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Non-Cooperative Multi-Agent Reinforcement
Learning Exploiting Population Dynamics

Junling Li , Member, IEEE, Hao Zhang, Shuqi Ke, Jianwei Huang , Fellow, IEEE, Nan Chen ,
and Xuemin Shen , Fellow, IEEE

Abstract—Non-cooperative multi-agent reinforcement learn-
ing (MARL) faces significant challenges due to non-stationarity
and non-unique learning goals. While equilibrium-based analy-
sis frameworks effectively address these challenges, existing ap-
proaches suffer from high computational complexity as the number
of agents increases. To overcome this limitation, we propose a pop-
ulation game-based Q-learning (Pop-Q) algorithm that computes
Nash equilibrium (NE) policies through efficient population dy-
namics. Our approach represents population evolution using ordi-
nary differential equations (ODEs) and introduces two key mecha-
nisms to reduce the complexity of solving these ODEs. By adjusting
the number of iterations in population dynamics, our algorithm
enables a controllable trade-off between computational complexity
and equilibrium accuracy. Experimental results demonstrate that
Pop-Q achieves competitive performance in two-agent settings and
superior performance in three-agent environments compared to
existing equilibrium-based MARL algorithms. The proposed al-
gorithm has significant potential applications in modern systems
requiring decentralized coordination, including intelligent traffic
systems, warehouse automation, and autonomous aerial vehicle
(AAV) swarm-aided communication networks.
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I. INTRODUCTION

MANY real-world problems, such as multi-robot con-
trol, autonomous aerial vehicle (AAV) swarm, and au-

tonomous driving cars, involve complex (cooperative or non-
cooperative) interactions among agents and require decentral-
ized decision-making and coordination. For example, in traf-
fic systems, the coordination of multiple self-driving cars and
traffic light optimization is essential to achieve reduced traffic
congestion and improved traffic flow efficiency [1]. In multi-
AAV-aided communication systems, trajectory planning and
resource allocation of multiple AAVs are imperative to achieve
faster task completion and improved resource utilization [2],
[3], [4], [5], [6]. Multi-agent reinforcement learning (MARL)
represents the algorithmic paradigm to understand how multiple
agents can learn their optimal policies in such complicated
scenarios, e.g., [7], [8]. In the non-cooperative MARL paradigm,
several agents maximize their individual rewards respectively,
by interacting with the environment and each other [9], [10],
[11], [12].

Non-cooperative MARL induces two critical challenges for
performance analysis: 1) the non-stationary issue, and 2) the
non-unique learning goals. In the non-cooperative MARL
paradigm, agents learn simultaneously and their joint actions
change the environment. Hence, in order to learn his optimal
policy, an agent needs to understand not only the environment
but also other agents’ policies that change the environment. As a
result, we cannot directly apply the traditional single-agent RL
to multi-agent scenarios as there is no convergence guarantee
of such an approach [13]. Another challenge in non-cooperative
MARL is how to deal with multiple (possibly conflicting) learn-
ing goals [14], [15]. In the single-agent RL environment, a single
agent wants to maximize its own long-term reward. In contrast,
in the non-cooperative MARL environment, each agent wants
to maximize its own long-term reward. Therefore, how to obtain
a policy where no agent has the incentive to change his strategy
(i.e., the equilibrium policy) during the entire course of the
learning process remains a significant challenge.

One potential solution is to leverage the equilibrium concept
in game theory to enforce the agents to play equilibrium policies
(known as the equilibrium-based MARL framework) [16], [17],
[18], [19]. This framework models the strategic interactions
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among agents over time as a stochastic game. At each state of the
stochastic game (namely, each state of the system), the frame-
work computes the equilibrium for the corresponding normal-
form game and updates the Q-functions of the agents according
to the chosen equilibrium. If such an approach converges, all the
agents play equilibrium policies at each state derived from the
learned Q-functions.

Most existing equilibrium-based MARL algorithms compute
the exact equilibria at each state with high computational com-
plexity. For example, computing the Nash equilibrium (NE) us-
ing classical algorithms can be polynomial parity arguments on
directed graphs (PPAD)-hard [20]. The complexity of comput-
ing the correlated equilibrium (CE) using linear programming
increases exponentially with the number of agents [18]. Conse-
quently, the existing equilibrium-based MARL approaches are
not directly applicable to a multi-agent system with many agents.
This motivates us to ask the following key question in this paper:

Key Question: How to achieve the best performance-
complexity trade-off in the equilibrium-based MARL frame-
work?

Our contributions: This paper provides a possible answer
to the above question by introducing the population game the-
ory [21] into the equilibrium-based MARL framework. We first
model the MARL problem as a stochastic game, similar to other
equilibrium-based MARL frameworks. Then, we formulate the
normal-form game at each state in the non-cooperative MARL as
a population game, where we expand an agent into a population
of “atom-agents”. We define the state of such a population
as the probability distribution of the “atom-agents” choosing
among all the available pure strategies of the corresponding
agent. The population game provides a theoretical guarantee
that the equilibrium policy can be found by solving the ordinary
differential equation (ODE) [22]. Under this formulation, we
can efficiently find the equilibrium policies of the agents by
solving a set of ODEs. We further devise two mechanisms
to control the trade-off between complexity and accuracy of
the NE. Through benchmarking experiments, we empirically
demonstrate that the proposed MARL framework (called the
Pop-Q algorithm) exploiting population dynamics achieves a
better performance-complexity trade-off compared with existing
equilibrium-based MARL algorithms.

Our main contributions are summarized as follows:
� Addressing the high complexity issue of equilibrium com-

putation: Existing equilibrium-based MARL approaches
compute exact equilibria at each state to update the agents’
Q-values. The computation becomes intractable when the
number of agents becomes large. To the best of our knowl-
edge, this paper is the first one introducing the population
game theory into equilibrium-based MARL to deal with
the high complexity issue of equilibrium computation.

� A novel population game formulation: We formulate the
normal-form game at each stage game in MARL as a pop-
ulation game. In this game, we expand each agent in MARL
into a group of “atom-agents” (called a “population”) and
use a population’s state to represent the corresponding
agent’s mixed-strategy. Under the population game formu-
lation at each state, we can find the agents’ equilibrium
policies by solving a set of ODEs.

� Efficient equilibrium computation framework: To improve
the efficiency of equilibrium computation, we design a
threshold-based mechanism to tune the number of itera-
tions in solving the ODE. We further propose a heuristic
mechanism to inherit the precomputed equilibrium as the
initial condition for solving the ODE corresponding to a
state visited for the second time. These mechanisms allow
us to control the convergence speed of solving the ODE and
to obtain approximate equilibria with a lower computation
complexity.

� Performance evaluation: We evaluate our proposed algo-
rithm via extensive numerical experiments, benchmarking
non-cooperative general-sum games. We demonstrate that
the proposed Pop-Q algorithm achieves better performance
in a three-agent environment than existing equilibrium-
based MARL algorithms.

The remainder of the paper is organized as follows. Section II
reviews the related works. Section III introduces the MARL
model. Section IV describes the proposed Pop-Q algorithm in
details. Section V presents the experiment settings and results,
followed by a conclusion in Section VI. Table I lists the key
notations used in this paper.

II. RELATED WORKS

In the past decade, numerous MARL algorithms have been
developed to improve the performance of each agent and the
whole multi-agent system for different engineering applications.
According to whether the concept of equilibrium policies is
explicitly considered in the learning process, existing MARL
algorithms can be classified into non-equilibrium-based algo-
rithms and equilibrium-based algorithms.

A. Non-Equilibrium-Based MARL Approaches

Non-equilibrium-based MARL approaches typically allow
the agents to iteratively update their policies without incor-
porating equilibrium solution concepts in game theory into
MARL [1], [2], [3], [4], [7], [10], [11], [15], [23], [24], [25].
In the past few years, this type of MARL approaches have
found significant applications in modern systems/networks,
such as collaborative jamming decision-making in cognitive
electronic warfare [1], dynamic trajectory design and resource
management in multi-AAV-aided vehicular communication net-
works [2], [4], [10], [11], [23], joint optimization of data sensing
and computation offloading in AAV-aided mobile crowdsens-
ing systems [7], [24], trajectory design and task offloading
in AAV-aided mobile edge computing systems [3], [15], and
joint traffic control and multi-channel reassignment for core
networks [26]. For example, in [2], Chang et al. proposed a
centralized deep reinforcement learning method and a decen-
tralized MARL framework to jointly optimize trajectory design,
power allocation, and user association in multi-AAV networks.
In [4], Lu et al. proposed a two-timescale resource allocation
framework for Vehicle-to-Everything network slicing, combin-
ing an MARL approach with Proximal Policy Optimization
for dynamic inter-slice bandwidth allocation. The framework
achieves considerable spectral efficiency gains while preserving
privacy and meeting quality-of-service requirements. In [7], He
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TABLE I
SUMMARY OF KEY NOTATIONS

et al. introduced an MARL algorithm with future state prediction
and parameter resetting for dynamic CPU-GPU task schedul-
ing in large-scale Internet-of-Things (IoT) systems. Substantial
reductions in average task processing time and improvements
in system throughput have been achieved. In [3], Wang et
al. presented an MARL framework for trajectory planning in
AAV-assisted edge computing, jointly optimizing AAV paths
and task offloading. The integration of prioritized experience
replay and decentralized execution achieves efficient resource
utilization and collision-free AAV coordination.

These non-equilibrium-based MARL algorithms are, in gen-
eral, easy to implement, with low computational overhead and
good scalability, and have been demonstrated effective for co-
operative environments. However, they typically suffer from
no theoretical convergence guarantee and suboptimality of the
learned polices, especially in competitive or mixed settings.

B. Equilibrium-Based MARL Approaches

In contrast, equilibrium-based MARL algorithms explicitly
consider game-theoretic equilibrium concepts in the learning
process [27]. The idea is that agents learn policies that form
an equilibrium, so each agent’s policy is optimal given the
others’. Based on the solution concept adopted by the algorithm,
we can categorize the literature into NE-based [8], [17], [19],
[28], [29], [30] and CE-based [16], [31] approaches. Littman
proposed in [19] the minimax-Q learning algorithm to solve
two-player zero-sum games. Hu and Wellman in [17] proposed
the Nash-Q learning algorithm, which generalizes the minimax-
Q algorithm to solve general-sum games. Later on, Littman
presented in [28] the Friend-or-Foe Q-learning algorithm (FF-Q)
to transform the multi-agent general-sum game into a two-agent
zero-sum game, overcoming the restricted conditions of Nash-Q
for convergence-guarantee. Greenwald et al. proposed in [16]
the CE-Q learning algorithm, which computes the CE (instead
of the NE) at each state with potential higher payoffs than NE
to update the action-value functions of the agents.

These equilibrium-based MARL algorithms, in general, pro-
vide stronger theoretical convergence guarantees and strate-
gic optimality under equilibrium assumptions, and are more
effective for competitive/mixed environments. However, since
equilibrium computations at each system state are required, they
often suffer from the issue of high complexity in equilibrium
computation as the number of agents increases.

C. Population Game-Based Approaches

Evolutionary game dynamics, combined with game-theoretic
modeling, have recently been recognized as an exceptional
framework within population games for designing dynamics and
solutions for diverse engineering tasks [32], [33], [34], [35], [36].
The strength of this framework lies in its dynamic evolutionary
properties rooted in strategic interactions within populations,
which naturally derive stable solutions (e.g., NE) applicable to
complex systems, thereby tightly linking engineering problem-
solving to the rational equilibria of population games. For ex-
ample, in [33], Tan. et al. presented a distributed population
game model with graphical interaction constraints and designs
distributed dynamics for static and time-varying communication
networks, eliminating the reliance on global information. How-
ever, this study focuses only on single-agent static scenarios.
In [34], Ming et al. proposed an evolutionary game-based dy-
namic strategy selection method for hybrid vehicle-to-vehicle
communications, improving transmission throughput and ro-
bustness in vehicular ad hoc networks. Though dynamic envi-
ronment is considered, the system is still a single-agent system
since all vehicles share the same strategy set. Later on, Tan. et
al. proposed a consensus-based multipopulation game dynamics
approach to address the centralized information dependency
in traditional population dynamics under objective coupling.
However, their convergence proofs rely on concave objective
functions, limiting applicability to non-convex or non-smooth
problems.

To sum up, the application of population games to the
equilibrium-seeking problem in multi-agent, state-based games
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remains sparse in the literature. Our study aims to fulfill this re-
search gap by leveraging population dynamics to enable efficient
equilibrium policy learning in the equilibrium-based MARL
framework.

III. MARL MODEL: A STOCHASTIC GAME APPROACH

Stochastic games are the most widely adopted framework
to model the non-cooperative multi-agent environment in the
equilibrium-based MARL approaches [16], [17], [18], [19]. In
this paper, we follow this tradition and define an N -player
stochastic game as follows:

Game 1: A stochastic game is represented by a tuple ΓSG =
(N ,S,P, {Ai}i∈N , {Ri}i∈N ), where
� Agents:1 The set N of agents in the environment, where
N = {1, 2, . . . , N};

� States: The observations that the agents receive from the
environment. For example, for a grid-world game, the state
is the positions of all the agents. We denote a state of the
environment as s ∈ S , where S represents the state space;

� Action:2 Let Ai be the action space of agent i. Note that
the agents may be heterogeneous ones with varying action
spaces. Each agent chooses an action ai ∈ Ai at each
state. We denote the joint action (i.e., action profile) of
all the agents by a ∈ A, where A is the joint action space
of all the agents, defined as the Cartesian product of the
agents’ potentially different individual action spaces, i.e.,
A =

∏
i∈N Ai. For agent i, the agents’ action profile is also

denoted as (ai,a−i), where a−i ∈ A−i denotes the action
profile of all the agents except of agent i;

� Transition probability: The probability of transitioning
from one state of the environment to another. We denote the
transition probability from state s to s′ when the agents take
the joint action a as P [s′|s,a] ∈ P , where P is a mapping
from S ×A to S;

� Reward:3 Let R+ denote the set of positive numbers. We
denote the reward of agent i at the state s when the agents
take the joint action a as Ri(s,a) ∈ Ri, where Ri is a
mapping from S ×A to R+. The agents can have asym-
metric rewards, meanining that they may receive different
payoffs for the same game state and joint action;

� Policy:4 A policy of agent i assigns each state s ∈ S a vec-
tor of probabilities of the agent taking actions over its action
space, defined as πi(s) : S → R

|Ai|
+ . Let π denote the joint

policy of all the agents, where π = (π1, π2, . . . , πN ).
In Game 1, the goal of each agent i is to maximize the

discounted sum of future rewards for the state st corresponding
to time step t, formulated as:

max

∞∑
k=0

γkE{Rt+k
i |π, st = s}, (1)

1The term “agent” in an MARL system refers to “player” in the corresponding
stochastic game. We will use these two terms interchangeably in this study.

2The term “action” in an MARL system refers to “pure-strategy” in the
corresponding stochastic game. We will use them interchangeably in this study.

3The term “reward” in an MARL system refers to “payoff” in the correspond-
ing stochastic game. We will use them interchangeably in this study.

4The term “policy” in an MARL system refers to “mixed-strategy” in the
corresponding stochastic game. We will use them interchangeably in this study.

where s is a particular state,Rt+k
i is the reward of agent i at time

step t+ k, and γ ∈ [0, 1) is the discount factor. A stochastic
game ΓSG typically starts from an initial state sini, experiences
a number of intermediate states s, and ends with the terminal
state sterm. For each experienced state s, we can construct a
normal-form game to model the interactions among the agents
as follows:

Game 2: We represent the N -player normal-form game at
a particular state s in a stochastic game by a tuple ΓNFG

s =
(N , {Ai}i∈N , {Ui(s,π)}i∈N ), where Ui(s,π) represents the
payoff function for player i at state s under joint policy π.

To have agents learn the equilibrium policies with maximized
long-term reward as shown in (1), the payoff function Ui(s,π)
should represent the long-term expected return of agent i. The
reward function Ri is not a good choice since it only means the
immediate return but does not capture the long-term expected
return. In this study, we leverage the Q-values as the payoff
functions for the agents, as elaborated in Section IV.

NE is an important solution concept to define the equilibrium
policies of the agents in Game 2, defined as follows:

Definition III.1 (Nash equilibrium, NE): In the normal-form
game ΓNFG

s , a mixed-strategy profile π∗ = (π∗
1, . . . , π

∗
N ), where

π∗
i is a vector of probability distribution over the action space

Ai, is a mixed-strategy NE if and only if for any i ∈ N ,

Ui(s,π
∗) ≥ Ui(s, π

′
i,π

∗
−i), ∀π′

i ∈ Δi,

where π∗
−i = (π∗

1, . . . , π
∗
i−1, π

∗
i+1, . . . , π

∗
N ) and Δi represents

the mixed-strategy space of player i.
In the MARL environment, each agent’s reward at each time

step depends not only on its own policy but also on other agents’
policies. Thus, simply applying the independent Q-learning
algorithm [37] to solve (1) may not achieve the guaranteed
convergence. In the following section, we design an algorith-
mic framework that allows the agents to learn the NE policies
efficiently at each state in order to solve (1).

IV. PROPOSED POP-Q ALGORITHM

This section proposes an equilibrium-based MARL algorithm
exploiting population dynamics (i.e., Pop-Q algorithm) that
allows the agents to learn the NE policies to solve (1). We first
present an overview of the algorithm. Then, we describe the
main components in greater detail, followed by a convergence
analysis of the Pop-Q algorithm.

A. Algorithm Overview

The Pop-Q algorithm mainly consists of three components:
� Equilibrium-based Q-learning framework: We adopt the

equilibrium-based Q-learning framework [18] to allow the
agents to learn equilibrium policies in the stochastic game.
The core idea is to force the agents to learn equilibrium
policies by playing a series of normal-form games sequen-
tially so that they update their Q-functions according to
the computed equilibrium at each state. We illustrate the
details of this framework in Section IV-B.

� Population game formulation in each state: Under the Q-
learning framework, we propose to formulate the normal-
form game at each state in MARL as a population game.
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In this game, we expand each agent in MARL into a
population of “atom-agents” and use a population’s state
to represent the corresponding agent’s mixed-strategy. We
present the details of this formulation in Section IV-C.

� Inheritance-based population dynamic: Under the novel
population game formulation at each state, we design a
population dynamic with inheritance-based initial con-
dition and threshold-based derivative calculation to ef-
ficiently find the approximate mixed-strategy NE of the
agents, as illustrated in Sections IV-D and IV-F.

B. Equilibrium-Based Q-Learning Framework

Originally developed for solving single-agent RL problems,
the standard Q-learning algorithm has been widely used to find
the optimal policy of an agent in a dynamic environment. In this
study, we use the formulation of standard Q-learning as a starting
point and propose a population game-based MARL framework
to solve the stochastic game ΓSG.

For each agent i, we define Qπ
i (s,a) as the action-value

function (i.e., Q-function) for agent i under the joint policy π.
The value of Qπ

i (s,a) represents the expected return of agent i
starting from the state s, taking the joint action a, and thereafter
all the agents following joint policy π, i.e., [38]

Qπ
i (s,a) = Eπ

{ ∞∑
k=0

γkRt+k
i |st = s,at = a

}
. (2)

We aim to design a learning algorithm that estimates the value
of Qπ

i (s,a), which reflects how good it is for agent i to take a
given action at a given state. Through continuously interacting
with the environment, the agents’ joint policy π is improved by
updating the Q-functions. Given a data sample (s,a, s′, Ri) in
the learning procedure, the update rule to find the optimal policy
for each agent i ∈ N is [17]:

Qi (s,a) = (1− α)Qi (s,a) + α [Ri (s,a) + γVi (s
′)] , (3)

where Ri(s,a) is the reward function for agent i, α is the
learning rate, γ is the discount factor, and Vi(s

′) represents
the expected return of agent i for selecting the state s′. In
a non-cooperative multi-agent setting, simply maximizing the
Q-value of agent i at the next state s′ is not suitable to find
the value of Vi(s

′). This is because when multiple agents exist
in the environment with individual rewards, the joint action
that maximizes the reward of one agent does not guarantee
that other agents’ rewards are maximized [39]. In subsequent
subsections, for the first time in the literature, we introduce the
population game theory into non-cooperative MARL to find the
value of Vi(s

′). The contribution of our approach is two-fold:
1) a novel population game formulation in each state; and 2) an
efficient computation framework to compute the approximate
mixed-strategy NE for the agents.

C. Population Game Formulation

For a given state s, we aim to find the equilibrium policies for
all the agents and then take the expected payoffs of the agents
at the equilibrium as the value of Vi(s

′). We achieve this goal in
three steps. First, we construct a Q-learning based normal-form

Fig. 1. Illustration of the connections between the four games in this paper.
Game 1 represents our foundational model; Game 2 focuses on a single state
within game 1; Game 3 maintains the normal-form structure of game 2 but rede-
fines the payoff function for each agent with Q-functions; Game 4 reformulates
game 3 to allow the use of population dynamics as an efficient mechanism for
finding approximate equilibria.

game at each state. Second, we reformualte this game into a
population game. Third, we compute the approximate equilib-
rium leveraging an inheritance-based population dynamic. We
illustrate the first two steps in more detail here while presenting
the details of the last step in Sections IV-D and IV-F.

As illustrated in Fig. 1, we treat the Q-function Qi(s,a) as
the payoff function for agent i and use this payoff function to
construct an N -player normal-form game at each state s ∈ S as
follows:

Game 3: We represent the Q-learning based N -player
normal-form game at state s by a tuple ΓQ-NFG

s =
(N , {Ai}i∈N , {Qi(s)}i∈N ), where N is the set of agents,
Ai is the action space of agent i, and Qi(s) represents the
Q-function of agent i at state s, i.e., Qi(s) = {Qi(s,a)}a∈A.

Subsequently, we further model each player in Game 3 as
a population comprised of numerous atom-agents. While an
agent employs mixed strategies, the atom-agents within that
population play pure strategies exclusively. The probability dis-
tribution of atom-agents selecting various pure strategies directly
represents the mixed strategy of the corresponding agent. This
distribution also characterizes the state of the corresponding
population. In this way, we can model the strategic interactions
among the agents by that of the atom-agents in the populations.
As shown in Fig. 1, we reformulate Game 3 as a population game
(Game 4) to model the strategic interactions among the agents
in game ΓQ-NFG

s :
Game 4: We represent the population game formulated at state

s by a tuple ΓPOP-G
s = (N , {Ai}i∈N , {F k

i }i∈N ,k∈Ai
), where N

is the set of populations, Ai is the set of pure strategies available
to the atom-agents in population i, and F k

i represents the payoff
of the atom-agents that choose strategy k ∈ Ai in population i.
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Some important concepts in Game 4 are defined as follows:
� Society, Populations, and Atom-agents: Define P =
{1, 2, . . . , P} as a society consisting of P populations.
Each population corresponds to an agent in the normal-
form game ΓQ-NFG

s . Each population contains M “atom-
agents” with pure strategies available to them. Fig. 1 il-
lustrates the constitution of a population game with N
populations.

� Strategies: Atom-agents in a population can choose their
strategies from a set of pure strategies available to them.
The set of pure strategies available to the atom-agents in
population i ∈ P isAi. In the population game correspond-
ing to state s, the atom-agents in the N populations match
with each other to play the normal-form gameΓQ-NFG

s . Each
atom-agent from one population picks up a pure strategy
available to it.

� Population State: For a given state s ∈ S , we define the
population state of population i corresponding to all atom-
agents of agent i ∈ N as the probability distribution of
atom-agents choosing among all the pure strategies avail-
able to agent i:

xi(s) = {xk
i (s)|k = 1, 2, . . . , |Ai|}, (4)

where xk
i (s) represents the proportion of atom-agents in

population i choosing the kth strategy in Ai. The set of
population states for agent i is

Xi(s) =

{
xi(s) ∈ R

|Ai|
+ :

∑
k∈Ai

xk
i (s) = 1

}
. (5)

Note that a state of population i is mathematically equiva-
lent to a mixed-strategy of agent i in the normal-form game
ΓQ-NFG
s .

� Social State: The state of a society (a.k.a. social state) is
a combination of the states of all the populations of all N
agents. Let x(s) be the social state which describes the
behavior of atom-agents in all the N populations, formally
defined as, x(s) = {xi(s)|i ∈ N}. Note that a social state
x(s) is mathematically equivalent to a mixed-strategy pro-
file of all the agents in the normal-form game ΓQ-NFG

s .
� Payoff Function: For social state x(s), we define a payoff

function for the atom-agents choosing the same strategy
in the same population. Denote the pure strategy profile
of the N atom-agents (one from each population) matched
to play the game ΓQ-NFG

s as a = (ai,a−i). The notation
a−i = {aj |j ∈ N , j 	= i} represents the collection of pure
strategies chosen by all agents except agent i, where j
represents any agent different from agent i and andaj ∈ Aj

represents a pure strategy available to agent j.
1) The payoff for the atom-agents choosing the kth strategy

in Ai at social state x(s) is:

F k
i (x(s)) =

∑
a−i∈A−i

⎛⎝Qi(s, k,a−i)
∏

j∈N ,j 	=i

x
aj

j (s)

⎞⎠
(6)

where x
aj

j (s) denotes the proportion of the atom-agents
in population j choosing strategy aj .

2) We express the average payoff obtained by the atom-
agents in population i at social state x(s) as:

F̄i(x(s)) =
∑
k∈Ai

xk
i (s)F

k
i (x(s)). (7)

3) We define the excess payoff of the kth strategy in Ai as
the difference between strategy k’s payoff and the average
payoff of population i:

F̃ k
i (x(s)) = F k

i (x(s))− F̄i(x(s)). (8)

� Stochastic evolutionary process: The payoff function
F k
i (x(s)) describes the strategic environment. A revision

protocol will decide when an atom-agent in a population
switches its strategy and to which strategy he should
switch [21]. Starting from an initial condition ξ(s), a revi-
sion protocol will lead to a stochastic evolutionary process
{xM

τ (s)}, where τ is the iteration counter.
Fig. 1 illustrates the relationships among the four games in

this paper. Game 1 (ΓSG) represents a stochastic game for-
mulation that captures the sequential, state-based interactions
among multiple agents in non-cooperative environments. Game
2 (ΓNFG

s ) focuses on a single state within Game 1, presenting
a standard normal-form (stateless) game that describes agent
interactions at a particular point in the broader stochastic game.
Game 3 (ΓQ-NFG

s ) maintains the normal-form structure of Game
2 but redefines the payoff function for each agent using their
respective Q-functions (Qi(s)). This critical transformation al-
lows us to integrate Q-learning principles into the equilibrium-
finding process for Game 1. However, this approach still faces
computational complexity challenges when determining equi-
librium policies. To address these computational limitations, we
reformulate Game 3 as Game 4 (ΓPOP-G

s ) - a population game
that models the strategic interactions among agents. This final
transformation enables us to leverage population dynamics as an
efficient mechanism for finding approximate equilibria, signif-
icantly reducing computational complexity while maintaining
solution quality. Fig. 2 illustrates how the population state evo-
lution is related to the Q-values in a two-agent environment.
In Sections IV-D and IV-F, we design an inheritance-based
population dynamic to allow the population states to evolve into
an approximate mixed-strategy NE for all the populations.

D. Proposed Pop-Q Algorithm

Given the population game formulated at each state, we adopt
the Brown-von Neumann-Nash (BNN) dynamic [40] as the basis
to adapt the atom-agents’ behavior to the population game. It
has been proved that the stationary points of the BNN dynamic
correspond to the Nash equilibria of the underlying population
game, and that the stationary point is unique from a given initial
social state [22].

BNN dynamic: We describe the BNN dynamic as follows: At
each time instant, the dynamic randomly selects an atom-agent
who receives a revision opportunity to change its strategy. The
rate at which revision opportunities arrive at the atom-agents and
the probabilities with which they change to each strategy are both
functions of current excess payoffs. Let τ denote the time counter
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Fig. 2. Illustration of updating the Q-tables based on population state evolution. The number of atom-agents in each population choosing different strategies in
the figure is for an illustrative purpose. The population size M needs to go to infinity to allow the use of ODE to describe the evolutionary process.

Algorithm 1: Proposed Pop-Q Algorithm.

in the evolutionary process5. Following standard population-
game practice, we model each population as a continuum of
atom-agents. This continuum assumption turns discrete updates
into differential equations and eliminates finite-size artefacts
such as random drift [21]. When the population size goes to
infinity (i.e., M → ∞), the following ODEs mathematically

5In the proposed algorithm, the Q-values and population states are updated
in two different time scales. The symbol t denotes the iteration counter for
Q-learning, while the symbol τ represents the iteration counter for population
state evolutionary at each system state in MARL.

describes the evolutionary process (∀i ∈ N , ∀k ∈ Ai) [41]:

d

dτ
xk
i (s) = [F̃ k

i (x(s))]+ − xk
i (s)

∑
l∈Ai

[F̃ l
i (x(s))]+, (9)

where [F̃ k
i (x(s))]+ = max{0, F̃ k

i (x(s))}. The social state is
stationary if we have dxk

i (s)/dτ = 0, ∀i ∈ N , ∀k ∈ Ai. The
ODE-based dynamics in (9) provide a tractable mathemati-
cal framework while still capturing the essential evolutionary
behavior of the system. Numerous iterative methods can be
applied to solve the above ODE and we adopt the Runge-Kutta
method [42] in this study. Given an initial condition, the rest
point of the BNN dynamic represented by the ODE in (9) is an
NE of the underlying population game, where no agent benefits
from changing its mixed-strategy unilaterally [22].

Once the mixed-strategy NE policies are computed, we use
the average payoffs for the populations at the rest point of the
dynamic to update the Q-values of the corresponding agents.
Denote the expected payoff of agent i at the NE point as Θi(s),
which is given by

Θi(s) = F̄i(x
∗(s)). (10)

Substituting (10) into (3), we obtain the update rule of the Pop-Q
algorithm:

Qi(s,a) = (1− α)Qi (s,a) + α [ri + γΘi(s
′)] . (11)

We summarize the proposed Pop-Q algorithm in Algorithm 1.
As can be seen from the algorithm, we first initialize the elements
of Q-table for each agent as zero (Line 2). Then, for each episode
during the learning process, we first initialize the system state
s and then choose a joint action according to the computed
equilibrium at s with probability (1− ε2) and choose a random
joint action with probability ε2 (Line 6). The agent takes the
chosen action (as part of the joint action) and then observes the
experience (s,a, Ri, s

′) (Line 7 - Line 9).
Next, we form an N -player normal-form game ΓQ-NFG

s′ with
the Q-values at the next state s′ (Line 10 - Line 11). We then
formulate a population game corresponding to the normal-form
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game where the agents’ Q-values are analytically related to the
payoffs of the “atom-agents” (Line 12). We then exploit the BNN
dynamic to find the mixed-strategy NE of the formulated popu-
lation game (Line 13 - Line 14). The BNN dynamic enables the
population state to evolve into a stationary state corresponding
to an mixed-strategy NE at state s′ in the stochastic game.

Lastly, we update the Q-table for the state-joint action pair
(s,a) for each agent using the expected payoff Θi(s

′) at the
computed approximate equilibrium (Line 15 - Line 17). Once
the Q-tables are updated after sufficiently many episodes, one
can derive the equilibrium policies for the agents at each stage
of the game with the Q-values as inputs.

E. Convergence Analysis

We provide a brief convergence analysis of the Pop-Q al-
gorithm here and defer the detailed proofs to the appendix. In
our algorithm, updating Q-values and population states with a
different number of steps in each iteration creates two different
time scales. Therefore, in the limit of small learning rates, the
sequence of population state and Q-values {Q(t), x(t)} could be
approximated by the following system of ordinary differential
equations:

εẋε(t) = H(xε(t), Qε(t)),

Q̇ε(t) = G(xε(t), Qε(t)), (12)

where ε 
 1 controls the difference in the time-scale between
xt and Qt and

Hk
ak,s

(x,Q) = [F̃ k
ak
(x(s))]+ − xk

ak
(s)

∑
a′
k∈Ak

[F̃ k
a′
k
(x(s))]+

Gk
a,s(x,Q) = rk(a, s)

+ β
∑
s′∈S

p(s′)
∑
a′

Qk
s′,a′Πn

k′=1x
k′
(s′,a′k′)

The intuition behind the two time-scales is as follows: As
the evolution of the population state is much faster than that
of the Q-values, population state xt treats Q-values Qt as
quasi-constant, and Q-values Qt treat population state xt as
quasi-equilibrated. More precisely, in the time-scale of x(t), its
dynamic is approximated by

ẋ(t) = H(x(t), Q),

for some fixed constant Q ∈ Q. While in the time-scale of Q(t),
its dynamic is approximated by

Q̇(t) = G(λ(Q(t)), Q(t)),

where λ : Q → X satisfying H(λ(Q), Q) = 0 for all Q ∈ Q is
a fixed point of the fast dynamic, which means that for each
given Q ∈ Q, x(t) will quickly converge to the corresponding
equilibrium state λ((Q)).

To be more precise, xε and Qε in this system of differential
equations quickly converges to a stable slow manifold

M = {(x, Q) : Q ∈ Q, H(x, Q) = 0} (13)

in exponential rate, as ε → 0,

‖xε(t)− λ(Qε(t))‖ ≤ M‖xε(0)− λ(Qε(0))‖ exp(−kt)
(14)

as shown by Theorem A.1. Then the effective dynamics ofQε(t)
on the stable slow manifold is reduced to

Q̇(t) = G(λ(Q(t)), Q(t))

Recall that we conclude the convergence of (x(t), Q(t)) to
the slow manifold and derive the effective dynamics of Q(t) on
the slow manifold. This is done by showing that the sequence of
population state and Q-values {xt, Qt} could be approximated
by a system of singular perturbed ordinary differential equa-
tions. More precisely, the approximation is in the sense that the
sequence {xt, Qt} is a (T, δ)-perturbation of the ODE system.

Definition IV.1 ((T, δ)-perturbation): For an ODE

ẋ = h(x(t)), x ∈ Rd, (15)

given T, δ > 0, its (T, δ)-perturbation is a bounded measur-
able function y : [0,∞) → Rd, such that there exists 0 = T0 <
T1 < · · · < Tn → ∞ and solutions xj(t), t ∈ [T ′

j , T
′
j+1], j ≥ 0

of ODE (27), such that T ′
j+1 − T ′

j = Tj+1 − Tj ≥ T for j ≥ 0

and ‖y(t)− xj(T ′
j + t− Tj)‖ ≤ δ.

In the Appendix B, we prove that the sequence {x(t), Q(t)}
is indeed the (T, δ)-perturbation of the system of singular per-
turbed ODEs by the following steps:

1) In the fast time scale of xt, it is a (T, δ)-perturbation of

ẋ(t) = H(x(t), Q) for some Q ∈ Q;

2) The mapping λ : Q → X is a well defined injective and
Lipschitz continuous function under some technical con-
ditions;

3) In the slow time scale of Qt, it is a (T, δ)-perturbation of

Q̇(t) = G(λ(Qt), Qt).

One of the most important properties of a sequence which is the
(T, δ)-perturbation of an ODE system is that the sequence will
converge to the same limit set as the ODE system.

Lemma IV.2: Suppose that the ODE (27) has an asymptot-
ically stable attractor J , then its any (T, δ)-perturbation con-
verges to an ε-neighborhood of J , that is, y(t) → Jε.

To prove the convergence the sequence {x(t), Q(t)} in our
algorithm, it remains to show that the effective dynamic of Q(t)
on the stable slow manifold has an unique asymptotically stable
fixed point Q∗, such that G(λ(Q∗), Q∗) = 0 and Q∗ coincides
with the Nash Q-values. The former argument follows directly
from the fact that G(λ(Q(t)), Q(t)) is a linear function of
Q(t), while the later argument could be proved by verifying
the definition of Nash Q-values. Therefore, we conclude that
Pop-Q converges to NE policy and Nash-Q values. The formal
statements, corresponding technical assumptions and detailed
proof of our convergence result are available in Appendix A
(Theorem A.10).
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Algorithm 2: Inheritance-Based BNN Dynamic for Ap-
proximate NE Computation.

F. Inheritance-Based Population Dynamic

Since the most computationally expensive part in the
equilibrium-based Q-learning framework is the equilibrium
computation involved at each state, the rate at which the BNN
dynamic reaches the NE becomes essential. Define ||ẋ(s)|| =
||dx(s)/dτ ||, where || · || denotes the first-order norm of a
vector. Let δ(s) and ξ(s) denote the maximum allowed threshold
of ||ẋ(s)|| and the initial condition supplied to solving the ODE
for state s, respectively. In general, a smaller δ(s) indicates a
larger number of iterations and thus a longer time to solve the
corresponding ODE. Still, the solution will be closer to the exact
NE. On the other hand, an initial condition closer to the exact
NE will help accelerate the convergence of solving the ODE.
Therefore, both δ(s) and ξ(s) are key factors in determining the
computation efficiency of the approximate NE.

In this section, we design an algorithm based on the BNN
dynamic to find the approximate equilibrium efficiently. We
design our algorithm based on the equilibrium similarity for
the normal-form games corresponding to two successive visits
to the same state in the stochastic game. Specifically, for two
successive visits to the same state, we propose to inherit the
equilibrium computed at the first visit as the initial condition
for the population state evolution at the second visit. Moreover,
we design another threshold-based mechanism to dynamically
adjust the number of evolution iterations to accelerate the ap-
proximate equilibrium computation.

1) Inheritance-Based Initial Condition: Empirical experi-
ments show that the chance of two normal-form games cor-
responding to two successive visits to the same state having
similar equilibria is high [43]. Thus, in this study, we reuse the
previously computed NE as the initial condition to solve the
ODE corresponding to the second visit to the same state. In this
way, we can reduce the iteration number to find the approximate
equilibrium.

We propose an ε-greedy algorithm to inherit the precomputed
equilibrium policies, which serves as the initial condition for
solving the ODE corresponding to the same state. Our purpose

Algorithm 3: Proposed Pop-Q Algorithm with Inheritance-
Based BNN Dynamic.

is to accelerate the convergence rate of the BNN dynamic in
finding the equilibrium of the population games formulated for
each state s. Let ΓQ-NFG

s and Γ̄Q-NFG
s denote the normal-form

games formulated under two successive visits to the state s ∈ S .
Let x∗

pre(s) denote the approximate equilibrium obtained from
solving the ODE in (9) corresponding to game ΓQ-NFG

s , i.e.,

x∗
pre(s) = {x∗

i (s)|i ∈ N}. (16)

Let ξ(s) represent the initial condition for solving the ODE cor-
responding to the normal-form game Γ̄Q-NFG

s , with probability
1− ε1 (where 0 < ε1 < 1), we inherit ξ(s) from x∗

pre(s) as:

ξ(s) = x∗
pre(s). (17)

With probability ε1, we generate a random distribution over the
strategy spaceAi as population i’s initial condition. Algorithm 2
summarizes the inheritance-based BNN dynamic to compute the
approximate NE at each state.

2) Threshold-Based Mechanism: The threshold value δ(s)
used in solving the ODE also affects the computation efficiency
of approximate equilibrium. As the threshold value δ(s) be-
comes smaller, the solution from the ODE will become closer to
the exact NE, but the time for solving the ODE also increases.
For the approximate equilibria considered in this paper, we use
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a larger value for δ(s) to reduce ODE solving time, thereby
shortening the overall running time of the proposed algorithm.
It should be noted that the best response (BR) algorithm can
also achieve an NE (or approximate NE) with fast convergence.
The BR algorithm converges quickly in potential games [44];
outside that class, convergence is not guaranteed. In most cases,
the N -player normal-form game ΓNFG

s is not a potential game.
Therefore, the BR algorithm cannot be applied directly to obtain
the approximate NE.

Let e = 1, . . . , Neps denote the episode counter in the whole
learning process, where Neps is the maximum number of
episodes. We set up the threshold δe to terminate the process
of solving the ODE for all the states in episode e when the
following condition is satisfied:

||ẋ(s)|| ≤ δe, ∀s ∈ Se, (18)

where Se represents the set containing all the states visited in the
eth episode. Alternatively, the ODE solving accuracy can also be
controlled by setting the maximum allowed number of iterations
(denoted by Niter). To improve the performance, the value of δe
should shrink as the learning process proceeds. Therefore, we
propose to use δini = 0.1 as the initial value for δ and let it decay
over the episode as follows:

δe+1 = δeκ,∀e = 1, . . . , Neps − 1 (19)

where κ is the shrinking rate for δ, which is set as 0.99in
this study. We summarize the proposed Pop-Q algorithm with
inheritance-based BNN dynamic in Algorithm 3. The practical
implementation of this algorithm benefits from a logically cen-
tralized control architecture that facilitates network-wide state
collection and coordination. For instance, the next-generation
communication networks can serve as an implementation plat-
form through software-defined networking (SDN) architec-
tures [45], [46]. In this context, an SDN controller provides the
centralized intelligence needed to gather global network state
information while making coordinated decisions. A scheduling
agent embedded within the SDN control module can execute the
Pop-Q algorithm to optimize resource allocation policies across
multiple base stations [47], [48].

By setting ξ(s) and δe at suitable values, we enable the popu-
lation state to evolve into a stationary state which represents an
approximate NE at each state in the stochastic game. This helps
increase the overall convergence rate of the Pop-Q algorithm.

V. EXPERIMENTS

In this section, we evaluate the performance of the pro-
posed Pop-Q algorithm using three grid-world games, which are
widely used in evaluating the performance of equilibrium-based
MARL algorithms [18], [19].

A. Test Case #1: Grid-World Game I

Baselines: We empirically compared the performance of our
Pop-Q with Nash-Q [17] and CE-Q [16]. The Nash-Q algorithm
solves the exact NE policy for the agents at each system state
using the Lemke-Howson method [17]. The expected payoffs at
the computed NE are used to update the agents’ Q-functions.

Fig. 3. (a) Grid game I; (b) Grid game II; and (c) grid game III. The symbol(s)
A, B, C, and G at the bottom indicates the positions where the agents are initially
located, while the symbols in the pentagons on the top indicates the locations
of the agents’ goals. The two red lines in (b) represent the two barriers. In (c),
agents can directly move between the two grids connected by a double arrow
line. In addition, agents cannot move across a solid line but can move across a
dotted line.

The CE-Q algorithm finds the CE policy by solving linear
programming and updates the agents’ Q-functions based on the
computed CE.

Settings: As shown in Fig. 3(a), we consider a grid game with
two agents and two distinct goals. At the initial state, we allocate
two agents at the corners of the bottom, whose goals are located
at the corners of the top, respectively. At each stage of the game,
each agent can move up, left, right, down, or stay at the same
place but cannot move out of the 3× 5 world. If the two agents
try to move to the same grid, then the moves are not valid, and
they will stay where they are. If anyone of the two agents reaches
its goal, the game ends. An agent receives a negative reward of
-1 at each valid move, so each agent minimizes the number of
movements before reaching his goal. If an agent tries to move
out of the world, it receives a -5 reward. If two agents try to
move to the same grid, they both receive a -5 reward. An agent
who reaches his goal at the end of the game gets a 100 reward.

The proposed Pop-Q algorithm and the CE-Q algorithm use
parameter settings α = 0.99, ε = 0.99, and γ = 0.9. The Nash-
Q algorithm adopts the parameter settingsα = 0.5, γ = 0.9, and
ε = 0.1. These parameter values are determined by experiences.
For all three algorithms, we decay the learning rate α and
exploration rate εgeometrically byη = 0.999 after each episode.

Metrics: We use four metrics to evaluate the performance of
the proposed Pop-Q algorithm: (1) Average ODE solving time;
(2) Maximum loss; (3) Number of steps per episode; and (4)
Average reward per step. They are defined as follows:

We define T̄ODE
e as the average ODE solving time in episode

e (where e = 1, 2, . . . , Neps) as follows:

T̄ODE
e =

∑
s∈Se

TODE
e (s)

|Se| , (20)

where TODE
e (s) denotes the ODE solving time corresponding to

state s in episode e, and Se represents the set containing all the
states experienced by the agents in episode e.

We define the maximum loss of agent i as

Le
i = max

(s,a)∈Ωe

|Qe
i (s,a)−Qe−1

i (s,a)|, (21)

where Ωe represents the set containing all the state-action pairs
experienced by all the agents in episode e. The value ofLe

i shows
the maximum difference of the Q-values between two successive
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Fig. 4. Running time per episode of the proposed Pop-Q algorithm with
different threshold δ values.

Fig. 5. Maximum loss of Q-functions in grid game I: (a) Loss function of
agent 1. (b) Loss function of agent 2.

episodes for agent i, which is an indicator for the convergence
property of the three learning algorithms.

The number of steps per episode for agent i in episode e is
simply the number of steps taken by agent i in episode e. The
average reward per step for agent i in episode e is defined as the
sum of rewards obtained by agent i in episode e over the number
of steps taken by agent i in episode e.

All performance metrics are calculated as the average of 10
experiments to avoid randomness in the results.

Results: We first study how the running time of solving
ODE changes with the threshold value δ for the proposed
Pop-Q algorithm. We choose the threshold value from the set of
{0.01, 0.05, 0.1, 0.5, 0.9} and keep δ as a constant through the
whole learning process. For each choice, we run the proposed
Pop-Q algorithm with 350 episodes (i.e., Neps = 350). For each
episode, we record the running time for solving the ODE per state
and calculate T̄ODE

e based on (22), as shown in Fig. 4. From the
figure, we observe that the average running time for solving the
ODE decreases as the value of δ increases, as a larger δ indicates
a smaller number of iterations. This allows us to achieve the
proper trade-off between system performance and convergence
speed through adjusting the value of δ.

Next, we evaluate the convergence performance of the pro-
posed algorithm over several metrics, i.e., maximum loss, num-
ber of steps per episode, and average reward per step. We choose
the maximum number of episodes to be 5000 for all three
algorithms and set the value of δ to 0.1. Fig. 5 shows the value of
the maximum loss Le

i defined in (21) of the two agents’ for the
three algorithms. We observe that Le

i converges to zero within
about 2000 episodes for all three algorithms. This demonstrates

Fig. 6. Convergence performance of the three algorithms in grid game I: (a)
Average reward per step of agent 1. (b) Average reward per step of agent 2.

that the proposed Pop-Q algorithm converges well when applied
to this grid game. For this two-agent setting, the convergence rate
of the Pop-Q algorithm is similar to the two baseline algorithms.

The agents’ policy choices affect the total rewards agents
obtain in each episode. For this two-agent grid game, there
are several NE policies in which the agents coordinate their
behavior to yield an average reward per step of (100-6)/6=15.67.
To illustrate agents’ policy choices after convergence, we show
the agents’ average rewards per step of the three algorithms in
Fig. 6. We have two observations. First, the average reward per
step increases as the learning proceeds for all three algorithms.
Second, both the proposed algorithm and the CE-Q algorithm
achieve the NE policies with an average reward per step of
15.67. The Nash-Q algorithm, however, achieves a lower average
reward for both agents. This implies that although the Pop-Q
algorithm only computes the approximate NE at each state
during the learning process, it eventually still achieves the NE
policies for the agents in this grid game. Although Pop-Q and
CE-Q have a similar performance in this game, the advantages
of the Pop-Q algorithm over the CE-Q algorithm will be more
apparent in a three-agent setting in Section V-C.

B. Test Case #2: Grid-World Game II

Baselines and metrics: We use the same baselines and metrics
as the first grid-game experiment.

Settings: We consider a 3× 3 square grid as shown in
Fig. 3(b). In this grid game, there are two agents, one goal,
and two barriers (red lines). The two agents are allocated at
the left and right corners of the bottom at the initial state,
respectively. Their common goal is located in the middle of the
top. If an agent attempts to move across a barrier, the agent will
fail with a probability of 0.5. The reward settings of this game
are the same as that in Grid Game I. Note that this game has
probabilistic transitions due to the barriers, while Game I only
has deterministic moves. We intend to use this experiment to
demonstrate that the proposed Pop-Q algorithm can achieve the
equilibrium policies in a game with probabilistic transitions. We
use the same hyperparameter settings as the first experiment.

Results: We first demonstrate the convergence of the proposed
Pop-Q algorithm with the maximum loss defined in (21). The
maximum number of episodes is 5000 for all three algorithms.
Fig. 7 shows the maximum loss of the two agents’ Q-functions.
We can observe that all three algorithms converge after about
4000 episodes.
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Fig. 7. Maximum loss of Q-functions in grid game II: (a) Loss function of
agent 1. (b) Loss function of agent 2.

Fig. 8. Convergence performance of the three algorithms in grid game II: (a)
Average reward per step of agent 1. (b) Average reward per step of agent 2.

We next show the two agents’ average rewards per step using
the three algorithms in Fig. 8. We have two observations. First,
the average reward per step increases as the learning proceeds
for all three algorithms. Second, the reward obtained by the pro-
posed Pop-Q learning algorithm and that by the CE-Q algorithm
are quite similar, higher than that of the Nash-Q algorithm. This
implies that with computing the approximate NE at each state
only, the proposed algorithm achieves similar performance com-
pared with the CE-Q algorithm (which computes the exact CE)
while outperforming the Nash-Q algorithm (which computes the
exact NE).

C. Test Case #3: Grid-World Game III

Baselines and metrics: We use the CE-Q algorithm as the
baseline and the cumulative reward as the comparison metric
for this game. The cumulative reward for agent i in episode e is
the sum of rewards obtained by agent i over all the state-action
pairs in episode e.

Settings: As shown in Fig. 3(c), we consider a three-agent
traffic game, where three agents exist in a 3× 3 grid world.
At each non-ending state (no agent reaches his goal), agents
respectively receive a negative reward of -1. If any agent moves
across his initial location, he receives 50 bonus points. If any
agent reaches his goal, he receives 100 bonus points, and the
game ends. Any grid can hold an arbitrary number of agents. If
two agents move to the same grid, they both receive a negative
reward of -2. If the three agents move to the same grid, they all
receive a negative reward of -3.

For the CE-Q algorithm and the proposed Pop-Q algorithm,
the parameter settings are α = 0.3, ε = 0.5, and γ = 0.3. We let
the learning rate α and the exploration rate ε decay by 0.08 after
each episode according to experience.

Fig. 9. Convergence performance comparison between Pop-Q and CE-Q
in grid game III: (a) Loss function of agent 1 with the two algorithms. (b)
Cumulative reward of agent 1 with the two algorithms.

Fig. 10. (a) Cumulative reward of agent 1 with different values of Niter. (b)
The trade-off between learning efficiency and accuracy controlled by Niter.

Results: Fig. 9(a) compares the performance between the
CE-Q algorithm and the proposed Pop-Q algorithm in terms
of the maximum loss function of agent 1. We observe that both
algorithms converge after around 1000 episodes. Fig. 9(b) shows
the cumulative rewards of agent 1 for the two algorithms (the
cumulative rewards of the other two agents exhibit highly similar
tendencies). We observe that the proposed Pop-Q algorithm
achieves the NE policies (at different states) with a reward of
300 for all the agents. The CE-Q algorithm, however, is trapped
into a locally optimal policy for each agent with a reward lower
than 150. This is because the objective of CE-Q is to maximize
the sum of the two agents’ rewards, which is not well-suited in
this non-cooperative setting.

To examine how the number of ODE solving iterations (Niter)
influences learning complexity and accuracy in our proposed
Pop-Q algorithm, we conducted additional experiments on Grid-
World Game III using various Niter values (2, 4, 6, 8, 10, and
12). For each value, we executed the Pop-Q algorithm ten times,
calculating the average cumulative reward per episode across
all three agents while measuring the total learning time per
experiment. We define the average learning time across ten
experiments as T̄learn and introduce learning efficiency (η) as
inversely proportional to T̄learn as follows (with K = 1000):

η =
K

T̄learn
. (22)

We define learning accuracy as the final cumulative reward
achieved by Agent 1 upon convergence. Fig. 10(a) displays
Agent 1’s cumulative reward during Pop-Q learning with dif-
ferent Niter values (results for Agents 2 and 3 are similar and
omitted for brevity). Fig. 10(b) demonstrates the trade-off be-
tween learning efficiency and accuracy as modulated by Niter.
Our analysis reveals two key findings: First, Fig. 10(a) shows that
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Agent 1’s final cumulative reward (learning accuracy) increases
in Niter but plateaus at Niter = 10. Second, Fig. 10(b) indicates
that as Niter increases, learning efficiency generally decreases
while learning accuracy improves, with accuracy stabilizing at
Niter = 10. Based on these results, we determine that Niter = 10
represents the optimal value for balancing learning complexity
and accuracy in this grid game scenario.

VI. CONCLUSION

We have proposed a novel population game-based MARL
algorithm to allow agents to learn equilibrium policies in
non-cooperative environments. By formulating the normal-form
game at each state into a population game and devising an
efficient population dynamic, we have achieved a better trade-off
between performance and complexity than existing equilibrium-
based MARL frameworks. The proposed Pop-Q algorithm holds
great potential to promote the development of modern sys-
tems/networks requiring decentralized decision-making and co-
ordination, including the coordination of self-driving cars and
traffic light optimization in traffic systems, multi-robot control in
warehouse automation systems, trajectory planning and resource
allocation in multi-AAV-aided communication systems, and dy-
namic resource management and load balancing in Vehicle-to-
Everything communication networks, among others. The poten-
tial performance gains can be reduced traffic congestion, faster
task completion, higher bandwidth utilization, and improved
transmission latency, etc.

In this study, we develop our proposed Pop-Q algorithm based
on tabular Q-learning, as it is more suitable for simple environ-
ments with discrete states/actions like grid-games. Real-world
6 G applications often have raw sensory inputs and therefore
face high-dimensional state/action spaces. For future work, we
will consider incorporating value function approximators (i.e.,
neural networks) into the proposed Pop-Q algorithm to handle
these complex application scenarios. By replacing the Q-table in
Pop-Q by a deep neural network, Pop-Q can be applied to com-
plex environments. For instance, convolutional neural networks
(CNNs) can be used for spatial data processing in grid-based en-
vironments, and recurrent neural networks (RNNs) or transform-
ers can be employed for handling sequential decision processes
with temporal dependencies. Nevertheless, advanced training
strategies (such as experience replay and target networks) may
be needed to address convergence issues when population ODEs
interact with fluctuating neural network outputs during training,
and the computational complexity of tracking population dis-
tributions across high-dimensional action spaces. Furthermore,
we will also consider using concrete network examples (such as
traffic systems and multi-AAV-aided communication systems) to
demonstrate the performance of the proposed Pop-Q algorithm
in future studies.

APPENDIX

CONVERGENCE ANALYSIS OF POP-Q LEARNING

In this appendix, we provide the convergence analysis of
the Pop-Q learning algorithm by showing that it has the same

asymptomatic behavior as a singular ODE system and then show
the ODE system converges to the equilibrium policy and Nash-Q
values under suitable assumptions.

A. Slow-Fast Motion by Singular ODE System

In this subsection, we show that the proposed Pop-Q algo-
rithmic framework can be approximated by a slow-fast motion
system.

During the training process, the population state proceeds
according to the deterministic approximation of the stochastic
evolutionary process in the limit M → ∞ to an approximate
equilibrium of the ODE system for fixed Q-values. Q-values get
updated using an approximately equilibrated population state.
Thus, we may expect that the iteration of xt and Qt to track a
singular ODE system in the form of

εẋε(t) = H(xε(t), Qε(t))

Q̇ε(t) = G(xε(t), Qε(t)) (23)

in the limit ε → 0, where ε 
 1 controls the difference in the
time-scale between xt and Qt and

Hk
ak,s

(x,Q) = [F̃ k
ak
(x(s))]+ − xk

ak
(s)

∑
a′
k∈Ak

[F̃ k
a′
k
(x(s))]+

Gk
a,s(x,Q) = rk(a, s)

+ β
∑
s′∈S

p(s′)
∑
a′

Qk
s′,a′Πn

k′=1x
k′
(s′,a′k′)

Intuitively, the fast motion xε(t) see the slow motion Qε(t) as
quasi constant, whileQε(t) seexε(t) as quasi equilibrated. More
precisely, under sufficient regularity conditions, (xε(t), Qε(t))
converges to a slow manifold

M = {(x, Q) : Q ∈ Q, H(x, Q) = 0} (24)

and the effective dynamic of the slow variable Qε(t) is

Q̇(t) = G(λ(Q(t)), Q(t)) (25)

where the mapping λ : Q → X satisfiesH(λ(Q), Q) = 0, ∀Q ∈
Q. As ε → 0, (xε(t), Qε(t)) converges to the slow manifold
exponentially, starting from an arbitrary initial condition, that
is,

‖xε(t)− λ(Qε(t))‖ ≤ M‖xε(0)− λ(Qε(0))‖ exp(−kt)
(26)

as shown by Theorem A.1.
Theorem A.1 (Convergence towards a slow manifold): Let

M = {(x, y) : x = x∗(y), y ∈ D0} be an uniformly asymptot-
ically stable slow manifold of the slow-fast system (23) and let
f, g ∈ C2

b in a neighbourhood N of M. Then there exist posi-
tive constant ε0, c0, c1, k,M , such that, for 0 < ε ≤ ε0 and any
initial condition (x0, y0) ∈ N satisfying ‖x0 − x∗(y0)‖ ≤ c0,
the bounded

‖xt − x∗(yt)‖ ≤ M‖x0 − x∗(y0)‖ exp(−kt) + c1ε

holds as long as yt ∈ D0.
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B. Asymptotic Behavior of Pop-Q

Then, we show that the Pop-Q learning algorithm has the same
asymptomatic behavior as the ODE system (23) by showing that
it is a (T, δ)-perturbation of the ODE system. We need to state
following definitions and lemmas first.

Definition A.2 ((T, δ)-perturbation): For an ODE

ẋ = h(x(t)), x ∈ Rd (27)

given T, δ > 0, its (T, δ)-perturbation is a bounded measur-
able function y : [0,∞) → Rd such that there exists 0 = T0 <
T1 < · · · < Tn → ∞ and solutions xj(t), t ∈ [T ′

j , T
′
j+1], j ≥ 0

of ODE (27) such that T ′
j+1 − T ′

j = Tj+1 − Tj ≥ T for j ≥ 0

and ‖y(t)− xj(T ′
j + t− Tj)‖ ≤ δ.

In addition,
Lemma A.3: Suppose that the ODE (27) has an asymptot-

ically stable attractor J , then its any (T, δ)-perturbation con-
verges to an ε-neighborhood of J , that is, y(t) → Jε.

Proof: See [49].
Then we are ready to state our first lemma about the asymp-

totic behavior of the Pop-Q learning algorithm.
Lemma A.4: For any T, δ > 0, ∃t(δ) > 0, such that

(X(t(δ) + ·), Q(t(δ) + ·)) is a (T, δ)-perturbation of the
following ODE system

εẊε(t) = H(Xε(t), Qε(t))

Q̇ε(t) = 0

Proof: Let x̃(τ) = X(t(δ) + τ) and q̃(τ) = Q(t(δ) + τ),
and

x̃(0) = Xε(0), q̃(0) = Qε(0)

Following the proof of Lemma 2.2 in [50], we have ∃t(δ) > 0
such that ‖q(t)− q(0)‖ = ‖q(t)−Qε(t)‖ → 0 for t in finite
time interval [0, T ] as t(δ) → ∞. Then the lipschitz continuity
of F guarantee that

‖H(x̃t, q(t))−H(x̃t, Qε(t))‖ → 0

Then the desired result follows.
A direct corollary is given below
Corollary A.5: (Xt, Qt) → M = {(λ(Q), Q), Q ∈ Q} al-

most surely as t → ∞.
Proof: Immediate from Lemmas A.3 and A.4.
Furthermore, we assume that the mapping λ(Q) : Q → X is

Lipschitz continuous and an unique global asymptotically stable
equilibrium of

Ẋε(t) = G(Xε(t), Q), ∀Q ∈ Q

and λ(Q) is either a global optimum or a saddle point of the
stage game defined by Q.

Then, we show that the asymptotic behavior of Q values in
Pop-Q algorithms tracks the effective dynamic of the singular
ODE system (23).

Lemma A.6: For anyT, δ > 0, ∃t(δ) > 0, such thatX(t(δ) +
·) is a (T, δ)-perturbation of the effective dynamic described by
the following ODE

Q̇ε(t) = G(λ(Qε(t)), Qε(t)) (28)

Proof: As Lemma A.4.
A similar corollary immediately follows
Corollary A.7: If the effective dynamic (28) has a global

asymptotically stable attractor J , the population state and Q
values in Pop-Q learning algorithm (Xt, Qt) → (λ(Q∗), Q∗) for
some Q∗ ∈ J .

In addition, with the help of the assumptions on λ : Q →
X, we can prove the following lemma about effective dynamic
described by the (28).

Lemma A.8: The ODE

Q̇ε(t) = G(λ(Qε(t)), Qε(t))

has an unique global asymptotically stable equilibrium Q∗ and
Q∗ coincides with the Nash-Q values.

Proof: For x = λ(Qε(t)) as a feasible population state, we
have

G(x, Qε(t))

= rk(s, a1, . . ., an) + β

(∑
s′∈S

p(s′) popkt (s
′)

−Qk(s, a1, . . ., an)

= β
∑
s′∈S

p(s′)

(
E

[ ∞∑
t=0

βtrk(st, a1, . . ., an)|s0 = s′,x

]

−E

[ ∞∑
t=0

βtrk(st, a1, . . ., an)|s0 = s′,x

])
= 0

where

popkt (st) =
∑

(a1,...,an)∈A

n∏
k=1

x(st, ak) ·Qk
t (s, a1, . . ., an)

and the Jacobian matrix of g(x, λ(x)) given by

J∗(x)Qk(s,a1,...,an),Qk(s∗,a∗
1,...,a

∗
n)

= ∂Qk
t (s

∗,a∗
1,...,a

∗
n)
g(x, λ(x))Qk(s,a1,...,an)

= βp(s∗)
n∏

k=1

x(s, ak)− Is∗=s,a1=a∗
1,...,an=a∗

n

The matrix is strictly negative for all diagonal elements and
strictly positive for all off-diagonal elements. In addition, the
sum of all of its elements is equal to

n× |S| × |A1| × · · · × |An|(β − 1) < 0

Therefor, the sum of absolute values of diagonal elements is
strictly larger than the sum of absolute values of off-diagonal
elements. Then, by the property of diagonally dominant matrix,
all its eigenvalues have strictly negative real parts. Then we
conclude that Nash Q-values Q∗ is asymptotically stale. The
proof is completed. �
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C. ODE Approximation Error

In each episode, for fixed Q-values Q ∈ Q and O.D.E of
population state

Ẋε(t) = H(Xε(t), Qε)

the algorithm doesn’t solve above ODE exactly, instead it con-
verges to an ε-neighborhood of the fixed point of above ODE,
that is

Xε(t) → Nε(X
∗), H(X∗, Q) = 0

Therefore, pair of population state and Q-values (Xt, Qt)
doesn’t exactly converges to the slow manifold M defined
above, instead it converges to an adiabatic manifold Mε defined
by

Mε = {(X,Q) : X = λ(Q, ε), Q ∈ Q}
where λ(Q, ε) = λ(Q) +O(ε). And the existence of such adia-
batic manifold is guaranteed [51]. The effective dynamic of Qt

on the adiabatic manifold Mε is governed by

Q̇ε(t) = G(Qε(t), λ(Qε(t), ε))

and it is guaranteed that [51]

‖(X(t), Q(t))− (Xε(t), Qε(t))‖ ≤

M‖(X(0), Q(0))− (Xε(0), Qε(0))‖ exp
(
−kt

ε

)
where (X(t), Q(t)) is the solution of the ODE system (23) in
the limit ε → 0. As the effective dynamic of (X(t), Q(t)) on the
slow manifold M is governed by

Q̇(t) = G(λ(Q(t)), Q(t)), X(t) = λ(Q(t))

and converges to the Nash equilibrium and the Nash Q-values
(π∗, Q∗). Therefore, a direct corollary follows.

Corollary A.9: ∃T > 0, such that, ∀t ≥ T , we have

‖(Xε(t), Qε(t))− (π∗, Q∗)‖ ≤ M̄ exp

(
−kt

ε

)
where M̄ is a positive constant depending on T but independent
of ε.

D. Main Result

Now, we are ready to state our theorem on the convergence
of Pop-Q learning algorithm.

Theorem A.10: Suppose that the following conditions hold
1) All states and actions are visited infinitely often;
2)

∞∑
t=0

α(t) = ∞,

∞∑
t=0

α2(t) < ∞;

3) The Lipschitz continuous mapping λ(Q) : Q → X is an
unique global asymptotically stable equilibrium of

ẋε(t) = G(xε(t), Q), ∀Q ∈ Q

and λ(Q) is either a global optimum or a saddle point of
the stage game defined by Q.

Then, the population state and Q values in the Pop-Q learning
algorithm (x(t), Q(t)) converges to equilibrium policy of the
stochastic game and Nash-Q values (π∗, Q∗) almost surely.
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