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Abstract—Powering cellular networks with hybrid energy supplies is not only environment-friendly but can also reduce the on-grid

energy consumption, thus being emerging as a promising solution for green networking. Intelligent management of spectrum and power

can increase the network utility in cellular networks with hybrid energy supplies, usually at the cost of higher energy consumption. Unlike

prior studies on either the network utility maximization or on-grid energy cost minimization, this paper studies the joint spectrum and

power allocation problem that maximizes the system revenue in a heterogeneous small-cell network with hybrid energy supplies.

Specifically, the system revenue is considered as the difference between the network utility and on-grid energy cost. By developing the

convexity of the optimization problem through transformation and reparameterization, we propose a joint spectrum and power allocation

algorithm based on the primal-dual arguments to obtain the optimal solution by iteratively solving the primal and dual sub-problems of the

convex optimization problem. To solve the primal sub-problem, we further propose the Lagrangianmaximization based on the alternating

directionmethod of multipliers (ADMM), and derive the optimal solution in the closed-form expression at each iteration. It is shown that

the proposed joint spectrum and power allocation algorithm approaches the global optimality at the rate of 1=nwith n being the number

of iterations. Also, the proposed ADMM-based Lagrangianmaximization algorithm approaches the primal optimal solution with the time

complexity ofOð1=�rÞ iterations with �r being the termination parameter. Simulation results show that in comparisonwith the power

control with equal frequency allocation algorithm and frequency allocation with equal power allocation algorithms the proposed algorithm

increases the system revenue by over 20 and 60 percent without consumingmore on-grid energy when the proportional fairness utility

and the weighted sum rate utility are considered with the approximate system parameter settings, respectively. Meanwhile, in

comparison with the full frequency reuse case, the proposed algorithm increases the system revenue by 20 percent at least in terms

of the weighted sum rate utility, although it achieves the similar system revenue when considering the proportional fairness utility.

Simulation results also show that our proposed algorithm can performwell under the realistic fast fading channel conditions.

Index Terms—Resource allocation, hybrid energy supplies, heterogeneous small-cell networks, network utility maximization, energy cost

minimization

Ç

1 INTRODUCTION

MOBILE data traffic has been experiencing unprecedented
growth due to the proliferation of smart devices and

emerging social network services [1]. To accommodate the
over-increasing demands for mobile traffic, various kinds of
small-cell base stations, such as picocells, femtocells, and
perhaps relay base stations, have been densely underlaid in
a macro-cellular network to offload data from conventional

macro-cell base stations [2], [3], [4]. Despite the improved
spectrum efficiency, the massive deployment of small-cell
base stations has been accompanied by huge energy con-
sumption and considerable greenhouse gas (such as carbon)
emissions [5]. On the other hand, due to the remote loca-
tions, some small-cell base stations in rural areas cannot be
powered by on-grid energy [6]. To this end, energy harvest-
ing (EH) technology has been introduced into small-cell
networks for improving spectrum and energy efficiency [7],
[8], [9], [10]. Specifically, besides the conventional on-grid
energy supply, small-cell base stations are equipped with
EH devices (like solar panels or wind turbines) and harvest
renewable energy (such as solar, wind, thermoelectric, elec-
tro-mechanical, and ambient radio frequency energy) as
supplementary or alternative power sources [11].

Renewable energy, if properly managed, can be a sustain-
able and economical alternative. However, its scheduling
poses three significant challenges for network operation and
management. First, unlike the conventional on-grid power
supply, renewable energy arrives randomly and intermit-
tently in spatio-temporal domains, depending on theweather
conditions and the locations of EH small-cell base stations
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[13]. Thus, it is of practical importance to efficiently manage
energy utilization adaptive to the battery storage of renew-
able energy. Second, a heterogeneous small-cell network con-
sists of various base stations with hybrid energy supplies.
There exist conventional on-grid small-cell base stations
(CSBSs), off-grid small-cell base stations powered solely by
harvested renewable energy (RSBSs), and hybrid small-cell
base stations (HSBSs) jointly powered by harvested renew-
able energy and on-grid energy. This implies that we have to
take into account the individual operating characteristics of
each small-cell base station when designing the efficient
energy management strategy. Finally, due to the non-uni-
form distribution of mobile users, the traffic load might not
be in accordance with the harvested energy status and spec-
trum resource of each small-cell station. It implies that the
energy scheduling needs to be carried out according to the
status of individual small-cell base stations (BSs). To address
these challenges, on one hand, most previousworks in the lit-
erature focus on the energy scheduling for on-grid energy
saving [14], [15], [16], [17], [18] or network utility maximiza-
tion [19], [20], [21], [22], [23], [24] through offloading data traf-
fic among distinct small-cell BSs. It is worth noting that the
network utility increases along with consuming more on-
grid energy, which needs to be purchased at a certain electric-
ity price. To guarantee the greenness brought by hybrid
energy supplies, it is desirable to carefully evaluate the bal-
ance between the network utility and the cost of on-grid
energy purchase. On the other hand, most previous works
focus on the renewable energy scheduling, rather than the
joint scheduling of on-grid energy and renewable energy.
Apparently, it is of more practical meaning for the joint
scheduling in the heterogeneous small-cell network with
hybrid energy supplies. However, due to the intermittent
nature of renewable energy, we have to consider when and
how long the HSBSs can schedule the renewable energy,
which renders the scheduling problem non-convex. This
implies the joint scheduling problem is much more compli-
cated due to the additional freedom in the time domain.

In this paper, we study the optimal management of energy
and spectrum resource among base stations for the heteroge-
neous small-cell network with hybrid energy supplies, which
consists of multiple mobile users, multiple diverse small-cell
base stations (SBSs), and a macro-cell base station (MBS). The
goal is to strike the balance between the network utility and
the on-grid energy cost while meeting the minimum data rate
requirements of individualmobile users. To this end, the opti-
mal spectrum and power allocation can be obtained through
the convexification and transformation of the optimization
problem. Furthermore, all BSs can iteratively update the spec-
trum and power allocation of all served MUs in a distributed
manner. Consequently, the data traffic can be dynamically
offloaded among MBS and diverse SBSs based on the real-
time information of traffic intensity, renewable energy avail-
ability, and electricity price. In particular, the main contribu-
tions of this paper are summarized as follows:

� Problem formulation: We formulate the joint spectrum
and power allocation problem tomaximize the system
revenue (equal to the difference between the network
utility and on-grid energy cost) under the constraints
of minimum data rate requirements of individual

mobile users, aswell as limited renewable energy stor-
age and spectrum provisioning at each base station. In
doing this, we can strike a balance between the net-
work utility and on-grid energy cost through adjusting
the trade-off coefficient.

� Efficient algorithm design: We first explore the convex
nature of the original optimization problem through
reparameterization, and transform it into a linear-
equality-constrained convex optimization problem
through introducing auxiliary variables. Then, we
propose the optimal spectrum and power allocation
algorithm based on the primal-dual arguments to
obtain the optimal solution by iteratively solving the
primal and dual sub-problems of the equivalent trans-
formed optimization problem. With the introduction
of auxiliary variables, the primal sub-problem is a lin-
ear-equality-constrained convex optimization prob-
lem, and thus we propose the alternating direction
method of multipliers (ADMM) based Lagrangian
maximization algorithm, and derive the optimal solu-
tion in the closed-form expression at each iteration. In
doing this, all BSs can update the spectrum andpower
allocation for all servedMUs in a distributedmanner.

� Convergence and complexity analysis: We theoretically
prove that the proposed joint spectrum and power
allocation algorithm approaches the global optimality
at the rate of 1=n with n being the number of itera-
tions. Also, we show that the proposedADMM-based
Lagrangian maximization algorithm can approach
the primal optimal solution with the time complex-
ity of Oð1=�rÞ iterations, where �r is the termination
parameter. The simulation results further show that
the tradeoff between system performance and con-
vergence time is adjustable through tuning the error
tolerance of algorithms.

The remainder of this paper is organized as follows. In
Section 2, we present related works in the existing literature.
In Section 3, we introduce the hybrid energy supplying small-
cell network model and present the problem formulation. In
Section 4, we convexify the optimization problem through
transformation and reparameterization, and then propose an
efficient algorithm to obtain the optimal spectrum and power
allocation based on the primal-dual arguments. In Section 5,
the Lagrangian maximization based on ADMM is presented
to solve the primal sub-problem of the optimization problem.
In Section 6, the performance of the proposed algorithm is
evaluated through extensive simulations. Finally, we con-
clude the paper in Section 7, and provide detailed proofs in
Section 8.

Throughout the paper, vectors are denoted in bold small
letters, e.g., xx, with xi being its ith component. Sets are
denoted by Euler letters, e.g., S. The operation jj � jj2 means

the euclidean norm, ð�ÞT denotes transpose, and ½x�þ means
maxfx; 0g.

2 RELATED WORK

In this section, we elaborate on the efforts spent on the data
offloading for hybrid energy supplying small-cell networks,
in terms of on-grid energy saving and utility maximization,
respectively.
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2.1 On-Grid-Energy-Saving Data Offloading

In the literature, a large body of research works has been
dedicated to the on-grid energy saving due to the data off-
loading [14], [15], [16], [17], [18]. In [14], the optimal utili-
zation of harvested energy among BSs jointly powered by
harvested energy and on-grid energy was studied under
the constraint of minimum SINR (Signal-to-Interference-
plus-Noise Ratio) requirements. The management of the
on-grid energy saving and network delay was performed
by downlink power control and user association reconfig-
uration for the cellular network with hybrid energy sup-
plies in [15]. The authors of [16] proposed the energy-
aware traffic offloading scheme to maximize the on-grid
power saving of hybrid energy supplying heterogeneous
network by optimizing user associations, ON-OFF states
of small-cell base stations, and power control based on the
statistical information of energy arrival and traffic load.
Online and offline power allocation policies were studied
for the throughput maximization and the grid energy min-
imization of a multiple-input-multiple-output wireless
link with hybrid energy supplies in [17]. The authors in
[18] proposed the Lyapunov optimization-based base sta-
tion assignment and power control algorithm to minimize
the sum of the on-grid energy cost and the packet drop
cost for hybrid energy supplying networks. However,
these works mainly focus on the grid energy saving, rather
than the network utility maximization.

2.2 Utility-Maximization Data Offloading

There are also some work concerning the network-utility-
maximization solution to improve the spectrum-efficiency
(SE) and energy-efficiency (EE) [19], [20], [21], [22], [23], [24],
[25]. In [19], the authors proposed a fully distributed online
algorithm based on the primal decomposition theory to
obtain the optimal user association and resource allocation
that maximizes the proportional fairness utility for hybrid-
energy-powered heterogeneous networks. The authors of
[20] proposed a network utility aware traffic load balancing
scheme to strike a tradeoff between the green power utiliza-
tion and the traffic delivery latency by optimizing the user
association for backhaul-constrained cache-enabled small
cell networks powered by hybrid energy sources. In [21], the
network layer delay was minimized with the optimal physi-
cal layer power allocation for energy harvesting cognitive
radio networks. In addition, the energy efficiency was con-
sidered as the utility metric in [22], [23], [24], [25]. For

example, the authors of [22] proposed online and offline
resource allocation schemes to maximize the energy effi-
ciency for the OFDMA system with hybrid energy harvest-
ing base stations. The authors of [23] proposed a policy-
gradient-based actor-critic reinforcement learning algorithm
to maximize the energy efficiency of the hybrid energy sup-
plying heterogeneous network. The energy efficiency maxi-
mization was also considered in [24]. The authors of [25]
minimized the non-renewable energy usage through the
joint design of transmit power allocation matrices and the
receiver decoding policy. These work mainly studied how to
perform the resource management for network utility maxi-
mization inwireless networks with hybrid energy supplies.

However, towards green communications, it is of practi-
cal importance to evaluate the trade-off between the network
utility and on-grid energy cost. Also, existing works focused
on the renewable energy scheduling, rather than the joint
scheduling of on-grid energy and renewable energy. Appar-
ently, it is of more practical meaning to address the joint
scheduling in the heterogeneous small-cell network with
hybrid energy supplies.

3 SYSTEM MODEL AND PROBLEM FORMULATION

3.1 System Model

We consider a downlink two-tier heterogeneous small-cell
network as shown in Fig. 1, which consists of one macro-cell
base station, a set S ¼ f1; 2; . . . ; Sg of small-cell base stations,
and a set I ¼ f1; 2; . . . ; Ig of mobile users (MUs). The set of
SBSs can be divided into three subsets based on the energy
supply. In particular, we use subsets SC ¼ f1; 2; . . . ; SCg,
SR ¼ fSC þ 1; SC þ 2; . . . ; SC þ SRg, and SH ¼ fSC þ SR þ 1;
SC þ SR þ 2; . . . ; Sg to denote the set of conventional on-grid
SBSs (CSBSs) powered solely by on-grid power, the set of
off-grid SBSs (RSBSs) powered solely by harvesting renew-
able ambient energy (such as solar, wind, thermoelectric,
electromechanical, and ambient radio frequency energy),
and the set of hybrid SBSs (HSBSs) powered jointly by off-
grid power and on-grid power, respectively.

Each base station individually allocates its spectrum to all
MUs in service in the orthogonal manner. The spectrum
resource block assigned to MBS is orthogonal to that of each
SBS in each time slot. The SBSs are assigned individual
orthogonal spectrum resource blocks in a time slot, and thus
they do not interfere with each other during the transmis-
sion. In the downlink communication, each mobile user is
allowed to download data symbols from MBS and SBSs
simultaneously in length-T time slots.1 Each RSBS or HSBS
first stores the harvested energy in its battery, and then con-
sumes it in the following time slots. We assume that in each
time slot t, Es;t joules of harvested energy2 stored in the bat-
tery of RSBS s or HSBS s can be used for the offset of site
power consumed by the baseband processor, the cooling sys-
tem and etc, and the data transmission [16]. Since we con-
sider the optimal resource management in each time slot

Fig. 1. A downlink two-tier heterogeneous small-cell network with hybrid
energy supplies. Here, we assume that IsC MUs, IsR MUs and IsH MUs

are served by CSBS sC , RSBS sR, and HSBS sH , respectively.

1. Considering the block-fading channels, every channel state
remains constant during every time slot, and thus the slot length T is
generally set to be less than the coherence time of channel fading.

2. In time slot t, the amount of harvested energy stored in the battery
(i.e., Es;t) is equal to the total amount of energy harvested in time slot
t� 1 and battery energy not used in time slot t� 1.
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individually, we remove the subscript index t for the nota-
tional brevity in the following.

3.2 Problem Formulation

We use WB and Ws to denote the total bandwidth occupied
by the MBS and SBS s, respectively. We assume that mobile
users communicate with the base station in the frequency
division duplex (FDD) mode. Specifically, when mobile
user i is served by the MBS (or SBS s), it is assigned a frac-
tion fBi (or fsi) of bandwidth. It is clear that fBi’s and fsi’s
need to satisfy the bandwidth limitation, respectively, i.e.,

0 �
X
8i2I

fBi � 1; (1)

0 �
X
8i2I

fsi � 1; 8s 2 S: (2)

Let gBi and gsi denote the channel gain between the MBS
and mobile user i and the channel gain between SBS s and
mobile user i, respectively, which are determined by vari-
ous factors such as path loss and fading effects. We use pBi
and psi to respectively denote the transmit power used by
the MBS and SBS s for the transmission towards mobile
user i, with PB;max and Ps;max being the maximum allowable
value. By the Shannon-capacity formula, mobile user u can
obtain the throughput of RBi from the MBS satisfying

RBi ¼ WBfBi log 1þ pBigBi

WBfBin0

� �
; (3)

and the throughput of Rsi from SBS s satisfying

Rsi ¼ Wsfsi log 1þ psigsi
Wsfsin0

� �
; (4)

where n0 is the noise power density at the side of mobile
user i. Assume that all MUs reside in the coverage area of
MBS, and all MUs can be served by MBS. Due to the limited
coverage area of each SBS, let Si denote the possible set of
all SBSs serving MU i, where each MU selects SBS s as a can-
didate of association station according to the strength of
pilot signals from the SBS. As a result, the total throughput
obtained by mobile user i can be expressed as

Ri ¼ RBi þ
X
8s2Si

Rsi: (5)

Since individual mobile users have different levels of qual-
ity-of-experience (satisfaction) for the obtained throughput,
we use the utility function UiðRiÞ to evaluate the satisfaction
of mobile user u for the throughput Ri. Correspondingly,
the network utility can be expressed as

P
8i2I UiðRiÞ. With-

out loss of generality, the function UiðRiÞ can be set to be a
twice-differentiable, increasing and strictly concave func-
tion of Ri for elastic services [4].

To strike the balance between the network utility and
system cost, we need to take into account the energy
expense due to the on-grid power supply. Let pB and ps

denote the unit energy price set by the power utility com-
pany for the MBS and SBS s, respectively. Since the MBS is
on-grid powered, its energy expense, denoted by QB, is
equal to

QB ¼ pBT
X
8i2I

pBi þ PB

 !
; (6)

where PB denotes the site power of MBS consumed by the
baseband processor, the cooling system and etc. Every HSBS
is jointly powered by both on-grid and off-grid energy, and
thus we assume that HSBS s first uses the stored renewable
energy during the time of tsT and then uses the on-grid
power during the left time of ð1� tsÞT . Without loss of gen-
erality, CSBSs andRSBSs can be considered as special HSBSs.
RSBSs always consume the stored renewable energy, and
thus we have ts ¼ 1 for every RSBS s. Oppositely, CSBSs
always consume the on-grid energy, and thus we have
ts ¼ 0 for every CSBS s. Therefore, the energy expense of SBS
s paid to the power utility company for on-grid energy,
denoted byQs, can be expressed as

Qs ¼
psT ð

P
8i2Is psi þ PsÞ; 8s 2 SC;

psT ð1� tsÞð
P

8i2Is psi þ PsÞ; 8s 2 SH;
0; 8s 2 SR;

8<
: (7)

where Ps denotes the site power consumption of SBS s, and the
set I s means the set of all MUs residing in the coverage area of
SBS s. Accordingly, the on-grid energy cost is calculated as

Co ¼ QB þ
X
8s2S

Qs: (8)

On the other hand, all HSBSs and RSBSs are powered by the
renewable energy stored in the individual batteries. Thus,
the transmit power of RSBS s and HSBS s is subject to the
amount of renewable energy stored in the battery, say Es,
namely,

tsð
P

8i2Is psi þ PsÞ � Es
T ; 8s 2 SH;P

8i2Is psi þ Ps � Es
T ; 8s 2 SR:

(
(9)

We want to balance the network utility and on-grid
energy cost subject to individual users’ QoS requirements.
Mathematically, we formulate the trade-off problem in the
following form:

max
ff;pp;tt

X
8i2I

UiðRiÞ � aCo (10)

s. t. Ri � Ri;min; 8i 2 I ; (10-1)

constraints ð1Þ; ð2Þ; ð9Þ; fBi � 0; (10-2)

fsi � 0; 8i 2 I s; 8s 2 S; (10-3)

fsi ¼ 0; 8i =2 I s; 8s 2 S; (10-4)

0 � pBi � PB;max; 8i 2 I ; (10-5)

0 � psi � Ps;max; 8i 2 I s; 8s 2 S; (10-6)

psi ¼ 0; 8i =2 I s; 8s 2 S; (10-7)

0 � ts � 1; 8s 2 SH; ; (10-8)

where the non-negative coefficient a means the weight of
on-grid energy cost reflecting the resource allocation. Here,
ff , pp, and tt denote the vector of fBi’s and fsi’s, the vector of
pBi’s and psi’s, and the vector of ts’s, respectively. The con-
straint (10-1) means that to satisfy the QoS requirement,
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each mobile user must meet the minimum data rate require-
ment (i.e., Ri;min) in service. Constraints (10-5) and (10-6)
mean that the transmit power of each MU served by the
MBS and SBS s is subject to the maximum allowable values
PB;max and Ps;max, respectively. Noticeably, we can strike dif-
ferent balances between the network utility and on-grid
energy cost through adjusting a.

Note that due to the product of ts and psi, the optimization
problem (10) is inequality-constrained and non-convex at
first glance. Therefore, common optimization methods such
as ADMM and Lagrangian maximization cannot be directly
applied to solve this optimization problem. In the following
sections, we convexify problem (10) through transformation
and reparameterization and propose an efficient algorithm
to solve it.

4 OPTIMAL ALGORITHM DESIGN

In this section, we aim to find the optimal spectrum and
power allocation by optimizing multiple variables in (10)
sequentially. In particular, we first transform the problem (10)
into a convex optimization problem through reparameteriza-
tion. Then, we develop an efficient optimal algorithm to solve
the equivalent problem based on the primal-dual arguments
[27]. Fig. 2 gives an overview of the development in this
paper, particularly the convexification, the algorithm design,
and the connections between key optimization problems.

4.1 Convexification

To make problem (10) tractable, we first transform it into a
convex optimization problem. To avoid the product of ts
and psi, we introduce the renewable power consumption
variable p̂si and the on-grid power consumption variable �psi
for each mobile user served by HSBS s, i.e.,

p̂si ¼ ts psi þ Ps

Is

� �
;

�psi ¼ ð1� tsÞ psi þ Ps

Is

� �
; 8i 2 I s; 8s 2 SH;

(11)

where Is is the cardinality of I s. Each mobile user served by
the HSBS consumes the renewable energy and on-grid power
together, its total power consumption can be expressed as the
summation of renewable power consumption and on-grid
power consumption, i.e., (12).

psi þ Ps

Is
¼ p̂si þ �psi; 8i 2 I s; 8s 2 SH: (12)

Due to the fact that the function UiðRiÞ is increasing with fBi
and fsi’s, the constraints (1) and (2) are active when obtain-
ing the optimal solution. Correspondingly, the constraints
(1) and (2) are rewritten as

X
8i2I

fBi ¼ 1; (13)

X
8i2Is

fsi ¼ 1; 8s 2 S: (14)

To transfer the storage constraint (9) into an equality con-
straint, we further introduce auxiliary non-negative variables
�ps’s for all s 2 SH [ SR. Correspondingly, the constraint (9) is
rewritten as X

8i2Is
p̂si þ �ps ¼ Es

T
; 8s 2 SH; (15)

X
8i2Is

psi þ �ps ¼ Es

T
� Ps; 8s 2 SR; (16)

by (11). As a result, we can rewrite problem (10) as

max
vv

X
8i2I

UiðRiÞ � a

 
QB þ

X
8s2SC

Qs þ
X

8s2SH
psT

X
8i2Is

�psi

 !!

(17)

s. t. constraints ð10� 1Þ � ð10� 6Þ; ð12Þ � ð16Þ;
p̂si � 0; �psi � 0; 8i 2 I s; 8s 2 SH;

(17-1)

�ps � 0; 8s 2 SH [ SR; (17-2)

where vv ¼ ððfBi; pBiÞ8i2I ; ðfsi; psiÞ8i2I ;8s2S ; ð�psÞ8s2SH[SR; ðp̂si;
�psiÞ8i2Is;8s2SH Þ

T .

The following theorem 1 shows the convexity of optimi-
zation problem (17).

Theorem 1. The optimization problem (17) is a convex optimiza-
tion problem.

Proof. Since Ri is concave with respect to fBi, pBi, fsi’s and
psi’s, the minimum data rate constraint in (17-1) is convex.
Together with the rest of linear constraints, it follows that
the feasible set of the problem (17) is convex. Due to the
concave nature of Ri, the concavity and increasing mono-
tonicity of UiðRiÞ in Ri implies that UiðRiÞ is concave with
respect to fBi, pBi, fsi’s and psi’s. The objective function in
(17) is the difference between the summation of concave
functions and the summation of linear functions, and
thus it is concave. Together with the convex feasible set, it
follows that the problem (17) is a convex optimization
problem. tu

Fig. 2. Overview of our proposed approach to system revenue
maximization. The equality-constrained convex reformulation is obtained
by reparameterization. The box with dashed boundary means that Algo-
rithm 1 is proposed to solve the reformulation problem by the primal-dual
arguments. The box with bold boundary means that Algorithm 2 is
proposed to solve the Lagrangian maximization problem.
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4.2 Algorithm Design

Due to the convex nature, we can obtain the optimal solu-
tion to the problem (17) by the primal-dual arguments [27].
In particular, we can solve the problem (17) through maxi-
mizing its Lagrangian and minimizing the corresponding
dual function. Let hh ¼ ðh1; . . . ; hIÞ be the multiplier vector
corresponding to all minimum data rate constraints in (10-
1). We define the Lagrangian Lðvv; hhÞ associated with the
problem (17) in the following form:

Lðvv; hhÞ ¼
X
8i2I

UiðRiÞ þ
X
8i2I

hiðRi �Ri;minÞ

� a QB þ
X
8s2SC

Qs þ
X

8s2SH
psT ð

X
8i2Is

�psiÞ
0
@

1
A:

(18)

Mathematically, we maximize the Lagrangian and minimize
the dual problem as follows:

gðhhÞ ¼max
vv

Lðvv; hhÞ
s. t. constraints ð12Þ � ð16Þ;

ð10� 2Þ � ð10� 6Þ;
ð17� 1Þ � ð17� 2Þ;

(19)

Dual problem: min
hh

gðhhÞ
s. t. hi � 0; 8i 2 I ;

(20)

Note that due to the mutual coupling of spectrum and
power allocation among BSs, it is difficult to obtain the opti-
mal solution to (19) in the closed-form expression. By the
primal-dual arguments, we can obtain the optimal solution
to (17) by solving (19) and (20) alternatively. Let hh� be the
solution of (20) at the previous iteration. At the current itera-
tion, the optimal solution to (19) is updated as vvþ through
maximizing (19) via Algorithm 2 proposed in Section 4, and
the solution of (20) is updated as hhþ by the subgradient
method, i.e.,

hhþ ¼ maxf0; hh� � bðRRðvvþÞ �RRminÞg; (21)

where RRðvvþÞ is the vector of Ri’s obtained when all varia-
bles are equal to vvþ, RRmin is the vector ½R1;min; . . . ; RI;min�T ,
and b is the step-size. In particular, we solve (17) by per-
forming Algorithm 1, referred to as the joint spectrum and
power allocation algorithm.

Algorithm 1. The Joint Spectrum and Power Allocation
(JSPA)AlgorithmProposed for theOptimal Solution to (17)

1: Initialization: Randomly choose hhþ � 00.
2: repeat
3: Let hh� ¼ hhþ.
4: Update vvþ by Algorithm 2 proposed in Section 4.
5: Update hhþ by (21).
6: untilMeet the stopping criterion, i.e., jjvvþ � vv�jj � �.
7: Obtain the optimal solution to (17), i.e., vvþ.
	 Here, vv� means the optimal solution to (19) obtained at the
previous iteration, and � > 0 is the convergence tolerance.

4.3 Convergence and Optimality

The following theorem shows the convergence rate and
optimality of the proposed joint spectrum and power alloca-
tion algorithm.

Theorem 2. As n ! 1, the joint spectrum and power allocation
algorithm approaches a feasible solution of (17) at the rate of
1=n, and the corresponding objective value reaches the optimal
objective value of (17) with the gap less than bL2

2 , where n is the
number of iterations and L is defined in (23).

Proof. Let v̂vðnÞ denote the optimal solution obtained by
solving (19) at the nth iteration. We define �vvðnÞ as the
average of the vectors v̂vð0Þ; . . . ; v̂vðn�1Þ, i.e.,

�vvðnÞ ¼ 1

n

Xn�1

j¼0

v̂vðiÞ: (22)

For the notational simplicity, we use F ðvvÞ to represent the
objective function in (17). Let V be the feasible set of vv,
which is determined by all equality and inequality con-
straints in (17) except the inequality constraint (17-1).
Since the entries in RRðvvÞ are concave and continuous with
vv,maxvv2VjjRRðvvÞ �RRminjj2 is finite, andwe defineL as

L ¼ max
vv2V

jjRRðvvÞ �RRminjj2: (23)

By Proposition 1 in [26], we have

F 	 � jjhhð0Þjj2
2nb

� bL2

2
� F ð�vvðnÞÞ

� F 	 þ jjhh	jj2jj½RRmin �RRð�vvðnÞÞ�þjj2;
(24)

and

jj½RRmin �RRð�vvðnÞÞ�þjj2 �
jjhhðnÞjj2
nb

; (25)

where F 	, hh	, hhð0Þ, and hhðnÞ mean the optimal objective
value of (17), the optimal dual solution of (20), the initial
multiplier vector chosen for running Algorithm 1, and the
multiplier vector obtained at the nth iteration, respectively.
Due to the strict convexity of (17), the euclidean norm
of multiplier vector hhðnÞ is bounded. Together with the

inequality (25), it follows that jj½RRmin �RRð�vvðnÞÞ�þjj2 ! 0 at

the rate of 1=n as n ! 1. It implies that �vvðnÞ approaches a
feasible solution of (17) (say �vv1) at the rate of 1=n as
n ! 1. From (24), we further have thatF ð�vvðnÞÞ approaches
the objective value of (17) (i.e., F 	) with the gap less

than bL2

2 for n ! 1. By (22), we have v̂vðnÞ ¼ ðn þ
1Þ�vvðnþ1Þ � n�vvðnÞ. Together with the fact that �vvðnÞ ! �vv1 for

n ! 1, we can get v̂vðnÞ ! �vvðnÞ ! �vv1 for n ! 1, and thus

F ðv̂vðnÞÞ approaches the objective value of (17) with the gap

less than bL2

2 for n ! 1. Therefore, Theorem 2 follows. tu

5 LAGRANGIAN MAXIMIZATION BASED ON ADMM

In this section, we consider how to solve the Lagrangian prob-
lem (19) in a distributedmanner. Due to the lack of centralized
infrastructure in the heterogeneous small-cell network,
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all base stations should distributively decide the optimal
spectrum and power allocation of each MU through limited
information exchangewithMUs. As we know, the novelty of
the alternating direction method of multipliers is to effec-
tively solve equality-constrained convex optimization prob-
lems suffering “big data” in a distributed manner [28], [29].
Note that the Lagrangian maximization (19) is an equality-
constrained convex optimization problem. Therefore, we
develop the ADMM-based Lagrangian maximization algo-
rithm (i.e., Algorithm 2) to obtain the optimal solution to (19)
in a distributed manner. That is, every BS can distributively
update the spectrum and power allocation of every MU in
service according to its data rate obtained from all associated
BSs. In this section, we not only design the distributed algo-
rithm, but also prove the optimality and time complexity of
the proposed algorithm.

5.1 Algorithm Design

The proposed algorithm works as follows at each iteration.
First, theMBS and each SBS update their spectrumandpower
allocation distributively by maximizing the augmented
Lagrangian associated with (19). Then, the multipliers with
respect to (12), (13), (14), (15), (16) are updated according to
the updated variables. In what follows, we shall introduce
every key ingredient in details.

5.1.1 Variable Updating

Let mB, ðmsÞs2S , ð�siÞ8i2Is;s2SH , ðfsÞs2SH , and ð’sÞs2SR denote

the multipliers with respect to constraints (12), (13), (14),
(15), (16), respectively. For the notational brevity, we define
uu ¼ ðmB; ðmsÞs2S; ð�siÞ8i2Is;s2SH ; ðfsÞs2SH ; ð’sÞs2SRÞ

T . We use

the matrix AA and the vector cc to denote the coefficient matrix
with respect to variables in constraints (12), (13), (14), (15),
(16), and the vector of coefficients at the right-hand side of
constraints (12), (13), (14), (15), (16), respectively. Thus, we
have the augmented Lagrangian of (19), denoted by ~Lrðvv; uu;
hhÞ, satisfying

~Lrðvv; uu; hhÞ ¼ Lðvv; hhÞ � uuT ðAAvv� ccÞ � r

2
jjAAvv� ccjj22; (26)

where r > 0 is the penalty parameter. Based on the idea of
ADMM, the augmented Lagrangian maximization and the
multiplier update can be performed iteratively. In particu-
lar, at the kth iteration, the MBS and each SBS distributively
update their spectrum and power allocation across MUs by
maximizing the augmented Lagrangian (26), and obtain vvðkÞ

that satisfies

MBS:

f
ðkÞ
Bi ¼ argmax

fBi�0

~Lr fBi; vv
ðk�1Þ
�fBi

; uuðk�1Þ; hh
� �

p
ðkÞ
Bi ¼ argmax

0�pBi�PB;max

~Lr pBi; vv
ðk�1Þ
�pBi

; uuðk�1Þ; hh
� � (27)

SBS s :

f
ðkÞ
si ¼

argmax
fsi�0

~Lrðfsi; vvðk�1Þ
�fsi

; uuðk�1Þ; hhÞ; if i 2 I s

0; otherwise;

8<
:

(28)

p
ðkÞ
si ¼

argmax
0�psi�Ps;max

~Lrðpsi; vvðk�1Þ
�psi

; uuðk�1Þ; hhÞ; if i 2 I s

0; otherwise;

8<
:

(29)

p̂
ðkÞ
si ¼

argmax
p̂si�0

~Lrðp̂si; vvðk�1Þ
�p̂si

; uuðk�1Þ; hhÞ; if s 2 SH

0; otherwise,

8<
:

�p
ðkÞ
si ¼

argmax
�psi�0

~Lrð�psi; vvðk�1Þ
��psi

; uuðk�1Þ; hhÞ; if s 2 SH

0; otherwise,

8<
:

�pðkÞs ¼
argmax

�ps�0

~Lrð�ps; vvðk�1Þ
��ps ; uuðk�1Þ; hhÞ; if s 2 SH [ SR;

0; otherwise:

8<
:

(30)

Here, uuðk�1Þ denotes the multipliers updated at the ðk� 1Þth
iteration. For example of vv

ðk�1Þ
�fBi

, it means the vector includ-

ing all elements in vvðk�1Þ except fðk�1Þ
Bi .

Since the augmented Lagrangian ~Lrðvv; uu; hhÞ is concave
with every variable in vv, we can further obtain the optimal
solutions to (27) and (28) in closed-form expressions. By cal-

culating (27), we have f
ðkÞ
Bi and p

ðkÞ
Bi for all i 2 I as shown in

(31) and (32), respectively.

f
ðkÞ
Bi ¼

0; if rBij
fBi¼0;p

ðk�1Þ
Bi

þ hi � FBi
DBi

;

1; if rBijfBi¼1;p
ðk�1Þ
Bi

þ hi � FBiþr
DBi

;

~fBi; otherwise;

8>><
>>: (31)

p
ðkÞ
Bi ¼

0; if rBij
pBu¼0;f

ðk�1Þ
Bi

þ hi � apBTN0
gBi

;

PB;max; if rBijpBu¼PB;max;f
ðk�1Þ
Bi

þ hi � apBT
OBi

;

~pBi; otherwise;

8>><
>>:

(32)

with

rBi ¼
@Uið

P
8s2Si R

ðk�1Þ
si þRBiÞ

@RBi
;

DBi ¼ WB log 1þ p
ðk�1Þ
Bi gBi
WBN0

 !
� WBp

ðk�1Þ
Bi gBi

WBN0 þ p
ðk�1Þ
Bi gBi

;

FBi ¼ m
ðk�1Þ
B þ r

X
8i0 6¼i

f
ðk�1Þ
Bi0 � 1

0
@

1
A;

OBi ¼ WBf
ðkÞ
Bi gBi

WBf
ðkÞ
Bi N0 þ PB;maxgBi

;

where ~fBi is the root with respect to ðrBij
fBi;p

ðk�1Þ
i

þ hiÞ
ðWB log ð1þ p

ðk�1Þ
Bi

gBi
WBfBiN0

Þ � WBp
ðk�1Þ
Bi

gBi

WBfBiN0þp
ðk�1Þ
Bi

gBi
Þ � rfBi ¼ FBi, and

~pBi is the root satisfying ðrBij
pBi;f

ðk�1Þ
Bi

þ hiÞ=ðpBigBi þ
WBf

ðkÞ
Bi N0Þ ¼ apBT

WBf
ðkÞ
Bi

gBi
.

By calculating (28), we have f
ðkÞ
si , p

ðkÞ
si , p̂

ðkÞ
si , �p

ðkÞ
si , and �pðkÞs for

all i 2 I s in the following closed-form expressions. In partic-
ular, we have
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f
ðkÞ
si ¼

0; if rsij
fsi¼0;p

ðk�1Þ
si

þ hi � Fsi
Dsi

;

1; if rsijfsi¼1;p
ðk�1Þ
si

þ hi � Fsiþr
Dsi

;

~fsi; otherwise:

8>><
>>: (33)

and

p
ðkÞ
si ¼

0; if rsij
psi¼0;f

ðk�1Þ
si

þ hi � HsiN0
gsi

;

Ps;max; if rsij
psi¼Ps;max ;f

ðk�1Þ
si

þ hi

� Hsiþ½rPs;max�s =2 SC
Osi

;

~psi; otherwise;

8>>>>>><
>>>>>>:

(34)

for all i 2 I s, with

rsi ¼
@Uið

P
8s02Sinfsg R

ðk�1Þ
s0i þR

ðk�1Þ
Bi þRsiÞ

@Rsi
;

Dsi ¼ Ws log 1þ p
ðk�1Þ
si gsi
WsN0

 !
� Wsp

ðk�1Þ
si gsi

WsN0 þ p
ðk�1Þ
si gsi

;

Fsi ¼ mðk�1Þ
s þ r

X
8i0 6¼i

f
ðk�1Þ
si0 � 1

0
@

1
A;

Osi ¼ Wsf
ðkÞ
si gsi

Wsf
ðkÞ
si N0 þ Ps;maxgsi

;

Hsi ¼

apsT;8s 2 SC;

�
ðk�1Þ
si � rðp̂ðk�1Þ

si þ �p
ðk�1Þ
si � Ps

Is
Þ; 8s 2 SH;

’ðk�1Þ
s þ rðP8i0 6¼i p

ðk�1Þ
si þ �pðk�1Þ

s � Es
T þ PsÞ;
8s 2 SR;

8>>>>><
>>>>>:

½rPs;max�s =2 SC ¼ 0; if s =2 SC;

rPs;max; otherwise

�
;

where ~fsi is the root with respect to ðrsij
fsi;p

ðk�1Þ
si

þ hiÞ
ðWs log ð1þ p

ðk�1Þ
si

gsi
WsfsiN0

Þ � Wsp
ðk�1Þ
si

gsi

WsfsiN0þp
ðk�1Þ
si

gsi
Þ � rfsi ¼ Fsi, and ~psi is

the root satisfying ðrsij
psi;f

ðk�1Þ
si

þ huÞ=ðpsigsi þWsf
ðkÞ
si N0Þ ¼

Hsiþ½rpsi�s =2 SC
Wsf

ðkÞ
si

gsi
. Besides, we have

p̂
ðkÞ
si ¼ maxf0; Ĥsig

�p
ðkÞ
si ¼ max

�
0; p

ðkÞ
si � p̂

ðkÞ
si þ �

ðk�1Þ
si � apsT

r
þ Ps

Is

� (35)

for all i 2 I s and s 2 SH , and

�pðkÞs ¼
maxf0;� f

ðk�1Þ
s
r

þ ðEs
T �P8i2Is p̂

ðk�1Þ
si Þg; if s 2 SH;

maxf0;� ’
ðk�1Þ
s
r

þ ðEs
T � Ps �

P
8i2Is p

ðk�1Þ
si Þg; if s 2 SR;

8><
>:

(36)

with Ĥsi ¼ �
ðk�1Þ
si

�f
ðk�1Þ
s

2r þ 1
2 ðpðk�1Þ

si � �p
ðk�1Þ
si þ Ps=Is �

P
8i0 6¼i p̂

ðk�1Þ
si �

�pðk�1Þ
s þEs=T Þ.
Remark 1. Due to the concave nature of ~Lrðvv; uu; hhÞ, all roots

can be efficiently obtained via either the bisection search-
ing or Newton’s method.

Note from (31), (32), (33), (34), (35), (36) that when every
BS updates the spectrum and power allocation of MU i, it
only needs the information about the data rates provided by

all other BSs for MU i at the ðk� 1Þ the iteration (i.e., R
ðk�1Þ
si

or R
ðk�1Þ
Bi ) and the form of Uið�Þ. This implies that the updat-

ing of spectrum and power allocation can be performed at
each BS in the distributedmanner.

5.1.2 Multiplier Updating

After updating all variables in (27) and (28), we perform the
update of multipliers according to vvðkÞ and uuðk�1Þ. Let rrðkÞ

denote the primal residual in the kth iteration, satisfying

rrðkÞ ¼ AAvvðkÞ � cc: (37)

It follows that the updated multipliers in the kth iteration,
say uuðkÞ, satisfies

uuðkÞ ¼ uuðk�1Þ þ rrrðkÞ: (38)

When alternatively updating vvðkÞ and uuðkÞ until the stop-
ping criterion is satisfied, the ADMM-based Lagrangian
maximization algorithm terminates and the optimal solu-
tion to (19) is obtained. Specifically, we adopt the stopping
criterion that the primal residual must be small, i.e.,

jjrrðkÞjj22 � �r, (39)

where �r > 0 is the feasibility tolerance for the primal feasi-
bility condition of (19).

Having introducing the main operations of the ADMM-
based Lagrangian maximization algorithm, we present this
algorithm in Algorithm 2.

Algorithm 2. The ADMM-Based Lagrangian Maximiza-
tion Algorithm Proposed for the Optimal Solution to (19)

1: Initialization: Randomly choose uuð0Þ, set vvð0Þ ¼ vv�, and set
k ¼ 1.

2: repeat
3: All BSs update vvðk�1Þ as vvðkÞ by (31)-(36) in the distributed

manner.
4: All BSs update uuðk�1Þ as uuðkÞ by (38).

5: Update rrðkÞ by (37).
6: k ¼ kþ 1,
7: untilMeet the stopping criterion, i.e., jjrrðk�1Þjj22 � �r.
8: Obtain the optimal solution to (19), i.e., vvðk�1Þ.

5.2 Convergence and Complexity

The following theorem shows the global convergence of
the ADMM-based Lagrangian maximization algorithm. The
proof is given in Section 8.2.

Theorem 3. The ADMM-based Lagrangian maximization algo-
rithm achieves the primal residual convergence (i.e., rrðkÞ ! 00
as k ! 1), and hence the optimal solution for k ! 1.

The following theorem shows the convergence rate of
the ADMM-based Lagrangian maximization algorithm. The
proof is given in Section 8.2.
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Theorem 4. The ADMM-based Lagrangian maximization algo-
rithm converges to the optimal solution to (19) at a sublinear rate.

Let �p and �f represent termination parameters of updat-
ing the frequency and transmit power in the bisection
searching, respectively. The following Theorem 5 shows the
time complexity of the ADMM-based Lagrangian maximi-
zation algorithm when the bisection searching is applied to
obtain the roots of variables in each iteration. The proof is
given in Section 8.3.

Theorem 5. When the bisection searching is applied to obtain the
roots of variables in each iteration, the time complexity of the
proposed ADMM-based Lagrangian maximization algorithm is
OðISðlog ð �P

�p
Þ þ log ð 1�fÞÞ=�rÞ, where �P ¼ maxfPB;max;maxsPs;maxg.

6 NUMERICAL RESULTS

In this section, we will evaluate the algorithm performance,
the maximum network utility, the optimal energy consump-
tion, and themaximum system revenue obtainedwhen using
the proposed algorithms. Referring to the Pico-cell parameter
settings in [31], we set the simulation parameters in Table 1.
All MUs and SBSs are uniformly distributed on a 1000m-
by-1000m area, and theMBS is located at (500m, 500m). In the
following simulation examples, we consider two types of net-
work utilities: the proportional fairness utility

P
8i2I log ðRiÞ

and the weighted sum rate
P

8i2I viRi, where each wi is uni-
formly distributed between 0 and 1.

6.1 Global Optimality and Time Complexity

Example 1. In this simulation example, we want to verify
the global optimality and time complexity of the pro-
posed ADMM-based Lagrangian maximization algorithm
and the proposed JSPA algorithm when running them for
the heterogeneous small-cell network with hybrid energy
supplies as illustrated in Fig. 3. We set the minimum data
rate requirement of each MU to be 2 Mbps, and set the
battery storage of each HSBS and RSBS to be 10 Joules.
The trade-off coefficient a is set to be 0.5.

Fig. 4 reveals that rrðkÞ approaches zero with the increase of
the number of iterations. It implies that the ADMM-based
Lagrangian maximization algorithm achieves the primal
residual convergence, which is consistent with Theorem 3.
Further, since rrðkÞ approaches zeros, we have that the
sequence fuuðkÞg sublinearly converges by (38), which implies
that the ADMM-based Lagrangian maximization algorithm
has the sublinear convergence rate, and hence Theorem 4.
Also, we can find from Fig. 4 that the number of iterations can
be fitted to a linear curve of 1=jjrrðkÞjj2, which implies that the
ADMM-based Lagrangian maximization algorithm takes
Oð1=�rÞ iterations until the stopping criterion of jjrrðk�1Þjj22 � �r
is met. In addition, Fig. 4 shows that the time complexity
of the ADMM-based Lagrangian maximization algorithm
depends on the form of network utility and the setting of
penalty parameter r. Specifically, it can be seen that the timeFig. 3. The network topology used for Example 1.

TABLE 1
Simulation Parameters

Simulation parameters Value chosen
Carrier frequency 2000 MHz
Path loss model ð128:1þ 37:6log 10ðdÞÞ

dB (d in km)
Channel fading Shadow fading

lognormalð0; 101:6Þ
BandwidthWB 20 MHz
BandwidthWs 5 MHz
Noise power spectral densityN0 -174 dBm/Hz
Maximum transmit power of MBS (i.e., PB;max) 0.5 W
Maximum transmit power of SBS (i.e.,Ps;max ) 0.1 W
Site power consumption of MBS (i.e., PB) 0.2 W
Site power consumption of SBS (i.e., Ps) 0.1 W
Unit energy price pB, ps 0.6 $
Length of time slot (i.e., T ) 60 sec

Fig. 4. The time complexity of the ADMM-based Lagrangianmaximization
algorithm for different network utilities in the different settings of penalty
parameter.
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complexity of the ADMM-based Lagrangian maximization
algorithm is increasing with the decrease of r. Moreover, the
ADMM-based Lagrangian maximization algorithm has the
lower time complexity for the proportional fairness utility
compared to that used for theweighted sum rate.

Fig. 5 shows that the optimality and convergence of
the proposed JSPA algorithm with the step-size b being
10�6=Num iterations for different network utilities. It can
be seen that the proposed algorithm can always converge
to the global optimality quickly. We can also find that run-
ning the proposed algorithm for the proportional network
utility needs fewer iterations than that for the weighted
sum rate.

6.2 Performance Comparison

To the best of our knowledge, there is no algorithm proposed
for the same target in the literature. For the comparison with
our proposed JSPA algorithm, we therefore introduce three
baseline schemes: power control with equal frequency allo-
cation, frequency allocation with equal power allocation,
and full frequency reuse. The first baseline scheme means
that each BS equally allocates its bandwidth to all associated
MUs, and then all BSs cooperatively optimize the transmit
power of all MUs to maximize the system revenue under the
minimum data rate requirements of individual MUs. The
second baseline scheme means that each on-grid/hybird-
power-supplying BS utilizes the maximum transmit power
to each associated MU and each off-grid BS equally allocates
the battery energy to the transmission of each associated
MU, and then all BSs optimally allocate the bandwidth to all
MUs for the maximum system revenue subject to the mini-
mum data rate requirements of individual MUs. The last
baseline scheme means that the frequency is fully reused
between small cells where each SBS equally allocates the fre-
quency to its associated MUs, and then all SBSs coopera-
tively optimize the transmit power of all MUs with taking
into the inter-cell interference. In the simulation, we evaluate
the obtained network utility, total on-grid energy consump-
tion, and system revenue as three performance criteria of the
three algorithms. In the following performance comparison,
we first compare our proposed algorithm with the former
two baseline schemes which concern the orthogonal fre-
quency allocation between small cells. Then, we compare
our proposed algorithm with the full frequency reuse
scheme.

Example 2 (Performance comparison at different densi-
ties of MUs). We consider a set of hybrid energy supply-
ing small-cell networks, where we fix the locations of four
BSs as shown in Fig. 3, and randomly deploy 50 � 100
MUs in the 1000m-by-1000m area. The parameter � is set
to be 10�4. Each point in Fig. 6 is obtained by averaging
over 100 different topologies with the same density of
user nodes. Other simulation parameters are the same as
those in Example 1.

Fig. 6 shows that as the number of MUs increases, the
obtained network utility, total on-grid energy payment and
system revenue all increase for the three orthogonal fre-
quency allocation algorithms when the proportional fairness
utility is adopted. On the contrary, when adopting the
weighted sum rate across MUs, the system revenue of three
algorithms decreases with the increase of the number of
MUs. Unlike the proportional fairness utility that leads to fair
spectrum and energy allocation among MUs, the weighted
sum rate makes more spectrum and energy resource allo-
cated to MUs in the better channel conditions. Since the spec-
trum and energy resource is first used to guarantee the
minimum data rate requirements of all MUs, it implies that
in the case of weighted sum rate, less idle resource can be
greedily allocated to MUs in the better channel conditions
with increasing the number of MUs. This further leads to the
decrease of system revenue related to the weighted sum rate.
It can also be seen that the proposed algorithm always out-
performs the other two algorithms in terms of system reve-
nue. Specifically, the improvement increases with the
increase of the number of MUs for the proportional fairness

Fig. 5. The optimality and time complexity of the proposed JSPA
algorithm for different network utilities.

Fig. 6. The performance of three algorithms for different network utilities
at different densities of MUs.
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utility, and the proposed algorithm can improve 10 percent
system revenue compared to power control with equal fre-
quency allocation when the number of MUs is 100. For
the weighted sum rate, the proposed algorithm can increase
60 percent system revenue at least compared to power
control with equal frequency allocation3.

Example 3 (Performance comparison at different densi-
ties of SBSs). We consider a set of hybrid energy supp-
lying small-cell networks, where we deploy the MBS
at (500m, 500m), and randomly deploy 3 � 10 SBSs and
100 MUs in the 1000m-by-1000m area. The type of each
SBS is randomly set to be CSBS, HSBS, or RSBS. Each
point in Fig. 7 is obtained by averaging over 100 different
topologies with the same density of SBSs. Other simula-
tion parameters are the same as those in Example 1.

Fig. 7 shows that except for the frequency allocation with
equal power allocation, as the number of SBSs increases, the

obtained network utility and system revenue of the other
two orthogonal frequency allocation algorithms increases,
and their total on-grid energy payment decreases for any
type of network utility. We see that the proposed algorithm
always outperforms the two baseline algorithms. Specifi-
cally, the minimum improvement of system revenue is 5
and 55 percent for the proportional fairness utility and the
weighted sum rate, respectively. Furthermore, it can be
seen that the power allocation has a larger impact in the sys-
tem revenue compared to the frequency allocation. It
implies that for the practical implementation, we only need
to optimally control the transmit power used for the trans-
mission of each MUs in addition to equal frequency alloca-
tion among MUs.

Example 4 (Performance comparison at different set-
tings of Ri;min). We consider a set of hybrid energy sup-
plying small-cell networks, where we fix the locations of
four BSs as shown in Fig. 3, and randomly deploy 100
MUs in the 1000m-by-1000m area. We vary the minimum
data rate requirement Ri;min from 0.4 Mbps to 2 Mbps.
Each point in Fig. 8 is obtained by averaging over 100 dif-
ferent topologies when giving Ri;min. Other simulation
parameters are the same as those in Example 1.

Fig. 8 shows that in comparison with the other two
orthogonal frequency allocation algorithms, the frequency
allocation with equal power allocation can attain the maxi-
mum network utility at the cost of more energy payment,
which leads to the lowest system revenue. It can be seen
that with increasing the minimum data rate requirements of
all MUs, the power control with equal frequency allocation
can increase the network utility at the cost of more energy

Fig. 7. The performance of three algorithms for different network utilities
at different densities of SBSs.

Fig. 8. The performance of three algorithms for different network utilities
at different settings of Ri;min.

3. In this work, the system revenue is defined as the difference
between the system utility and the weighted on-grid energy payment.
When using the frequency allocation with equal power allocation, the
total on-grig energy payment is equal to ðPB;max þ PBÞ
 I 
 T 
 pB þ
ðPs;max þ PsÞ 
 I 
 T 
 ps þ ðPs;maxþ Ps � Es=T Þ 
 T 
 ps, where I
means the number of MUs deployed in the network. Given the parame-
ter settings in Table 1, we have the result that the total on-grid energy
payment increases linearly with the number of MUs. On the other
hand, when using the frequency allocation with equal power allocation,
there is no power control and the maximum on-grid energy payment is
needed, which leads to the negative system revenue with the electricity
price being 0.6$. Considering that the energy consumption is fixed for
any MU density, the energy price p has substantial role in the system
revenue when using the frequency allocation with equal power alloca-
tion. It implies that in order to obtain the positive system revenue, we
can set the electricity price to be a low price, e.g., 0.1$.
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payment for any type of network utility. On the contrary, as
the minimum data rate requirement increases, the proposed
algorithm can yield an increasing utility in the case of pro-
portional fairness utility and a decreasing utility in the case
of weighted sum utility with the increase of energy pay-
ment. This is because that to meet the minimum data rate
requirement of each MU, the greedy property of weighted
sum rate leads to less spectrum resource allocated to MUs
in the better channel conditions when increasing the mini-
mum data rate requirement. We can also see that although
the system revenue of three algorithms decreases with the
increase of minimum data rate requirement Ri;min, the pro-
posed algorithm always outperforms the two baseline algo-
rithms. For example of the weighted sum rate, the proposed
algorithm can increase 60 percent system revenue at least
compared to power control with equal frequency allocation.

Example 5 (Performance comparison at different set-
ting of trade-off coefficient a). We consider a set of
hybrid energy supplying small-cell networks, where we
fix the locations of four BSs as shown in Fig. 3, and ran-
domly deploy 100 MUs in the 1000m-by-1000m area. We
vary the trade-off coefficient a from 0 to 1. Each point in
Fig. 9 is obtained by averaging over 100 different topolo-
gies when fixing a. Other simulation parameters are the
same as those in Example 1.

Fig. 9 shows that varying a cannot affect the network
utility and total energy payment when using the frequency
allocation with equal power allocation. This is because that
given power allocation, the system revenue maximization
is reduced to the network utility maximization through

frequency allocation, which is independent of the setting of
a. On the contrary, the obtained network utility, total energy
payment, and system revenue of the other two orthogonal
frequency allocation algorithms decrease with the increase
of a. Since the trade-off coefficient a reflects the negative
influence of energy payment to the system revenue, the
increase of a implies that we need to reduce the energy pay-
ment to maximize the system revenue. Correspondingly, the
decrease of energy payment further leads to the decrease of
network utility. Also, it can be seen that the proposed algo-
rithm always outperforms the two baseline algorithms. For
example of the weighted sum rate, the proposed algorithm
can increase 300 percent system revenue at least compared
to power control with equal frequency allocation.

Example 6 (Performance comparison with the full
frequency reuse scheme). In this simulation example,
we want to evaluate the performance of our proposed
algorithm through comparing it with the full frequency
reuse scheme. We consider a set of hybrid energy supply-
ing small-cell networks, where we fix the locations of four
BSs as shown in Fig. 3, and randomly deploy 10�30 MUs
in the coverage area of each small cell. Each point in Fig. 10
is obtained by averaging over 100 different topologies
with the same density of MUs. Other simulation parame-
ters are the same as those in Example 1.

Fig. 10 shows that as the number of MUs in each small cell
increases, the obtained network utility, total on-grid energy
payment and system revenue all increase for the two algo-
rithms when the proportional fairness utility is adopted. On
the contrary, when adopting the weighted sum rate across
MUs, only the obtained network utility and system revenue

Fig. 10. The performance of the proposed algorithm and full frequency
reuse scheme for different network utilities at different MU densities.Fig. 9. The performance of three algorithms for different network utilities

at different setting of trade-off coefficient a.
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decrease with the increase of the number of MUs for the two
algorithms. Also, we can find that in comparison with the full
frequency reuse scheme, the performance gain of our pro-
posed algorithm depends on the form of selected system util-
ity. In particular, when considering the proportional faintness
utility, the system revenue of our proposed algorithm is close
to that of the full frequency reuse scheme at the cost of more
on-grid energy payment. On the contrary, when adopting the
weighted sum rate across MUs, our proposed algorithm out-
performs the full frequency reuse scheme. Specifically, the
improvement increases with the increase of the number of
MUs, and the proposed algorithm can improve 20 percent at
least. For the weighted sum rate, the full frequency reuse
scheme has to mitigate the co-channel interference through
the optimal power allocation. Therefore, although the full fre-
quency reuse scheme prefers to allocatemore transmit energy
to the MUs with the better channel conditions, less weighted
sum rate (and hence less system revenue) is obtained due to
the co-channel interference.

Example 7 (Impact of fast fading on the algorithm per-
formance). As mentioned in the previous simulation
examples, we evaluate the algorithm performance in the
context of slow fading. In this simulation example, we
want to evaluate how the fast fading (i.e., Rayleigh fading)
influences the algorithm performance in the practical algo-
rithm implementation. Thus, the fading effects include the
slow fading (i.e., shadow fading) and fast fading (i.e., Ray-
leigh fading) for evaluation purposes. We consider a
hybrid energy supplying small-cell network, where we fix

the locations of four BSs as shown in Fig. 3, and randomly
deploy 10 MUs in the coverage area of each small cell. We
use the Clarke’s model to generate the Rayleigh fading
level with the approximal coherence time being 1 second.
Thus, we set the length of the time slot to be 1 second.
Other simulation parameters are the same as those in
Example 1.

The system revenue obtained per time slot (i.e., per sec-
ond) is plotted in Fig. 11. In the algorithm implementation
with fast fading, the fading realization estimated in the pre-
vious time slot is used for running the algorithm in the cur-
rent time slot. Considering the convergence time of the
proposed algorithm, the proposed algorithm cannot con-
verge in a time slot for the fast fading. Thus, the system reve-
nue obtained in the last iteration in each time slot is
considered as the system revenue obtained by the proposed
algorithm, which is shown in the blue curve of Fig. 11. For
the comparison purpose, we assume that the fading realiza-
tions are known for the optimization in the results with fast
fading, which leads to the maximum system revenue shown
in the red curve of Fig. 11. We can see from Fig. 11b that
when adopting the weighted sum rate across MUs, the sys-
tem revenue obtained by the proposed algorithm can
approach the maximum system revenue with the increase of
time. On the contrary, we can find from Fig. 11a that when
the proportional fairness utility is considered, the system
revenue obtained by the proposed algorithm cannot meet
the maximum system revenue. Interestingly, the perfor-
mance gap is very small, i.e., 4.11 percent at most in compari-
son with the maximum system revenue. These observations
reveal that in the practical implementation of the proposed
algorithm, the impact of realistic effects such as fast fading
on the algorithm performance can be negligible.

7 CONCLUSION

In this paper, we have studied the joint optimization of
spectrum and power that maximizes the system revenue
defined for the heterogeneous small-cell network with
hybrid energy supplies. By exploiting the hidden convexity
of this optimization problem, we have proposed an efficient
joint spectrum and power allocation algorithm to obtain the
optimal solution. The proposed algorithm is computation-
ally efficient, since it approaches the global optimality at the
rate of 1=n. Specifically, in our proposed algorithm, we have
designed the ADMM-based Lagrangian maximization algo-
rithm to obtain the optimal solution to the primal sub-prob-
lem in the closed-form expression at each iteration, and
have applied the subgradient method to update the solution
to the dual sub-problem. Our theoretical analysis shows that
the proposed ADMM-based Lagrangian maximization algo-
rithm approaches the primal optimal solution with the time
complexity of Oð1=�rÞ iterations. In the future work, we will
study the dynamic optimization of spectrum and power in
the long-term scheduling period, taking into account the
intermittent nature of renewable energy arrival. Further-
more, the mobility of MUs and the frequency reuse among
small cells will be considered when designing the joint spec-
trum and power allocation algorithm for hybrid energy sup-
plying small-cell networks.

Fig. 11. The impact of Rayleigh fading on the algorithm performance with
the increase of time.
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8 PROOFS

8.1 Proof of Theorem 3

Note that Ru is a continuous and concave function with
respect to vv. Together with the twice-differentiable and
strictly concave nature of UuðRuÞ, it follows that the function
Lðvv; hhÞ is closed, proper, differentiable, and concave in vv.
Also, it follows that the unaugmented Lagrangian ~L0ðvv; uu; hhÞ
has a saddle point ðvv	; uu	Þ satisfying
~L0ðvv	; uu; hhÞ � Lðvv	; hhÞ ¼ ~L0ðvv	; uu	; hhÞ � ~L0ðvv; uu	; hhÞ (40)

AAvv	 ¼ cc (41)

for all feasible vv, where vv	 and uu	 mean a pair of primal and
dual optimal solutions to (19), respectively. Accordingly,
Lðvv	; hhÞ is the optimal objective value of (19). By (40) and
(41), we have

Lðvv	; hhÞ ¼ ~L0ðvv	; uu	; hhÞ
� ~L0ðvvðkÞ; uu	; hhÞ
¼ LðvvðkÞ; hhÞ � uu	T rrðkÞ:

(42)

Since Lðvv; hhÞ is closed, proper, differentiable, and con-
cave, so is ~Lrðvv; uu; hhÞ. Thus, the optimality condition at the
kth iteration satisfies

0 ¼r ~LrðvvðkÞ; uu; hhÞ
¼rLðvvðkÞ; hhÞ �AAT uuðk�1Þ � rAATrrðkÞ;

(43)

where r denotes the differential operator. Together with
the fact that uuðkÞ ¼ uuðk�1Þ þ rrrðkÞ in (38), it follows that

rLðvvðkÞ; hhÞ �AAT uuðkÞ ¼ 0: (44)

This implies that vvðkÞ maximizes

Lðvv; hhÞ � ðuuðkÞÞTAAvv: (45)

Thus, we have

LðvvðkÞ; hhÞ � ðuuðkÞÞTAAvvðkÞ � Lðvv	; hhÞ � ðuuðkÞÞTAAvv	: (46)

Adding (42) and (46), and using AAvv	 ¼ cc, we have

ðuuðkÞ � uu	ÞT rrðkÞ � 0: (47)

Substituting uuðkÞ ¼ uuðk�1Þ þ rrrðkÞ, we get

2ðuuðkÞ � uu	ÞT rrðkÞ
¼ 2ðuuðk�1Þ � uu	ÞT rrðkÞ þ 2rjjrrðkÞjj22
¼ 2

r
ðuuðk�1Þ � uu	ÞT ðuuðkÞ � uuðk�1ÞÞ

þ 1

r
jjuuðkÞ � uuðk�1Þjj22 þ rjjrrðkÞjj22:

(48)

Since uuðkÞ � uuðk�1Þ ¼ ðuuðkÞ � uu	Þ � ðuuðk�1Þ � uu	Þ, Eq. (48) can be
rewritten as

1

r
ðjjuuðkÞ � uu	jj22 � jjuuðk�1Þ � uu	jj22Þ þ rjjrrðkÞjj22: (49)

We define V ðkÞ ¼ 1
r
jjuuðkÞ � uu	jj22, and it follows from (47) and

(49) that

V ðkÞ � V ðk�1Þ � rjjrrðkÞjj22: (50)

This implies that V ðkÞ decreases in each iteration. Iterating
(50), we have

r
X1
k¼1

jjrrðkÞjj22 � V ð0Þ: (51)

It follows that rrðkÞ ! 00 as k ! 1, which implies the primal
residual convergence.

By (41) and (37), we can get from (42) and (46) that

LðvvðkÞ; hhÞ � Lðvv	; hhÞ � ðuu	ÞT rrðkÞ; (52)

and

LðvvðkÞ; hhÞ � Lðvv	; hhÞ � ðuuðkÞÞT rrðkÞ; (53)

respectively. Along with the fact that rrðkÞ ! 00 as k ! 1, it
follows that LðvvðkÞ; hhÞ ! Lðvv	; hhÞ and AAvvðkÞ ! cc as k ! 1. It
implies that vvðkÞ approaches one optimal solution to (19) for
k ! 1. Therefore, Theorem 3 follows.

8.2 Proof of Theorem 4

The inequality (50) shows that jjuuðkÞ � uu	jj22 decreases in each
iteration, and thus the sequence fuuðkÞg is bounded. Thus, we
have

lim
k!1

jjuuðkÞ � uuðk�1Þjj22 ¼ 0: (54)

By (38), the inequality (50) can be rewritten as

jjuuðkÞ � uu	jj22 � jjuuðk�1Þ � uu	jj22 � �jjuuðkÞ � uuðk�1Þjj22: (55)

By (54), the inequality (55) implies that

lim
k!1

ðjjuuðkÞ � uu	jj22 � jjuuðk�1Þ � uu	jj22Þ � 0: (56)

Let uu1 be the cluster point of the sequence fuuðkÞg. It follows
from (56) that the sequence fuuðkÞg sublinearly converges to
uu1. As shown in the proof of Theorem 3, the sequence fvvðkÞg
with respect to the sequence fuuðkÞg converges to one primal
optimal solution to (19). Due to the strict convexity of (19),
the multiplier sequence fuuðkÞg converges to one dual optimal
solution (and hence uu1) accordingly. Therefore, it follows
that the sequence fvvðkÞg converges to the optimal solution to
(19) at a sublinear rate, and thus Theorem 4 follows.

8.3 Proof of Theorem 5

Let ~vvðkÞ ¼ 1
k

Pk�1
n¼0 vv

ðnÞ, and ðvv	; uu	Þ be a saddle point of the
unaugmented Lagrangian ~L0ðvv; uu; hhÞ. We denote the initial
Lagrange multipliers and initial primal variables as uuð0Þ

and vvð0Þ, respectively. Due to the strict convex nature of (19),
we have

Lð~v~vðkÞ; hhÞ � Lðvv	; hhÞ � uuT ðAA~vvðkÞ � ccÞ � � 1

2k
c0ðuuÞ (57)

for any feasible uu by Theorem 1 in [30], where c0ðuuÞ ¼
rjjAAðvvð0Þ � vv	Þjj22 þ 1

r
jjuuð0Þ � uujj22. Using uu ¼ uu	 þ AA~vvðkÞ�cc

jjAA~vvðkÞ�ccjj2
, we

have
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Lð~v~vðkÞ; hhÞ � Lðvv	; hhÞ � ðuu	ÞT ðAA~vvðkÞ � ccÞ � jjAA~vvðkÞ � ccjj2
� � 1

2k
c0

�
uu	 þ AA~vvðkÞ � cc

jjAA~vvðkÞ � ccjj2

�
(58)

by (57). With the saddle point inequality (40), we get

Lð~v~vðkÞ; hhÞ � ðuu	ÞT ðAA~vvðkÞ � ccÞ � Lðvv	; hhÞ � ðuu	ÞT ðAAvv	 � ccÞ:
(59)

It implies that

Lð~v~vðkÞ; hhÞ � Lðvv	; hhÞ � ðuu	ÞT ðAA~vvðkÞ � ccÞ � 0: (60)

Adding (58) and (60), we have

jjAA~vvðkÞ � ccjj2 �
1

2k
c0 uu	 þ AA~vvðkÞ � cc

jjAA~vvðkÞ � ccjj2

� �

¼ r

2k
jjAAðvvð0Þ � vv	Þjj22

þ 1

2kr

����
����uuð0Þ � uu	 � AA~vvðkÞ � cc

jjAA~vvðkÞ � ccjj2

����
����
2

2

� r

2k
jjAAðvvð0Þ � vv	Þjj22

þ 1

kr
ðjjuuð0Þ � uu	jj22 þ 1Þ:

(61)

Recall ~vvðkÞ ¼ 1
k

Pk�1
n¼0 vv

ðnÞ, and we have

jjAA~vvðkÞ � ccjj22 ¼
����
���� 1k
Xk�1

n¼0

rrðnÞ
����
����
2

2

� 1

k

Xk�1

n¼0

jjrrðnÞjj22: (62)

Since Theorem 3 shows that AAvvðkÞ � cc ! 00 for k ! 1, the

inequality (62) implies that we have jjrrðk�1Þjj22 � �r (and

hence Algorithm 2 terminates) if jjAA~vvðkÞ � ccjj22 � �r. Thus, it

follows from (61) that Algorithm 2 terminates when

r

2k
jjAAðvvð0Þ � vv	Þjj22 þ

1

kr
ðjjuuð0Þ � uu	jj22 þ 1Þ � �r: (63)

Accordingly, we have

k �
r
2 jjAAðvvð0Þ � vv	Þjj22 þ 1

r
ðjjuuð0Þ � uu	jj22 þ 1Þ

�r
: (64)

Therefore, the ADMM-based Lagrangian maximization

algorithm takes Oð1=�rÞ iterations until the convergence.

When the bisection searching is applied, the time complex-
ity of updating a frequency variable and a transmit power

variable in each iteration is Oðlog ð 1�fÞÞ and Oðlog ðPs;max

�p
ÞÞ (or

Oðlog ðPB;max

�p
ÞÞ), respectively. By (31)-(34), we thus have

that the time complexity of updating these variables is

OðISlog ð 1�fÞþ ISlog ðmaxfPB;max;maxsPs;maxg
�p

ÞÞ in each iteration.

By (35)-(36), we have that the time complexity of updating

these variables is OðISÞ in each iteration. Therefore, the

time complexity of ADMM-based Lagrangian maximization

algorithm is OðISðlog ð 1�fÞ þ log ðmaxfPB;max;maxsPs;maxg
�p

ÞÞ=�rÞ,
and Theorem 5 follows.
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