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Abstract—In this article, we propose a novel volumetric video
caching and rendering approach for an edge-assisted extended
reality (XR) system to enhance user Quality of Experience
(QoE). Particularly, user QoE consists of visual quality and
quality variation. Different quality of volumetric videos are
required to be cached, rendered, and delivered to XR devices
for different viewing distances within a time latency. Given the
limited caching, computing, and communication resources on the
edge server, we formulate a long-term user QoE maximization
problem to jointly optimize video caching and rendering by
considering user locations and viewing distances. To solve this
problem, we first design an online optimization algorithm in
which caching decisions are obtained using a regularization
technique. We then develop a low-complexity binary search
algorithm to determine optimal rendering quality. Extensive
simulations are conducted to demonstrate that our proposed
approach outperforms benchmark schemes by an average 46%
improvement in terms of long-term user QoE.

Index Terms—Binary search, extended reality (XR), Quality
of Experience (QoE), regularization technique, volumetric video
streaming.

I. INTRODUCTION

EXTENDED reality (XR) serves as the technological
foundation for immersive communications, enabling the

creation of high-fidelity and interactive environments for
mobile users [1], [2]. The immersive XR experience is
achieved through the playback of volumetric videos on XR
devices. When watching volumetric videos, users can freely
explore the video content in three-dimensional (3-D) space,
including both rotational movement (yaw, pitch, and roll) and
translational movement (X, Y, and Z) [3]. Volumetric videos
are composed of point clouds. A point cloud is a set of
data points in 3-D space, and each point contains spatial
coordinates and color attributes.

Depending on the number of points that compose an
object, point clouds representing the same object can have
multiple versions with different densities. When an XR user
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changes its viewpoint, point clouds are rendered to generate
rendered videos, which are then displayed on the user’s device.
Rendering dense point clouds can provide high-quality videos,
but this requires considerable computational resources for
rendering and a large buffer size for storing dense point clouds
[4]. Standalone XR devices, such as augmented reality (AR)
glasses, are usually lightweight and equipped with limited
storage and computing resources. Therefore, achieving high-
quality and low-latency local rendering on XR devices is
challenging, which potentially hinders XR users from obtain-
ing a satisfactory Quality of Experience (QoE).

To enhance XR user QoE, mobile-edge computing (MEC)
technologies can be adapted to efficiently utilize storage
and computing resources at access points (APs) near XR
users [5]. Edge servers located in these APs can store high-
density point clouds and perform high-quality rendering with
reduced latency, thus improving XR user QoE. However, QoE
models designed for conventional 2-D videos are ineffective
in estimating XR user QoE. In conventional video delivery,
user QoE is determined by factors such as resolution, startup
delay, and rebuffering time [6], [7]. However, when viewing
volumetric videos, user QoE is influenced not only by the
above conventional factors but also by the distance between
the users’ viewpoint and objects in the videos, referred to as
viewing distance [8]. With a longer viewing distance, objects
appear smaller in the displayed view, making XR users less
sensitive to video quality [9]. Therefore, even when viewing
the same video at the same quality, XR users with different
viewing distances may have different QoE.

Due to the dependency between QoE and user viewing
dynamics, the following challenges should be addressed.
First, user QoE needs to be accurately estimated. However,
measuring the impact of users’ viewing distances on QoE
is technically challenging. Second, since different users have
diverse and dynamic viewing distances, the density of cached
point clouds and the rendering quality from the edge server
side should be dynamically adjusted to enhance the over-
all QoE for all users. In addition, decisions made about
caching and rendering at one time instant may affect the QoE
performance at subsequent time instants, while users’ dynamic
viewing status (including location and viewing distance)
cannot be accurately obtained in advance. Third, caching
and rendering decisions are highly coupled. Only precached
point clouds can start rendering instantaneously. This coupling
presents a challenge, which necessitates a joint decision-
making strategy for caching and rendering.
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TABLE I
COMPARISON OF RELATED STUDIES

In this article, we propose a viewing distance-aware caching
and rendering approach for edge-assisted volumetric video
streaming in XR. We first adopt a viewing distance-aware
QoE model to accurately estimate user QoE. Based on users’
dynamic viewing status, the edge server dynamically selects
point cloud versions for caching to reduce the overall video
delivery latency. In addition, to fulfill real-time rendering
requests from each user, the edge server selects an appropriate
cached version for rendering. Our objective is to find the
optimal caching and rendering decisions that maximize the
long-term QoE of all users while satisfying communication,
storage, and computing resource constraints. Our main contri-
butions are summarized as follows.

1) A novel edge caching and rendering approach for
volumetric video-based XR services is proposed. By
incorporating user viewing distances, users’ video qual-
ity requirements are accurately estimated, thus enabling
enhanced resource utilization and improved user QoE.

2) A joint volumetric video caching and rendering problem
is studied to maximize the long-term QoE of all
XR users. Given the uncertainty of future network
conditions and users’ viewing dynamics, an online
optimization algorithm is designed to make efficient
caching decisions.

3) Given caching decisions, closed-form derivations are
performed based on Karush–Kuhn–Tucker (KKT)
conditions to determine the optimal rendering deci-
sions. In particular, the optimal rendering decision is
obtained through a low-complexity binary search-based
algorithm.

The remainder of this article is organized as follows.
Section II provides an overview of the related work. Section III
describes the system model and problem formulation. An
online optimization scheme is discussed in Section IV.
Simulation results are presented in Section V to demonstrate
the performance of the proposed scheme. Section VI concludes
the research work. Table I provides a comparison between our
work and the most related studies. Table II provides a list of
important notations.

II. RELATED WORK

In this section, we first review existing streaming techniques
for conventional 2-D videos and 360-degree videos, followed
by state-of-the-art works in volumetric video streaming.

A. Conventional Video Streaming

To adapt to highly dynamic network environments, the
main 2-D video delivery technique is adaptive bitrate (ABR)

TABLE II
SUMMARY OF IMPORTANT NOTATIONS

streaming [10], [11], [12]. ABR splits videos into multiple
chunks, each of which is then encoded at a certain quality
level to adapt to fluctuating network bandwidth or user
demands. For 2-D videos, the user QoE mainly depends on the
video quality, with key impact factors including startup delay,
rebuffering delay, video resolution, and quality variations.
Most existing ABR algorithms maximize QoE by balanc-
ing these factors according to user preferences or network
conditions.

Unlike 2-D videos, which offer a fixed perspective, 360-
degree videos capture every direction simultaneously using an
omnidirectional camera or a collection of cameras, providing
a panoramic view of the entire surrounding area [13]. This
format supports user movements within three degrees of
freedom (3-DoF), i.e., yaw, pitch, and roll, and allows users
to turn their heads in any direction within the video sphere.
Given dynamic network conditions, the transmission of users’
Field of View (FoV) is prioritized, which is supported by tiling.
Specifically, the entire video is divided into tiles both spatially
and temporally, and different tiles can be encoded at different
quality levels [14]. Video tiling enables selective streaming of
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high-quality tiles within the user’s FoV and low-quality tiles
(or no streaming) outside the FoV, depending on the user’s
viewing perspective and bandwidth limitations.

B. Volumetric Video Streaming

Compared to 360-degree videos, volumetric videos provide
more immersive viewing experiences by supporting three extra
DoF movements (up/down, left/right, and forward/backward),
i.e., 6-DoF movements. Currently, the most popular data
format for volumetric video is the point cloud. The complex
structure of point clouds and their large data sizes require
substantial computation and storage resources for effective
caching and rendering. Moreover, users’ constantly changing
viewing perspectives require continuous rendering and the
transmission of rendered videos, which further poses chal-
lenges. The main approaches to addressing these challenges
include point cloud compression to reduce data sizes, point
cloud tiling to manage content delivery, and 6-DoF viewpoint
prediction to enhance viewer interaction.

Point cloud compression can significantly reduce the data
volume in volumetric videos through high compression ratio
levels. Depending on available bandwidth and the user’s view-
point, point cloud segments of appropriate quality (bit rate or
density) can be dynamically compressed and transmitted to the
user’s device [15], [16]. Recently, artificial intelligence (AI)
empowered techniques, such as super-resolution (SR), can
work as a complement to video compression and trans-
mission [17], [18]. SR techniques utilize powerful models,
such as pretrained deep neural network models, to generate
high-resolution video streams from compressed low-resolution
ones. For example, the work [18] integrates SR with tile-based
streaming, where video tile selection and tile upgradation are
jointly optimized to maximize user QoE, while considering
dynamic bandwidth and limited computing capabilities.

Similar to 360-degree video tiling, 3-D tiling refers to
dividing the point cloud into small tiles in 3-D space [19].
To reduce bandwidth consumption, only tiles within the
user’s FoV are encoded at different quality levels and then
transmitted to users. For example, Li et al. [20] proposed
a 3-D visual saliency-based tiling scheme that matches
streamed content with regions of high visual interest for
users, with these regions identified using saliency mapping
and user motion estimation. To further reduce redundant
transmissions of volumetric videos, proactive video streaming
strategies, such as viewpoint prediction-based methods, were
proposed [21], [22]. These methods predicted users’ future
viewing areas to improve streaming efficiency. To address
prediction uncertainties, Liu et al. [22] proposed a multiview
approach that generates multiple candidate views of potential
future viewpoints using 6-DoF prediction models. These can-
didate views are generated and delivered to the XR device in
real time. The XR device then selects the best candidate view
that maximizes the QoE for video display.

In summary, the above works all focused on efficient
tiling, streaming, and rendering of volumetric videos while
considering the 3-D features of point clouds. However, from
users’ point of view, their QoE is influenced by both video

Fig. 1. MEC-assisted XR system.

quality and viewing distances [8], [9]. This feature motivates
us to reconsider a QoE-driven and viewing distance-aware
approach for volumetric video caching and rendering, aiming
to maximize users’ overall QoE given limited edge resources.

III. SYSTEM MODEL AND PROBLEM FORMULATION

A. Network Scenario

As shown in Fig. 1, we consider an MEC-assisted XR
system consisting of one AP associated with an edge server,
multiple XR users, and multiple virtual objects. The XR
service is deployed within the coverage area of the AP. Within
the service area, virtual objects are presented to XR users in
the form of volumetric videos, with indexes represented by
set M = {1, 2, . . . , M}. Each frame of a volumetric video is
represented by point clouds and is available in multiple-density
versions. The set of versions for each video is denoted by
Q = {1, 2, . . . , Q}. The cloud server stores all versions of all
volumetric videos. XR users, denoted by set I = {1, 2, . . . , I},
move freely within the service area and view videos through
XR devices (e.g., AR glasses). When a user changes its
pose (including location and orientation), the scene displayed
on the XR device is updated accordingly by rendering the
corresponding point cloud from the user’s current viewing
perspective.

The system operates in a time-slotted manner with each slot
duration δ. Let T = {1, 2, . . . , T} denote the set of time slots.
During each slot, each XR device continuously detects the
user’s pose by using live video analytic schemes [23], [24]. If a
pose change is detected, a rendering task is generated and sent
to the edge server. The edge server then identifies which virtual
objects are within the user’s current FoV based on the user’s
pose and the spatial distribution of all virtual objects. To ensure
low-latency rendering, the edge server downloads and caches
selected point cloud versions from the cloud server.1 For each
rendering task, the edge server selects a cached version to
perform rendering and generates a video segment. Finally, the

1The wired backbone network (e.g., fiber-optic links) is assumed to
provide sufficient and stable bandwidth to guarantee seamless point cloud
downloading [25]. Therefore, the wired transmission latency is negligible
compared to edge computing and wireless downlink latency.
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rendered video segment is transmitted back to the XR device
for display.

Let the binary variable xm,q,t indicate whether version q of
video m at slot t is cached at the edge server or not. Here,
xm,q,t = 1 indicates that the video version is cached; otherwise,
we set xm,q,t = 0. The total storage resource consumption at
the edge server during slot t, denoted by St, is calculated as

St =
∑

m∈M

∑

q∈Q
xm,q,tσq ∀t ∈ T (1)

where σq represents the storage resource consumption, mea-
sured in bits, required to store a video with a time duration
of δ at version q. For simplicity, we assume that all videos of
the same density have identical data sizes. The total storage
resource consumption at any time slot cannot exceed the
maximum storage capacity, which is expressed as

St ≤ Smax ∀t ∈ T. (2)

Let the binary variable yi,m,q,t represent the rendering decision
for user i at slot t. If version q of video m is rendered for user
i at slot t, we set yi,m,q,t = 1; otherwise, we set yi,m,q,t = 0.

For a feasible rendering decision, two constraints must be
satisfied. First, the video version selected for rendering for any
user i must be cached at the current time slot, which can be
expressed as

yi,m,q,t ≤ xm,q,t ∀m ∈ M ∀q ∈ Q ∀i ∈ I ∀t ∈ T. (3)

Second, for any user i, at most one version of any video can
be selected for rendering, which is expressed as

∑

m∈M

∑

q∈Q
yi,m,q,t ≤ 1 ∀i ∈ I ∀t ∈ T. (4)

B. QoE Model

We adopt a viewing distance-aware QoE model to estimate
the QoE for volumetric video streaming.2 For the QoE impact
factors, we consider visual quality and quality variations.

1) Visual Quality: The visual quality of a volumetric video
perceived by a user depends on both the quality displayed
on the device (i.e., rendering quality) and the user’s viewing
distance. The rendering quality for user i at slot t, denoted by
Li,t, can be expressed as

Li,t =
∑

q∈Q
q
∑

m∈M
yi,m,q,t. (5)

For user i and video m, the viewing distance at slot t is given
by the following equation:

di,t =
√

|ai,t − am|2 + |bi,t − bm|2 (6)

where (ai,t, bi,t) represents the coordinates of user i at slot
t, and (am, bm) are the coordinates of video m. At slot t, if
user i is viewing video m�(m� ∈ M), then for any m′(m′ ∈
M/{m�}), we have yi,m′,q,t = 0.

Let Vi,t denote the visual quality of user i at slot t, defined by

Vi,t = α
(
di,t
) · Li,t. (7)

2This model is a simplified version of a more comprehensive model
proposed in [8], [26]. We exclude certain factors (e.g., super-resolution ratio)
from the model and treat them as fixed parameters.

In (7), the function α(di,t) quantifies users’ sensitivity to visual
quality based on viewing distance, which can be evaluated
as a weight parameterized by di,t. The function α(di,t) is a
decreasing function with respect to di,t, ranging from [0, 1].
This is because, for a longer viewing distance, changes in
video quality lead to less degradation or improvement in QoE.
Conversely, if a user is closer to the requested video, changes
in video quality can have a greater impact on user QoE.

2) Quality Variation: Quality variation refers to the fluctu-
ation in visual quality between video segments at successive
time slots. A user experiences quality degradation when the
visual quality decreases from the previous slot to the next. Let
�Vi,t denote the quality variation at slot t, given by

�Vi,t = [
Vi,t−1 − Vi,t

]+
. (8)

In (8), [Vi,t−1 − Vi,t]+ = max{Vi,t−1 − Vi,t, 0}.
3) Overall QoE: For modeling the overall QoE in volu-

metric video delivery, we use a linear combination of visual
quality Vi,t and quality variation �Vi,t, a form widely used in
existing research [8], [27]. For user i at slot t, the instantaneous
QoE is given by

qi,t = Vi,t−1 − β
(
di,t
) · �Vi,t. (9)

Here, β(di,t) is the weight parameterized by the viewing
distance di,t. Adjusting this weight allows for tuning the
influence of quality variation �Vi,t on a user’s overall QoE.
Denote x = {xm,q,t|m ∈ M, q ∈ Q, t ∈ T} and y = {yi,m,q,t|i ∈
I, m ∈ M, q ∈ Q, t ∈ T} as the sets of caching and rendering
decisions, respectively. The accumulated QoE of all users over
T slots is given by

QoE(x, y) =
∑

t∈T

∑

i∈I
qi,t. (10)

C. Resource Consumption Model

For XR services, the round-trip latency, also known as pose-
to-render-to-photon latency, should be less than 50 ms [28].
As defined in [28], this latency consists of two components:
user interaction delay and age of content. The former is
defined as the time duration from the moment a user’s pose
changes until this change is recognized by the edge server.
The latter, i.e., the age of content, is defined as the time
duration from when a point cloud starts being rendered until
the corresponding rendered video segment is displayed on the
XR device. For simplicity, we assume that the user interaction
delay is consistently controlled to be within a certain time,
e.g., 20 ms [29]. We only evaluate the age of content, which
includes the point cloud rendering latency and the rendered
video transmission latency.

Delivering volumetric videos of different qualities usually
requires different amounts of radio resources. In addition,
network channel conditions can vary significantly based on
user locations. To ensure timely delivery of rendered video
segments, the edge server must allocate sufficient computing
resources and radio spectrum to each XR device for efficient
rendering and downlink transmission.3 We define ρ as the

3Note that we do not optimize the computing and bandwidth resources
allocated to individual XR users in this article.
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computation intensity required for executing rendering tasks,
measured in CPU cycles per bit, and τC as the render-
ing latency requirement. Thus, the required computational
resources (in cycles per second) for XR device i at slot t,
denoted by RC

i,t, can be calculated as follows:

RC
i,t = ρ

τC
·
∑

q∈Q

∑

m∈M
yi,m,q,t · σq. (11)

For the downlink transmission from the edge server to
each user, we consider a Line of Sight (LOS) link in
Terahertz (THz) communications, known for providing higher
bandwidths and faster data rates, which are essential for
high-throughput applications. According to [30], the channel
coefficient for user i in relation to the edge server is given by

Lp
(
ri,t
) = c2

(4π fT)2
· r−η

i,t · exp
(−k(fT)ri,t

)
(12)

where ri,t denotes the physical distance between user i and
the AP at slot t, η is the path loss exponent, c represents the
speed of light in free space, and fT denotes the THz operating
frequency. The molecular absorption coefficient, k(fT), which
depends on fT , also plays a crucial role. Using the Shannon
capacity formula, the downlink spectrum efficiency of device
i at slot t, denoted by Ei,t, is given by

Ei,t = log2

(
1 + PGiLp

(
ri,t
)

σ 2

)
(13)

where P denotes the transmission power, Gi represents the
average channel gain between device i and the AP, and σ 2

denotes the average background noise power.
Let RB

i,t, measured in Hz, represent the downlink radio
spectrum consumed by user i at slot t. RB

i,t is calculated as

RB
i,t = 1

Ei,tτB
·
∑

q∈Q

∑

m∈M
yi,m,q,t · χq (14)

where χq is the data size (measured in bits) of a video
segment after rendering a video at version q. This term, χq,
simplifies our model by encapsulating various parameters such
as frame rate, time slot durations, and resolution into a single
comprehensive measure of data size for volumetric video
segments.4 Additionally, τB represents the rendered video
transmission latency requirement.

D. Problem Formulation

Our objective is to maximize the accumulated QoE over
time while ensuring that all the rendered volumetric video
segments can be timely delivered to users given the limited
network resources. To this end, we formulate the following
optimization problem:

P0 : max
x,y

QoE(x, y) (15)

s.t. xm,q,t, yi,m,q,t ∈ {0, 1} ∀i ∀m ∀q ∀t (15a)

4We assume that even though different objects may have varying point
cloud data sizes, the final rendered video is mainly dependent on the density.

Fig. 2. Problem transformation diagram.

(2)−(4)∑

i∈I
RC

i,t ≤ Cmax ∀t (15b)

∑

i∈I
RB

i,t ≤ Bmax ∀t (15c)

where Cmax and Bmax represent the maximum available com-
puting resources on the edge server and radio resources on the
AP, respectively. In the above formulation, (15a) is the binary
constraint for point cloud caching and rendering decisions.
Constraints (15b) and (15c) ensure that the total consumption
of radio and computing resources does not exceed the available
limits at the edge server.

Solving optimization problem P0 is nontrivial due to the
following challenges. First, P0 is a long-term optimization
problem that involves time-coupling variables. Solving it
requires future information, such as users’ future viewing
distances and channel conditions. In practical XR systems,
such predictions are highly uncertain as these conditions
fluctuate over time. This requires online decision-making that
can adapt to these uncertainties. Second, the problem is
nonconvex and involves multiple integer variables, making it
difficult to tackle even if complete information for all time
slots is available.

IV. ONLINE OPTIMIZATION SCHEME

In this section, we present a regularization-based online
optimization and dependent rounding scheme (ROAD) to
address the above challenges. The basic idea is shown in
Fig. 2. The original problem, P0, is first relaxed to a relaxed
optimization problem PR, in which all variables are considered
to be continuous. Then, we transform PR into a more tractable
problem via the regularization technique, i.e., by replacing
the time-coupling component with a smooth convex function.
In this way, the long-term problem PR is decomposed into
a series of one-shot relaxed problems Pt

R, each of which is
convex and time-independent, thereby can be solved with con-
vex tools to obtain a set of relaxed caching solutions, denoted
by x̃t = {̃xm,q,t|m ∈ M, q ∈ Q}. Then, we use a rounding
algorithm to round elements in x̃t to obtain a set of integer
solutions, i.e., xt = {xm,q,t|m ∈ M, q ∈ Q}. Given the feasible
caching solution xt, we formulate an optimization problem,
P̃t

R, and use optimization theory to obtain a set of relaxed
rendering solutions, denoted by ỹt = {̃yi,m,q,t|i ∈ I, m ∈
M, q ∈ Q}. Finally, we round ỹt to obtain the set of integral
rendering solutions yt = {yi,m,q,t|i ∈ I, m ∈ M, q ∈ Q}.
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A. Regularization-Based Online Algorithm

1) Relaxation: We first relax (15a), obtaining the relaxed
optimization problem as follows:

PR : max
x,y

∑

t∈T

∑

i∈I

(
Vi,t − β

(
di,t
) · [Vi,t−1 − Vi,t

]+)

s.t. xm,q,t ∈ [0, 1], yi,m,q,t ∈ [0, 1] ∀i ∀m ∀q ∀t

(2)−(4), (15b), (15c). (16)

Solving PR requires decoupling it into multiple subproblems
for each time slot due to the uncertainty of future information.
However, handling the time-coupled terms [Vi,t−1 −Vi,t]+ is a
challenge. To overcome this challenge, we first transform these
terms and then adopt a regularization technique to substitute
each term with a smooth convex function [31].

Lemma 1: Minimizing [Vi,t−1 − Vi,t]+ is equivalent to
minimizing the following expression:

∑

m∈M

∑

q∈Q

[
q · α

(
di,t−1

)
yi,m,q,t−1 − q · α

(
di,t
)
yi,m,q,t

]+
. (17)

Proof: Please refer to Appendix A for the detailed
proof.

2) Regularization: We transform the objective function in
PR into a convex and time-decoupled function via regu-
larization. The [ · ]+ term in (17) can be approximately
transformed into the L1-distance form, and relative entropy is
an efficient alternative to regularize the L1-distance in online
problems [32]. To simplify the mathematical expressions, we
replace yi,m,q,t with yt and α(di,t) with αt in the following
equations. The relative entropy function for [αt−1yt−1 −αtyt]+
is defined as follows:

�
(
αt−1yt−1

∥∥∥ αtyt

)

= αt−1yt−1 · ln
αt−1yt−1

αtyt
+ (αt−1yt−1 − αtyt)

= αt−1yt−1 ·
(

ln
αt−1yt−1

αt
− ln yt + 1

)
− αtyt. (18)

Some terms in (18) are only related to the previous time
slot and thus cannot be optimized further. Therefore, opti-
mizing (18) is equivalent to optimizing −(αt−1yt−1 ln yt +
αtyt). Therefore, optimizing [Vi,t−1 − Vi,t]+ is equivalent to
optimizing the following expression:

−
∑

m∈M

∑

q∈Q
q · (αt−1yt−1 ln yt + αtyt). (19)

The above equation is a linear combination of the relative
entropy term and affine functions of the variables, making
the corresponding optimization problem convex. To ensure the
validity of the logarithmic function for yt = 0, we introduce a
positive constant ε and replace ln yt with ln(yt +ε). Following
the approach in [32], we normalize the equation by adding an
approximation weight factor ω, where ω = ln(1 + ε−1). The
relative entropy function in (19) is then multiplied by ω−1. Let
Ot(xt, yt) denote the one-shot optimization objective, given as
follows:

Ot(xt, yt) =
∑

q∈Q
qω−1

∑

i∈I
β
(
di,t
) ∑

m∈M

[
α
(
di,t
)
yi,m,q,t

Algorithm 1 Regularization-Based Online Algorithm
Input: Q, M, I, Smax, Cmax, Bmax, and other parameters
Output: x̃t, ỹt, ∀t ∈ T
1: Set ỹi,m,q,0 = 0, ∀i ∈ I, m ∈ M, q ∈ Q.
2: for each time slot t ∈ T do
3: Observe ỹi,m,q,t−1, di,t−1, di,t, and Lp

(
ri,t
)
;

4: Solve Pt
R using the interior-point method;

5: Return the optimal relaxed solutions x̃t and ỹt;
6: end for

+α
(
di,t−1

)
yi,m,q,t−1 ln

(
yi,m,q,t + ε

)]+
∑

i∈I
Vi,t.

We can then decouple PR into subproblems over time slots,
with the subproblem for slot t formulated as follows:

Pt
R : max

xt,yt
Ot(xt, yt)

s. t. xm,q,t ∈ [0, 1], yi,m,q,t ∈ [0, 1] ∀i ∀m ∀q

(2)−(4), (15b), (15c).

For each subproblem Pt
R (t ∈ T), we use the interior-point

method to solve it due to its convexity [33]. Algorithm 1 is
used to obtain the relaxed solutions for PR.

B. Dependent Rounding Algorithm

In this subsection, we round the relaxed solutions in x̃t

and ỹt to integer solutions xt and yt for slot t. One straight-
forward method is the independent randomized rounding
algorithm [34]. The basic idea is as follows: for each fractional
value x̃ ∈ R, round it up to x = �̃x� with probability x̃ − 	̃x

(the fractional part of x̃), or down to x = 	̃x
 with probability
�̃x� − x̃. However, such an independent rounding policy
may not always generate feasible rounding solutions. For
instance, there is a certain probability that too many variables
in x̃t will be rounded up, potentially violating the storage
constraint (2). Similarly, rounding up too many variables in
ỹt could exceed the available computing and radio resources.
The second design challenge lies in the covering feature of (3),
which requires a carefully designed rounding order to ensure
feasibility [35].

To tackle this challenge, we adopt a randomized dependent
rounding algorithm to convert the relaxed solutions into
integral ones [36]. The basic idea is that each rounded-
down variable will be compensated by another rounded-up
variable. With such a dependent rounding algorithm, the
variables would not be aggressively rounded up or down.
Specifically, we first round the outermost covering variable x̃t

to obtain a rounded solution xt.5 Then, we resolve the one-shot
optimization problem to obtain an optimal relaxed solution
ỹt given xt. Finally, we round ỹt to produce yt.

6 For brevity,
we omit the subscript t in the remainder of this section and
illustrate the rounding algorithm using x̃t as an example. We

5Rounding ỹt first might make it impossible to find a feasible set of xt due
to (2) and (3).

6Although Algorithm 1 generates relaxed solutions for both x̃t and ỹt , we
do not round them simultaneously, as doing so could violate (3).
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leave the detailed rounding procedure for ỹt in the online
technical report [37].

The detailed randomized dependent rounding algorithm
is shown in Algorithm 2. We first define two sets: the
integer set X+ = {(m, q)|̃xm,q ∈ Z}, containing all relaxed
solutions that are already integers, and the floating set
X− = {(m, q)|̃xm,q ∈ R

+}, containing solutions that require
rounding. For each element (m, q) in the floating set, we assign
both a probability coefficient pm,q and a weight coefficient
wm,q associated with it. Specifically, we set pm,q = x̃m,q −
	̃xm,q
 and wm,q = σq. To round the elements in X−,
the algorithm executes a series of rounding iterations. In
each iteration, it randomly selects two elements (m1, q1) and
(m2, q2) from X− and ensures that at least one of them is
updated (rounded either up or down).

The rounding probability is decided by ϕ1 and ϕ2, which
are calculated as

{
ϕ1 = min{1 − pm1,q1 ,

wm2,q2
wm1,q1

· pm2,q2}
ϕ2 = min{pm1,q1 ,

wm2,q2
wm1,q1

· (1 − pm2,q2

)}. (20)

Given the rounding probabilities ϕ1 and ϕ2, the probability
coefficients pm,q are updated according to the following rules.

1) With probability (ϕ2/[ϕ1 + ϕ2]), update
{

pm1,q1 = pm1,q1 + ϕ1

pm2,q2 = pm2,q2 − wm1,q1
wm2,q2

· ϕ1.
(21)

2) With probability 1 − (ϕ2/[ϕ1 + ϕ2]), update
{

pm1,q1 = pm1,q1 − ϕ2

pm2,q2 = pm2,q2 + wm1,q1
wm2,q2

· ϕ2.
(22)

Based on the updated values of pm1,q1 and pm2,q2 , at least one
of the relaxed solutions x̃m1,q1 and x̃m2,q2 will be rounded up
or down, as indicated in lines 10 to 17 of Algorithm 2. For
any element (m, q) ∈ X− that is rounded during the current
iteration, it will be removed from the set X− and added to the
set X+. Finally, when X− contains only one element in the last
iteration, the algorithm rounds it up and checks whether (2) is
satisfied. If the constraint is violated, the element is rounded
down instead.

The proposed rounding algorithm is cost-efficient, as it
would not aggressively cache point cloud versions or result in
severe under-utilization of storage resources. This efficiency
is achieved by maintaining the following good properties.

Proposition 1 (Continuously Reducing Property): At least
one of the two selected variable pairs, (m1, q1) and (m2, q2),
will be rounded to integers in each iteration.

Proof: Please refer to Appendix B for the detailed
proof.

Proposition 2 (Weight Conservation Property): After each
iteration, the total weighted storage consumption of the
selected two elements remains constant, i.e.,

σq1 x̄m1,q1 + σq2 x̄m2,q2 = σq1̃xm1,q1 + σq2̃xm2,q2 . (23)

This property ensures that the capacity constraint (2) will not
be violated when running Algorithm 2.

Proof: Please refer to Appendix C for the detailed
proof.

Algorithm 2 Randomized Dependent Rounding Algorithm

Input: X+, X−, σq

Output: xt

1: for each element (m, q) ∈ X+ do
2: Set x̄m,q = x̃m,q;
3: end for
4: for each element (m, q) ∈ X− do
5: Let pm,q = x̃m,q − 	̃xm,q
, wm,q = σq;
6: end for
7: while |X−| ≥ 1 do
8: Randomly select two elements (m1, q1) and (m2, q2)

from the floating set X−;
9: Update the probability coefficients pm1,q1 and pm2,q2

according to Eqs. (20), (21), and (22);
10: if pm1,q1 ∈ {0, 1} then
11: Set x̄m1,q1 = 	̃xm1,q1
 + pm1,q1 ;
12: Update the integer set X+ = X+ ∪{(m1, q1)} and the

floating set X− = X− \ {(m1, q1)};
13: end if
14: if pm2,q2 ∈ {0, 1} then
15: Set x̄m2,q2 = 	̃xm2,q2
 + pm2,q2 ;
16: Update the integer set X+ = X+ ∪{(m2, q2)} and the

floating set X− = X− \ {(m2, q2)};
17: end if
18: end while
19: if |X−| = 1 then
20: Set x̄m,q = �̃xm,q� for (m, q) ∈ X−;
21: If constraint (2) is not satisfied, set x̄m,q = 	̃xm,q
;
22: end if

Proposition 3 (Marginal Distribution Property): The prob-
ability that each element x̃m,q will be rounded up is given by
Pr{xm,q = �̃xm,q�} = x̃m,q − 	̃xm,q
, and the probability that
it will be rounded down is Pr{xm,q = 	̃xm,q
} = 1 − (̃xm,q −
	̃xm,q
). The expected value of the rounded solution equals the
original relaxed value, E[xm,q] = x̃m,q.

Proof: Please refer to Appendix D for the detailed
proof.

C. Binary Search Algorithm

After obtaining the integral caching solution xt, one intuitive
way to make real-time rendering decisions is to solve the one-
shot optimization problem Pt

R again by using CVX tools [38].
However, by reformulating Pt

R into a standard linear program,
we can use convex optimization techniques to find the optimal
solution with significantly reduced computational complexity
compared to using CVX directly. Specifically, the linear
optimization problem Pt

R can be rewritten in its standard form,
expressed as follows:

P̃t
R : min

yt
Ot
(
xt, yt

)
(24)

s.t. 0 ≤ yi,m,q,t ≤ 1 ∀i, m, q (24a)

yi,m,q,t − xm,q,t ≤ 0 ∀i, m, q (24b)
∑

m∈M

∑

q∈Q
yi,m,q,t − 1 ≤ 0 ∀i (24c)
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∑

i∈I

ρ

τC
·
∑

q∈Q
σq ·

∑

m∈M
yi,m,q,t − Cmax ≤ 0 (24d)

∑

i∈I

1

Ei,tτB
·
∑

q∈Q
χq ·

∑

m∈M
yi,m,q,t − Bmax ≤ 0.

(24e)

For any pair (m, q), if the caching decision xm,q,t = 0, then
the optimal rendering decision, denoted by y�

i,m,q,t, will have
y�

i,m,q,t = 0, for all i ∈ I. Therefore, we focus on cases where
xm,q,t = 1. Under this condition, (24b) is subsumed by (24a)
and can be omitted in subsequent analysis. In addition, for
any i ∈ I, if

∑
m∈M

∑
q∈Q yi,m,q,t ≤ 1, then we will have

y�
i,m,q,t ≤ 1, for all m ∈ M and q ∈ Q.

We introduce Lagrange multipliers {γi}∀i for (24c), θ

for (24d), and λ for (24e). The Lagrangian L is given as
follows:

L(y, γ, θ, λ) = −
∑

i∈I

∑

m∈M

∑

q∈Q

(
δiβi · ln

(
yi,m,q,t + ε

)

+ (1 + βi) · αiyi,m,q,t

)
· q

+
∑

i∈I
γi ·

⎛

⎝
∑

m∈M

∑

q∈Q
yi,m,q,t − 1

⎞

⎠

+ θ ·
⎛

⎝
∑

i∈I

∑

m∈M

∑

q∈Q
yi,m,q,tςq − Cmax

⎞

⎠

+ λ ·
⎛

⎝
∑

i∈I

∑

m∈M

∑

q∈Q
yi,m,q,t · ξq

ri,t
− Bmax

⎞

⎠.

For brevity, the above equation replaces α(di,t−1)yi,m,q,t−1/ω

with δi (i ∈ I), σqρq/τ
C with ςq (q ∈ Q), χq/τ

B

with ξq (q ∈ Q), α(di,t) with αi (i ∈ I), and β(di,t)

with βi (i ∈ I).
Next, we use KKT conditions to establish the conditions

for optimality in solving P̃t
R. The KKT conditions are given

as follows:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

γi ≥ 0 ∀I ∈ I; θ ≥ 0, λ ≥ 0 (25)

γi ·
⎛

⎝
∑

m∈M

∑

q∈Q
yi,m,q,t − 1

⎞

⎠ = 0 ∀i ∈ I (26)

γi + ςqθ + ξqλ

ri,t

−q ·
(

δiβi

yi,m,q,t + ε
+ αi(1 + βi)

)
= 0 ∀i ∈ I. (27)

By substituting (27) into (26), we can obtain the following
equation:

(
qδiβi

yi,m,q,t + ε
+ qαi(1 + βi) − ςqθ − ξqλ

ri,t

)

︸ ︷︷ ︸
Ai

·
⎛

⎝
∑

m∈M

∑

q∈Q
yi,m,q,t − 1

⎞

⎠

︸ ︷︷ ︸
Bi

= 0 ∀i ∈ I. (28)

For any given i ∈ I, we analyze the following two cases.
1) If there exist Lagrange multipliers (θ, λ) satisfying

min
q∈Q

{
ςqθ + ξqr−1

i,t λ

q

}
>

(
δiβi

yi,m,q,t + ε
+ αi(1 + βi)

)

(29)

we will have Ai > 0. To satisfy (28), Bi = 0 must hold,
i.e.,

∑
m∈M

∑
q∈Q yi,m,q,t −1 = 0. The optimal value is

derived using the Lagrange multiplier method, which is
calculated as follows:

y�
i,m,q,t = qδiβi

γ �
i − qαi(1 + βi)

− ε ∀m ∈ Mq ∈ Q (30)

where γ �
i is obtained by solving the following equation:

∑

m∈M

∑

q∈Q

(
qδiβi

γi
− qαi(1 + βi) − ε

)
= 1. (31)

2) If Bi < 0, i.e.,
∑

m∈M
∑

q∈Q yi,m,q,t < 1, then we have
γi = 0. For all m ∈ M, q ∈ Q, the optimal rendering
decision y�

i,m,q,t is given by

y�
i,m,q,t = qδiβi

ςqθ + ξqλ/ri,t − qαi(1 + βi)
− ε. (32)

From (30)–(32), we observe that decreasing the values
of (θ, λ) results in a nondecreasing optimal value y�

i,m,q,t.
As a result, both the computing resource consumption,
i.e.,

∑
i∈I
∑

m∈M
∑

q∈Q yi,m,q,tςq and the radio resource
consumption, i.e.,

∑
i∈I
∑

m∈M
∑

q∈Q yi,m,q,tξq/ri,t are non-
increasing with respect to (θ, λ). Therefore, we can use a
binary search algorithm to efficiently determine the optimal
pair of (θ�, λ�). This approach ensures maximal utilization of
either computing or bandwidth resources, satisfying at least
one of the constraints in (24d) and (24e).

The searching ranges of θ and λ are determined as follows:
⎧
⎨

⎩
θmax = maxq∈Q

{
q
ςq

}
maxi∈I

{
δiβi
ε

+ αi(1 + βi)
}

θmin = minq∈Q
{

q
ςq

}
mini∈I

{
δiβi
1+ε

+ αi(1 + βi)
}

⎧
⎨

⎩
λmax = maxq∈Q

{
q
ξq

}
maxi∈I

{(
δiβi
ε

+ αi(1 + βi)
)

ri,t

}

λmin = minq∈Q
{

q
ξq

}
mini∈I

{(
δiβi
1+ε

+ αi(1 + βi)
)

ri,t

}
.

The detailed searching procedures are shown in Algorithm 3.
At each iteration, the algorithm computes the midpoint values
for both parameters θ and λ. Depending on whether (24d)
and (24e) are satisfied, the bounds for θ and λ are updated. The
algorithm will continue iterating until the difference between
the upper and lower bounds falls below a small positive
threshold ε.
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Algorithm 3 2-D Binary Search Algorithm

Input: θmin, θmax, λmin, λmax, and ε

Output: {y�
i,m,q,t}∀i,m,q

1: repeat
2: Update θmid = θmax+θmin

2 and λmid = λmax+λmin

2 ;
3: Compute y�

i,m,q,t using Eqs. (30), (31), and (32);
4: Compute the computation and storage resource

consumption for the following parameter pairs:
(θmid, λmid), (θmid, λmax), (θmax, λmid), and
(θmax, λmax);

5: if the pair (θmid, λmid) satisfies both Eqs. (24d) and
(24e) then

6: Update θmax = θmid and λmax = λmid;
7: else if both pairs (θmax, λmid) and (θmid, λmax) violate

one of Eqs. (24d) or (24e) then
8: Update θmin = θmid and λmin = λmid;
9: else if the pair (θmax, λmid) violates one of the

Eqs. (24d) or (24e), while the pair (θmid, λmax) satisfies
both then

10: Update θmax = θmid and λmin = λmid;
11: else
12: Update θmin = θmid and λmax = λmid;
13: end if
14: until |λmax − λmin| ≤ ε and |θmax − θmin| ≤ ε

15: Set θ� = θmid and λ� = λmid, then obtain {y�
i,m,q,t}∀i,m,q;

D. Complexity Analysis

The computational complexity of the proposed scheme
can be estimated to be O((IMQ)3.5 log(ω−1)). Specifically,
Algorithm 1 uses an interior-point method to solve a con-
vex optimization problem, i.e., Pt

R, for each slot t. As
discussed in [33, Sec. 11.5], the number of Newton iter-
ations required to achieve a desired solution accuracy ω

is bounded by O(log(IMQ/ω)), where IMQ represents the
number of inequality constraints.7 For each Newton iteration,
the algorithm solves a linear system with a computational
complexity of O((IMQ)3), where IMQ is also the number of
variables. Therefore, the overall computational complexity of
Algorithm 1 is O((IMQ)3.5 log(ω−1)).

For Algorithm 2, the time complexity is O(N), where
N is the total number of elements in X− that need to be
rounded. Moreover, we have N ≤ MQ. For Algorithm 3,
the computational time complexity can be approximated by
O(log2(θ

max − θmin) log2(λ
max − λmin)) [39]. Since the com-

plexity of Algorithm 1 is higher than that of Algorithms 2
and 3, the overall complexity of the proposed scheme is
dominated by Algorithm 1, namely, O((IMQ)3.5 log(ω−1)).

V. PERFORMANCE EVALUATION

A. Simulation Setup

The main parameters used in the simulations are listed in
Table III. We consider an XR service area of 100 m × 100 m,
within which volumetric videos and XR users are randomly
distributed. The edge server is located at the center of this

7Note that the number of inequality constraints is dominated by (4).

TABLE III
SIMULATION PARAMETERS

TABLE IV
WEIGHTED PARAMETERS FOR QOE

area, with coordinates (50 m, 50 m). The maximum velocity
for each user is set not to exceed 1 m/s during any time slot.
For repeated simulations, virtual objects’ distribution and each
user’s initial position are fixed.

Each volumetric video has four density versions: 1) 25%;
2) 50%; 3) 75%; and 4) 100%. The resource consumption for
all volumetric videos is identical and directly proportional to
their densities. We also specify that XR users view volumetric
videos at a frame rate of 30 frames per second (FPS), with
each video segment consisting of three frames. Therefore, the
duration of each time slot is 100 ms. In practice, the rendered
video segments are encoded at the edge server, transmitted,
and then decoded on the XR device. We set a compression
ratio of 10 and a total encoding and decoding latency of
10 ms. The parameters used in the QoE model are listed in
Table IV. When a user’s viewing distance exceeds 4 m, the
corresponding volumetric video is not provided to the user.

We introduce the following benchmarks for comparison.
1) 2D-QoE: This benchmark uses traditional QoE models

suitable for 2-D videos, where the user QoE depends
only on video quality [7].

2) Greedy: This benchmark caches popular video versions
by considering the number of users viewing each video,
prioritizing versions with the highest user demand. The
demand is determined by the number of users within
specific distance ranges from the video, where closer
distances correspond to higher-quality versions. The
rendering policy is the same as that of the proposed
ROAD.

3) IRR: This benchmark uses the independent randomized
rounding algorithm [36]. The key difference between
IRR and our proposed ROAD lies in the rounding
algorithm.

All algorithms use the same rule for the overall QoE
calculation.

B. Varied Resource Capacity

In this section, we evaluate the impact of caching, comput-
ing, and radio resource capacity on XR users’ accumulated
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(a) (b)

Fig. 3. Achieved QoE versus various resource amounts. (a) Computing resource. (b) Communication resource.

(a) (b)

Fig. 4. Resource utilization for (a) ROAD and (b) IRR.

QoE. We first vary the computing resource capacity, as
shown in Fig. 3(a). The achieved QoE for all algorithms
first increases almost linearly as the capacity increases. This
increase occurs because more computing resources allow the
selection of high-density point clouds for more rendering
tasks, thus enhancing the overall QoE. However, as computing
resource capacity further increases, the improvement rate of
QoE diminishes. The reason is that the user performance
encounters transmission and caching bottlenecks. Although the
edge server can support more high-quality rendering, there
is insufficient bandwidth to deliver high-quality volumetric
videos or inadequate caching space to store high-density point
clouds. Fig. 3(b) shows a similar trend in QoE when varying
the bandwidth resource capacity.

The above figures also demonstrate the superior
performance of the proposed ROAD algorithm compared
to the benchmark algorithms. Compared to 2D-QoE, our
algorithm achieves a significant improvement in accumulated
QoE, with an average increase of 46%. This improvement is
due to ROAD’s use of a customized QoE model to estimate
XR user quality requirements, enabling more resource-efficient
caching and rendering decisions. Compared to the greedy
caching algorithm, the proposed ROAD algorithm achieves a
significantly higher QoE, particularly when caching resources
are stringent. This improvement is due to ROAD’s QoE-
oriented design, which optimally utilizes caching resources
to store volumetric videos in their most resource-efficient
versions, thereby maximizing users’ accumulated QoE.

C. Rounding Performance

Next, we evaluate the rounding performance of ROAD and
IRR. For IRR, we consider all rounding results and calculate
their resource utilization (measured in %), which is defined
as the ratio of the algorithm’s decisions to the available
resource capacity. As shown in Fig. 4, nearly half of the results
for IRR exhibit resource violations in terms of bandwidth,
computation, and storage resources. This occurs because IRR
has a certain probability of rounding up a large number of
caching or rendering decisions. In contrast, ROAD remains
within the resource capacity. In addition, IRR exhibits a much
larger variance compared to ROAD, which could contribute to
its potentially lower QoE performance.

D. Varied User’s Sensitivity

We evaluate the impact of users’ viewing distance sensitivity
on the accumulated QoE of XR users. A discount factor,
γ , is introduced and applied to the original parameters α

and β to represent user sensitivity. We vary γ from 0.05
to 1 and present the results in Fig. 5. The figure reveals
the following information: 1) ROAD consistently outperforms
the benchmark algorithms, demonstrating the effectiveness of
our approach, which incorporates a QoE model based on
viewing distance and 2) as the discount factor γ increases,
the performance gap between ROAD and the benchmark
algorithms (e.g., 2D-QoE) increases. This trend shows the
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Fig. 5. QoE versus discount factor added on QoE parameters.

significance of our proposed approach in environments where
user QoE is highly sensitive to viewing distances.

E. Varied Viewing Preferences

We also evaluate the impact of user viewing preferences
on resource consumption. Regarding viewing preferences, we
mainly consider users’ average viewing durations of volumet-
ric videos. We define two groups of users: 1) Group 1 users
have shorter average viewing times for each video, indicating
more casual interactions with the virtual environment and 2) in
contrast, Group 2 users tend to view videos more carefully,
spending more time on each video. We calculate the average
downlink bandwidth and computing resource consumption
per user over T = 3000 time slots. For each scenario, we
conduct 60 simulation runs and plot the mean results with 95%
confidence intervals.

First, we set the average viewing duration to 50 time slots
for Group 1 users and 300 time slots for Group 2 users. The
average computation and bandwidth resource consumption per
user over T time slots are shown in Fig. 6. From the figure, we
find that Group 2 users (green points) consume considerably
more computing and bandwidth resources than Group 1 users
(orange points).

Next, we vary the average viewing durations for Group 2
users while keeping the viewing duration for Group 1 users
unchanged. We calculate the average bandwidth consumption
and computational resource consumption for both groups, as
shown in Fig. 7. The results show that as the average viewing
duration of Group 2 users increases, Group 2 users aggres-
sively occupy more computing and bandwidth resources. In
addition, when the viewing duration of Group 2 users is set
to 300 time slots, their bandwidth and computing resource
consumptions are 149.8% and 132.0% higher, respectively,
than that of Group 1 users. This increased consumption by
Group 2 is due to their more detailed examination of virtual
objects in the videos, which generates longer interaction
times and potentially requires higher-quality rendering. These
findings reveal that understanding user viewing preferences is
crucial for effective resource management.

VI. CONCLUSION

In this article, we have proposed a novel volumetric video
caching and rendering approach for an edge-assisted XR
system to enhance user QoE. Our approach has jointly consid-
ered the impact of users’ viewing behaviors and preferences

Fig. 6. Time-averaged resource consumption for each user.

(a)

(b)

Fig. 7. Average resource consumption versus average viewing duration
of Group 2 users. (a) Bandwidth consumption. (b) Computing resource
consumption.

on edge resource optimization. By adopting our approach,
XR service providers (e.g., AR/VR content platforms) can
achieve significant cost savings and increase user satisfaction
by delivering the appropriate video quality to each user. In
future work, we plan to leverage digital twin technologies to
better capture long-term user viewing behavior patterns and
enable more efficient resource reservation for XR services.

APPENDIX A
PROOF OF LEMMA 1

The coupled term across different time slots can be trans-
formed as follows:
[
Vi,t−1 − Vi,t

]+

=
[∑

q∈Q
q
∑

m∈M

(
α
(
di,t−1

)
yi,m,q,t−1 − α

(
di,t
)

yi,m,q,t

)]+
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(a)=
[
π1,1 + π1,2 + · · · + πM,Q

]+

(b)≤
∑

m∈M

∑

q∈Q

[
πm,q

]+ (by subadditivity of [·]+)

=
∑

q∈Q

∑

m∈M
q
[
α
(
di,t−1

)
yi,m,q,t−1 − α

(
di,t
)

yi,m,q,t

]+
.

Here, in step (a), we define

πm,q = q
(
α
(
di,t−1

)
yi,m,q,t−1 − α

(
di,t
)

yi,m,q,t

)
∀m, q

to decompose the summation into individual terms.
Step (b) follows from the subadditivity of the [ · ]+ operator

[a1 + a2 + · · · + an]+ ≤ [a1]+ + [a2]+ + · · · + [an]+

which generalizes the triangle inequality for positive parts.
Since the inequality in step (b) provides an upper bound,
minimizing

∑
m,q [πm,q]+ ensures that [Vi,t−1 − Vi,t]+ is also

minimized. This completes the proof.

APPENDIX B
PROOF OF PROPOSITION 1

In each iteration of Algorithm 2, there are four possible
cases for the rounding process, determined by the values of
pmi,qi and wmi,qi for i ∈ {1, 2}. For clarity, let pi = pmi,qi and
wi = wmi,qi throughout this proof.

1) If 1 − p1 ≥ (w2/w1) · p2, then ϕ1 = (w1/w2) · p2.
According to (21), with probability (ϕ2/[ϕ1 + ϕ2]), we
have

{
p1 = p1 + ϕ1 = p1 + w1

w2
· p2

p2 = p2 − w2
w1

· ϕ1 = 0.

2) If 1 − p1 < (w2/w1) · p2, then ϕ1 = 1 − p1. Again, from
(21), with probability (ϕ2/[ϕ1 + ϕ2]), we have

{
p1 = p1 + ϕ1 = p1 + 1 − p1 = 1
p2 = p2 − w2

w1
· (1 − p1

)
.

3) If p1 ≥ (w2/w1) · (1−p2), then ϕ2 = (w2/w1) · (1−p2).
From (22), with probability (ϕ1/[ϕ1 + ϕ2]), we have

{
p1 = p1 − ϕ2 = p1 − w2

w1
· (1 − p2

)

p2 = p2 + w1
w2

· ϕ2 = 1.

4) If p1 < (w2/w1) · (1 − p2), then ϕ2 = p1. From (22),
with probability (ϕ1/[ϕ1 + ϕ2]), we have

{
p1 = p1 − ϕ2 = 0
p2 = p2 + w1

w2
· ϕ2.

Regardless of the values of pi and wi, for i ∈ {1, 2}, at least
one of case 1 and case 2 should happen. At the same time,
at least one of case 3 and case 4 should happen. Therefore,
after parameter updating according to (21) and (22), at least
one of p1 and p2 must satisfy pi ∈ {0, 1}, i ∈ {1, 2}. Thus, at
least one of lines 10 and 14 in Algorithm 2 will be executed.
At least one pair, either (m1, q1) or (m2, q2) will be rounded,
and the number of elements in the set X− will be reduced by
at least 1. This completes the proof.

APPENDIX C
PROOF OF PROPOSITION 2

In each iteration of Algorithm 2, two elements are selected.
However, there are cases in which only one of those elements
can be rounded to an integer. For any element that is not
rounded, its probability coefficient pm,q is adjusted during the
iteration (see line 9 of Algorithm 2). It is crucial to ensure that
the total storage consumption remains constant throughout the
algorithm. Denote S0 be the total storage consumption at the
initial (0th) iteration

S0 =
∑

m,q

(
	̃xm,q
 + p0

m,q

)
· σq.

Let |K| be the total number of iterations in Algorithm 2.
Denote Sk be the total storage consumption at iteration k,
where 0 ≤ k ≤ |K| − 1. We now show that Sk+1 = Sk under
the following two cases.

1) If p1 and p2 are updated according to (21), then

Sk+1 = Sk + σq1 ϕ1 − σq2 · wm1,q1

wm2,q2

· ϕ1 = Sk.

2) If p1 and p2 are updated according to (22), then

Sk+1 = Sk + σq1 ϕ2 − σq2 · wm1,q1

wm2,q2

· ϕ2 = Sk.

In both cases, the total storage consumption remains
unchanged after each iteration. This completes the proof of
Proposition 2.

APPENDIX D
PROOF OF PROPOSITION 3

Let Yk
m,q be the random variable denoting the value of x̃m,q

at the beginning of iteration k. We will show that

E
[
Yk+1

m,q

] = E
[
Yk

m,q

]
for all k ≥ 1. (33)

Then, we will have Pr{xm,q = �̃xm,q�} = E[Y |k|
m,q] = · · · =

E[Y1
m,q] = xm,q − 	̃xm,q
. Hence, the marginal distribution

property holds.
We now prove (33) for a fixed k. According to line 8 in

Algorithm 2, one of the following two cases could occur for
the element x̃m,q in iteration k.

1) If x̃m,q is not selected in line 8, its value remains
unchanged. Therefore, for any possible value v of Yk

m,q,
we have E[Yk+1

m,q |Yk
m,q = v] = v.

2) If x̃m,q is selected in line 8, then line 9 modifies its
expected value according to the update rules in this
iteration. If line 10 is triggered, the expectation is
calculated as E[Yk+1

m,q |Yk
m,q = v] = (ϕ2/[ϕ1 + ϕ2]) · (v +

ϕ1)+(ϕ1/[ϕ1 + ϕ2])·(v−ϕ2) = v. If line 14 is triggered,
the expectation is calculated as E[Yk+1

m,q |Yk
m,q = v] =

(ϕ2/[ϕ1 + ϕ2]) ·(v−(w1/w2) ·ϕ1)+(ϕ1/[ϕ1 + ϕ2]) ·(v+
(w1/w2) · ϕ2) = v.

In both cases, the conditional expectation of Yk+1
m,q remains

equal to v. Thus, (33) is proved.
Let V denote the set of all possible values that Yk

m,q can
take. Then, we have
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E
[
Yk+1

m,q

] =
∑

v∈V
E

[
Yk+1

m,q |Yk
m,q = v

]
· Pr

[
Yk

m,q = v
]

=
∑

v∈V
v · Pr

[
Yk

m,q = v
] = E

[
Yk

m,q

]
.

Hence, we complete the proof of Proposition 3.
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