we can
dynamically adjust the transmit powers of devices to guaran-
tee the quality of service with minimum energy consumption
[8]. With position information, a mobile device can quickly
associate with base stations (BS) in its communication range
[9]. In a wireless network, the position information of neigh-
bour nodes can significantly improve the efficiency of routing
protocols [10].

The idea of integrating positioning service into cellular com-
munications is not new. In the era of the third-generation (3G)
cellular communications, researchers have been talking about
exploiting the huge bandwidth of CDMA (Code Division Mul-
tiple Access) for positioning [11]. Starting from the forth-
generation (4G) cellular communications, i.e., Long Term Evo-
lution (LTE), it has been shown that high-accuracy ranging can
be achieved in OFDM systems [12]. The underlining idea is
that the propagation delay will introduce a constant phase shift
between adjacent sub-carriers. In 5G and 6G, the same MIMO-
OFDM architecture will be employed for the physical layer,
with two fundamental changes. First, the maximum number of
antennas on a BS is eight in LTE, while hundreds of antennas
are expected on 5G/6G BSs, referred to as massive MIMO
[13], [14]. Second, the carrier frequency will be moved to the
mmWave band, which brings much larger bandwidth. With the
huge bandwidth and antenna arrays at the BS, we will be able
to estimate the position of high-speed vehicles quickly and ac-
curately [15]. In the recent 3GPP (Third Generation Partnership
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Project) release, the potential has been thoroughly investigated
[16]. This technique is very promising because both the position
and velocity information can be derived from the channel state
information (CSI), which is readily available in mmWave com-
munications. From the CSI, we can infer time of arrival (ToA),
time difference of arrival (TDoA), angle of arrival (AoA), angle
of departure (AoD), Doppler shift and received signal strength
(RSS), etc. These parameters are strongly correlated to the
positions and velocities of mobile devices.

To integrate localization into communications, there are sev-
eral important research problems we need to consider: miti-
gation/utilization of multi-path components; single or multiple
BS-based positioning; up-link/down-link pilot design for posi-
tioning. In the following section, existing work on these topics
will be summarized.

II. RELATED WORK

A. Multi-Path: Foe or Friend?

For both wireless communications and geometry-based
localization, such as triangulation and trilateration, an imme-
diate problem is the multi-path effect. In wireless communica-
tions, the multi-path effect was viewed as interference in the
first and second generation cellular communications. Starting
from the 3G, people realized that the multi-path components
(MPCs) can be harnessed to improve the signal to noise ratio
(SNR), i.e., power gain of the Rake receivers. In the age of
4G, through the MIMO-OFDM architecture, we took one more
step and started to utilize the multi-path effect to transmit mul-
tiple data streams simultaneously, i.e., the multiplexing gain!
The multi-path effect has been turned from a foe to a friend
in wireless communications. For localization, we witnessed a
similar process.

In early research work on localization, the MPCs were
viewed as interference, and only the line-of-sight (LoS) signal
was believed to contain the mobile devices’ position informa-
tion [17], [18], [19]. The GPS and radar are good examples of
LoS-based positioning techniques. During the past two decades,
the fundamental impacts of MPCs have been thoroughly inves-
tigated for different scenarios. Now we understand that MPCs
can be a foe or friend, depending on the bandwidth and antenna
configuration in geometry-based localization systems [20].

For single-input-single-output (SISO) systems, the MPCs
will generally deteriorate positioning accuracy, suppose no
prior information of the electromagnetic (EM) environment is
available. However, if antenna arrays are available at both sides,
i.e., MIMO, MPCs can directly help to improve positioning
accuracy, as has been proved in [5] and [21]. Specifically,
the authors of [21] pointed out that the MPCs will contribute
to the positioning accuracy from two perspectives. On one
perspective, each extra path will bring new information, con-
cerning the mobile device’s position. On the other hand, the
extra path is always contaminated by noise, leading to position
ambiguity/uncertainty. For wideband communications systems
with large antenna arrays on both sides, the new information
outweighs the concomitant uncertainty, leading to better posi-
tioning accuracy. In [22], the authors took one more step to

show that the position and orientation tracking can be conducted
with just one base station, based on discrete lens antenna arrays.
It should be noted that only the LoS path can be used for
tracking, because it is stable, while the reflected paths are not.

What if we have single-antenna mobile devices, i.e.,
multiple-input-single-output (MISO)? The SLAC based on
single-antenna mobile devices is of great interest [2], [23], [24],
because most small mobile devices are not equipped with mas-
sive arrays, especially in the future Internet of Things (IoT). Be-
sides, even when they are equipped with small arrays, a MIMO
system is equivalent to a MISO system if no CSI feedback link
is available [25]. In such cases, the small array at the mobile
device is only used to boost SNR. Both [2] and [24] consider
single-antenna receivers in SLAC, and the authors showed that
positioning accuracy will not benefit from the MPCs in such
cases. As a matter of fact, when MPCs are not orthogonal with
the LoS path signal, they will always deteriorate localization
performance. Fortunately, with increased bandwidth and an-
tenna array size, the MPCs will be asymptotically orthogonal
to the LoS signal. In [26], the authors showed that MPCs can
be ignored when the antenna arrays are large enough. A con-
tinuous bandwidth of 1 MHz was considered, and the authors
showed that even for small antenna arrays, i.e., four at the
transmitter and eight at the receiver, the multi-path effect can
be ignored.

B. One or Multiple BSs?

The localization can be based on one or multiple BSs. For the
cellular networks, single BS-based localization is more natural,
because each mobile device is generally associated with only
one BS at a time. However, poor accuracy is expected due to
the limited bandwidth, and we need to take measures such as
allowing mobile devices to share information with each other
[27]. For example in [27], different single-antenna mobile de-
vices are allowed to estimate mutual distances, and only AoA
is estimated from the BS. In the era of 5G/6G, single BS-based
localization becomes more reliable because the mobile devices
can get multiple position-related measurements, including ToA,
AoD and AoA. In [21], by measuring the ToA, AoD and AoA,
a mobile device can localize itself with just one BS. In [28], the
authors proposed a localization system based on only one BS
with an antenna array. The antenna spacing is larger than half
the wavelength, which brings higher spatial resolution and the
necessity of phase unwrapping.

Localization based on distributed BSs is also becoming very
popular in recent years. To understand this, note that blockage
is a huge problem in mmWave communications. Therefore, a
mobile device will generally maintain connections to multi-
ple BSs simultaneously, i.e., multi-connectivity [7], [29], [30],
[31], [32]. For multiple BSs-based positioning, direct position
determination (DPD) should be considered. In the conven-
tional two-step localization, the intermediate parameters, such
as AoA, ToA, TDoA and Doppler shift must be estimated in
the first step. Then, these estimated parameters will be em-
ployed for localization in the second step. In the first step,
different BSs are estimating these parameters independently, by
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ignoring their strong inherent correlations. Therefore, informa-
tion loss is inevitable. With lower SNR, the information loss
will be quite significant. To solve this issue, the DPD method
was proposed in [33], [34], for narrow-band and wideband
systems, respectively.

The DPD technique has been widely explored in SLAC. In
[19], 2D direct localization was conducted without estimating
the AoAs or delays. In [26], the authors proposed a DPD algo-
rithm to combat the multi-path effect. The maximum likelihood
estimate of a mobile device’s position is directly extracted
from the received waveforms. In [35], narrow-band training
signals were employed for positioning, and a DPD algorithm
was proposed. To reduce the computational and communica-
tion overhead, the authors projected the received signals onto
beamspace (i.e. the space domain). They showed that this can
be done without information loss, by properly choosing the
beamspace basis. In [36], a narrow-band model with phase noise
at antennas was considered. From the estimated CSI, the authors
dynamically adjust the sampling grid in space, to reduce the
location quantization error. The joint channel estimation and
localization was modelled as a unified sparse representation and
recovery problem.

C. Down-Link or Up-Link?

For channel estimation, up-link (UL) training sequences are
generally employed in time division duplex (TDD) systems
[13]. The reason is that the training overhead is proportional
to the number of transmit antennas, and the antenna array
at BS is much larger than that on mobile devices. Then, the
DL CSI can be derived from that of the UL by channel reci-
procity [13]. For UL-based positioning, no additional overhead
is required and the position information is just a byproduct
of channel estimation [37]. As a result, positioning with UL
signals is a more efficient and thus more common choice.
However, the idea of DL signal-based positioning is also widely
discussed [1], [2], [23], [24]. The motivations include improved
energy efficiency on mobile devices, distribution of localization
tasks, boosted SNR, improved security. In [38], the authors
showed that covert localization is possible in wireless net-
works, and the security issue for UL-based positioning is not a
big problem.

For DL-based SLAC, the needs of both localization and
communications should be considered during beamforming. In
[1], this problem was discussed, and the authors also took im-
perfect CSI and finite resolution of analog-to-digital-converter
(ADC) into consideration. The channel estimation is conducted
at the BS with UL training sequences, while the positioning
is done at the mobile user side, after DL beamforming. Ev-
ery mobile device can communicate with multiple BSs simul-
taneously, on different frequency bands. Therefore, a mobile
device can receive DL signals from multiple BSs for self-
positioning. In 3GPP Release 16, both UL and DL positioning
signals are considered and numerical results can be found in
[15]. For DL-based positioning with multiple BSs, different
BSs will work on orthogonal time-frequency resources to avoid
mutual interference.

From the above discussions, we can see that there are diverse
research going on in SLAC, and many important questions con-
cerning how SLAC systems should be designed have not been
answered. In this paper, we will focus on SLAC systems based
on single BS, high-mobility vehicles with single antenna, large
antenna arrays on the BS, and huge bandwidth on mmWave
band. In such cases, the beam squint and Doppler effect must
be considered [39], [40]. Beam squint is also referred to as
the spatial wideband effect, with which different sub-carriers
will have different spatial signatures. We will conduct compre-
hensive system modeling, algorithm design, and performance
analysis for the above mentioned SLAC systems. An uniform
planar array (UPA) is considered on the BS side, because it
can be used to estimate both the azimuth and elevation an-
gles. Compared with existing work, our major contributions are
summarized below.

• The spatial wideband effect (beam squint) is considered in
modeling, and its impact on positioning accuracy is quan-
tified. We will see that ignoring this effect will lead to huge
angle estimation error. A sub-optimal low-complexity al-
gorithm is proposed to solve this problem, and shown to
closely approximate the CRLB.

• The Doppler effect has been viewed as a challenge in
communications, especially for high-frequency mmWave
signals and high-speed vehicles. However, we will see that
the Doppler shifts also contain mobile device’s position
information, and this information can be extracted if map
of the target area is available.

• The orientation and position of the antenna array at the
BS are very important for positioning. We will show that
the elevation plays a dominant role, while the impact of
azimuth is negligible. A very simple equation is derived
for orientation optimization and shown to be very accurate.

The remaining parts of this paper are organized as follows.
In Section III, the channel model is presented, considering the
beam squint and Doppler effects. In Section IV, the Cramér-
Rao lower bound (CRLB) is derived for different scenarios,
and the impacts of the beam squint and Doppler effect on
positioning accuracy are quantified. Based on this model, low-
complexity algorithms are presented for parameter estimation
and localization in Section V. Following that, numerical results
can be found in Section VI. The last section concludes this paper
and lists several potential research directions for future work.

Notations: throughout this paper, the upper case bold letters
represent matrixes while the lower case bold font denotes col-
umn vectors. For an arbitrary vector a, a[n] is the n-th element.
AT , AH , and A∗ indicate the transpose, Hermitian transpose,
and element-wise conjugate of matrix A. ‖ · ‖ denotes the L2

norm of a vector, while ‖ · ‖F denotes the Frobenius norm of
a matrix. tr{A} gives the trace of matrix A. diag{A} gives
a column vector containing the diagonal elements of A, while
diag{a} constructs a diagonal matrix with elements of a.

III. SYSTEM MODELING

Consider wideband mmWave communications between
single-antenna vehicles and a BS equipped with a UPA.
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The classic MIMO-OFDM structure is employed to combat
the wideband effect (inter-symbol-interference in time
domain), and suppose we have Ns sub-carriers, with a sub-
carrier spacing of B Hz. The ns-th sub-carrier has a central
frequency of fns

= f0 + nsB, (ns ∈ {0, 1, · · · , Ns − 1}),
with f0 being the frequency of the 0-th sub-carrier. Suppose the
carrier frequency is fc, and we have fc = f0 + (Ns − 1)B/2.
Consider an UPA with Nx ×Ny antennas at the BS, and the
distance between adjacent antennas is D in both directions.
Without loss of generality, we build a three dimensional (3D)
right-handed coordinate system with the origin at the (0,0)-th
antenna. The coordinate of the (nx, ny)-th antenna element
is xnx,ny

= [nxD,nyD, 0]T (for nx ∈ {0, 1, · · · , Nx − 1}
and ny ∈ {0, 1, · · · , Ny − 1}). The vehicle is located at
x(t) = x0 + vt at time t, with x0 = [x, y, z]T being the initial
position and v being the 3D velocity of the vehicle. In the
following discussions, we will assume the vehicle has a
constant velocity in one frame. The reason is that one frame
is very short in wireless communications (e.g., 1 ms in LTE),
and the velocity of a vehicle cannot change significantly in
such a short period.

For a wireless channel with a propagation delay of τ seconds
and a real channel gain of α, the equivalent baseband channel
response is αe−j2πfτ for narrow-band signals, at frequency f .
For wideband communications, the propagation delay will lead
to different phase shifts on different frequencies. Therefore, at
the nt-th time slot, for the (nx, ny)-th antenna, the baseband
equivalent channel gain on the ns-th sub-carrier will be

hnt,ns,nx,ny
= α exp(−j2πfns

τnx,ny
(ntT ) + jφ), (1)

with T = 1/B being the OFDM symbol duration and φ being
a random phase disturbance. τnx,ny

(ntT ) is the propagation
delay from the vehicle to the (nx, ny)-th antenna on the BS
at the nt-th time slot. As we can see, the phase shift caused by
the propagation delay is dependent on frequency, space (i.e.,
antenna index), and time.

In practice, the propagation delay varies over time, and it is
generally nonlinear. To see this, we have the real-time distance
of the (nx, ny)-th antenna and the vehicle at time t as

dnx,ny
(t) = ‖x0 + vt− xnx,ny

‖. (2)

In one data frame (one millisecond in LTE), we have
‖xnx,ny

‖� ‖x0‖ and ‖vt‖� ‖x0‖. Therefore, taking the
first-order Taylor approximation, we obtain

d(1)nx,ny
(t) = d0 +

xT
0 v

d0
t−

xT
0 xnx,ny

d0
, (3)

with d0 = ‖x0‖. Suppose the angle between the moving direc-
tion of the vehicle (i.e., v) and the vector pointing from the vehi-
cle to the BS (i.e., −x0) is θv , we have xT

0 v/d0 =−‖v‖ cos θv.
Therefore, we can rewrite (3) as

d(1)nx,ny
(t) = d0 − ‖v‖ cos θvt− nxD cos θx − nyD cos θy,

(4)

where θx and θy are the angles formed by x0 with the
+x-axis and +y-axis, respectively. In this case, we have

Fig. 1. Geometrical model of the system.

cos θx = x/d0 and cos θy = y/d0. The geometrical model of
this system is presented in Fig. 1.

Then, we can approximate the propagation delay as
τnx,ny

(ntT )≈ d
(1)
nx,ny (ntT )/c, and c is the speed of light.

Without loss of generality, we assume the antennas are critically
spaced in both directions, i.e., D = λc/2, and λc = c/fc is the
wavelength of the carrier. To simplify the notations, we define

ωs = 2πBd0/c,

ωx,ns
=−2πfns

D cos θx/c= ωxfns
/fc,

ωy,ns
=−2πfns

D cos θy/c= ωyfns
/fc,

ωt,ns
= 2πfns

vr/B/c= ωtfns
, (5)

where ωx =−π cos θx, ωy =−π cos θy , ωt = 2πvr/B/c and
vr =−‖v‖ cos θv is the radial velocity of the vehicle with
respect to the BS. Then (1) can be rewritten as

hnt,ns,nx,ny
= αe−j(nsωs+nxωx,ns+nyωy,ns+ntωt,ns+φ0), (6)

where φ0 = 2πf0d0/c− φ. Here, ωx,ns
and ωy,ns

are depen-
dent on the AoA and sub-carrier index, and they are often
referred to as spatial signatures of the received signals, because
they have a one-to-one relation with the AoA, given that the
antenna spacing is no larger than half the carrier wavelength
[41]. In wideband communications, we can see that the spatial
signatures on different sub-carriers are different, even for sig-
nal coming from the same direction, i.e., the spatial wideband
effect, or beam squint effect. Similarly, ωt,ns

is proportional to
the radial velocity of the vehicle with respect to the BS, i.e., the
Doppler effect, and it is also dependent on sub-carrier index,
due to the wideband effect. Also, we can see that the phase dif-
ference between adjacent sub-carriers, i.e., ωs, is proportional
to the distance between vehicle and BS. By estimating these
parameters, we can get d0, θx, θy , vr. These four parameters
are directly related to the target’s 3D coordinate and velocity,
and positioning based on CSI is thus possible.

To summarize, what (6) tells us is that the geometrical chan-
nel parameters, including propagation delay, angle of arrival
and Doppler shift, can all be observed on complex channel
gains in the form of phase shift. For example, ωs denotes the
phase shift between adjacent sub-carriers, caused by propaga-
tion delay; ωx is the phase shift between adjacent antennas
on the x-axis, dependent on θx; ωy is the phase shift between
adjacent antennas on y-axis, dependent on θy; ωt is the phase
shift between adjacent time slots, resulting from the Doppler
effect. However, note that the later three phase shifts are all
dependent on the central frequency of the signal, which means
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TABLE I
IMPORTANT PARAMETERS

Variable Value
Sub-Carrier Index ns 0 to Ns − 1
Time Index nt 0 to Nt − 1
Antenna Index on x-axis nx 0 to Nx − 1
Antenna Index on y-axis ny 0 to Ny − 1
Phase Shift of Sub-carriers ωs [−π, π)
Phase Shift of Time Slots ωt [−π, π)
Phase Shift of Antennas on x-axis ωx [−π, π)
Phase Shift of Antennas on y-axis ωy [−π, π)

they vary among sub-carrier, i.e., ωx,ns
, ωy,ns

and ωt,ns
. To

make it easier to follow, we summarized the important system
parameters in Table I.

For notational convenience, we rewrite the array response at
the ns-th sub-carrier and the nt-th time slot as

Hnt,ns
[nx, ny] = hnt,ns,nx,ny

. (7)

As we can see, the array response varies with both time and
frequency, caused by the Doppler effect and the beam squint,
respectively. Furthermore, we define a N -dimensional steering
vector as

aN (ω) =
[
1, e−jω, e−j2ω, · · · , e−j(N−1)ω

]T
. (8)

Thus, Hnt,ns
can be rewritten as Hnt,ns

= αnt,ns
aNx

(ωx,ns
)aTNy

(ωy,ns
), where αnt,ns

is the complex
channel gain on the ns-th sub-carrier and nt-th time slot,
given as

αnt,ns
= αe−j(nsωs+ntωt,ns+φ0). (9)

In the following sections, based on this channel model, we
will first analyze how different system parameters contribute
to positioning accuracy by deriving the CRLB, and then talk
about how the geometrical parameters can be estimated through
low-complexity algorithms. Based on the estimated geometrical
parameters, localization will then be conducted.

IV. CRLB ANALYSIS

In mmWave-based SLAC, the positioning accuracy is im-
pacted by many parameters, such as carrier frequency, band-
width, sub-carrier spacing, frame length, antenna array size, etc.
Meanwhile, the relative position and velocity between the BS
and a mobile device also strongly affect positioning accuracy. In
system optimization and algorithm design, it is very important
to understand how different system parameters contribute to
positioning accuracy. In this section, we will derive the CRLB,
and use it as a benchmark for performance analysis. By doing
so, we will be able to answer some fundamental questions.
For example, how does the orientation of the antenna array

contribute to positioning accuracy, and how should we place the
array for optimal performance? Will the Doppler shift measure-
ments help to improve positioning accuracy? Does the spatial
wideband effect necessarily deteriorate system performance?

To start with, we will first analyze the channel estimation
accuracy in the following sub-section. The estimation error
in channel parameters will lead to positioning error, and the
connection will be unveiled in the second sub-section. In the
third sub-section, we talk about how to optimize the orientation
of the antenna array at the BS, while the last sub-section covers
the impacts of the Doppler effect and beam squint.

A. Channel Estimation

In an arbitrary data frame, suppose snt,ns
is the transmitted

pilot symbol on the nt-th time slot and ns-th sub-carrier, which
is known at the BS side.1 The received signal at the BS will be

Ynt,ns
=Hnt,ns

snt,ns
+Nnt,ns

, (10)

with Nnt,ns
being additive white Gaussian noise.

θ = [ωs, ωx, ωy, ωt, φ0, α]
T contains all the unknown channel

parameters. Consider independent and identically distributed
(i.i.d.) circularly symmetric complex Gaussian (CSCG) noise,
the probability density function (PDF) of the received signal is

pnt,ns
(Ynt,ns

|θ)

=
(
πσ2

)−NxNy
exp

(
−‖Ynt,ns

− snt,ns
Hnt,ns

‖2F
σ2

)
, (11)

where σ2 is the variance of the noise components. The log-
likelihood function will be

lnt,ns
(Ynt,ns

|θ) = ln pnt,ns
(Ynt,ns

|θ), (12)

with ln(·) denoting the natural logarithm. The Fisher informa-
tion matrix (FIM) is thus given as

Fnt,ns
(θ) = E

{
∇θlnt,ns

∇T
θ lnt,ns

}
. (13)

Through tedious but straight forward derivations, we can get
the explicit expression of the FIM in (14) (at the top of the
next page), where n̄x = 1

Nx

∑
nx

nx, n2
x = 1

Nx

∑
nx

n2
x, n̄y =

1
Ny

∑
ny

ny and n2
y =

1
Ny

∑
ny

n2
y . Ent,ns

is the energy of
snt,ns

, i.e., Ent,ns
= |snt,ns

|2.
Fnt,ns

(θ) quantifies the amount of information concerning
θ that can be extracted from the CSI obtained at the ns-th sub-
carrier and nt-th time slot. With all the information collected

1After initial channel estimation, we can use both the pilot symbols and
data symbols for channel tracking, and thus vehicle’s position tracking [25].
Without loss of generality, we assume sets Nt and Ns contain the indexes
of time slots and sub-carriers employed for channel estimation, i.e., nt ∈ Nt

and ns ∈ Ns.

Fnt,ns
(θ) =

2Ent,ns
α2NxNy

σ2

⎡
⎢⎢⎢⎢⎢⎢⎣

n2
s nsn̄xfns

/fc nsn̄yfns
/fc ntnsfns

ns 0

nsn̄xfns
/fc n2

xf
2
ns
/f2

c n̄xn̄yf
2
ns
/f2

c ntn̄xf
2
ns
/fc n̄xfns

/fc 0

nsn̄yfns
/fc n̄xn̄yf

2
ns
/f2

c n2
yf

2
ns
/f2

c ntn̄yf
2
ns
/fc fns

/fcn̄y 0
ntnsfns

ntn̄xf
2
ns
/fc ntn̄yf

2
ns
/fc n2

t f
2
ns

ntfns
0

ns n̄xfns
/fc n̄yfns

/fc ntfns
1 0

0 0 0 0 0 1/α2

⎤
⎥⎥⎥⎥⎥⎥⎦

(14)
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from different sub-carriers and time slots, we have the FIM with
respect to θ as

Fθ =
∑
nt

∑
ns

Fnt,ns
(θ). (15)

Note that Fθ quantifies the amount of information in the
least squares (LS) channel estimate concerning the channel
parameters, i.e., θ. With different observations from various
time slots and sub-carriers, we can extract more and more
information, and they add up to Fθ . The addition of in-
formation is rooted in the assumption of independent noise
in different observations. In θ, we are particularly inter-
ested in the first three parameters, because they contain the
position-related information. Therefore, we define ω = θ[1 :
3] = [ωs, ωx, ωy]

T . By deriving the CRLB of ω, we can have a
rough idea about the achievable positioning accuracy. To sim-
plify the notations, we define A= Fθ[1 : 3, 1 : 3], B= Fθ[1 :
3, 4 : 6], C= Fθ[4 : 6, 4 : 6]. The CRLB of θ will be Rθ = F−1

θ

given as

Rθ =

[ (
A−BC−1BT

)−1
B̃

B̃T
(
C−BTA−1B

)−1

]
, (16)

with B̃=
(
A−BC−1BT

)−1
BC−1. Then, we have the

CRLB of ω as

Rω =Rθ[1 : 3, 1 : 3] =
(
A−BC−1BT

)−1
. (17)

Suppose the CRLB of ωs, ωx and ωy are σ2
ωs

, σ2
ωx

, σ2
ωy

, we have
diag{Rω}= [σ2

ωs
, σ2

ωx
, σ2

ωy
]T . Note that ωs is proportional to

the propagation delay, and thus d0. Therefore, the CRLB of
ranging error is

σ2
d0

= σ2
ωs

( c

2πB

)2
. (18)

B. CRLB of Positioning Error in One Frame

In the previous sub-section, we derived the CRLB of channel
parameters, and in this sub-section we will derive that of the
positioning error. Define η = [xT

0 , vr, φ0, α]
T , and the PDF of

Ynt,ns
given η will be

pnt,ns
(Ynt,ns

|η) = pnt,ns
(Ynt,ns

|θ), (19)

because of the one-to-one relation between θ and η. There are
totally six unknowns: the 3D coordinate and radial velocity
of the vehicle, random phase shift and the real channel gain.
In these six unknowns, we are particularly interested in the
first four, i.e., the geometrical channel parameters. The log-
likelihood function is

lnt,ns
(Ynt,ns

|η) = ln pnt,ns
(Ynt,ns

|η), (20)

and the FIM is then computed as

Fnt,ns
(η) = E

{
∇ηlnt,ns

∇T
η lnt,ns

}
. (21)

During channel estimation and channel tracking, we will be
estimating θ, based on which the position and velocity infor-
mation can be extracted. Therefore, we are interested in how
the FIM of channel estimation is related to that of positioning.
To unveil the relation, we start with the chain rule:

∇ηlnt,ns
=∇T

ηθ∇θlnt,ns
. (22)

By replacing ∇ηlnt,ns
with the right hand side of (22), we can

rewrite (21) as

Fnt,ns
(η) =∇T

ηθFnt,ns
(θ)∇ηθ. (23)

Then we can add the information from different sub-carriers
and time slots, leading to the FIM:

Fη =
∑
nt

∑
ns

Fnt,ns
(η) =∇T

ηθFθ∇ηθ. (24)

Notice that the Jacobian of θ with respect to η is a block
diagonal matrix:

∇ηθ =

[
P 0
0 P0

]
, (25)

with P0 = diag
{[

∂ωt

∂vr
, 1, 1

]}
and P given as

P=

⎡
⎢⎢⎣

2πB
c

x
d0

2πB
c

y
d0

2πB
c

z
d0

−π
(

1
d0

− x2

d3
0

)
πxy
d3
0

πxz
d3
0

πxy
d3
0

−π
(

1
d0

− y2

d3
0

)
πyz
d3
0

⎤
⎥⎥⎦ . (26)

The FIM of η can be written as

Fη =

[
PT 0
0 PT

0

] [
A B
BT C

] [
P 0
0 P0

]
. (27)

The CRLB of η will be

Rη = F−1
η =

[
P−1 0
0 P−1

0

]
Rθ

[
P−T 0

0 P−T
0

]
. (28)

The CRLB concerning x0 is thus

Rx0
=Rη[1 : 3, 1 : 3] =P−1RωP

−T , (29)

and the overall lower bound of mean square error (MSE) in 3D
positioning will be

σ2
x0

= tr{Rx0
}. (30)

For the radial velocity, the CRLB is

Rvr
=

4π2

B2c2
(
C−BTA−1B

)−1
[1, 1]. (31)

C. Orientation of the BS Array

In SLAC, the BS antenna array serves both communications
and localization purposes. Intuitively, we need to optimize the
orientation of the antenna array for both applications. However,
from the previous analysis, we can see that the channel estima-
tion accuracy is not dependent on geometrical relation between
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the transmitter and receiver. Therefore, only the minimization
of the positioning error will be considered when we install the
antenna array on the BS.

In (30), we can see that the positioning error is not only
dependent on the orientation of the antenna array, but also
the distance between the vehicle and the BS. The impacts of
orientation and distance are coupled, i.e., for different distances,
the optimal orientation is not fixed. However, we will see that
the coupling is weak and the impacts of distance and orientation
can be isolated through the following approximation.

In Appendix A, we showed that P can be decomposed as

P−1 =− d0
π

⎡
⎣

1 0 −x/z
0 1 −y/z

−x/z −y/z −1

⎤
⎦

︸ ︷︷ ︸
AP

⎡
⎣

0 1 0
0 0 1
cz

2Bd2
0

0 0

⎤
⎦

︸ ︷︷ ︸
DP

.

(32)

As shown in (32), we define these two matrixes on the right
hand side as AP and DP, respectively. The covariance matrix
of x0 can be rewritten as

Rx0
=

d20
π2

APDPRωD
T
PAP. (33)

The variance of positioning error is

σ2
x0

=
d20
π2

tr{DPRωD
T
PA

2
P}. (34)

The off-diagonal elements in Rω are much smaller than the
diagonal ones, and we approximately have

σ2
x0

≈ d20
π2

tr{DP diag{Rω}DT
PA

2
P}. (35)

It can be easily verified that DP diag{Rω}DT
P is diagonal,

given by

DP diag{Rω}DT
P = diag{Rω}diag

{
1, 1,

(
cz

2Bd20

)2
}
.

(36)

Furthermore, suppose θz is the angle formed by the signal’s
AoA and the +z axis, i.e., cos θz = z/d0, and the corresponding
spatial signature is ωz =−π cos θz . Then, the lower bound of
positioning error can be approximated by

σ2
x0

≈ d20
π2

((
1 +

ω2
x

ω2
z

)
σ2
ωx

+

(
1 +

ω2
y

ω2
z

)
σ2
ωy

)
+ σ2

d0
. (37)

Note that σ2
ωx

, σ2
ωy

and σ2
d0

are not dependent on the antenna
array’s orientation. Besides, the angle θz is not the elevation,
and the elevation is the angle formed by the signal’s AoA with
the xy-plane, given as π/2− θz .

From this simplified equation, we first notice that the posi-
tioning error contains two parts. The second part is the constant
ranging error, while the first part is proportional to the distance
between BS and vehicle. By properly choosing the orientation
of the antenna array, we can adjust ωx, ωy and ωz to minimize
the first part. For the given coverage area, we want to minimize
the maximum positioning error. In this case, we need to conduct

Fig. 2. Impacts of elevation and azimuth on positioning accuracy.

optimization over both elevation and azimuth. However, we will
see that elevation dominates the positioning error.

When Nx =Ny , we have σωx
= σωy

, i.e., equal AoA esti-
mation error on x- and y-directions. In this case, we can further
simplify (37) as

σ2
x0

≈ d20
(
1 + π2/ω2

z

)
σ2
ωx

+ σ2
d0
, (38)

where we implicitly used the fact that ω2
x + ω2

y + ω2
z = π2.

In this case, we can more clearly see that the elevation (i.e.,
π/2− θz) is critical for positioning precision. When elevation
is close to π/2 (or θz close to 0), the positioning error is mini-
mized. Fig. 2 shows that this approximation is very accurate. In
Fig. 2, the parentheses indicate units, while the forward slash
means division or normalization. In this figure particularly,
the forward slash means normalizing the elevation by π. For
every given elevation (or θz), the positioning error is dependent
on the azimuth. However, the dependence is very weak, as is
supported by the results in Fig. 2, where the maximum and
minimum positioning errors over all the azimuth (or θx and
θy) are almost identical. Thus, it is clear that the positioning
error is mainly dependent on the elevation, and the azimuth has
a negligible impact. Therefore, we only need to optimize the
positioning error over elevation in practice. Here the elevation
is dependent on the orientation of the antenna array at the
BS and the vehicle’s position. Therefore an intuitive strategy
is to maximize the minimum elevation for all the possible
positions in the covered area. This would be possible if we
have the map of the target area. Another more intuitive, but
less elegant way to understand this result can be found in
Appendix A.

D. The Beam Squint and Doppler Effects

As we have mentioned previously, the beam squint was a
challenge in mmWave communications, but it plays a different
role in positioning. Similar to [40], we can easily show that
the beam squint will actually help to improve the estimation
accuracy of AoA, and thus lead to higher positioning accuracy.
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Fig. 3. The impacts of beam squint and noise on estimation accuracy of
spatial signature. The simulation results are presented for SNR ranging from
−15 dB to 0 dB, with a step of 5 dB.

Specifically, by ignoring the beam squint effect, we can replace
A, B and C in (29) with AN , BN , CN , respectively:

AN =
2σ2

aNxNyNtNs

σ4

⎡
⎣

n2
s n̄sn̄x n̄sn̄y

n̄sn̄x n2
x n̄xn̄y

n̄sn̄y n̄xn̄y n2
y

⎤
⎦ ,

BN =
2σ2

aNxNyNtNs

σ4fc

⎡
⎣

n̄tn̄sfc n̄s 0
n̄tn̄xfc n̄x 0
n̄tn̄yfc n̄yfc 0

⎤
⎦ ,

CN =
2σ2

aNxNyNtNs

σ4

⎡
⎣

n2
t f

2
c n̄tfc 0

n̄tfc 1 0
0 0 1/α2

⎤
⎦ . (39)

It can be easily shown that the CRLB of x0 will increase if
we ignore the beam squint effect. The reason is that the beam
squint leads to improved AoA estimation accuracy [40]. The
improvement is dependent on the total bandwidth, and larger
bandwidth leads to more significant beam squint and higher
AoA estimation accuracy, given that we can resolve the phase
ambiguity. However, even for small bandwidth, if we ignore the
beam squint in positioning, it can cause significant performance
loss, as we can see from the preliminary numerical results in
Fig. 3 and also system-level simulations in next section.

As we know, the estimation error of spatial signature mainly
comes from two sources, the measurement noise and the beam
squint, indicated by “Noise Induced Error” and “Modeling Er-
ror” respectively. The beam squint can be ignored when its
impact is outweighted by that of noise and much smaller than
the spatial resolution. Fig. 3 compares the impacts of noise and
beam squint for varying bandwidth and SNR. We take ωx as
example with Nx = 16, and the spatial resolution is 2π/Nx.
From this figure, we can see that the impact of beam squint
grows over bandwidth, while the impact of noise declines over
both bandwidth and SNR. Even for a relatively small bandwidth
of 4 MHz, the beam squint should still be considered.

As for Doppler effect, the measured ωt is a function of the
vehicle’s position and velocity. If we don’t have any prior infor-
mation concerning the vehicle’s velocity, the Doppler shift will
not contribute to positioning accuracy. Fortunately, the speed
of the vehicle can be accurately measured at the vehicle side,
and the BS has access to accurate map information. When a
vehicle moves on a road, the BS can derive the vehicle’s 3D
velocity, given the vehicle’s rough position and speed. This is
especially true for railway systems. Therefore, we consider the
scenario where v is known. In such cases, we want to quantify
how much more position information can be extracted from the
Doppler shift measurements, i.e., ωt.

With velocity information, the unknown vector will be η̃ =
[xT

0 , φ0, α]
T . The FIM of η̃ will be

Fη̃ =∇T
η̃θFθ∇η̃θ. (40)

The Jacobian is given as

∇η̃θ =

⎡
⎣

P 0
∇T

x0
ωt 0

0 I2

⎤
⎦ . (41)

Recall that vr = xT
0 v/d0 and ωt = 2πvr/B/c, and we have the

partial derivatives of ωt with respect to x0 given as

∇x0
ωt =

2π

Bc
∇x0

vr =
2π

Bc

(
v

d0
− xT

0 v

d30
x0

)
. (42)

Intuitively, better accuracy should be achieved by consider-
ing the Doppler shift measurements. Mathematically, we can
easily prove

F−1
η̃ [1 : 3, 1 : 3]� F−1

η [1 : 3, 1 : 3], (43)

which means the lower bound of positioning error is reduced
with the additional information. As a result, we can conclude
that the Doppler shift will help to improve the positioning
accuracy when the vehicle’s speed and road map are available.

Through the discussions in this section, we now understand
how different system parameters contribute to positioning ac-
curacy. Some of these parameters are not very important for
communications, but have huge impacts on localization per-
formance, such as the orientation of the antenna array at the
BS. In the following section, we will present low-complexity
algorithms to extract the position information from the CSI.

V. LOW-COMPLEXITY POSITIONING

In this section, we will present the algorithms for positioning.
Suppose the LS channel estimate has already been obtained on
specific time slots and sub-carriers, and the estimated CSI is
contaminated by noise. At this point, there are two possible
choices to extract the position information from the CSI. The
first approach is the DPD, where we directly estimate the tar-
get’s position information from the CSI. Suppose the estimated
channel matrix on the nt-th time slot and ns-th sub-carrier
is Ĥnt,ns

. The channel response is apparently a function of
η = [xT

0 , vr, φ0, α]
T , i.e., Hnt,ns

(η). The maximum likelihood

Authorized licensed use limited to: University of Waterloo. Downloaded on January 09,2024 at 18:33:22 UTC from IEEE Xplore.  Restrictions apply. 



GONG et al.: HIGH-ACCURACY POSITIONING SERVICES FOR HIGH-SPEED VEHICLES IN WIDEBAND MMWAVE COMMUNICATIONS 3875

estimate of the device’s position can be obtained by solving the
following problem:

min
η

∑
nt,ns

∥∥∥Ĥnt,ns
−Hnt,ns

(η)
∥∥∥
2

F
. (44)

We need to conduct a six-dimensional grid search of the opti-
mal solution, which means very high complexity. The second
approach is the conventional two-step localization algorithm.
The first step is to estimate the position-related parameters from
the CSI, including AoA, ToA, and Doppler shift. The second
step is to extract position information from these estimated
parameters geometrically. The second approach is obviously
sub-optimal, and information loss is inevitable. However, note
that the communication systems work on medium to high SNR
regime, where the information loss is negligible. We will see
that the positioning error of the sub-optimal solution is already
very close to the CRLB.

Conventionally, there are two popular ways to estimate the
position-related parameters from the CSI. The first one is ES-
PRIT, but it only works well for narrow-band systems. The
second one is sparse Bayesian learning (SBL) [42], [43], which
is very computationally intensive. Besides, SBL generally fails
to approach the CRLB in low to medium SNR regime, and
accurate estimate of SNR is necessary [40]. In this section, we
will propose a simple algorithm that has comparable perfor-
mance to the SBL-based method, with much lower complexity.
The estimated parameters will then be utilized for localization
through the weighted least squares algorithm.

A. AoA Estimation With Beam Squint

To start with, we conduct channel estimation on the nt-th
time slot and ns-th sub-carrier, and the LS estimate of Hnt,ns

can be obtained as Ĥnt,ns
, contaminated by noise. Recall that

Hnt,ns
= αnt,ns

aNx
(ωx,ns

)aTNy
(ωy,ns

) has three important
parameters: ωx,ns

, ωy,ns
and the complex gain αnt,ns

. Then
we can jointly estimate these three parameters by revising the
algorithm proposed in [25], and the revised algorithm is sum-
marized in Appendix B for easy reference2 Suppose ωx,ns

and
ωy,ns

are estimated as ω̂x,ns
and ω̂y,ns

, respectively, and the
estimation error follows zero-mean Gaussian distribution [44].
In this case, we have

ω̂x,ns
=wrap(ωxfns

/fc + εx,ns
),

ω̂y,ns
=wrap(ωyfns

/fc + εy,ns
), (45)

where the wrap(θ) maps θ to [−π, π) with an integer multiple
of 2π, while εx,ns

’s and εy,ns
’s are the estimation errors. No-

tice that small εx,ns
’s and εy,ns

’s can lead to a bias of ±2π.
This ambiguity is harmless for communications, but lethal for
localization. We will need to estimate ωx and ωy based on these
biased estimates. In the following discussions, we will present
the algorithm for the AoA estimation in the x-direction, and
same algorithm can be applied to the y-direction.

2The original algorithm in [25] can estimate ωx,ns and ωy,ns jointly. The
summary in the appendix is based on a one dimensional case, but it can be
easily extended to 2D applications.

Fig. 4. Three typical cases for different θx values.

In the ideal case, there is a one-to-one relation between ωx,ns

and θx. As a result, we can estimate cos θx through ωx,ns
’s for

ns ∈ {0, 1, · · · , Ns − 1}. However, the antenna spacing is gen-
erally equal to half the carrier wavelength in practice, i.e., D =
λc/2, which leads to phase ambiguity on some sub-carriers. To
see this, taking ωx,ns

as example, we actually have

ω̂x,ns
=

⎧
⎨
⎩

ωxfns
/fc + εx,ns

− 2π, ωxfns
/fc + εx,ns

≥ π
ωxfns

/fc + εx,ns
+ 2π, ωxfns

/fc + εx,ns
<−π

ωxfns
/fc + εx,ns

, otherwise
(46)

This is apparently a piece-wise linear function, and our target
is to estimate ωx. Depending on the value of ωx, there are three
possible cases, as shown in Fig. 4. We will analyze these three
cases individually.

1) Case-I: Suppose we have θx = 0.65π, leading to ωx =
0.908π. As a result, we have ωx,ns

∈ (−π, π) for all sub-
carriers, and there is no phase ambiguity. It can be easily
shown that the estimation errors on different sub-carriers are
i.i.d. Gaussian random variables for reasonable SNR. Thus, the
maximum likelihood estimate of ωx can be obtained by solving
the following convex optimization problem:

ω̂(1)
x = argmin

Ns−1∑
ns=0

|ω̂x,ns
− ωxfns

/fc|2. (47)

It is well known that we can get the optimal solution of (47)
through the LS estimator as

ω̂(1)
x = (fT f)−1fT ω̂x, (48)

with ω̂x and f given by

ω̂x = [ω̂x,0, ω̂x,1, · · · , ω̂x,Ns−1]
T ,

f =
1

fc
[f0, f1, · · · , fNs−1]

T . (49)

2) Case-II: Suppose θx = 0.01π, and ωx =−0.95π. Be-
cause ωx is very close to −π, ωxfns

/fc can be smaller than
−π for some sub-carriers. Those values smaller than −π will
be mapped to (0, π). As a result, we need to subtract 2π from
those positive values to bring them back to where they were:

ω̆x,ns
=

{
ω̂x,ns

− 2π, ω̂x,ns
> 0

ω̂x,ns
, ω̂x,ns

≤ 0.
(50)
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Then the LS estimate is given as

ω̂(2)
x = (fT f)−1fT ω̆x, (51)

where ω̆x = [ω̆x,0, ω̆x,1, · · · , ω̆x,Ns−1]
T .

3) Case-III: Consider θx = 0.92π, which means ωx =
0.95π. Because ωx is very close to π, ωxfns

/fc can be larger
than π for some sub-carriers. Those values larger than π will
be wrapped to (−π, 0). Therefore, we will need to add 2π to
those values to drag them back. Specifically, we can unwrap the
phase measurements as

ω̆x,ns
=

{
ω̂x,ns

+ 2π, ω̂x,ns
< 0

ω̂x,ns
, ω̂x,ns

> 0.
(52)

Then the LS estimate can be obtained as

ω̂(3)
x = (fT f)−1fT ω̆x. (53)

In practice, each case is possible and we will try all of them
and find the one that fits the observed data best. The first step is
to estimate ωx through (48), (51), (53), respectively. Then we
test each of them based on the observed data, and choose the one
with the minimum fitting error, i.e., the maximum likelihood
estimate of ωx will be

ω̂x = argmin
ω̂

(n)
x

∑
ns

∣∣∣mod2π

(
ω̂(n)
x fns

/fc − ω̂x,ns

)∣∣∣
2

. (54)

From the above discussions, we understand how ωx and ωy

can be estimated based on the CSI in one time slot. In practice,
if multiple time slots are employed for channel estimation, we
can take the average to further reduce the estimation error. The
reason for this is that the AoA is almost constant across multiple
time slots in one data frame.

B. Estimation of Doppler Shift and Propagation Delay

During the AoA estimation in the previous section, we can
simultaneously estimate the complex channel gain αnt,ns

as
α̂nt,ns

. As we can see in (9), the complex channel gain is related
to the propagation delay and Doppler shift, i.e., ωs and ωt,ns

.
In this section, we will talk about how to estimate these two
parameters from the measured channel gains.

To start with, we estimate ωt,ns
on each sub-carrier. On the

ns-th sub-carrier, the channel gain changes over time slots and
we construct the following vector:

αns
= [α0,ns

, α1,ns
, · · · , αNt−1,ns

]T = αns
aNt

(ωt,ns
),
(55)

with αns
= αe−j(nsωs+φ0). αns

is a scaled steering vector, and
we can jointly estimate αns

and ωt,ns
with the algorithm in

Appendix B. Suppose ωt,ns
is estimated as

ω̂t,ns
= fns

ωt + εt,ns
, (56)

where εt,ns
is the estimation error. With ω̂t =

[ω̂t,0, ω̂t,1, · · · , ω̂t,Ns−1]
T and f = [f0, f1, · · · , fNs−1]

T ,
we can get the LS estimate of ωt as

ω̂t = (fT f)−1fT ω̂t. (57)

Note that we don’t need to worry about the phase wrapping
issue here, because ωt,ns

’s are very small. The radial velocity
is thus estimated as

v̂r = ω̂t
Bc

2π
. (58)

Meanwhile, we can estimate the complex gain on the ns-th
sub-carrier as

α̂ns
= α exp(−j(nsωs + φ0)) + εns

, (59)

with εns
being the estimation error. Putting all the α̂ns

’s to-
gether, we can see that there is a constant phase shift of ωs

between adjacent sub-carriers. Again, we can use the algo-
rithm in Appendix B to estimate ωs. Suppose ωs is estimated
as ω̂s, and the distance between transmitter and receiver will
be approximately

d̂0 =
ω̂sc

2πB
.

C. Positioning Algorithm Design

From the previous discussions, we talked about how to es-
timate the radial velocity, AoA, and propagation delay from
the CSI. With these parameters, we can estimate the mobile
device’s 3D position. Depending on whether we have map
information or not, the Doppler shift measurements may or may
not help to improve positioning accuracy. Therefore, we will
analyze these two cases individually.

Without map, only ωs, ωx and ωy will be used in positioning.
As a result, we would estimate a position that fits the estimated
channel parameters well, i.e., minimizing the sum of squared
errors. Meanwhile, we should give different parameters differ-
ent weights, because they have drastically different estimation
errors, i.e., weighted least squares (WLS). Suppose the esti-
mated geometrical channel parameters are ω̂s, ω̂x and ω̂y , the
WSL estimate of vehicle’s position will be the solution of the
following problem:

min
x0

|ωs(x0)− ω̂s|2
σ2
ωs

+
|ωx(x0)− ω̂x|2

σ2
ωx

+
|ωy(x0)− ω̂y|2

σ2
ωy

s. t. z > 0, (60)

with ωx(x0) =−πx/d0, ωy(x0) =−πy/d0, ωs(x0) =
2πBd0/c. A problem here is how can we get σ2

ωs
, σ2

ωx
,

σ2
ωy

, i.e., the estimation errors of ωs, ωx, ωy respectively. One
possible solution is to use the CRLB we derived to approximate
these estimation errors, which is very accurate for medium
to high SNR regime. However, a problem still remains: we
need to know the vehicle’s position to compute the CRLB3. In
practice, we can use the positioning result of the vehicle from
the previous data frames, i.e., tracking results, because one
frame is very short and the vehicle’s position won’t change
significantly.

In this formulation, we have a constraint that states z > 0,
so as to resolve the ambiguity of planar arrays. Specifically, if

3The SNR is also needed, but it is not a problem because all these three
variances are inversely proportional to the SNR, and we only care about the
relative weights.
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x∗ = [x∗, y∗, z∗]T can minimize the cost function in (60), x̃∗ =
[x∗, y∗,−z∗]T will be an equally good solution. To eliminate
the ambiguity, we add the constraint z > 0. This problem can
be solved iteratively, and we can speed up the convergence by
choosing a proper initial value. A good initial estimate can be
easily obtained as:

d̂0 =
ω̂sc

2πB
, x̂=− ω̂xd̂0

π
, ŷ =− ω̂yd̂0

π
, ẑ =

√
d̂20 − x̂2 − ŷ2.

(61)

Then we solve the optimization problem in (60) iteratively with
Newton’s method. In this case, we can also estimate the tangen-
tial velocity, which indicates how fast Doppler shift varies. This
value might be used for vehicle tracking between frames, but
it won’t directly contribute to positioning accuracy in a given
data frame.

Suppose the vehicles can report their real-time velocity,
and we have the map information. Then the BS will be able
to utilize that information, and the optimization problem is
reformulated as

min
x0

f(x0)

s. t. z > 0. (62)

f(x0) is given as

f(x0) =
|ωs(x0)− ω̂s|2

σ2
ωs

+
|ωx(x0)− ω̂x|2

σ2
ωx

+

|ωy(x0)− ω̂y|2
σ2
ωy

+
|ωt(x0)− ω̂t|2

σ2
ωt

, (63)

with ωt(x0) = 2πxT
0 v/d0/B/c. Similarly, we can employ (61)

to get an initial estimate, and then solve the optimization prob-
lem iteratively.

Generally, the channel estimation is conducted in each
frame/sub-frame in MIMO-OFDM systems. For example, in
LTE one sub-frame has a duration of 0.5 ms, and CSI is updated
very fast. After each channel estimation, the positioning algo-
rithm will be able to extract the real-time position of the vehicle
based on the CSI. Therefore, the position update frequency is
very high, at the level of hundreds of Hertz.

D. Complexity Analysis

For high-speed vehicles, the timeliness of the positioning
algorithm is as important as accuracy. In this section, we will
thoroughly analyze the computational complexity of the SLAC
system. Based on the estimated CSI, we can roughly divide the
positioning process into two major steps: (a) the estimation of
geometrical channel parameters, (b) the localization algorithm.
The complexity of step (b) is negligible, because the iterative
algorithm used to solve the localization problem in (60) or (63)
only involves multiplication and inversion of small matrixes and
vectors. Besides, with proper initial estimate, the algorithm will
generally converge in two or three iterations. Therefore, we will
focus on the analysis of step (a).

There are four geometrical channel parameters to estimate,
two AoAs (θx and θy), propagation delay, and Doppler shift. For
estimation of θx, the major complexity comes from the Fourier

TABLE II
COMPUTATIONAL COMPLEXITY

Estimation of θx O(NtNsNxNy logNx)
Estimation of θy O(NtNsNxNy logNy)
Estimation of ωt O(NsNt logNt)
Estimation of ωs O(Ns logNs)

transform. For every sub-array in the x-direction, the complex-
ity is O(Nx logNx)

4 and we have Ny such sub-arrays in total.
The overall complexity is thus O(NxNy logNx). Similarly, the
estimation of θy involves a complexity of O(NxNy logNy).
The signal processing complexity for a given time slot and sub-
carrier is O(NxNy(logNx + logNy)). Because this has to be
done on each sub-carrier and time slot, the overall complexity
will increase by a factor of NtNs. Consider the beam squint,
we need to combine the measurements from all the sub-carriers
and solve the problem in (54), with a complexity of O(Ns).
At this point, we already transformed the signal to beamspace,
and we will only focus on the strongest component in space.
The signal dimension is reduced from Nx ×Ny ×Nt ×Ns

to Nt ×Ns. Then, we need to estimate ωt through the FFT
algorithm, and on each sub-carrier the complexity of estimat-
ing ωt,ns

is O(Nt logNt), leading to a total complexity of
O(NsNt logNt). The last step is to estimate the propagation
delay, with a complexity of O(Ns logNs). These analyses are
briefly summarized in Table II.

Overall, the computational complexity grows almost linearly
with the number of antennas, frame length and number of
sub-carriers. If these four geometrical channel parameters are
estimated jointly, the complexity is very high due to the four-
dimension search. However, we are sequentially estimating
these four parameters in our case without introducing notice-
able information loss. The reason is that the phase shifts over
space, time and frequency are not coupled. The computational
complexity of AoA estimation dominates, while that of Doppler
shift or delay estimation is much lower.

VI. NUMERICAL EVALUATIONS

In this section, we will conduct simulations to verify the
presented analyses and algorithms. Specifically, we will show
that the proposed algorithm can provide very accurate position
estimate in reasonable SNR range. The carrier frequency is 30
GHz, with 16× 16 antennas at the BS and a sub-carrier spacing
of 1 MHz. Consider high-speed railway systems, with a train
moving at 360 km/h, or 100 m/s equivalently. QPSK modulation
is employed throughout the simulations.

A. Estimation of AoA, Propagation Delay, and Doppler Shift

Accurate estimation of AoA, propagation delay and Doppler
shift is apparently very important for localization. For wideband
mmWave communications, the spatial wideband effect is gen-
erally ignored in SLAC, which will deteriorate estimation ac-
curacy of AoA. For every sub-carrier, we will first estimate the
spatial signatures on different sub-carriers individually, which

4log(x) gives the base-2 logarithm of x.
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Fig. 5. Estimation error of AoA and Doppler shift with beam squint.

is a necessary step for both the conventional work and our
work. This is a classic problem and many algorithms have been
developed. We will use the algorithm presented in Appendix B
due to the low-complexity and great performance in medium to
high SNR regime. When beam squint is considered, we know
that the spatial signatures on different sub-carriers are piece-
wise linear with respect to the sub-carrier index, and we can
estimate AoAs by solving the optimization problem in (54).
As comparison, if the beam squint is ignored we can directly
take the average of estimated spatial signatures on different
sub-carriers. Besides, because the Doppler shift is estimated
after the AoA, the estimation error in AoA will propagate
into Doppler shift estimate. Thus, the spatial wideband effect
will not only reduce AoA estimation accuracy, but also that of
Doppler shift, as we can see in Fig. 5.

In Fig. 5, the y-axis denotes the ratio of estimation error to
the CRLB. We increase the number of sub-carriers from 100
to 200 and then to 400. For the conventional SLAC models,
the estimation error will increase, because the beam squint
effect becomes stronger as we increase the total bandwidth.
Besides, the ratio of estimation error to CRLB will increase
when we boost the SNR. This can be explained by the fact
that the estimation error is caused by both the noise and the
spatial wideband effect. As SNR increases, the estimation error
caused by spatial wideband effect will gradually dominate and
it will be more loudly pronounced. Similar phenomenon can be
observed on velocity estimation error. For low SNR, the noise
dominates and the estimation error decreases as we increase
SNR. When the SNR is high enough, the spatial wideband effect
will dominate and the relative estimation error will increase.
For the proposed method, the ratio will gradually decrease, and
eventually level off at high SNR.

B. Positioning Accuracy With Beam Squint

In this part, we compare the positioning accuracy of the
proposed method, CRLB, and that based on the conventional
channel model. For now, we will assume no map is available,
and we cannot utilize the Doppler shift measurements for better
accuracy. By doing so, we can observe how the beam squint
contributes to positioning accuracy. For this part, the bandwidth

Fig. 6. Positioning error with or without considering beam squint.

is a very important parameter. As the number of sub-carriers
increases, the CRLB will decrease. The proposed method can
closely approach the CRLB, and benefits from the increased
bandwidth. However, if the spatial wideband effect is ignored,
the positioning accuracy will significantly decrease. For the
conventional model with beam squint ignored, the performance
will deteriorate as the bandwidth increases, because the spatial
wideband effect becomes more severe.

We can observe a performance gap between CRLB and the
proposed low-complexity algorithm. At low SNR with rela-
tively small bandwidth, the gap is not small, but the position-
ing error is still at the same order of magnitude with CRLB.
However, this gap will gradually vanish with the increase of
SNR. A very interesting observation is that the positioning
accuracy will stay the same for different SNRs if the beam
squint is ignored. This is because the parameter estimation error
is mainly dependent on the modeling error resulting from the
beam squint, and the noise-induced estimation error can be
ignored in high SNR regime.

C. Positioning Accuracy With Doppler Shift

With enough prior information, i.e., map of the target area
and speed of the vehicle, we will be able to improve the posi-
tioning accuracy by taking the Doppler shift measurements into
consideration. As we can see in Fig. 7, the positioning errors are
presented when frame length varies from 64 symbols to 128 and
then to 256. For short frame length, the positioning errors with
or without Doppler shift measurements are almost identical. As
the frame length increases, the contribution of Doppler shift will
become more significant. This is because the increased frame
length allows us to accurately estimate the Doppler shift (or
angle of departure, equivalently), leading to higher frequency
resolution (or spatial resolution, equivalently) and positioning
accuracy. In the right hand side of Fig. 7, we depicted the po-
tential accuracy improvement that is expected from the CRLB
analysis, and the actual gain we obtained. The potential gain
is obtained by comparing the CRLBs of localization error with
and without the Doppler shift measurements, while the achieved
gain is obtained by comparing the actual localization errors
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Fig. 7. Positioning error with or without Doppler shift measurements.

with and without Doppler shift measurements. The CRLB of
positioning error without Doppler shift is given by (34) in
Section IV.B, while that for the case of incorporating Doppler
shift can be easily obtained by taking the inverse of the FIM
in (40). For a frame length of 64 symbols, the performance
improvement is negligible. However, when we double the frame
length, the positioning error can be reduced by around 5 percent.
If we further double the frame length again to 256 symbols, the
positioning accuracy improvement can be as high as 25 percent
for certain SNRs.

Another observation is that the percentage of contribution
from Doppler shift measurements is fluctuating over SNR, and
it seems that the achieved gain is generally larger for lower
SNR, even above the potential gain. In high SNR regime, the
Doppler shift estimation error is smaller, but so are the errors of
delay and AoA measurements. Therefore, the positioning error
based on delay and AoAs is already very small, and the relative
contribution of Doppler shift measurements is not necessarily
larger. As a matter of fact, we can see that in low SNR regime
the contribution from Doppler shift measurements is increasing
in percentage. Because the delay and AoA estimates are not ac-
curate in this case, and the information brought by the Doppler
shift measurements is of greater value. This is very much like
the left hand side of Fig. 7, where the estimation errors are
constantly decreasing when the SNR increases. However, the
descending speed changes, and we will also see fluctuation if
the error is normalized over SNR. Another interesting point
is that the achieved gain can be larger than potential gain. To
understand this, note that the potential gain is derived from
CRLB, which serves as a lower bound for any unbiased estima-
tors, while the low-complexity algorithm proposed previously
is biased, and the bias is more pronounced in low SNR regime.

VII. CONCLUSIONS AND FUTURE WORK

A. Conclusion

In this paper, we discussed various fundamental problems
in mmWave-based SLAC for high-mobility single-antenna
vehicles and a base station equipped with a massive antenna

array. First, we showed that the spatial wideband effect plays
a very important role in angle and Doppler shift estimation
accuracy. Ignoring this problem will lead to high positioning
error. Second, we showed that the Doppler shift measurements
also help to improve positioning accuracy, and the improvement
is dependent on frame length. With longer frames, Doppler shift
measurements contribute more. Third, we simplified the posi-
tioning error as a function of the BS antenna array’s orientation,
and proved that the elevation angle dominates. Therefore, we
only need to consider the elevation angle when installing BS an-
tenna arrays. Based on the comprehensive modeling, we derived
lower bounds of positioning error and showed that these bounds
can be closely achieved with low-complexity algorithms. The
underlying idea of the low-complexity algorithm is that we can
estimate the geometrical channel parameters sequentially with
negligible information loss. By considering the Doppler effect
and spatial wideband effect, SLAC can provide centimeter-level
accuracy in real-time positioning with reasonable bandwidth,
SNR and large antenna array.

B. Future Work

As extension of the current work, an immediate problem
is the tracking of mobile devices. That is to say, we need to
consider the positioning of mobile devices in multiple contin-
uous frames. In this case, it might be possible to utilize the
Doppler shift for positioning even without map information.
Second, we already know that multi-path components will not
help to improve positioning accuracy if the mobile device has a
single antenna. However, if we consider the Doppler effect and
the synthesized array, will it be possible to distinguish multi-
path components and utilize them for positioning? We already
started the investigation of these two issues and we hope to
answer them to some extent in the near future.

APPENDIX A
INVERSE OF P AND APPROXIMATED CRLB

In this appendix, we will talk about the inverse of P and
another more intuitive way to understand the approximation
of the CRLB in (37). To start with, we multiply the first row
by a factor and move the first row to the last. Thus, P can be
decomposed as

PT =
π

d0

⎡
⎣

x̃2 − 1 x̃ỹ x̃z̃
x̃ỹ ỹ2 − 1 ỹz̃
x̃z̃ ỹz̃ z̃2

⎤
⎦
⎡
⎣

0 1 0
0 0 1

2Bd2
0

cz 0 0

⎤
⎦ (64)

with x̃= x/d0, ỹ = y/d0, z̃ = z/d0. By defining
U= [x̃, ỹ, z̃; 0, 0, 1]T , and the first matrix on the right
hand side can be rewritten as −

(
I−UUT

)
, and its inverse is

given by
(
I−UUT

)−1
= I+U

(
I−UTU

)−1
UT

= I− 1

z̃
U

[
0 1
1 0

]
UT

=

[
I2 b
bT −1

]
.
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with b= [−x/z,−y/z]T . Suppose we already get unbiased
estimate of ωs, ωx and ωy , as ω̂s, ω̂x and ω̂y , while the dis-
tance is estimated as d̂0. The coordinate will be approximately
computed as (61). Taking the first-order Taylor expansion, we
have the estimation errors as

δx = x̂− x≈ d0δωx
/π + ωxδd0

/π,

δy = ŷ − y ≈ d0δωy
/π + ωyδd0

/π,

δz = ẑ − z ≈ ωzδd0
/π − d0ωx

ωzπ
δωx

− d0ωy

ωzπ
δωy

. (65)

The correlations among estimated ωx, ωy and ωt are very
weak. Thus, we ignore the correlations and obtain the approx-
imate positioning error at three dimensions as

σ2
x =E{δ2x} ≈

(
d20σ

2
ωx

+ ω2
xσ

2
d0

)
/π2,

σ2
y =E{δ2y} ≈

(
d20σ

2
ωy

+ ω2
yσ

2
d0

)
/π2,

σ2
z =E{δ2z} ≈ d20

ω2
xσ

2
ωx

+ ω2
yσ

2
ωy

ω2
z

/π2 + ω2
zσ

2
d0
/π2. (66)

The total positioning error is

σ2
x0

=E{δ2x + δ2y + δ2z}

=
d20
π2

(
(1 + ω2

x/ω
2
z)σ

2
ωx

+ (1 + ω2
y/ω

2
z)σ

2
ωy

)
+ σ2

d0
,

which is identical to (37).

APPENDIX B
DFT-BASED FREQUENCY AND COMPLEX GAIN ESTIMATION

In this section, we talk about the joint estimate of the fre-
quency and complex gain of a complex sinusoid sequence.
Suppose the signal sequence is y of length N , with the n-th
element given as

y[n] = αe−jnω + wn, (67)

where wn’s are i.i.d. CSCG random variables with a variance of
σ2. Similar to the previous discussions, we assume α is known
at the BS (pilot symbol, or data symbol from previous frames
in channel tracking). Our goal is to estimate α and ω.5 By
conducting the IDFT on y, we have

yω[k] =
1√
N

N−1∑
nt=0

y[n]ejnkω0

=
α√
N

e−j
(N−1)(ω−kω0)

2
sin(N(ω − kω0)/2)

sin((ω − kω0)/2)
+ w̃[k],

(68)

with ω0 = 2π/N and w̃ being the IDFT of the noise sequence.
Suppose ω = (l + β)ω0, with l ∈ {0, 1, · · · , N − 1} and β ∈
[0, 1). Therefore, we know that

|yω[l]| ≈
|α| sin(βπ)
βπ/

√
N

, |yω[l + 1]| ≈ |α| sin(βπ)
(1− β)π/

√
N

(69)

5In practice, y will be the LS estimate of the channel vector/matrix,
obtained from the pilot sequence.

Thus, we can estimate β through

β̂ =
|yω[l + 1]|

|yω[l]|+ |yω[l + 1]| , (70)

leading to the estimate of ω as ω̃ = (l + β̂)ω0. With estimated
ω, we can now estimate the complex gain based on the two sam-
ples in the main lobe of the spectrum, i.e., yω[l] and yω[l + 1].
In [14], the authors showed that more than 80% of the total
energy concentrates on these two samples in the main lobe.
As a result, by only using yω[l] and yω[l + 1] to estimate the
complex channel gain, the information loss will be negligible,
while the complexity can be significantly reduced. Suppose per-
fect estimate of β is available, the LS estimate of the complex
channel gain is

α̂=
bl+1yω[l] + blyω[l + 1]

|bl|2 + |bl+1|2
, (71)

where bl and bl+1 are given as

bl =
√
Nej(N−1)βπ/N sin(βπ)

βπ
,

bl+1 =
√
Nej(N−1)(β−1)π/N sin(βπ)

(1− β)π
. (72)
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