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Abstract— With a massive number of Internet-of-Things (IoT)
devices connecting with the Internet via 5G or beyond 5G
(B5G) wireless networks, how to support massive access for
coexisting cellular users and IoT devices with quality-of-service
(QoS) guarantees over limited radio spectrum is one of the
main challenges. In this paper, we investigate the multi-operator
dynamic spectrum sharing problem to support the coexistence
of rate guaranteed cellular users and massive IoT devices. For
the spectrum sharing among mobile network operators (MNOs),
we introduce a wireless spectrum provider (WSP) to make
spectrum trading with MNOs through the Stackelberg pricing
game. This framework is inspired by the active radio access
network (RAN) sharing architecture of 3GPP, which is regarded
as a promising solution for MNOs to improve the resource
utilization and reduce deployment and operation cost. For the
coexistence of cellular users and IoT devices under each MNO,
we propose the coexisting access rules to ensure their QoS
and the priority of cellular users. In particular, we prove the
uniqueness of the Stackelberg equilibrium (SE) solution, which
can maximize the payoffs of MNOs and WSP simultaneously.
Moreover, we propose an iterative algorithm for the Stackelberg
pricing game, which is proved to achieve the unique SE solution.
Extensive numerical simulations demonstrate that, the payoffs
of WSP and MNOs are maximized and the SE solution can be
reached. Meanwhile, the proposed multi-operator dynamic spec-
trum sharing algorithm can support more than almost 40% IoT
devices compared with the existing no-sharing method, and the
gap is less than about 10% compared with the exhaustive method.

Index Terms— 5G/B5G, IoT devices, cellular users, spectrum
sharing, Stackelberg pricing game, massive access.

I. INTRODUCTION

W ITH the significant development of wireless networks,
tens of billions of Internet-of-Things (IoT) devices
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will access the next-generation mobile communication net-
works, i.e., fifth generation (5G) or beyond 5G (B5G), for
realizing advanced applications, such as smart city manage-
ment, unmanned environmental monitoring and collaborative
Intelligent Transportation Systems (ITS) [1]–[5]. According to
the recent 5G IoT report [6], up to 20.8 billion IoT devices
will be in use worldwide by 2020 and the IoT market will
grow to over 3 trillion annually by 2026, which is due to
increased industry focus and the IoT technologies from the
third-generation partnership project (3GPP) standardization.

As the access number of IoT devices explodes in 5G/B5G
wireless networks, one main challenge for mobile network
operators (MNOs) lies in accommodating the fast-growing
traffic services generated by both high-speed cellular users and
massive IoT devices over limited radio spectrum, considering
the quality-of-service (QoS) guarantees and cost issues [7],
[8]. Recent research [9] reports that, for a typical European
cellular operator, network sharing could reduce more than 50%
of infrastructure cost in 5G deployment. In Release 14 [10],
3GPP proposed a novel radio access network (RAN) sharing
architecture named active RAN sharing, in which a master
operator was designated as the only entity to manage the
resource shared among the participating operators. Despite
its great potential, the network sharing would significantly
increase the implementation complexity of wireless systems
for multiple MNOs. How to quickly access a large number of
cellular users coexisting with massive IoT devices and allocate
the required spectral bandwidth for them in a multi-operator
spectrum sharing architecture is still an open problem [11].

Different from conventional spectrum sharing among cellu-
lar users, there are two main characteristics for the spectrum
sharing of massive IoT devices in 5G/B5G wireless networks.
The first characteristic lies in the traffic model, i.e., conven-
tional spectrum sharing technologies are mainly developed
for downlink long-packet communications from a base sta-
tion (BS) to mobile devices. However, the future spectrum
sharing of IoT devices in 5G/B5G wireless networks will be
dominated by uplink short-packet communications from end
devices (EDs) to the BS, which requires the scheme design
of spectrum sharing of massive IoT devices to consider the
realtime massive uplink traffic distribution [12]. The second
characteristic lies in the IoT device class, i.e., the massive IoT
devices are expected to be cheap and thus usually have limited
signal-processing capabilities and un-rechargeable batteries.
This difference requires simple and efficient scheme design
for IoT spectrum sharing to reduce both the scheme com-
puting complexity and energy consumption at EDs. Based on
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above considerations, we investigate a multi-operator spectrum
sharing problem to support the coexistence of cellular users
and massive IoT devices with guaranteed QoS. Inspired by
the active RAN sharing architecture of 3GPP, we introduce
a wireless spectrum provider (WSP), as the only third party
designated by MNOs, to manage the shared spectrum pool.
Due to the scarcity of radio spectrum resources, we adopt
the market-based pricing scheme to achieve effective and fair
resource allocation [13]. Hence, we propose a Stackelberg
pricing game to formulate the spectrum trading between the
WSP and MNOs, which can incorporate the cyclic dependency
between the bandwidth purchase problems of MNOs and the
unit bandwidth pricing of the WSP. Specifically, the leader
(i.e., WSP) can maximize its payoff by adjusting the band-
width price, and the followers (i.e., MNOs) dynamically adjust
the amount of required bandwidth to maximize their payoffs,
which are based on the bandwidth price and the service fees
from cellular users and IoT devices. In order to guarantee the
access priority of cellular users as well as the QoS of cellular
users and IoT devices, we propose the coexisting access rules.
Due to the simplicity of IoT devices, we introduce a truncated
channel inversion power control scheme for the EDs, which is
usually used in massive IoT networks [14], [15]. Furthermore,
we propose an iterative algorithm for the Stackelberg pricing
game, which is proven to quickly achieve the Stackelberg
equilibrium, i.e., a spectrum sharing agreement including an
optimal bandwidth price for the WSP and bandwidth allocation
plans for MNOs.

We highlight the novelty and contributions compared with
the previous works in three-fold:

• Stackelberg pricing game framework: We propose a
Stackelberg pricing game framework for spectrum pric-
ing, spectrum sharing, and coexisting access. The frame-
work consists of a unit bandwidth pricing control for
the leader (i.e., WSP) and the required bandwidth opti-
mization for followers (i.e., MNOs), which solves the
spectrum trading problem between the WSP and MNOs
in the coexisting access scenario of cellular users and IoT
devices.

• Optimal spectrum allocation and coexisting access rules:
To quickly achieve a spectrum sharing agreement, we pro-
pose an iterative algorithm for the Stackelberg pricing
game to optimize the payoffs of the WSP and MNOs.
To solve the coexistence problem of cellular users and
IoT devices, we propose coexisting access rules and
analyze their transmission rates using stochastic geometry
techniques.

• Theoretical proof and optimality: We prove the existence
and uniqueness of the equilibrium point for the Stackel-
berg pricing game. The proposed algorithm is shown to
converge to the equilibrium solution from a theoretical
point of view.

The remainder of the paper is organized as follows.
Section II reviews the related works. Section III describes the
system model and spectrum sharing framework. Section IV
provides the performance analysis. Section V and Section VI
introduce the Stackelberg pricing game formulation and solu-

TABLE I

SUMMARY OF IMPORTANT SYMBOLS

tion, respectively. Section VII presents the simulation results.
Section VIII concludes the paper. In addition, a list of impor-
tant symbols in the paper is shown in Table I.

II. RELATED WORKS

Recently, multi-operator network sharing has gradually
become a consensus. In 3GPP Release 10, the concept of
network sharing was first introduced to allow multiple MNOs
to share their physical networks. The early development of
network sharing was referred to as passive RAN sharing
[10], which mainly focused on the infrastructure sharing of
multiple MNOs. In Release 14, 3GPP introduced a new
architecture named active RAN sharing, in which multiple
MNOs can share their spectrum resources and core network
equipments based on a network sharing protocol, including
mutual agreements on legal, financial, and joint operations.
Dynamic spectrum sharing, as a technology proposed in 3GPP
Release 15, allowed the deployment of both 4G long term
evolution (LTE) and 5G new radio (NR) in the same frequency
band, and dynamically allocated spectrum resources between
the two technologies based on user demands for MNOs.

Moreover, wireless network virtualization is also regarded as
an emerging network paradigm to enable sharing of infrastruc-
ture and radio spectrum resources, and reduce overall expenses
of wireless network deployment and operation [16]. It con-
sists of four main components, i.e., radio spectrum resource,
wireless network infrastructure, wireless virtual resource, and
wireless virtualization controller. In [17], the authors reviewed
3GPP’s network sharing standardized functionality, and con-
cluded that future mobile networks will increasingly involve
advanced virtualization solutions, opening the market to a wide
range of new business models. In [18], Danda et al. formu-
lated a three-layer game for wireless infrastructure providers,
mobile virtual network operators, and IoT devices (or end
users). Furthermore, in [19], the authors proposed an iterative
algorithm for the three-layer game model and analyzed the
uniqueness of the equilibrium point. How to design fast and
efficient algorithms for the spectrum sharing massive IoT
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Fig. 1. A multi-operator dynamic spectrum sharing scenario with coexisting
access of cellular users and massive IoT devices.

devices, where the user demands change in real time, is still
an issue.

Recently, there are also some starting researches on spec-
trum sharing of multiple operators [20]–[22]. In [23], Yu
et al. introduced a fully-decoupled RAN architecture for 6G
inspired by neurotransmission, in which multiple MNOs in
the local area can trade spectrum in real time through the
proposed Cybertwin-aided transmission service. In [24], Xiao
et al. proposed a spectrum pooling system with both primary
users and secondary users, and developed a hierarchical game
theoretic model for them. In [25], the authors introduced a
multi-operator network sharing framework that supports the
coexistence of IoT devices and high-speed cellular services.
However, how to quickly realize the multi-operator dynamic
spectrum sharing with coexisting access of cellular users
and massive IoT devices has not been studied. Zhai et al.
[26] jointly solved user scheduling and power control to
investigate the access delay minimization problem for the
uplink non-orthogonal multiple access (NOMA) networks with
massive IoT devices. Moussa and Zhuang [27] presented a
novel NOMA-enabled two-stage transmission architecture for
massive cellular IoT communications. They jointly exploited
queuing theory and stochastic geometry to derive tractable
models under different network parameters. In [28], Singh
et al. designed a coordination protocol acting on the level of
the RAN. The non-cooperative protocol was applicable when
the operators formed a spectrum pool and mutually rented
spectrum based on a set of negotiation rules.

III. SYSTEM MODEL AND SPECTRUM SHARING

FRAMEWORK

We investigate a multi-operator dynamic spectrum sharing
scenario that supports the coexistence of cellular users and

massive IoT devices. As shown in Fig. 1, we assume that there
are M MNOs controlling their own BSs in a local area. Within
the coverage of each MNO, cellular users and IoT devices
simultaneously use the licensed frequency band for uplink
transmission. A WSP, as the only third party, is designated
by MNOs to manage the shared spectrum pool, who does
not directly lease out its spectrum to the end users. The
detailed multi-operator dynamic spectrum sharing scenario is
introduced as follows:

• Spectrum Pool: The WSP, as a spectrum pool manager,
can merge all the spectrum of MNOs to form a common
pool for these shared MNOs to use.

• Spectrum Trading: The spectrum of these M MNOs
is controlled by the WSP, who can trade the spectral
bandwidths in real time through spectrum trading.

• Coexisting Access Rules: Each cellular user adopts
orthogonal subchannels without affecting each other, and
the IoT device randomly multiplexes some subchannels
for transmission. These cellular users and IoT devices
can access the networks and be charged by the MNOs
only if their transmission rates exceed a certain thresh-
old, respectively. Additionally, each MNO gives access
priority to cellular users, and then considers IoT devices.

A. Network Model

Let the required spectral bandwidth of MNO m be Bm

for m ∈ M and the maximum spectral bandwidth owned by
the WSP be Bmax. It is easy to see that, when there are a
few cellular users and IoT devices under the MNOs, the WSP
cannot sell out its all spectral bandwidth Bmax. Denote Breq

as the total required spectral bandwidth for accessing all cel-
lular users and IoT devices under the MNOs. Then, we define
Btol � min{Breq, Bmax} as the total marketable spectral
bandwidth for the WSP. In the spectrum trading, denote P
as the price charged by WSP for each MNO (i.e., usage fee
in $ per unit of bandwidth). Considering the heterogeneity of
services, i.e., different QoS requirements, the two classes of
EDs (i.e., cellular users and IoT devices) should be charged at
different prices. Meanwhile, taking into account the fairness
of the system, we assume that each MNO charges the services
under a uniform charging standard. Hence, we denote Pc and
PI as the access prices charged by MNOs for each cellular
user and IoT device, respectively (i.e., fixed access fee in $
per user per unit of time). Moreover, when the budget of
each cellular user or IoT device is not enough to support
the communication cost, MNOs can reject the communication
request until it submits a more sufficient budget.

Since massive IoT devices usually only have uplink
transmission, such as enhanced machine-type communica-
tion (eMTC) [29], we consider the massive access problem
of IoT devices coexisting with cellular users in the uplink
transmission system. As usually used in IoT networks [14],
[15], we apply a full path-loss inversion power control at
all IoT devices to solve “near-far" problem, where each IoT
device controls its transmit power by compensating for its own
path-loss to maintain the average received signal power in
the BS equaling to a same threshold ρ. In our framework,
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the transmission powers of cellular users and IoT devices are
regulated by the truncated channel inversion power control
model, which is widely used in the uplink transmission [30],
[31], i.e., the received signal power is required to equal a
certain receive power threshold ρi, i = c, r, for cellular users
and IoT devices, respectively. Once the user or device is too
far away from the BS to keep the average received signal
power equal to the prescribed threshold, the communication
request will be interrupted by the MNOs, which is called the
truncation outage. Only requests sent from cellular users and
IoT devices that reach the specified receive power and budget
constraint are considered as legitimate communication requests
by MNOs.

B. Transmission and Channel Model

We investigate a general power-law path-loss model with
the decay rate d−η, where d indicates the distance between
transmitter and receiver, and η > 2 represents the path-loss
exponent. In particular, we denote ηc and ηr as the path-
loss exponents of cellular users and IoT devices, respectively.
According to the aforementioned truncated channel inversion
power control, the received signal power is ρi, i = c, r, for
cellular users and IoT devices, respectively. Hence, we can
express the received power as ρih, with h being the channel
gain. Here, we consider a Rayleigh fading channel and h ∼
exp(1) [32].

Suppose that the available spectral bandwidth for the BS
of MNO m ∈ M consists of F subchannels, each of which
has spectral bandwidth Bm

F . Meanwhile, the cellular users and
IoT devices have different spectrum allocation schemes, which
are usually introduced in cellular LTE networks [33]. For the
cellular users, we assume that the BS schedules the spectrum
resources in a round-robin (RR) manner, which results in an
equal sharing of spectrum resources for these users. For the
IoT devices, each one randomly chooses k out of F subchan-
nels as candidates and accesses each of the k subchannels with
probability pm, which means that it can multiplex multiple
subchannels simultaneously for transmission. Based on this
allocation scheme, the probability of selecting the subchannel

l ∈ {F} as a candidate is pl = Ck
F −Ck

F−1

Ck
F

= k
F and the access

probability is plpm.

C. A Dynamic Spectrum Sharing Framework in 5G/B5G

In the light of [33], we propose a dynamic spectrum sharing
framework, which is composed of two levels: the MNOs
(followers) required bandwidth optimization and the WSP
(leader) unit bandwidth pricing control, as shown in Fig. 2.

1) Required Bandwidth Optimization for the Followers:
Each MNO chooses an optimal amount of required bandwidth
based on its utility maximization, which jointly considers the
bandwidth price and its own load conditions (i.e., the numbers
of cellular users and IoT devices), and feeds it back to the
WSP. According to the coexisting access rules, the MNOs
preferentially access the cellular users, who can be charged at
price Pc only if the transmission rate is larger than threshold
Rc,0. For IoT devices, they are allowed to randomly mul-
tiplex channels only after cellular users are all connected.

Fig. 2. A Stackelberg pricing game framework for pricing, spectrum sharing,
and coexisting access.

It will be charged at price PI when the transmission rate
exceeds threshold RI,0. Thus, the MNOs first publish the
rate thresholds and access prices. Then, the cellular users
and IoT devices determine whether to send access requests.
Subsequently, the MNOs can solve the required bandwidth
optimization problems based on their own loads.

2) Unit Bandwidth Pricing Control for the Leader: In order
to allocate the spectrum resources reasonably, WSP conducts
spectrum trading with MNOs through controlling the unit
bandwidth price P . After collecting all feedbacks from MNOs,
the WSP develops an optimal bandwidth price based on its
own benefit maximization.

Hence, we apply a Stackelberg pricing game to model the
dynamic pricing of WSP and dynamic spectrum sharing of
MNOs. Meanwhile, we use the backward induction to analyze
the Stackelberg equilibrium solution.

IV. PERFORMANCE ANALYSIS

Note that, the authorized frequency bands of MNOs are
orthogonal. When each MNO deploys its own BSs, neighbour-
ing BSs are assigned different groups of channels in cellular
system, which leads to independency of BSs with each other
in a local area. Then, the bandwidth requirement amount of the
MNO is the sum of its all BSs’ required bandwidth. Therefore,
we only analyze the situation that each MNO controls one BS.
In this section, we take MNO m as an example to conduct
performance analysis because the access model of cellular
users and IoT devices are the same for each MNO. Considering
that the future spectrum sharing of IoT devices in 5G/B5G
wireless networks will be dominated by uplink short-packet
communications from EDs to the BS, we need to remodel
and analyze the traffic distributions of uplink transmission and
multiplexing. According to the coexisting access rules, we first
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analyze the transmission rates of cellular users and IoT devices
in two cases, i.e., coexisting and not coexisting with IoT
devices. Then, we formulate the optimization problems about
the maximum access numbers of cellular users and coexisting
IoT devices.

A. Average Transmission Rate of Cellular Users When Not
Coexisting With IoT Devices

For the case of no coexisting with IoT devices, there is no
interference for the transmission of cellular users. The signal-
to-noise ratio (SNR) of the receiver can be represented as:

SNRl
c =

Puhcd
−ηc
c

W0
=

ρchc

W0
,

where Pu is the transmit power of cellular users, hc is the
fading gain from its transmitter to the receiver and W0 denotes
the noise power. Using the techniques in stochastic geometry
[33], we can obtain the following result.

Proposition 1: The average spectrum efficiency of a cellular
user without IoT devices coexisting is given by

τ̄c,0 =
1

ln 2
exp
{

W0

ρc

}
E1

(
W0

ρc

)
,

where E1(x) =
∫∞

x
e−t

t dt is the exponential integral.
Proof: See Appendix A.

Note that, for the cellular users not coexisting with IoT
devices, the BS schedules the spectrum resources in a RR
manner and the probability for a user to be allocated a
subchannel l is 1

Nc
, where Nc is the number of users under

the BS. Thus, the average spectral bandwidth allocated to a
cellular user is derived as:

Bm,c =
F∑

l=1

Bm

F
· 1
Nc

=
Bm

Nc
.

Correspondingly, when not coexisting with IoT devices,
the average transmission rate of a cellular user is τm

c,0 =
Bm,cτ̄c,0.

B. Average Transmission Rate of Cellular Users When
Coexisting With IoT Devices

Since this paper considers the spectrum sharing among
multiple MNOs in a local area, there is no interference among
BSs because of the orthogonal spectrum division. Denote Nc

and NI as the numbers of cellular users and IoT devices
under the BS, respectively. When a cellular user accesses the
subchannel l, the interference comes from other IoT devices
reusing the same subchannel l in Φl

r. It should be noted that
the BS is the receiver of all cellular users and IoT devices.
Then, the aggregate interference suffered by the receiver is:

I l
c =

∑
Xi∈Φl

r

Prhrd
−ηr
r ,

where Pr is the transmit power of IoT device Xi, hr denotes
the fading gain from Xi to the BS, and dc represents the
distance from Xi to the BS. Similar to [30], we make the
following assumption to maintain the model tractability.

Assumption 1: The cellular users and IoT devices using the
same uplink subchannel are independent in spatial distribu-
tions.

In this case, the signal-to-interference-plus-noise ratio
(SINR) of the receiver can be represented as follows:

SINRl
c =

Puhcd
−ηc
c

I l
c + W0

=
ρchc

I l
c + W0

.

After getting the SINR, we can draw the following conclu-
sion based on the Shannon’s formula.

Proposition 2: The average spectrum efficiency of a cellular
user coexisting with IoT devices is given by

τ̄c =
1

ln 2

∫ ∞

0

1
v + 1

e−
W0
ρc

v

(
ρc

vρr + ρc

)NIpmpl

dv.

Proof: See Appendix B.
Since the BS schedules the spectrum resources for cellular

users in the same manner with the case of no IoT devices,
the allocated spectral bandwidth for the cellular users is also
Bm,c = Bm

Nc
. Correspondingly, the average transmission rate

of the cellular users is τm
c = Bm,cτ̄c.

C. Average Transmission Rate of IoT Devices When
Coexisting With Cellular Users

For an IoT device reusing a subchannel l, the interferers are
the cellular user in subchannel l (denoted as I l

cr) and other
IoT devices reusing the same subchannel l (denoted as I l

rr).
Then, the overall interference suffered by the IoT device in
subchannel l could be expressed as follows:

I l
r = I l

cr + I l
rr = Puhcd

−ηc
c +

∑
Xi∈Φl

rr

Prhrd
−ηr
r

= ρchc +
∑

Xi∈Φl
rr

ρrhr.

Correspondingly, we could derive the SINR of the IoT
device as follows:

SINRl
r =

Prhrd
−ηr
r

I l
r + W0

=
ρrhr

I l
r + W0

,

where hr is the fading gain from the transmitter to its receiver,
dr represents the distance between the IoT device and the BS.

Similar to the analysis for the cellular users, the average
spectrum efficiency for an IoT device coexisting with cellular
users is given as follows.

Proposition 3: The average spectrum efficiency of an IoT
device coexisting with cellular users is given by

τ̄r =
1

ln 2

∫ ∞

0

e−
W0
ρr

v ρr

vρc + ρr

(
1

v + 1

)NIpmpl

dv.

Proof: See Appendix C.
On the basis of the resource allocation schemes, the average

spectral bandwidth allocated to an IoT device is Bm,r =
kpmBm

F . Hence, the average transmission rate of the IoT
devices could be derived as τm

r = Bm,rτ̄r .
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D. Number of Cellular Access Users When Not Coexisting
With IoT Devices

After getting the average rates of cellular users and IoT
devices, we can derive the relationship between allocated
spectral bandwidth and the maximum number of coexisting
IoT devices.

First, when the spectral bandwidth Bm is scarce for MNO
m, the MNO preferentially guarantees the access of cellular
users. In this case, without the interference of IoT devices,
we can derive the average rate τm

c,0 of cellular users in MNO
m according to Proposition 1. Denote N as the positive integer
field and Nm,c ∈ N is the number of cellular access users
for MNO m. Hence, with a given spectral bandwidth Bm,
the maximum number of cellular access users can be obtained
by solving the following problem:

max
Nm,c

Nm,c

s.t. τm
c,0 ≥ Rc,0, 0 ≤ Nm,c ≤ N tol

m,c, Nm,c ∈ N, (1)

where Rc,0 is the required rate for cellular users, and N tol
m,c is

the total cellular users who require communications in MNO
m. Through solving problem (1), we can get the maximum
number of cellular access users as Nmax

m,c (Bm). Obviously,
the larger the spectral bandwidth Bm, the more cellular users
can access. Thus, for (1), there is a spectral bandwidth Bm,0

that just satisfies all cellular users, while the corresponding
rate just reaches the threshold Rc,0.

E. Coexisting Number of Cellular Users and IoT Devices

For the case of sufficient spectral bandwidth, after all
cellular users are served, MNO m begins to consider the
access of IoT devices. We can derive the average rate τm

c and
τm
r of cellular users and IoT devices in MNO m according

to Proposition 2 and Proposition 3, respectively. In order to
guarantee the QoS of cellular users and IoT devices, their
average rates are required to exceed thresholds Rc,0 and
RI,0, respectively. Since the BS is assumed to preferentially
guarantee the access of cellular users, in the case of known
spectral bandwidth Bm, the maximum number of coexisting
IoT devices can be obtained by solving the following problem:

max
Nm,I

Nm,I

s.t. τm
c ≥ Rc,0, τm

r ≥ RI,0,

0 ≤ Nm,I ≤ N tol
m,I , Nm,I ∈ N, (2)

where N tol
m,I is the total number of IoT devices requiring

communications under MNO m. Via solving problem (2),
we can get the maximum number of coexisting IoT devices
as Nmax

m,I (Bm).

V. STACKELBERG PRICING GAME FORMULATION

After deriving the performance analysis of access cellular
users and IoT devices in the cases of scarce and sufficient
spectral bandwidths, we first establish the utility definition
of WSP and MNOs, respectively. In order to incorporate the
dynamics of WSP and MNOs, we then formulate a Stackelberg
pricing game where the WSP is the leader and the MNOs are

followers, and formulate optimization problems to maximize
corresponding payoffs in each layer.

A. Payoff Maximization Sub-Game of WSP

Definition 1 (WSP Utility): Government bodies, such as
the Federal Communications Commission (FCC) in the US,
assign spectrum to WSP and collect licensing fees from WSP.
The WSP subleases its licensed spectrum to MNOs through
spectrum trading. Similar to [19], with given unit bandwidth
price P and required spectral bandwidth Bm of MNO m,
the utility of the WSP is quantified as follows:

Uw = rm − C =
P

2
·
(

min{
M∑

m=1

Bm, Btol}
)2

− C, (3)

where rm represents the payment charged from MNOs with
a unit bandwidth price P , and C is the licensing cost paid to
the regulatory agency, such as the FCC.

Layer 1: The Sub-Game of Leader: The WSP offers its
optimal price for its licensed spectrum to attract more MNOs
with an aim of maximizing its utility. The WSP strategically
chooses the pricing P by solving the WSP payoff maximiza-
tion sub-game (WPMS):

max
P

Uw(P ) =
P

2
·
(

min{
M∑

m=1

B∗
m(P ), Btol}

)2

− C

s.t. P ≥ 0, (4)

where B∗
m(P ) is the optimal bandwidth requirement of MNO

m with a given price P .

B. Payoff Maximization Sub-Game of MNOs

Definition 2 (MNOs Utility): As previous arguments, each
MNO charges the access of cellular users and IoT devices
according to the coexisting access rules. For MNO m, when
the spectral bandwidth Bm ≤ Bm,0, only cellular users can
be served and the maximum number is Nmax

m,c through solving
problem (1). When the spectral bandwidth Bm > Bm,0, IoT
devices can be served coexisting with cellular users and the
maximum number of IoT devices is Nmax

m,I through solving
problem (2). Assuming the total number of cellular users is
N tol

m,c, with a given bandwidth price P , the payoff of MNO m
can be expressed as the payment charged from its users minus
the spectral bandwidth payment paid to the WSP:

Um

=

⎧⎪⎨
⎪⎩

Pc · Nmax
m,c − P

2
· B2

m, for Bm ≤ Bm,0,

Pc · N tol
m,c + PI · Nmax

m,I − P

2
· B2

m, for Bm > Bm,0,

(5)

where Pc and PI represent the price per user for cellular users
and IoT devices, respectively.

Layer 2: The Followers Sub-Game: In this sub-game,
each MNO tries to submit suitable bandwidth requirement
to maximize its payoff based on the announced price P
by the WSP and its own load condition. Hence, the MNOs

Authorized licensed use limited to: University of Waterloo. Downloaded on May 08,2021 at 00:10:58 UTC from IEEE Xplore.  Restrictions apply. 



QIAN et al.: MULTI-OPERATOR SPECTRUM SHARING FOR MASSIVE IoT COEXISTING IN 5G/B5G WIRELESS NETWORKS 887

payoff maximization sub-game (MPMS) is formulated as the
following three tuples:

MPMS = 〈M, {Sm}m∈M,Um(·)〉,
where M = {1, 2, · · · , M} is the set of MNOs who are the
players in layer-2 sub-game, Sm is the set of actions that the
player could take, i.e., the required bandwidth of MNO m,
and Um(·) is the payoff that maps the outcome for a chosen
action of player MNO m.

Considering the coexisting access rules for cellular users
and IoT devices, we can calculate Bm,0 as the smallest
bandwidth of MNO m for accessing all cellular users. Then,
we have two situations for the MPMS, i.e., the scarce band-
width situation (Bm ≤ Bm,0) and sufficient bandwidth situa-
tion (Bm > Bm,0), which are named MPMS-1 and MPMS-2,
respectively. For the scarce bandwidth situation, we have the
following MPMS-1:

max
Bm

U1,m(Bm) = Pc · Nmax
m,c (Bm) − P

2
· B2

m

s.t. Bm ≤ Bm,0, (6)

where Nmax
m,c (Bm) is the optimal solution of problem (1) for a

given bandwidth Bm. In the following, we denote the optimal
solution of MPMS-1 as B∗

1,m, N∗
m,c � Nmax

m,c (B∗
1,m), and

U∗
1,m � U1,m(B∗

1,m).
Similarly, for the case of sufficient bandwidth, MPMS-2 can

be formulated as:

max
Bm

U2,m(Bm) = Pc · N tol
m,c + PI ·Nmax

m,I (Bm) − P

2
·B2

m

s.t. Bm > Bm,0, (7)

where N tol
m,c is the total number of cellular users under MNO

m, and Nmax
m,I (Bm) is the maximum coexisting number of IoT

devices for a given bandwidth Bm by solving problem (2). In
the following, we denote the optimal solution of MPMS-2 as
B∗

2,m, N∗
m,I � Nmax

m,I (B∗
2,m), and U∗

2,m � U2,m(B∗
2,m).

Then, we can obtain the optimal required spectral bandwidth
B∗

m of MPMS by comparing U∗
1,m and U∗

2,m.

VI. SOLUTION AND UNIQUE EQUILIBRIUM

Since the payoffs of MNOs rely on the bandwidth price
announced by the WSP, we use the backward induction
approach to find the equilibrium solution. We first solve the
optimal strategy of MNOs in Layer-2 sub-game. Then, we use
the optimal solution of MNOs to find the best pricing strategy
of WSP in Layer-1 sub-game. Finally, we show the existence
of equilibrium point in the Stackelberg pricing game.

A. Optimal Solution for MPMS-1 of MNOs

When the required spectral bandwidth keeps growing from
zero, more and more cellular users can be served. As Bm,0

is the smallest spectral bandwidth for MNO m to access all
N tol

m,c cellular users, we can deduce that Bm,0 is the spectral
bandwidth that enables the rates of all cellular users just meet
the threshold Rc,0.

Lemma 1: The solution of problem (1) is Nmax
m,c =

Bm exp{W0
ρc

}E1(W0
ρc

)
ln 2·Rc,0

, for Bm ≤ Bm,0.

Proof: From Proposition 1, the average transmission rate
of a cellular user without IoT devices coexisting is:

τm
c,0 = Bcτ̄c,0 =

Bm

Nm,c

1
ln 2

exp
{

W0

ρc

}
E1

(
W0

ρc

)
,

where E1(x) =
∫∞

x
e−t

t dt. When accessing all cellular users
in MNO m (i.e., Nm,c = N tol

m,c), we can derive the spectral
bandwidth Bm,0 from the constraint τm

c,0 ≥ Rc,0 as follows:

Bm ≥ Rc,0N
tol
m,c ln 2

exp
{

W0
ρc

}
E1

(
W0
ρc

) � Bm,0. (8)

Then, for problem (1), we have the following inequality from
the constraint τc,0 ≥ Rc,0:

Nm,c ≤
exp
{

W0
ρc

}
E1

(
W0
ρc

)
Rc,0 ln 2

· Bm � H · Bm. (9)

Hence, the solution of problem (1) can be formulated as:

Nmax
m,c = H · Bm, Bm ≤ Bm,0.

After getting Bm,0 and Nmax
m,c = H · Bm from (8) and (9),

the payoff of MNO m for scarce spectral bandwidth is:

Um(Bm) = Pc · H · Bm − P

2
· B2

m, Bm ≤ Bm,0.

Obviously, the unconstrained optimal solution is B∗
m = PcH

P .
When PcH

P > Bm,0, all cellular users can be served. In this
case, MNOs can use MPMS-2 to decide the spectral bandwidth
requirements. Thus, in MPMS-1, we only consider the case
of PcH

P ≤ Bm,0, and the corresponding optimal solution of
MPMS-1 is:

U∗
1,m =

(PcH)2

2P
,

PcH

P
≤ Bm,0, (10)

(N∗
m,c, B

∗
1,m) = (

PcH
2

P
,
PcH

P
),

PcH

P
≤ Bm,0. (11)

B. Optimal Solution for MPMS-2 of MNOs

Now, we turn to analyze the optimal solution of MPMS-2.
Lemma 2: The MNOs payoff maximization sub-game for

the case of sufficient spectral bandwidth (i.e., MPMS-2) can
be solved with linear complexity O(N tol

m,I).
Proof: Since Nmax

m,I (Bm) in (7) (i.e., the maximum coex-
isting number of IoT devices for a given spectral bandwidth
Bm) can be derived from problem (2), MPMS-2 in (7) can be
transformed into the following equivalent problem:

max
Nm,I ,Bm

U2,m = Pc · N tol
m,c + PI · Nm,I − P

2
· B2

m

s.t. Bm > Bm,0, 0 < Nm,I ≤ N tol
m,I ,

τm
c ≥ Rc,0, τm

r ≥ RI,0, Nm,I ∈ N. (12)

When constraints Nm,I > 0 and τm
c ≥ Rc,0 are satisfied, all

the cellular users in MNO m can access. Then, the constraint
Bm > Bm,0 is naturally satisfied and thus can be omitted.

In the following, to solve problem (12), we will first solve
the optimal Bm as B∗

2,m(Nm,I) for a given Nm,I and then
determine the optimal N∗

m,I .
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From Proposition 2, the average transmission rate of a
cellular user coexisting with IoT devices is:

τm
c =

Bm

N tol
m,c

1
ln 2

∫ ∞

0

1
v + 1

e−
W0
ρc

v

(
ρc

vρr + ρc

)Nm,Ipmpl

dv.

Meanwhile, from Proposition 3, the average transmission rate
of an IoT device coexisting with cellular users is:

τm
r = Bm,r τ̄

m
r

=
kpmBm

F · ln 2

∫ ∞

0

e−
vW0
ρr

ρr

vρc + ρr

(
1

v + 1

)Nm,Ipmpl

dv.

Denote function G(Nm,I) as follows:

G(Nm,I) �
Rc,0N

tol
m,c ln 2∫∞

0
1

v+1e−
W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

dv

. (13)

Then, we can deduce Bm ≥ G(Nm,I) from the constraint
τm
c (Nm,I , Bm) ≥ Rc,0 in (12). Similarly, denote function

K(Nm,I) as follows:

K(Nm,I) � RI,0F ln 2

kpm

∫∞
0

e−
vW0
ρr

ρr

vρc+ρr

(
1

v+1

)Nm,Ipmpl

dv

.

(14)

Thus, we have Bm ≥ K(Nm,I) from the constraint
τm
r (Nm,I , Bm) ≥ RI,0 in (12). We can see that G(Nm,I)

and K(Nm,I) are both strictly monotonically increasing with
respect to Nm,I .

Then, the constraints τm
c (Nm,I , Bm) ≥ Rc,0 and

τm
r (Nm,I , Bm) ≥ RI,0 can be transformed into Bm ≥

max{G(Nm,I), K(Nm,I)}. Meanwhile, because the objective
function in problem (12) decreases with respect to Bm for
fixed Nm,I , the optimal Bm is:

B∗
2,m(Nm,I) � max{G(Nm,I), K(Nm,I)}. (15)

Therefore, problem (12) can be equivalently reformulated as

max
Nm,I

PI · Nm,I − P

2
· (B∗

2,m(Nm,I)
)2

s.t. 0 < Nm,I ≤ N tol
m,I , Nm,I ∈ N. (16)

Notice that Nm,I is the one-dimensional integer. When
N∗

m,I is determined, B∗
2,m(N∗

m,I) is the optimal solution with
an analytical form (15). Hence, we can apply the exhaustive
method to obtain the optimal solution (N∗

m,I , B
∗
2,m) of prob-

lem (16) with linear complexity O(N tol
m,I).

After using Eqs. (10) and (15) to obtain the optimal solu-
tions B∗

1,m and B∗
2,m of problems MPMS-1 and MPMS-2,

respectively, we can derive the optimal spectral bandwidth
strategy of MNO m as {U∗

m, B∗
m} in MPMS, where U∗

m =
max{U∗

1,m, U∗
2,m},

B∗
m =

{
B∗

1,m, if U∗
1,m ≥ U∗

2,m,

B∗
2,m, if U∗

1,m < U∗
2,m.

(17)

It is worth noting that B∗
m is a function of price P .

C. Optimal Solution for WPMS of WSP

The WSP is assumed to offer a unit bandwidth price P
based on the optimal solution B∗

m in (17) for MPMS of MNOs.
Substituting (17) into WPMS (4), we can rewrite it as:

max
P

Uw(P ) =
P

2
·
(

min{
M∑

m=1

B∗
m(P ), Btol}

)2

− C

s.t. P ≥ 0. (18)

It is easy to see that B∗
m(P ) is monotonically decreasing

with respect to P . Thus, we propose an iterative pricing
algorithm (IPA) to solve the WPMS (18). The core idea of IPA
is gradually increasing price P to increase the WSP’s payoff
while ensuring that MNOs can use up the total marketable
spectral bandwidth Btol. Therefore, the increment in each
iteration is proportional to the difference between the required
spectral bandwidth of MNOs

∑M
m=1 B∗

m(P ) and the total
marketable bandwidth Btol. As a result, the iteration of unit
bandwidth price P is carried out by the WSP as follows:

Pn = Pn−1 + αn ·
(

M∑
m=1

B∗
m(Pn−1) − Btol

)
, (19)

where n is the iteration number and αn is the price adjustment
parameter. In order to avoid the case where the updated
P oscillates around the optimal price, we can reduce the
parameter αn gradually to guarantee the convergence.

It should be noted that the operating mechanism of the
multi-operator spectrum sharing architecture is as follows.
When the bandwidth requirement of end users varies, MNOs
and WSP will re-sign a spectrum sharing agreement, i.e., con-
duct Algorithm 1 to determine an equilibrium price and band-
width allocation plans based on the current load conditions
in the area. At the beginning of Algorithm 1, MNOs first
observe their current loads, i.e., the numbers of cellular users
and IoT devices that send the communication requests. In
the iterative process of Algorithm 1, the WSP and MNOs
only pass instructions between each other, which include the
proposed bandwidth price of WSP and bandwidth purchase
plans of MNOs. Only after an equilibrium price and bandwidth
allocation plans are determined, i.e., the sharing agreement is
achieved, the wireless spectrum resources will be authorized
to the corresponding MNOs at the bandwidth price obtained.

D. Stackelberg Equilibrium and Optimality of the Algorithm

Definition3 (Stackelberg Equilibrium): The strategy profile
{P ∗, B∗

m} is a Stackelberg equilibrium (SE) if for the WSP
and each MNO m ∈ M , P ∗ and B∗

m are optimal control
strategies when others’ strategies are given.

We can see that, in this model, the SE is also a Nash
equilibrium, where no one would benefit through making a
unilateral change of strategy. To achieve the SE, a backward
induction method is utilized to analyze the proposed game,
which captures the cyclic dependency between MNOs and
the WSP. We first provide some properties for the optimal
solution of MPMS, and then show the condition that the
optimal solution of WPMS should meet. Finally, based on the
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Algorithm 1: Iterative Pricing Algorithm (IPA)

Input: P1, Pc, PI , Rc,0, RI,0, Btol, Nm,c, Nm,I ,
m = 1, · · · , M , stopping tolerance ε.

Output: Spectral bandwidth price P ∗, the optimal values
of MNO payoff Um and WSP payoff Uw.

1 for iteration n = 1, 2, · · · do
2 for MNO m = 1, · · · , M do
3 For spectral bandwidth price Pn, MNO solves

MPMS-1 and MPMS-2 to get (17);
4 Use (5) to calculate MNO payoff Um;
5 end
6 The WSP uses (3) to calculate its payoff Uw;
7 Update the spectral bandwidth price Pn+1 using (19);
8 if |Pn+1 − Pn| ≤ ε then
9 No price change announcement to MNOs and an

optimal Stakelberg equilibrium is reached. STOP;
10 else
11 Announce Pn+1 to MNOs and go to Step 1;
12 end
13 end

Fig. 3. Coexisting number of IoT devices versus bandwidth.

Fig. 4. Coexistence of cellular users and IoT devices at different bandwidths.

condition of the optimal solution of WPMS, the proposed IPA
is proven to converge to the SE.

Lemma 3: The optimal solution B∗
m of MPMS is strictly

decreasing with respect to the bandwidth price P .
Proof: See Appendix D.

Fig. 5. Coexisting number of IoT devices versus bandwidth.

Before presenting the condition of the optimal solution of
WPMS in problem (18), we first give some properties of
functions G(Nm,I) and K(Nm,I) in MPMS-2.

Lemma 4: For the optimal solution N∗
m,I of MPMS-2,

G(N∗
m,I) and K(N∗

m,I) satisfy{
G′(N∗

m,I)
2 + G(N∗

m,I) · G′′(N∗
m,I) > 0,

K ′(N∗
m,I)

2 + K(N∗
m,I) · K ′′(N∗

m,I) > 0,
(20)

where G′, K ′ and G′′, K ′′ represent the first and second
derivatives of function G(·) and function K(·) in (13) and
(14), respectively.

Proof: See Appendix E.
The following theorem gives the condition of the optimal

solution of WPMS in (18).
Theorem 1: Suppose that the price P̄ satisfies the condition∑M
m=1 B∗

m(P̄ ) = Btol with B∗
m(P̄ ) given by MPMS. Then,

P̄ is the optimal solution of WPMS.
Proof: See Appendix F.

According to Lemma 3, B∗
m(P ) is strictly decreasing with

respect to price P . Combining with Theorem 1, we can
gradually increase or decrease the bandwidth price P to reach
the optimal condition

∑M
m=1 B∗

m(P̄ ) = Btol, which unveils
the optimality of Algorithm 1 to reach the SE.

VII. NUMERICAL ANALYSIS

Consider a multi-operator dynamic spectrum sharing sce-
nario that supports the coexistence of cellular users and mas-
sive IoT devices under 3 MNOs and 1 WSP. Each MNO owns
one BS in the local area. The cellular users and IoT devices
access each MNO by obeying the coexisting access rules with
the required rate Rc,0 = 1 Mbps and RI,0 = 0.1 Mbps. The
access prices of a cellular user and an IoT device are fixed
as $10 and $1, respectively. In the simulation setup, we set
the receive power threshold of cellular users and IoT devices
to be ρc = −70 dBm and ρr = −80 dBm, respectively. The
noise power W0 = −90 dBm, path-loss exponents γc = 3,
γr = 4, and the channel gain h ∼ exp(1). The number of
subchannels F = 20, and the maximum spectral bandwidth of
WSP Bmax = 300 MHz. Each IoT device randomly selects
4 subchannels as candidates (i.e., k = 4) and medium access
probability is pm = 0.5. For the WSP, the initial bandwidth
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Fig. 6. Payoffs of three MNOs during the iterations of IPA in lightly CA.

Fig. 7. Variation in the coexisting number of IoT devices for three MNOs
in lightly CA.

Fig. 8. Variation in the required bandwidths of three MNOs in lightly CA.

price is assumed to be $0.25 per MHz, the spectrum fee paid
to the FCC is C = $100, and the price adjustment parameter
is αn = 0.00005.

1) Performance Comparison in Different Situations: To eval-
uate the performance of the proposed algorithm under different
situations, we simulate three different crowded areas (CAs),
where the total numbers of cellular users in MNOs are N tol

c =
{10, 20, 30} for lightly crowded area, N tol

c = {20, 40, 60} for
moderately crowded area, and N tol

c = {30, 60, 90} for heavily
crowded area. The total number of IoT devices is 1000 for all
situations. Then, as shown in Fig. 3, we plot the coexisting
number of IoT devices through the proposed algorithm, the no-

Fig. 9. Variation in the payoff of the WSP.

Fig. 10. Variation in the bandwidth price of the WSP.

Fig. 11. The payoff of the WSP versus bandwidth price.

sharing scheme, and the exhaustive method (i.e., globally
optimal solution). The proposed algorithm can improve almost
50%, 30% and 10% in the three CAs compared with the
no-sharing scheme. Also, there is less than about 10% gap
between the proposed algorithm (i.e., Stackelberg equilibrium)
and the exhaustive method (which is not applicable to real-time
spectrum sharing scenarios).

2) Performance Analysis of the Coexisting Access Rules: We
have plotted the maximum number of IoT devices that a BS
can access under different spectral bandwidths, i.e., 100, 200
and 300 MHz. As shown in Fig. 4, the larger the spectral
bandwidth is, the more IoT devices can access. Meanwhile,
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when there are more cellular users, the fewer IoT devices
can coexist. Similarly, we plot Fig. 5 to show the maximum
number of IoT devices which can access the networks under
different numbers of cellular users, i.e., N tol

c = {10, 30, 60}.
When the bandwidth is low, MNOs are preferred to satisfy
cellular users. When the bandwidth is large, the number of
IoT devices increases as the bandwidth increases. The more
cellular users there are, the fewer number of coexisting IoT
devices there will be.

3) Performance of the MNOs: In the following iteration,
we display the situation of lightly crowded area to show the
effectiveness and convergence of the proposed algorithm. First,
the variation of expected payoffs of MNOs is shown in Fig. 6.
It is easy to see that each MNO payoff is increasing until it
converges. Next, we exhibit the variation of coexisting number
of IoT devices versus iterations in Fig. 7. Finally, the variation
of MNOs’ required bandwidth versus iterations of IPA is
plotted in Fig. 8. As the bandwidth price changes from high to
low, MNOs purchase more and more bandwidths, which makes
the coexisting number of IoT devices gradually increase until
convergence.

4) Performance of the WSP: In Fig. 9, we plot the variation
of expected payoff of the WSP. As the bandwidth price
iterates, the WSP’s payoff gradually increases to convergence.
Next, the variation of bandwidth price versus the iterations
is shown in Fig. 10. The price gradually decreases from a
high initial price to the convergent solution. In order to verify
the optimality of the proposed algorithm, Fig. 11 illustrates
the payoff of WSP versus all the bandwidth prices. It can
be seen that there is a unique optimal price, and the iterative
algorithm can converge at the optimal Stackelberg equilibrium
where each sub-game reaches its equilibrium that maximizes
the payoffs of WSP and MNOs, respectively.

VIII. CONCLUSION AND FUTURE WORK

In this paper, we have investigated a multi-operator spec-
trum sharing problem to support the coexistence of massive
IoT devices and cellular users. Specifically, we have presented
a Stackelberg pricing game framework to model and analyze
the joint cyclic dynamic decision making problems among
the WSP, MNOs, cellular users and IoT devices. The MNOs
(i.e., followers) can maximize their payoffs by purchasing the
optimal bandwidth to maximize the access number of cellular
users and IoT devices, and the WSP (i.e., leader) maximizes
its payoff by attracting more bandwidth requests from MNOs.
The cellular users and IoT devices can access the networks
and be served by the MNOs based on the proposed coexisting
access rules. Based on the formulations, we have proposed an
iterative algorithm for the Stackelberg pricing game, which can
reach the equilibrium through iterating on WSP’s bandwidth
price. Furthermore, theoretical analysis and simulation results
have proven that the proposed algorithm can converge to the
Stackelberg equilibrium. In our future work, we will consider
the spectrum multiplexing among MNOs and apply NOMA
technologies to maximize the coexisting number of access IoT
devices to further improve the spectrum utilization.

APPENDIX

A. Proof of Proposition 1

Utilizing stochastic geometry techniques, we first deduce the
the complementary cumulative distribution function (CCDF)
pc(x, v) of the SNR of a cellular user as follows:

pc(x, v) = P(SNRl
c > v) = P

(
hc >

vW0

ρc

)
(i)
= exp

{
−vW0

ρc

}
,

where (i) recalls that hc ∼ exp(1).
According to the Shannon’s formula, we could calculate the

average spectrum efficiency of transmission for the cellular
users without IoT devices:

τ̄c,0 = E
[
log2(1 + SNRl

c)
]

=
∫ ∞

0

P
(
SNRl

c > 2t − 1
)
dt

=
∫ ∞

0

pc(x, 2t − 1)dt =
∫ ∞

0

1
(v + 1) ln 2

pc(x, v)dv

=
∫ ∞

0

1
(v + 1) ln 2

exp
{
−vW0

ρc

}
dv

=
1

ln 2
exp
{

W0

ρc

}
E1(

W0

ρc
),

where E1(x) =
∫∞

x
e−t

t dt is the exponential integral.

B. Proof of Proposition 2

Using stochastic geometry, we first deduce the CCDF
pc(x, v) of the SINR for a cellular user coexisting with IoT
devices as follows:

pc(x, v)

= P(SINRl
c > v) = P

(
hc >

v

ρc
(W0 + I l

c)
)

(i)
= exp

{
− v

ρc
(W0 + I l

c)
}

= exp
{
−vW0

ρc

}
LIl

c

(
v

ρc

)
,

where I l
c represents the interference from IoT devices on

subchannel l, (i) comes from hc ∼ exp(1), and LIl
c
(·) denotes

the Laplace transform of the interferences’ probability density
function. Define sc � v/ρc and let dr be the distance
between transfer and receiver. As we know Prd

−ηr
r = ρr

from the truncated channel inversion power control scheme.
Subsequently, it holds

LIl
c
(sc) = EIl

c
[e−scIl

c ] = EPr,hr,dr [e
−sc

�
Xi∈Φl

r
Prhrd−ηr

r ]
(i)
=

∏
Xi∈Φl

r

Ehr [e
−scρrhr ],

where (i) follows from Assumption 1. Combining with

Ehr [e
−scρrhr ] =

∫ ∞

0

e−scρrx · e−xdx =
1

scρr + 1
,

we can deduce

LIl
c
(sc) =

∏
Xi∈Φl

r

Ehr [e−scρrhr ] =
(

1
scρr + 1

)|Φl
r |

,

Authorized licensed use limited to: University of Waterloo. Downloaded on May 08,2021 at 00:10:58 UTC from IEEE Xplore.  Restrictions apply. 



892 IEEE JOURNAL ON SELECTED AREAS IN COMMUNICATIONS, VOL. 39, NO. 3, MARCH 2021

where |Φl
r| = NIpmpl represents the number of IoT devices

choosing subchannel l.
On the basis of the Shannon’s formula, we could calculate

the average spectrum efficiency of transmission for the cellular
users coexisting with IoT devices:

τ̄c = E
[
log2(1 + SINRl

c)
]

=
∫ ∞

0

P
(
SINRl

c > 2t − 1
)
dt

=
∫ ∞

0

pc(x, 2t − 1)dt =
∫ ∞

0

1
(v + 1) ln 2

pc(x, v)dv

=
∫ ∞

0

1
(v + 1) ln 2

exp
{
−vW0

ρc

}
LIl

c

(
v

ρc

)
dv

=
1

ln 2

∫ ∞

0

1
v + 1

e−
W0
ρc

v

(
ρc

vρr + ρc

)NIpmpl

dv.

C. Proof of Proposition 3

The CCDF pr(x, v) of the SINR for an IoT device coexist-
ing with cellular users is:

pr(x, v) = P(SINRl
r > v) = P

(
hr >

v

ρr
(W0 + I l

cr + I l
rr)
)

(i)
= exp

{
− v

ρr
(W0 + I l

cr + I l
rr)
}

= exp
{
−vW0

ρr

}
LIl

cr

(
v

ρr

)
LIl

rr

(
v

ρr

)
,

where I l
cr and I l

rr represent the interferences from the cellular
user and IoT devices on subchannel l, respectively, (i) follows
from hr ∼ exp(1). Denote sr � v/ρr. Based on Assumption
1, we have

LIl
cr

(sr) = EIl
cr

[e−srIl
cr ] = Ehc [e

−srρchc ]

=
∫ ∞

0

e−srρcx · e−xdx =
1

srρc + 1
.

On the other hand, for LIl
rr

(sr), we have

LIl
rr

(sr) = EIl
rr

[e−srIl
rr ] = Ehr [e−sr

�
Xi∈Φl

rr
ρrhr ]

=
∏

Xi∈Φl
rr

Ehr [e−srρrhr ] =
∏

Xi∈Φl
rr

Ehr [e
−vhr ],

Subsequently, it follows

Ehr [e
−vhr ] =

∫ ∞

0

e−vx · e−xdx =
1

v + 1
.

Owing to the independence between IoT devices, we obtain

LIl
rr

(sr) =
∏

Xi∈Φl
rr

Ehr [e−srρrhr ] =
(

1
v+1

)|Φl
rr|

,

where |Φl
rr| = NIpmpl − 1 represents the number of other

interferers of IoT devices choosing subchannel l.
According to the Shannon’s formula, we could derive the

average spectrum efficiency of an IoT device when coexisting

with cellular users as follows:

τ̄r = E
[
log2(1 + SINRl

r)
]

=
∫ ∞

0

P
[
SINRl

r > 2t − 1
]
dt

=
∫ ∞

0

pr(x, 2t − 1)dt =
∫ ∞

0

1
(v + 1) ln 2

pr(x, v)dv

=
∫ ∞

0

1
(v + 1) ln 2

e−
W0
ρr

vLIl
cr

(
v

ρr

)
LIl

rr

(
v

ρr

)
dv

=
1

ln 2

∫ ∞

0

e−
W0
ρr

v ρr

vρc + ρr

(
1

v + 1

)NIpmpl

dv.

D. Proof of Lemma 3

Recalling the optimal solution B∗
m of MPMS in (17), we can

divide the monotonicity arguments of B∗
m into two cases,

i.e., B∗
m = B∗

1,m and B∗
m = B∗

2,m.
When B∗

m = B∗
1,m, the optimal solution of MPMS comes

from MPMS-1, i.e., B∗
m = PcH

P . We can conclude that B∗
m is

strictly decreasing with respect to the bandwidth price P .
When B∗

m = B∗
2,m, the optimal solution results from

MPMS-2. In order to prove its monotonicity, we assume
that there are two pairs of optimal solutions (N̂∗

m,I , B̂
∗
m) and

(Ň∗
m,I , B̌

∗
m) from MPMS-2 under different bandwidth prices

P̂ and P̌ , respectively. Without loss of generality, we suppose
that P̂ > P̌ . According to the optimality of MPMS-2 in
problem (16), we have:

PIN̂
∗
m,I −

P̂

2
(B̂∗

m)2 > PIŇ
∗
m,I −

P̂

2
(B̌∗

m)2,

PIŇ
∗
m,I −

P̌

2
(B̌∗

m)2 > PIN̂
∗
m,I −

P̌

2
(B̂∗

m)2.

Then, by adding the above two inequalities and doing simple
manipulations, we can derive that

P̂
[
(B̌∗

m)2 − (B̂∗
m)2
]

> P̌
[
(B̌∗

m)2 − (B̂∗
m)2
]
.

Recalling that P̂ > P̌ > 0, B̂∗
m > 0, and B̌∗

m > 0, the above
inequality means B̌∗

m > B̂∗
m, i.e., B∗

m is strictly decreasing
with respect to price P . As N∗

m,I is strictly increasing with
respect to B∗

m, we can conclude that N∗
m,I is also strictly

decreasing with respect to price P .

E. Proof of Lemma 4

Define N∗
m,I as the optimal solution of problem (16). We

first analyze the property of N∗
m,I . For the notation brevity,

let U(Nm,I) � PI · Nm,I − P
2 · (B∗

m(Nm,I))
2. According to

the definition of B∗
m(Nm,I) in (15), its derivative is

∂B∗
m(Nm,I)
∂Nm,I

=

{
G′(Nm,I), Case 1

K ′(Nm,I), Case 2,

where Case 1 and Case 2 correspond to G(Nm,I) ≥ K(Nm,I)
and G(Nm,I) < K(Nm,I), respectively. Then, the derivative
of U(Nm,I) is given by

U ′(Nm,I) � ∂U(Nm,I)
∂Nm,I

=

{
PI − P · G(Nm,I) · G′(Nm,I), Case 1

PI − P · K(Nm,I) · K ′(Nm,I), Case 2.
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For problem (16), constraint 0 < Nm,I ≤ N tol
m,I is equal to

0 < Nm,I < N tol
m,I + 1 for Nm,I ∈ N. In the following,

because the objective function in (16) is continuous with
respect to Nm,I , the integer constraint is reasonable to be
ignored when analyzing the property of the optimal solution
N∗

m,I . By introducing Lagrangian multipliers λ0 > 0 and
λ1 > 0 for constraint 0 < Nm,I < N tol

m,I + 1, the correspond-
ing Lagrangian function is L(Nm,I , λ0, λ1) = U(Nm,I) +
λ0 Nm,I + λ1(N tol

m,I + 1− Nm,I). Since the optimal solution
N∗

m,I is also a Karush-Kuhn-Tucker (KKT) point of problem
(16), N∗

m,I should satisfy the KKT condition [34]:

∂L(N∗
m,I , λ0, λ1)
∂Nm,I

= U ′(N∗
m,I) + λ0 − λ1 = 0,

together with the complementary slackness conditions
λ0 N∗

m,I = 0 and λ1(N tol
m,I + 1 − N∗

m,I) = 0. Due to
0 < N∗

m,I < N tol
m,I + 1, we have λ0 = λ1 = 0. As a

consequence, it holds U ′(N∗
m,I) = 0. Because

U ′′(Nm,I)

� ∂U ′(Nm,I)
∂Nm,I

=

{
−P
(
G′(Nm,I)2 + G(Nm,I) · G′′(Nm,I)

)
, Case 1

−P
(
K ′(Nm,I)2 + K(Nm,I) · K ′′(Nm,I)

)
, Case 2,

and U ′′(Nm,I) �= 0, U ′(N∗
m,I) = 0 defines N∗

m,I as an
implicit function of P . According to the implicit function
theorem (Theorem 5.14 in [35]), N∗

m,I is differentiable with
respect to P and

N ′
m,I

�
∂N∗

m,I

∂P
= −

(
∂U ′(N∗

m,I)
∂P

)
/U ′′(N∗

m,I)

=

⎧⎪⎪⎨
⎪⎪⎩
− G(N∗

m,I)G
′(N∗

m,I)

P
(
G′(N∗

m,I)2 + G(N∗
m,I) · G′′(N∗

m,I)
) , Case 1

− K(N∗
m,I)K′(N∗

m,I)

P(K′(N∗
m,I)2+K(N∗

m,I)·K′′(N∗
m,I)) , Case 2.

Invoking the definitions of G(Nm,I) and K(Nm,I) in
(13) and (14), we can get G(N∗

m,I) > 0, G′(N∗
m,I) > 0,

K(N∗
m,I) > 0 and K ′(N∗

m,I) > 0. Meanwhile, on the basis
of Lemma 3, N∗

m,I is strictly decreasing with respect to P ,
i.e., N ′

m,I < 0. Hence, (20) holds true.

F. Proof of Theorem 1

We first analyze the monotonicity of Uw(P ), which are
divided into two situations.

Situation 1: P ≤ P̄ .
According to definition of P̄ , i.e.,

∑M
m=1 B∗

m(P̄ ) = Btol,
and the fact that B∗

m(P ) is decreasing with respect to
P for each m ∈ M by Lemma 3, then we can derive∑M

m=1 B∗
m(P ) ≥ Btol. In this case, Uw(P ) = P

2 (Btol)2 −C,
which is obviously increasing with respect to P .

Situation 2: P > P̄ .
In this case, we have

∑M
m=1 B∗

m(P ) < Btol, which leads

to Uw(P ) = P
2

(∑M
m=1 B∗

m(P )
)2

− C. Then, the derivative

of Uw(P ) with respect to P is

U ′
w(P ) � ∂Uw(P )

∂P
=

1
2

(
M∑

m=1

B∗
m(P )

)(
M∑

m=1

Λm

)
, (21)

where Λm � B∗
m(P ) + 2P

∂B∗
m(P )
∂P . In the following, we will

prove Λm < 0, ∀m ∈ M .
Recalling the optimal solution of MNOs in (17), if B∗

m(P )
comes from MPMS-1, i.e., B∗

m(P ) = B∗
1,m(P ), it follows

from (11) that B∗
m(P ) = PcH

P . Then, it is easy to deduce
Λm = −PcH

P < 0.
If B∗

m(P ) comes from MPMS-2, i.e., B∗
m(P ) =

B∗
2,m(N∗

m,I(P )) with B∗
2,m(N∗

m,I(P )) given in (15), accord-
ing to the chain rule [36], we can obtain Λm as follows:

Λm = B∗
m(N∗

m,I(P )) + 2P
∂B∗

m(N∗
m,I(P ))

∂Nm,I
N ′

m,I .

Plugging B∗
m(Nm,I) in (15) and expressions of ∂B∗

m(Nm,I)
∂Nm,I

and N ′
m,I in Appendix E, we can obtain

Λm

=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

G(N∗
m,I)[G(N∗

m,I)G
′′(N∗

m,I)−G′(N∗
m,I)

2]
G′(N∗

m,I)2 + G(N∗
m,I)G′′(N∗

m,I)
, Case 3

K(N∗
m,I)[K(N∗

m,I)K
′′(N∗

m,I)−K ′(N∗
m,I)

2]
K ′(N∗

m,I)2 + K(N∗
m,I)K ′′(N∗

m,I)
, Case 4,

where Case 3 and Case 4 represent G(N∗
m,I) ≥ K(N∗

m,I) and
G(N∗

m,I) < K(N∗
m,I), respectively.

Recalling the definition of G(Nm,I) in (13) and using the
Leibniz integral rule [37] to exchange the order of integral and
derivative, we can deduce

G′(N∗
m,I)

= −Rc,0Nm,c ln 2

×
∫∞
0

ln( ρc
vρr+ρc

)
v+1 e−

W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

dv(∫∞
0

1
v+1e−

W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

dv

)2 ,

G′′(N∗
m,I)

= 2Rc,0Nm,c ln 2

×

(∫∞
0

ln( ρc
vρr+ρc

)
v+1 e−

W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

dv

)2

(∫∞
0

1
v+1e−

W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

dv

)3

−Rc,0

×
Nm,c ln 2

∫∞
0

ln2( ρc
vρr+ρc

)
v+1 e−

W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

dv(∫∞
0

1
v+1e−

W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

dv

)2 .
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Hence, we further have

G(N∗
m,I)G

′′(N∗
m,I) − G′(N∗

m,I)
2

=
(Rc,0Nm,c ln 2)2(∫∞

0
1

v+1e−
W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

dv

)4

×

⎡
⎢⎣
⎛
⎝∫ ∞

0

ln
(

ρc

vρr+ρc

)
v + 1

e−
W0
ρc

v

(
ρc

vρr + ρc

)Nm,Ipmpl

dv

⎞
⎠

2

−
∫ ∞

0

ln2
(

ρc

vρr+ρc

)
v + 1

e−
W0
ρc

v

(
ρc

vρr + ρc

)Nm,Ipmpl

dv

×
∫ ∞

0

1
v + 1

e−
W0
ρc

v

(
ρc

vρr + ρc

)Nm,Ipmpl

dv

⎤
⎥⎦ .

Based on the well-known Cauchy-Schwarz equality,
i.e., (

∫
f(v)g(v)dv)2 ≤ (

∫ |f(v)|2 dv)(
∫ |g(v)|2 dv), it imme-

diately yields G(N∗
m,I)G

′′(N∗
m,I) − G′(N∗

m,I)
2 ≤ 0 by

substituting |f(v)|2 by
ln2( ρc

vρr+ρc
)

v+1 e−
W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

and |g(v)|2 by 1
v+1e−

W0
ρc

v
(

ρc

vρr+ρc

)Nm,Ipmpl

. Observing

that f(v) and g(v) are not linearly dependent, we have
G(N∗

m,I)G
′′(N∗

m,I) − G′(N∗
m,I)

2 < 0. Combined with
Lemma 4, i.e., G′(N∗

m,I)
2 + G(N∗

m,I)G
′′(N∗

m,I) > 0 in (20),
we conclude Λm < 0 for Case 3. Following the similar
arguments, we also have Λm < 0 for Case 4. Consequently,
equality (21) implies U ′

w(P ) < 0. Therefore, when P > P̄ ,
Uw(P ) is decreasing with respect to the bandwidth price P .

On the basis of the above arguments of Situation 1 and
Situation 2, we can conclude that Uw(P ) should reach its
maximum at P̄ satisfying

∑M
m=1 B∗

m(N∗
m,I(P̄ )) = Btol.
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