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3D On and Off-Grid Dynamic Channel Tracking for
Multiple UAVs and Satellite Communications

Jiadong Yu™, Xiaolan Liu™, Yue Gao

Abstract— The space-air-ground integrated network (SAGIN)
has drawn increasing attention for its benefits, such as wide
coverage, high throughput for 5G and 6G communications.
As one of the links, space-air communications between multiple
unmanned aerial vehicles (UAVs) and Ka-band orbiting low earth
orbit (LEO) satellites face a crucial challenge in tracking the 3D
dynamic channel information. This paper exploits a statistical
dynamic channel model called the multi-dimensional Markov
model (MD-MM), which investigates the more realistic spatial
and temporal correlation in the sparse UAVs-satellite channel.
Specifically, the spatial and temporal probabilistic relationships
of multi-user (MU) hidden support vector, single-user (SU)
joint hidden support vector, and SU hidden value vector are
investigated. The specific transition probabilities that connect
the SU and MU hidden support vector for both azimuth and
elevation directions are defined. Moreover, based on the pro-
posed MD-MM, we derive a novel multi-dimensional dynamic
turbo approximate message passing (MD-DTAMP) algorithm for
tracking the 3D dynamic channel in multiple UAVs systems.
Furthermore, we also develop a gradient update scheme to
recursively find the azimuth and elevation offset for 3D off-grid
estimation. Numerical results verify that the proposed algorithm
shows superior 3D channel tracking performance with smaller
pilot overhead and comparable complexity.

Index Terms— Channel tracking, message passing, space-air
communications.

I. INTRODUCTION

ITH increasing communication traffic demands for
Wemerging applications, such as the internet of things
(IoT), cloud computing, autonomous cars and so on, future
networks have been expected to provide more robust com-
munication services. Hence, the space-air-ground integrated
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network (SAGIN) has been widely studied for its advantages
such as large coverage, high throughput and strong resilience
for 5G and beyond systems [1]. SAGIN has mainly three
segments: space segment consists of satellite network, air
segment consists of aerial network, and ground segment con-
sists of terrestrial network [2]. Acting as the middle segment,
aerial network with unmanned aerial vehicles (UAVs) is cost—
effective. It can provide a shorter line of sight (LoS) range for
transmission compared with satellite-ground links [3]. UAVs
are deployed as base stations in both crowded areas and
non-accessible emergency scenarios for UAV-aided air-ground
communications, which can provide seamless coverage. For
space-air links, UAVs play a role as a relay to transmit the
information received from satellite (e.g. low earth orbit (LEO)
and medium earth orbit (MEO) satellites [4]) to terrestrial
network with mmWave Ka-band [5], [6]. In the above
two UAV-related communication links, due to the velocity
of UAVs, it is undeniable that the estimation of the highly
dynamic communication channels with lower overhead and
good accuracy faces some challenges: the spatial and temporal
variations caused by the mobility of UAVs in three dimen-
sional (3D) space [7].

A. Related Work

Conventionally, channel state information (CSI) is estimated
using techniques, such as least square (LS) and minimum
mean square error (MMSE). However, for these methods,
training overhead is proportional to the number of transmit
antennas which is infeasible to mmWave communication with
massive MIMO system [8]. To reduce the training over-
head, compressive sensing (CS) based techniques, such as
orthogonal matching pursuit (OMP) and compressive sampling
matching pursuit (CoSaMP), have been widely studied to
estimate the approximate sparse wireless channel in different
domain [9].

Based on fundamental CS concepts and algorithms, some
studies explored the more detailed sparse structure of the
channel through spatial correlation [10]-[13] and temporal
correlation [14]-[17]. Because of the physical scattering of
the environment, [10] has concluded that the angular domain
shows a burst sparsity structure. Hence, they proposed the
burst least absolute shrinkage and selection operator (burst-
LASSO) to extract the burst structure properties in the massive
MIMO channels with enhanced performance. Reference [11]
also exploited the clustered sparse structure of the channel
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support in the spatial domain through Markov prior. [12]
proposed a hidden Markov model to capture the angular
domain structured sparsity of the channel. Moreover, [13]
exploited the double sparsity of the multipath components
in both angular domain and delay domain. However, these
studies only considered the angular domain structure ([13] also
considered the delay domain) based on static channel environ-
ment. Effectively utilizing the prior information can reduce the
training overhead and maintain a good current channel estima-
tion performance for dynamic channel tracking. Reference [14]
proposed a prior aided channel tracking scheme by taking the
practical user motion model into account through a temporal
variation law of the physical direction. Reference [15] modeled
the channel by a Markov process and the Kalman filter to
track the dynamic model. A structured matching pursuit [16]
and differential orthogonal matching pursuit (D-OMP) [17] are
proposed both by considering the temporal correlation that
path delays change slowly over time but path gains evolve
faster.

Jointly considering both spatial correlation and temporal
correlation can improve the channel tracking performance
[18]-[21]. Reference [18] proposed the channel tracking
scheme based on the prior-aided iterative angle and Doppler
shift estimation algorithm and with the help of the previ-
ously estimated channel parameters. Reference [19] decou-
pled the channel information into angles of arrival/departure
(AoAs/AoDs) information and gain knowledge. A modified
unscented Kalman filter tracks the AoAs/ AoDs, and the gain
is estimated from the proposed beam training. References [20]
and [21] formulated the more realistic dynamic models of the
AoDs support over time through hidden Markov model in flat
and 3D space, respectively.

B. Motivation and Contribution

The aforementioned channel estimation and tracking work
in [10]-[12], [14]-[20] can be directly adapted to the ground
links and air-ground links with mobile scenario. However,
for space-air links, which consist of multiple UAVs and one
satellite, there are some non-neglected features: the known
orbiting satellite, the 3D UAVs moving trajectories, and the
dominant LoS ray between each UAV and satellite [2].

Although [10]-[12] considered the angular domain spar-
sity of the channel, it’s non-trivial to include the temporal
information for channel tracking, especially in highly mobile
space-air links with orbiting satellite and UAVs navigation.
Comparatively, [14]-[17] all considered the prior channel
information for time-varying channel tracking. However, they
ignored the spatial angular structured sparsity. Reference [18]
studied the prior information of both angle and Doppler shifts
for channel tracking, the probabilistic relationship of the angle
movement is not explored. Moreover, although [19] and [20]
both jointly considered spatial and temporal correlation of
the dynamic channel, the premise of the system were both
communicated through a flat surface. Furthermore, although
our previous work [21] considered a more realistic 3D space-
air communications with only one UAV, however, the multiple-
UAVs system can provide wider coverage in practice.
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Compared with one UAV in the system, for multiple UAVs,
there will have more than one structured sparse points on
the quantized grids to represent the multi-user (MU) spatial
correlation with sharing azimuth or elevation supports. Hence,
a more complicated scenario with multiple UAVs should be
further explored. The above algorithms all assumed that the
true angles lie on the quantized grids. However, in the real
world, the true angle is continuously distributed [22]. To solve
the off-grid problem, [22] and [23] all proposed algorithms
based on a two-dimensional (2D) flat environment. Hence,
none of the mentioned work considered the 3D off-grid case
of the channel model.

Motivated by the above literature review, we consider the
multiple UAVs space-air links to recursively track the 3D
off-grid dynamic channel with smaller training overhead, com-
parable complexity, and improved estimation performance.
The main contributions are summarized as follows:

o We develop a statistical 3D on-grid and off-grid chan-
nel model called multi-dimensional Markov model
(MD-MM) for space-air communication links with 3D
navigation multiple UAVs and orbit LEO satellite in the
system. The MD-MM captures the structured sparsity of
the MU azimuth and elevation spatial domains and the
probabilistic relationship between MU and SU support.

« Based on the proposed MD-MM channel model, we pro-
pose a novel multi-dimensional dynamic turbo approx-
imate message passing (MD-DTAMP) algorithm which
can recursively track the 3D on-grid dynamic channel
over time.

o We further develop a gradient azimuth and elevation 3D
off-grid estimation scheme for a more realistic channel
model, which iteratively update the optimum 3D offset
through gradient calculation.

o The proposed MD-DTAMP algorithm with and without
an off-grid scheme all show superior estimation perfor-
mance compared with benchmark algorithms. Moreover,
the proposed algorithm can achieve solid performance
with smaller pilot overhead and comparable complexity.

This paper is organized as follows. The downlink LEO
satellite to multiple UAVs system model is introduced in
Section II. In Section III, the 3D on-grid and off-grid MD-MM
channel model are elaborated. The problem of channel track-
ing is formulated in Section IV. The proposed algorithm
MD-DTAMP and the 3D gradient off-grid estimation scheme
are presented in Section V. Numerical results and conclusions
are then provided in Section VI and Section VII, respectively.

Notation: Throughout the paper, we use the following
common notation. The complex numbers are denoted by C.
The transpose and the conjugate transpose are denoted by
()T, ()" respectively. I is the identity matrix. CA" (mean,
covariance) indicates a complex Gaussian random vector with
defined mean and covariance. || - || is the l> norm.

II. SYSTEM MODEL

In this paper, we consider the narrow-band flat fading
transmission model through space-air downlink communica-
tion from LEO satellite to multiple UAVs. Since Ka-band is
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Fig. 1. The illustration of space-air communications system model at time
slot ¢.
TABLE 1

TABLE OF IMPORTANT NOTATIONS
Notations Explanations
Ny Ny Index and total number of x-axis antenna/sparsity size
Ny, Ny Index and total number of y-axis antenna/sparsity size
Ng Total pilot number
m, M Index and total number of the antenna and the sparse grid
t, T Index and total number of the time slot
Okt Dkt k' UAV azimuth and elevation directions of AoD at ¢
ék, q;k,t k" UAV on-grid azimuth and elevation directions of AoD at ¢
Aby.4, Agy,, | k" UAV azimuth and elevation offset directions of AoD at ¢
Orange The range of azimuth directions of AoD
Orange The range of elevation directions of AoD
a (Or.t, t) Transmit array response vector at ¢
hpt k" UAV frequency domain channel model at ¢
S} k" UAV transmit pilot symbols
yE_’%, Y k" UAV received signal at ¢
yit k" UAV total received signal for total period ¢
n',z?%,nk,,, k" UAV additive white Gaussian noise at ¢
Gkt k* UAV complex channel gain at ¢
k,t,;m k" UAV channel gain element for the m!" AoD at t
it k" UAV sparse matrix complex channel gain at ¢
gg), giT) k" UAV total sparse matrix complex channel gain for period ¢ or T'
bkt.m k™ UAV hidden support element for the ' AoD at ¢
b k" UAV hidden support vector at ¢
b;:'), bgcT) k" UAV hidden support vector for total period ¢ or T
b, MU Hidden support vector at ¢
Akt k* UAV azimuth support element for the m™ AoD at ¢
€k.t.m k' UAV elevation support element for the m'" AoD at ¢
Q. t) €t k" UAV azimuth and elevation support vector at ¢
ag), a,,(CT) k" UAV azimuth support vector for total period ¢ or 7'
eg), eg) k" UAV elevation support vector for total period t or T'
Qtms Ctom MU azimuth and elevation support element for the m‘" AoD at t
a6t MU azimuth and elevation support vector at ¢
&(t), a™ MU azimuth support vector for total period ¢ or T'
é("), & MU elevation support vector for total period ¢ or T'
Vi tm k'™ UAV hidden value element for the m'™ AoD at ¢
Dt k' UAV hidden value vector at ¢
1955)., 1921') k" UAV hidden value vector for total period ¢ or T'

weather dependent, to mitigate the high path loss, the LEO
satellite is installed with uniform planar array (UPA) with
M = N, x N, antenna elements to compensate the transmis-
sion loss [6], [24]. The k** € {1,..., K} UAV is equipped
with a high gain omni-directional single antenna' [25], [26].
The illustration of the system model can be found in Fig. 1.

'For simplicity of only exploring the temporal and spatial correlation
of the azimuth and elevation AoD of the satellite, the high gain omni-
directional single antenna is assumed to be carried by the k*" UAV. However,
the proposed system model can be further extended with UAVs also installed
with UPA. The main difference is that the channel model should further take
the receiver array response vectors with azimuth and elevation directions of
AoAs into consideration.
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The important notations of the system and channel model are
shown in Table I. In training procedure, as symbols Sy €
CMx*Ns are transmitted from satellite to UAV, the received
signal at k' UAV at time slot ¢ can be expressed as

YRy = hitSk + nfX, (1)

with hy; € C'™M a5 the frequency domain channel vector,
and n®X ~ CN(0,021) is the additive white Gaussian noise.

A. Channel Model

The LoS ray is the dominant path in space-air commu-
nication links [27]. Hence, the hj, denotes the frequency
domain channel vector with one dominant LoS path, which
is written as,

hii = Gria™ O, drt) 2)

where §i ¢ is the complex channel gain, a (0kt, Prt) €
CWNexNy) X1 represents the transmit array response vectors,
0+ and ¢y ¢ as azimuth and elevation directions of AoD for
k'™ UAV at time slot t. As for UPA installed LEO satellite,
the steering vector can be written as

a (Ok,t, Pr,t)
_ 1 [17 o ,ejQT"dsiné)k,t(nm sin ¢, ¢ +ny cos¢k,t),
Nz x Ny
7ej27”dsin9k,t(Nw sin ¢p 1+ Ny cos¢>k,t)]T7 (3)

where A\ is the signal wavelength, 0 < n, < N, and
0 < ny < N, are the indices of an antenna element with
N, and N, as antenna array sizes.

B. On-Grid and Off-Grid Virtual Channel Model

Conventionally, to explore the sparse property of the chan-
nel, AoDs are assumed to lie on the quantized grids for
simplicity [28]. With discretized AoDs, the channel model is
called on-grid channel. However, in practice, the true angle is
continuously distributed. The channel with this kind of AoDs
is named as off-grid channel [23]. Hence in this subsection,
we present both on-gird and off-grid cases.

For on-grid case, the channel model can be further written
into a sparse representation as

Bt = 9, A" (B i) @

where g, , € C'*M s a sparse vector with one non-zero
elements (which means only one dominant path for the k"
UAV), M is the total number of spatial grids, the quantized
AoD pairs are considered, i.e., ék,t =[0,0""¢/N,, ..., 07"
(N, — 1)/N,] and (}5“ = [0,¢""/N,, ... o
(N, — 1)/N,], which means the virtual k" UAV’s AoD

pair can consist of a M uniform grid, and A (ék,t, (ik’t) €

CMxM g the dictionary matrix. For off-grid case, we define

Aby.tn, and Ay, to represent the offset angles for
both azimuth and elevation directions, respectively. Hence,
the true AoD azimuth and elevation angle should be the
combination of the nearest on-grid angle and the relative offset
angle. As an example, we demonstrate the k" UAV’s AoD
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Fig. 2. Tllustration of the off-grid AoD azimuth direction.

azimuth direction. The illustration can be found in Fig. 2.
We assume that the true azimuth angle 6 ; has the nearest
on-grid angle ék,t,nw and the offset angle is Aby;,, =
Ot — éktm Similarly, the AoD elevation direction offset
angle can be written as A¢p ¢ n, = Ort — qgkm,,y. Hence,
the off-grid channel can be written as

~H [/~ ~
hie = 91, A (B + A0k, by + Adry) )
where

A (ék,t + Aby 4, égk’,t + A‘Z’k,t)
= {a (ék,t,l + Abi1, e + A¢k,t,1)a
e a (ék’,t,nw + Aek,t,nm; (&k’,t,ny + A(bk,t,ny)7

Sa (ék,t,Nw + Ay i N, DraN, + A%,t,]\@)} (6)

is the off-grid array response vector dictionary matrix.
To be noticed, the AoD azimuth offset vector Afy; =
[Aby i1 .., Aby g n,])" with
Okt — Optn., Act th,
Abk,tn, = Tkt e I.)a @)
, Otherwise.

The otherwise case represents the non-active virtual on-
grid offsets which can be observed in Fig. 2 with the nota-
tion from A6 ;1 to Afy .y without the active path offset
Ab t,n, - Similarly, the AoD elevation offset vector A¢y, , =

[Adrta -, Ad)k,t,Ny]T with

Okt — ¢~)k t.n,, Active path,

Apm, = § 5t 7 Oty 8
Pty {O, Otherwise. ®)

When Afj.; = 0 and Ag,, ;, = 0, the off-grid channel can

be treated as the on-grid channel in (4).

III. MULTI-DIMENSIONAL MARKOV
MULTIUSER CHANNEL MODEL

In our model, communication links connected between LEO
satellite and multiple UAVs are considered. Because of the
LEO satellite height, a certain portion of the earth’s surface is
covered at any given time slot. This means a constellation of
LEO satellites is necessary for full coverage of the earth [29].
We consider a condition that one LEO satellite communicates
with the same group of multiple UAVs simultaneously before
any communication link is handed over to the adjacent LEO
satellite. This means the LEO satellite would orbit in a certain
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distance range, limiting the azimuth and elevation angle in
fixed ranges. With assumptions above, we transfer the complex
continuous relative displacement relationships between LEO
satellite and UAVs into time-varying angular domain variance
with transition probability similar to [19]-[21] (this is further
elaborated in Section III-C).

In the MU scenario with multiple UAVs, we specially
explore the relationship between the MU and SU hidden
support vector. The MU azimuth a'" and elevation &’
support vector are both modeled as two dimensional Markov
model (2D-MM) similarly in [21]. @7 and &) represent
the MU azimuth and elevation support vector over total time
period T. During time slot ¢, @ = [at1,...,G.N,] €
{0,1}Ne with Gy, = a1.4.m V a24m V ... V @ .t.m, which
means MU azimuth support is the union of the SU azimuth
support of total K UAVs at time slot ¢. Similarly, for MU
elevation support & = [é11,...,én,] € {0,1}Ne with
€ty = C1,t,mVe2t,mV...Vex m. Furthermore, the SU joint
hidden support vector by is modeled as three dimensional
hidden Markov model (3D-HMM) which jointly combines the
single-user (SU) azimuth and elevation support.

The details of the complete multi-dimensional Markov
model (MD-MM) channel model are introduced in four
parts: probability model for SU channel, 2D Markov model
(2D-MM) for azimuth and elevation MU hidden support
vector, 3D-HMM for azimuth and elevation SU joint hidden
support vector, and Gaussian Markov model for SU hidden
value vector.

A. Probability Model for SU Channel

The dynamic angular domain channel for the k" UAV

(ry _ : _
9" = Agr1-- - grr} with gp = {gke1, - gren}
can be modeled as a probabilistic signal model with two
hidden random processes, SU joint hidden support vector
b,(CT) = {bk,1,...,bx,r} and SU hidden value vector ﬁ,(CT) =
{91, Ok} Here, by = [bre11,---5 bkt NN, ]
[kt1y-- s brer] € {0,1}M represents the SU joint hidden
support vector at time ¢, which indicates the k" UAV channel
sparsity with by, € {1,0}. The SU hidden value vector
Ot = [Dki1y--sIke.m) € CM represents the temporal
correlation of the k" UAV channel coefficients. The dynamic
channel element for the m!* AoD direction in the time ¢ of
the k' UAV can be written as

9k, t,m = bk,t,mﬁk,t,m; (9)

where by, ; ., denotes whether there is an active path or not
(i.e., bgt,m = 1 means the mth AoD path is activated) and
Vk.,¢,m represents the path gain.2

To formulate the more realistic dynamic channel (i.e., the
inactive AoD path at the current time ¢ may be activated at
time ¢ + 1), a probabilistic channel model of k" UAV with
channel prior distribution can be formed as

P (gI(CT), bl(cT)’ ﬂl(cT))

(o7 14707} 7))

2For paring the azimuth and elevation directions, m = (nz —1) X Ng +ny.

(10)
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Fig. 3. Factor graph of the SU channel.

where the k" UAV channel vector conditional prior is

T M
p (gziT) | biT),ﬂiT)) =11 I (omtom | brtms On.tm)

t=1m=1
T M
= H H 0 (gk,t,m - bk,t,mﬁk,t,m) )
t=1m=1
(11)

with 4(-) is the Dirac delta function. The factor graph of the
combined k' UAV channel can be found in Fig. 3, with 7y, ¢,
denotes the conditional prior p (gx.¢,m | bk t,ms Uk, t,m). This
factor graph shows that the final k" UAV channel gain g ;
is the combination of the SU joint hidden support vector by, ¢
(on the left hand side of Fig. 3) and the SU hidden value
vector ¥y, (on the right hand side of Fig. 3).

B. Gaussian Markov Model for SU Hidden Value Vector

The illustration of the factor graph for the k" UAV SU
hidden value vector ¥}, ; and the Gaussian-Markov model can
be found in Fig. 3 (on the right hand side). Due to the path
gains change smoothly over time [17], the hidden value vector
can be formulated as the Gauss-Markov processes [30]

Uitm = (1 — Br) (Ve i—1,m — Hk) + Brwi,e.m + fk, (12)

where (i € [0,1], wkt.m ~ CN(0,Ck), pr € C is the mean
of the process. When 3, = 0, then ¥ ¢ ,, = UV ¢—1,m, Which
indicates that 199, ; remain unchanged over time. When (35, = 1,
then ¥y, ¢ m = BrWhk, t,m + 1k, which means that the SU hidden
value vector shows the i.i.d Gaussian distribution with mean
. over time. If 0 < 8 < 1, the conditional probability can
be written as

P (Ok,tym | Okyt—1,m)
~ CN (9it,m3 (1= Br) One—1,m + Buott, BiCr) - (13)

The distribution of the steady state of the process is

htom ~ CN(uk,a,% = 2_"%’;). And the joint distribution of

19k(T) can be formulated as

M T
p(97) = TI » @rron) [Tp Wt | Or1m) s (14)

m=1 t=2
where p (9%,1,m) and p (Vk.¢,m | Vk,t—1,m) are the transition
probabilities that equal to the factor nodes fi 1, and fi ¢m
in Fig. 3.
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Fig. 4. (a) MU hidden support matrix illustration at time slot ¢ with N, = 8
N, = 8 when three UAV users are considered with three activated paths.
(b) Factor graph of 2D-MM of the MU azimuth support vectors when 7" = 2
and N, = 8.

C. 2D-MM for Azimuth and Elevation MU
Hidden Support Vector

The details of the azimuth and elevation MU hidden support
vector are introduced as follows: To explain the 2D-MM for
MU hidden support vector of azimuth and elevation directions,
we take three UAV users as an example in Fig. 4(a). The
relationship of the MU azimuth support a; and the MU
elevation support é; with three activated paths are shown.
To be noticed, in this example, there are two users share the
same MU azimuth support. Hence, the MU azimuth support
a; has only two activated points at time ¢. For MU elevation
support €; has three activated points at time ¢.

Because of the navigation of the UAVs [31], together with
the known orbital voyage of the LEO satellite, the relative
displacement of the UAV and satellite is continuous. Hence,
the spatial sparsity pattern will act highly related with the
prior adjacent pattern, i.e., G;11,,, has higher probability
be influenced by the adjacent a;,,—1 in previous time
slot [10]. Reference [17] has also verified that the channel
support change slowly over time, which indicates a;y1,p,
has higher probability to be influenced by itself in previous
time slot a; . This relationship which considers both spatial
correlation and temporal correlation is named as dynamic 2D
sparsity. The illustration of this 2D-MM can be found in the
factor graph in Fig. 4(b). The model over total time period T’
can be expressed as:

»(a7)
N,

:p(&l,l) H p(dl,nm | dl,nm—l)
——

Ng=2

%1 qé‘?,'sn)xval,nm—l
T Na
X H p(as1|ai—1,1) H P(atn, |Gt—1,n,—1,Gt-1,n,) | »
t=2 n,=1
(am) (4)

q

at,1,0¢—1,1 At,ng s @t—1,mge—1:9t—1,ng

15)
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Fig. 5. (a) Illustration of SU joint hidden support matrix based on MU
hidden support matrix in Fig.4. (b) HMM of SU azimuth support az ¢ n,
with three users. (¢) 3D-HMM Factor graph of the SU joint hidden support
vector by ; when T'=1, Ny = 8, Ny = 8.

(AS)

qal,nx 301 g —17

are the transition probabilities

(AT)

qat,l;&t—l,l and

where
(A)

qat,nw sAt—1,mgp—1,At—1,ny

Gay,1»

that equal to the factor nodes lel, cil,nx, Jt,l and d; p,
in Fig. 4(b) of the azimuth directions. To be noticed, the MU
azimuth support a;,, € {0,1}. The support of the MU

elevation support of AoD p (é(T)) can be modeled similarly.

D. 3D-HMM for Azimuth and Elevation SU Joint
Hidden Support Vector

To explore the relationship between MU and SU, we mod-
eled the joint prior distribution of MU and SU azimuth or
elevation support as HMM with conditional probability. Take
k" UAV SU azimuth support as an example:

p (a(T); a;iT)) = ﬁ ﬁ p (@) p(ak,|at)

t=1k=1

2

x

I
e
>

p (at) p (ak,t,nw |dt,nw) . (16)

(A)

< Py
Bt ng Okt g

o~
Il

1k 1

I
-

Mg

where g(A)

Koty o is the transition probability equal to the

factor node o ¢, in Fig.5(b). Furthermore, a™ and a,(CT)

are the MU azimuth support vector and k" UAV SU azimuth
support vector over time period 7', respectively. Although in
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practice, multiple UAVs may share partially MU azimuth
or elevation support, i.e., in Fig.5, user 2 and user 3 both
have the 4'" grid activated which means the same azimuth
support is shared, our HMM model can still apply. To be
noticed, each element in a,(CT) is generated by the MU azimuth
support vector in the HMM with certain conditional prob-
ability, i.e.. p(aken, = laen, = 0) = ¢y, = 0 and
Pk tn, = Lag,, = 0) = 151)171' In another word, when
the MU azimuth support element a; ,, = 0, there is no way
that the k" UAV SU azimuth support element ay;,, = 1.
However, when the MU azimuth support element a; ,, = 1,
there is a certain probability g,ii)l_l that the n‘" element
Ak tn, 10 the k" UAV SU azimﬁth/support vector is 1. The
k" UAV SU elevation support can be modeled similarly.

Hence, the 3D-HMM of the SU joint hidden support b,(CT)
over total period time 7' which combines both azimuth and
elevation direction supports can be found in Fig. 5(c). The
joint conditional prior of the channel support probability of
the k*" UAV is given by

P (b;,T) |a§€T), e,iT))

T N, Ny
=1L II II »(etn.n,
t=1ng,=1ny,=1

ak7t7nm7ek7t7"y) : (17)

IV. 3D OFF-GRID DYNAMIC SPARSE CHANNEL
TRACKING PROBLEM FORMULATION

By taking the off-grid channel (5) into consideration,
the received signal at k' UAV can be written as

~H [/~ ~
yl;?fﬁ = gk,tA <0k,t + Al ¢, ¢k,t + A¢k,t) Sk + nllj,)i
(18)

with y% € C'*Ns. To convert the received signal into the
standard CS model, we reshape g, , from 1 x M to M x 1.
Hence the received signal can be rewritten as

Y = Pt (ABy ., A¢k,t) Gk T Mkt (19)

with the sensing matrix Py, (A, Ady,) -
R - T NgxM
S (A (alat + A0, Py, + A¢’“t)) < e

Yp; € CNs*1 For the training phase, the transmitted
pilot S} is designed based on the partial discrete Fourier
transform (DFT) random permutation measurement matrix
Dt (ABM,A@M) [11], [32]. Details are shown in
Appendix A. Given the received signals of total ¢ time
period yff), the purpose is to track the dynamic channel
vector g, , at time ¢. The channel vector can be estimated as

Grtm =FE (gk7t7m|y,(:), Al 4, A¢k7t), when the expectation
is over the marginal posterior

P (gk,t,m|y](:)a ABy. 4, A%,t)

Y[,

(t) p
bg) g—(k,t,m)"&k

% (g1.a®,e", 61", 9y ("1 40,1, gy, ) (20)
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Fig. 6. Factor graph representation of the MD-MM.

with g(jzk’ tm) denotes the vector g,(;) without the element

9k,t,m- Our goal is to obtain the MMSE of the estimated g,,.
At the same time the optimal off-grid azimuth and elevation
offset Afy, , (Pt and Ady (oPt) are obtained by maximum
likelihood (ML) as follows, .

B(Opt) ¢ (opt)

= argmax Inp (yk , AO 1, Ay, t)
Ab,t, Ay, 4

= argmax / (gﬁf /yk 7A0k t, Ay, t) dgk . 2D
Aek,mAd)k,t 9( )

V. MULTI-DIMENSIONAL DYNAMIC TURBO APPROXIMATE
MESSAGE PASSING ALGORITHM WITH
3D OFF-GRID ESTIMATION

Approximate Message Passing (AMP) based algorithms
have been widely studied for user detection [33], [34] and
sparse channel estimation [30], [35], [36] because of its
good reconstruction accuracy and low complexity. Tradition-
ally, AMP is applied based on a static prior information.
However, the prior distribution knowledge is time-varying
in our structured dynamic channel model. As can be seen
from the factor graph Fig. 6, the complex structure makes it
more challenging to gain the exact marginal posterior in (20).
We further employ a turbo iterative framework [37] to improve
the reconstruction performance. The details of the proposed
algorithm is elaborated in this section.

The factor graph of the total MD-MM distribution
p(gp” a, e , by, 2 ﬁ(t),y,(f) ) is shown in Fig. 6. This fac-
tor graph contams three sub-graphs: the MU azimuth and
elevation vector a; and é; (on the left-hand side of Fig. 6),
the SU hidden support vector by ; (in the middle of Fig. 6),
and the k" UAV SU hidden value vector U}, (on the right-
hand side of Fig. 6) all through time 7'. The MU azimuth and

elevation vector a; and €; are both structured as 2D-MM.
The k' UAV SU hidden support vector by, is structured
as 3D-HMM which contains both SU azimuth and elevation
vector ay,; and ey ;. The details of all the necessary nodes
in the factor graph are already explained in Section III. The
expression of the factor nodes, distributions and functional
forms are shown in Table II.

Due to the complex structure of the total factor graph of
the MD-MM, it is challenging to achieve the exact marginal
posterior in (20). In this section, to explore the dynamic chan-
nel structure, we explain the structural details of the proposed
algorithm based on the turbo framework with the proposed
MD-MM MMSE denoiser. In [37], conventional turbo com-
pressed sensing is achieved based on a two-step iteration
framework: linear minimum mean-square error (LMMSE)
estimator and i.i.d. prior-based MMSE estimator. Our proposed
algorithm will be introduced in four parts: Module 4 LMMSE
Estimator, Module B MD-MM MMSE denoiser, message
passing through time, and 3D off-grid estimation.

A. Module A: LMMSE Estimator

In Module A, the angular channel vector g, , at time ¢ for
k" UAV is estimated based on the received signal y;, , with

the prior distribution CN" ( gy, 5 %4}, 1, V4. 2 g ) . The extrinsic

mean and variance are defined as [37]

[)T"L
post __ _pri Akt H pri
900 = 0t B (e~ Pragli) 22
.A k,t + Oc
and
2
vprz
post pri Ns ( Ak, t) 23
VAkt = VAkt ™ Q7 i 5 o (23)
vA,k,t +og
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TABLE 11
TABLE OF FACTORS, DISTRIBUTIONS AND FUNCTIONAL FORMS ASSOCIATED WITH OUR MD-MM

Factor Distribution

Function Form

P(IR & 1. |htm)

. PTi pri
N (gk,t’glﬁ,k,t’vs k.t )

Ck,t,m (gk,t,myg,g’k,t’m)
(
(

7"'Ic,t,'m, 9k, t,m> bk,t,m7 ﬂk,t,m) p (gk,t,m‘bk,t,mv ﬁk,t,m) 0 (gk,t,m — bk,t,m'&k,t,m)

S, 1,m (Vk,1,m P (i, 1,m) CN (95,1,m; s 0
frotom (O tms Ok t—1,m) P (Vk,t,m|Vk,t—1,m) CN (g tmi (1= B) Vpt—1,m + B, B2C)
di,1(@1,1) p(ai,1) (L—N)'"%1A%

Jl,m(al,m7dl,mfl) p(a1,m|@1,m—1)

(1) (-

As) (T—a1,m) _
qé}l ) ,@1,m—1 =10

dt,m (@t ,m, @tym—1, @t—1,m) p(@t,m|@t—1,m—1,0t—1,m)

1—q,
(A) at,m 1_ (A) (I—at,m)
9a,_ 1,m—1,0¢— lmvl) ( Day 1, 1,80 lmal)

(1- (AS))M T () e =
- - D O LT
de1(a,1,ae—1,1) Pl@s1lae—1,1) {E (AT) " (qu%T);(l_atJ) 611,1:1
{(

at—1,m—1,0t—1,m € {0,1}

—~

71,1(€1,1) p(é1,1)

1— )\)1 €1,1 )\f1,1

‘)

)1

71,m(€1,m,€1,m—1) p(é1,mlé1,m—1)

1

S €1,m Es)\ (1—€1,m) _
(1-5”)

ES)\€1,m ES)\ 1—€1,m) _
GO o1 =1

sy €1,m—1 = 0

é 1—é
o ET) “ QéﬁT))( M),étfl,l =0
”‘t,l(et,lyet—l,l) (ET) 6t 1 (ET) (1—€é¢1)
1 (QLQ ) yet—1,1 =1
(o ) U=%m)
Tt,m(€t,m, €t—1,m—1,€t—1,m) P(Et,ml€t—1,m—1,€—1,m) &—1,m—1,6t—1 m11> ( &y "1 mo1,80-1 m,l)

i
P(EealEt—1.1) {Eq §
{

€t—1,m—1,€t—1,m €

Ok,t,m (@t ng s Ak tiny ) P(ak,t,n, |0t,ng )

(ak,t,nz = 1|at7nx = O) =0, p(ak,t,nz = 1‘at,ng,~ =1)= Sk,t,1,1

(4)

W, t,m (Et,ng s €k, ting ) Pkt ny |€tng )

p(ek,t,nm = l‘ét,nw = 0) =0, p(ek,t,nm = 1‘ét,nw = 1) = S t,1,1

(E)

uk,t,m(bk,t,mv Ak, t,ng s ek,t,ny) p(bk,l,mlak,t,nx ’ 6k,t,ny)

Ak t,ng €k,t,ny (’ka t)bk’t’m (1- Yo t)(libk’t”'ﬁ + (1 - ak,t,nmek,t,ny)é(bk,t,m)

respectively. The extrinsic distribution of g, , is given by
post post
CN(gkthq.Akt’ AktI)

ot t
o8 CN (gk tagf(lk t Uirz t ) CN (gk,t;g;{,k,ta U;\Tk tI)
(24)
where the extrinsic mean and variance are respectively
given by

post pri

Iakt  9Akt
ext _ .ext
Akt = VAkt “post  pri 25
Akt  VAkt
and
1 )
ert —
U.A,k’,t - post pri ! (26)
YAkt  VAkt

B. Module B: Message Passing MMSE Denoiser

Following LMMSE estimator in module A, the main task
for module B is to exploit the k" UAV spatial sparsity
details of the proposed MD-MM in the multi-UAVs system.
Hence, the extrinsic mean and variance pass through the graph,
which means gy, , g%, and VB Ly = v 371
In module B, the purpose is to calculate the approximate
posterior distributions of p(gr,¢,m|g% ;) instead of (20) using
the sum-product message passing structure shown in the factor
graph. For message passing algorithm, the basic assumption

is that g’gg;?t = Gy, + 2kt where zp; ~ CN(O,’U§T£7tI) is

independent of gy, [37].

The formulation details are elaborated in Appendix B
and the message passing procedure can be summarized as
follows:

o Firstly, in module A, based on the prior information
passed from the last time slot ¢, the message passing over
the kt" UAV Gaussian hidden value vector U}, are given
by (52) with %" and (o%"%)? as the input to update
the message vy, , .y pm-

o Secondly, in module B, g’é’:;’c’t and Ug"]i’t from module
A are passed over the path gy ;. — 7lrt7m — bitm —
Uk,t,m — Qk,t,n, Using (53) to (56).

o Thirdly, the forward-backward message passing is exe-
cuted over the proposed MD-MM MU azimuth branch
with three paths: ay ;.n, — Ok,t,n, — Qt,n,, the 2D-MM
of the MU azimuth support a;, and ¢, — Oktn, —
Gk t,n, using (59) to (68).

o Then the message pass through path a;,, — uym —
et,n, (using (69) to (71)) to another MD-MM elevation
branch with similar three paths: ey ¢ n, — @ktn, —
€t,n,» the 2D-MM of the MU elevation support é;, and
€t,n, = Wk,t;n, — €k,tn, using (71) to (82). The overall
details of the MD-MM azimuth and elevation SU joint
hidden support estimation can be found in Algorithm 1.

o« The message is finally passed back over the path
€kitn, — Uktm — bk,,t,m — Thtm — Gk,t,m Using

(83) to (86).
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Algorithm 1 MD-MM k" SU Azimuth and Elevation Support
Estimation

.~(A)in  ~(A)dyna ~(E)in ~(E)dyna (A)in (E)in
Inpl“’pt,nl. > Ptng > Pty > Mty Y Pktng Pkitn,
. (A)out (E)out
Output'pk’,t,nw > FPEtn,

1: Calculate vy, , ,, —ay.,.,, asin (59) and vy, , 4, as
in (68)
# HMM £k'" SU Azimuth Support Estimation Based on
2D-MM MU Azimuth Support:

2: if £ =1 then

3. Initialization: ’yt(fl‘)f =\ ~t(';‘\;f =1

4. forn, =2,...,N, do o

5: Use (62) to calculate ’yt(fzif .

6: end for

7. forn,=1,...,N, — 1 do

8: Use (63) to calculate ’yt(:zib.

9: end for

10: else if ¢ > 1 then

11:  Initialization: '~ytf’ 1 = q(()’Tl) (1 - ﬁiyl”a) +
(=) 0 2t = |

12:. forn, =2,..., N, do

13: Calculate the ’yt(:ﬁif as in (64)

14:  end for

15: forn,=1,...,N, — 1 do

16: Calculate ﬁgilb = W use (65).

17:  end for o

18: end if

19: Calculate the k" SU AoD azimuth support vector

(Aout _ ~out (A)
kitng p&t,k,nwgk,t,l,l'
#Message Passing Over k" SU Azimuth to Elevation
Support:
20: Calculate individual message pg"', kytyna,n, Using (70).
21: Calculate ~ message Vagpoms —te.tom Akt and
Uty pm—en,eny (€kityn, ) s in (69) and (71), respectively.
22: Calculate vuk‘),’)m%ehmu as in (73) and v, , ,, —é,,, X
Yerrn, 880 (82). ' S
# HMM £k'* SU Elevation Support Estimation Based
on 2D-MM MU Elevation:
23: Similar to the procedures from step 2 to step 18 by
using elevation related parameters. Details can be found
from (76) to (79).

24: Calculate the k'" SU AoD elevation support vector

(B)out __ ~out (E)
kit — Pé ko, Skt 1,10

—_

Based on the calculated updated messages Ur, , .. —gp ;>
the posterior distributions can be written as
pri
p (gk,t,m|gB’k’t)
X Urrp o — Gk, t,m (gk,t,m) Vek,t,m—9k,t,m (gk,t,m) y
_ . pri pri
where Uek t,m—gk.t,m (gk,t,m) =CN (gk,t,m, 9B,k t,m> vakvt).

Then the posterior mean and variance of each element of g, ,
can be updated as

27)

post

gB,k,t,m = (28)

pri
/ Jk,t,mP <9k7tﬂn|gs,k,t)
9k, t,m

3595
and
1 M )
o = 57 2 Var (geemlgBi.): 29)
m=1

where Var (gk7t7m| g’gz t) denotes the conditional variance of

Gk t.m given g’;;,i, ;- Then similar to (25) and (26), the extrinsic
update mean and covariance can be written as

post pri

pri 9Bkt 9Bkt 30

v.A,k’,t post  pri ( )
UBkt  UBkt

pri  __ _ext __
Gu kit = 9Bkt =

and

—1
i 1 1
prv  __ ext __
YAkt = VBkt = < post  pri . 31
,t

UBkt VBt

C. Message Passing Through Time

For dynamic scenario, prior information which is also
treated as the temporal correlation can be considered for better
reconstruction of the time-varying channel model. Hence,
we further consider the message passing through time for
channel tracking. There are mainly three branches passing
through time in Fig. 6 the factor graph of the MD-MM:
the path of the k" UAV Gaussian hidden value vector Uit
the path of MU azimuth support a; and the path of MU
elevation support €;.

1) The k" UAV Gaussian Hidden Value Vector Uy, Passing
Through Time: The message passing from factor node 7y, ¢
to variable node ¥y ¢, should be

true
ﬂ'k,t,m—’ﬂk,t,m (ﬁk7t7m)

= PZtht,mCN (ﬂk,tﬂn,;g[g:;c,t?Ugflzc,t)
+ (1= pgt ) N (0: 95 08 ) -
To be noticed, if by¢m = 0, gr,,m would be O in (9),
which makes ¥, ; ,,, unobservable. Hence, similarly in [30],

a threshold which is slightly less than 1 is introduced. The
modified message passing is given by

(32)

’Uﬂ'k,t,'rn_"ﬂk,t,m (ﬂkﬂf,m,) = CN (ﬁk7t7m; /J’};g:/tﬂn’ (O-l?,lfm)Q) )
(33)
with

1,pri 1, pri out
9Bkt e_2vB,k,t) s Prtm < Th,

pri pri t
gB,k’,t’ vB,k’,t) ’ pzqi,m, > Tha
(34)

(M};Lt,m’ (Ulz:fm)Q) =

where € is set as a small positive value close to 0. Then the
message passing from factor node fj t41,, to variable node
Dk,t41,m is formed as

Ufk,t+1,m,*>l9k,t+1,m (§k1t+17m)

o . dyna
= CN <19k,t+1,ma /ffk,t-i-l,m? (J

dyna

2
k,t—i—l,m,) > ’ (35)
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where

dyna 2 1 2
in
(oi2)” (o)

dyna 2 i 2
in
Uk,t,m) + (Uk,t,m)

dyna

Higt+1,m = (1-p) (

dyna in
g, e ¢,
X dy;’:” 5+ L s | +8p  (36)
(Uk,t,m) (J;c?t,m)
and
dyna 2 i 2
2 Ot m) (O—llcr.lt m)
dyna ) :(1_5)2 ( ot )Ly +52<
g m *
( Pt m ( dy”a)2 + (a’in )2
Ok t,m k,t,m
(37)

2) The MU Azimuth Support a, Passing Through Time:
The azimuth support prior information passing to the next time
Vi —dvsrm, (Gt,n, ) can be given as

U&t,nw —dtt1,n, (at’"”ﬂ)

= PSS (@, = 1)+ (1= AEA0) 6 Gan,) (38)

with
~(A)dyna
t+1,n,
Yl v "
vt(ﬁ),f Tl B+ (1= =y = oy

(39)

3) The MU Elevation Support €; Passing Through Time:
Similarly, the elevation support prior information passing to
the next time can be written as

~(E)dyna5 (~ 1)

V&4 ny —Ttt1,my (etvn’y) = Piti,n, Ctn, —

+ (1A 6 En,) - G0

with
(E)f  (E)b 5(E)in () f
(BE)dyna _ Ttny Yty Ptn, (E)b ~(E)in
t+1,my T t,ny Pt,n,
: Y t,ny
E E)b ~(E)
+ (1= =@ =55, @

D. 3D Off-Grid Estimation

As there is no closed-form expression due to the complex
MD-MM structure of g,(f) , it’s hard to directly maximize

the log-likelihood function In p (y ,ABy 1, Ay, f) in (21).
We extend the proposed in-exact majorization-minimization
(MM) algorithm in [38] to help us solve the off-grid problem.
As MM is the generalization of the expectation maximiza-
tion method, the convergence of expectation maximization
algorithm can prove that the in-exact MM can converge to
a stationary solution [39]. Firstly, we iteratively construct
the lower bound for In p (y§j>, ABy. A¢k7t)
named as surrogate function, i.e., for any fixed azimuth and

which can be
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elevation offset pairs (AG'M, Aci)ki), the surrogate function
can be defined as [38]

£ (2011 Ady. | 2611, A, )
= /p (gk,tlyl(ct)7 Aék’,ta Aék,t)

p (gk,tyl(ct)v Aéhta Aék,t)

X In ® " " dgk,ta (42)
P (910, 2610, Ay )
which satisfies the following properties:
£ (A8, Ay, 2011, Ady,)
<p (y) 2000, Ady ) VA0, Ay, (43)
£ (A6, Ady | Ab11, Ady,)
= np (y, Abre by, ) . (44)
8£(A0k’,t; A¢k,t|A9k,ta A¢k,t)
040)¢ A6, =20y,
~ Olnp (y Aka,Agbkt)
— , (45
946y, ,
Al =A0) ¢
OL(AO, Ay | Ak, Ay )
9A .
¢k’t Ay, =Ady, 4
dlnp (yk ,Aka,Agbkt)
= (46)
0APy,, .
A¢k,t:A¢k,f,

Then Afy; and Ag, , can be updated at each iteration as

A6 TY = argmax £ (Aek AL |Ae,§fi,A¢;ji) @)

0.t
AgyY = argmax £ (4601, Agy 1401V, Ae)))
Pt
(48)

with ( -)(i) represents for the i(*") iteration. To be noticed, for
the (i + 1) iteration elevation update, we use the updated
(i + 1)"" azimuth offset as fixed known knowledge in (48).
However, the problems in (47) and (48) are non-convex. Hence
the gradient update can be applied as follows:

A9
= A6},
o 0L (201, A0()1 260, A0))
+ A4, : (49)

0Aby ‘
A8, =20,
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Algorithm 2 3D Off-Grid Estimation

Algorithm 3 MD-DTAMP Dynamic Channel Tracking

Inpu':.g%o:'tt m?’ gol:ff” 40202 - 0 A‘béoz - 0 I
Output: AO(Opt) qb(Opt)

I: forzzl.Ido

2:  Azimuth offset ABSTD can be updated use gradient
update (49) and (88) with known " iteration elevation
offset A¢k i

3:  Elevation offset A(b(”l) can be updated similarly with

known (i + 1)" iteration azimuth offset A Hl).

4: end for
5. AB(Opt) Aagz, ¢(0Pf) ¢(1)
and
A¢(z+1
:A¢k,t
0% (2610, Ag, 1 26{ ), Agl1)
T 90%y, .
’ Ay =Ad),
(50

where A(;) and A((;) are the stepsizes. The off-grid estimation
algorithm is summarized in Algorithm 2 and the detailed
equation can be found in Appendix C. Finally, the overall
proposed MD-DTAMP can be summarized in Algorithm 3.

VI. NUMERICAL RESULTS

In this section, the complexity and the estimation per-
formance of the proposed algorithm MD-DTAMP with and
without 3D off-grid estimation are evaluated. We assume that
the proposed algorithm is performed in the distributed UAVs.
For the space-air link of each single UAV, the sparsity ratio
for both azimuth and elevation directions is A = Ni = 1
which indicates only one dominant LoS ray for each UA\/
satellite link. The parameters are set as follows’: We assume
that there are total 3 UAVs in the system. The MU azimuth

and elevation spatial correlation parameters {q( S), qi’_%s),

512, a5 = {0.05, 0.05, 0.025, 0.025}, the MU azimuth

qO 1 B
and elevation temporal correlation parameters {quT), qg'_%T),

(ET) BTy = £0.05,0.05,0.025, 0 175}, the MU azimuth

do,1 > 910
and elevation joint parameters {q1 1,10 q(() 0)1, qé’?l, qg’%)l,

a1 al B d 5, {0.9958, 0.0013, 0.3276,

0.3936, 0.99546, 0.0007, 0.5, 0. 1078} the hidden value vector
parameters for k" UAV {uk,ak,ﬂk,gk,géé)l v glgb;)l b=
{0, 3, 0.5, 1, 0.9375, 0.9375}, Th = 1 — 1072, ¢ = 1077,
Vb, = 1, the azimuth range 6™"° = 7 and the elevation range
@™ = /4, 3D Off-grid azimuth and elevation update step

sizes are Aéi) = 7/(100 x M) and AS) =m/(4x 100 x M).

3The parameters can be trained through expectation maximization algorithm
which can refer to [30] for details. The MU azimuth and elevation related
parameters for multiple UAVs system in this paper are referred 2D settings
in [20].

Input:y, 1, ...,y 7, sensing matrix ¢(0,0)
Output:g, ,, ...
: for t=1,...,T do , 4
Initialization: g}, , = 0, v}’} , = o°.
while not converge do
#Module A LMMSE estimator:

4: Update g"y ff and vio;t_t in (22) and (23), respectively.

y 9k, T

woN

: Calculate glzjaf;,t = g% vgi,;t = v}, using (25)

and (26).
#Module B MD-MM MMSE denoiser:

6: Message passing over Gaussian hidden value vector
U},¢ using (52).

7: Message Passing Over gi.t.m — Tktm — Oktm —
Uk, t,m — Gk, t,n, USINg (53)-(58)

8: AoD SU azimuth support a;, ; and SU elevation support
ey, estimation in Algorithm 1.

o: Message Passing Over the Path e, — Urtm —
bk’,t,m — Tkt,m — Gk,t,m using (83)-(86)

10: Calculate the approximate posterior distributions
P (910ml9 ) using 2

11: Update g’g’; +.m and vﬁo,‘:tt using (28) and (29).

12: UpdategAkt—gBktandvAkf—katusing(SO)
and (31).

13: Repeat Module A and Module B until convergence.

14:  Hence (gk Jyl? AO(Opt) Ap,t (opt ) =
CN (g5, v T).
#3D Off-grid estimation:

15: Update azimuth offset AO;Of " and elevation offset

Acf)(om) use Algorithm 2.
16:  end while
17:  Update dynamic messages

(t + 1) Vay,., 77,*>dk t+1ng>  Vept iy TR, t41,ny
Ufp vit.m—On.e41.m USING (38), (40) and (35).
18: end for

to the next time slot
and

To be noticed, in our simulation, our proposed algorithm
MD-DTAMP with 3D off-grid estimation is presented in
Algorithm 3. MD-DTAMP on grid which is Algorithm 3
without step 15. The benchmark algorithms which can be
employed in our MU 3D channel model are sparse Bayesian
learning (SBL) and D-OMP proposed in [38] and [17],
respectively. All simulations are average of 500 times.

A. Complexity Analysis

The computation complexity of the LMMSE estimator in
module .4 and MD-MM MMSE denoiser in module B are
O(MNg) and O (N, + N,), respectively. Hence, the total
complexity of the proposed MD-DTAMP without 3D off-grid
estimation over time 7 is O (T (MNg+ N, + N,)) for
each iteration. For off-grid estimation, with defined steps1ze
Aéz), the complexity for update azimuth offset A@, Hl) is
@ (NSM 2) per iteration. The reason why the Complexny
is not O(NSNIQ) is that the original dimension has to
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Fig. 7.  Computation time of various algorithms versus the number of

antennas when SNR = 10dB, Ny = 10,7 = 50, M = 16,64,256 and
Nz = Ny = 4,8, 16.

be extended for paring the azimuth and elevation angles.
Similarly, the complexity for update elevation offset Acﬁ,(jjl)
is also O (NSMQ) per iteration.*

Fig. 7 shows the computation time of various algorithms
versus the number of antennas. It can be observed that the
proposed on-gird MD-DTAMP shows comparable complexity
compared with D-OMP. Furthermore, compared with SBL
algorithm which requires matrix multiplication and inversion
with high computation complexity, the proposed MD-DTAMP
with off-grid estimation consumes less computation time for
different number of antennas.

B. Simulation Results

We choose time-averaged normalized mean square error
(TNMSE) as the performance metric as [30]

~ 12

1 X
TNMSE = — zt: A
where g, is the estimated result of g, in time ¢. This per-
formance metric is to evaluate the recovery performance of
various algorithms.

In Fig. 8, we further compare the TNMSE performance
metric versus SNR among various algorithms with antenna
array elements set as M = 64,256. With SNR increases,
all four algorithms show better recovery performance. To be
noticed, our proposed MD-DTAMP on-grid and off-grid track-
ing algorithms always show superior performance compared
to benchmark algorithms. Moreover, the off-grid can further
improve the performance through gradient update of the 3D
offset.

In Fig. 9, we further consider the relationship between the
tracking performance and the training pilot overhead. It is easy
to be noticed that our proposed algorithm with or without
off-grid estimation can maintain a good performance with
smaller pilot overhead. This proves that our proposed algo-
rithms can achieve a solid performance by taking the dynamic
channel spatial and temporal correlation into consideration.

4To be notice, empirically, the proposed algorithm normally converges
within 30 iterations.
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Fig. 9. TNMSE versus total pilot overhead when 7" = 35. (a) M = 64,
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Fig. 10. TNMSE versus total time slot and SNR when (a) Ns = 26,
SNR = 20dB, (b) T' = 35, Ng = 22.

The proposed on-grid and off-grid algorithms are compared
in Fig. 10. The off-grid estimation achieves sufficient per-
formance gain over the on-grid algorithm. In Fig. 10 (a),
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the performance over continuous total time slot is compared.
It is obvious that, with time increases, the performance show
superior gain for both on-grid and off-grid algorithms. More-
over, it can be observed from Fig. 10 (a) and (b) that with
M increases from 64 to 256, the tracking performance also
improves. This is because with a larger antenna array and
denser virtual gird, and the on-grid 3D tracking angle can be
estimated with a narrower grid and closer to the true angle.

VII. CONCLUSION

This paper exploits the on-grid and off-grid 3D channel
modelling and tracking for space-air communications with
multiple UAVs and an LEO satellite in the system. The relative
displacement between the orbit movement of the LEO satellite
and the 3D trajectory of multiple UAVs was modelled based
on the statistical dynamic channel model called MD-MM. The
proposed MD-MM was composed of the insight probability
relationship of the spatial and temporal correlation of the
MU hidden support vector, SU joint hidden support vector,
and SU hidden value vector. We further developed a novel
MD-DTAMP algorithm to track the dynamic channel recur-
sively. Furthermore, the gradient update for the 3D off-grid
estimation scheme was proposed, which can iteratively find
the azimuth and elevation offset. In addition, we compared the
computation complexity between benchmark algorithms and
the proposed algorithm with and without the off-grid scheme.
Simulations verified that the proposed algorithm derived from
the MD-MM dynamic channel model can better exploit the
more realistic space-air 3D dynamic channel to achieve more
accurate recovery performance over other benchmark algo-
rithms with smaller pilot overhead.

APPENDIX A
TRAINING PILOT MATRIX DESIGN

It has been proved that a partial DFT sensing matrix
outperforms the independent identically distributed sensing
matrix in solving the CS problem with AMP algorithm
[11], [32]. Hence, in our proposed model, the sensing matrix
Dt (AOrt, Ay, ) is referred to be a partial DFT ran-
dom permutation matrix as Py, ; (AOk,t, A(ﬁk’t) ~ SseLSDET
SranDp, Where Ssgp is a selection matrix consisting of ran-
domly selected and reordered rows of Ng x M identity
matrix, Sper is the M x M DFT matrix, and Sgranp i8S
random permutation matrix generated by a randomly reordered
M x M identity matrix. For large M antenna elements

" H [~ -
array, SsgL.SprrSRaAND = Sg(A <0k,t + Aek,ta(ﬁk,t +

T
A¢k7t)) . Hence, for simplicity with fixed on-grid and

approximate partial orthogonal, the pilot matrix SkT, =

SsELSDFTSRAND ((AH (ék,t, (ikxﬂe))T) -

APPENDIX B
MD-MM MESSAGE PASSING IN MODULE B

1) Message Passing Over Gaussian Hidden Value Vector
Uy, The message vy, , .. 0, Passed from the last time
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slot can be formed as CA(pem; 35", (014" )?). The
message passed from variable node ¥+, to factor node
Tk,t,m can be formed as

= CN(ﬁk,t,m; Mz’,u;‘tm7 (JIZ’;ZH,)2)7 (52)

Vgt m— Tk t,m

: out out 2y dyna
with (Nlc,t,mv(ak,t,m) ) = (Mk,t,nw(a

dyna dyna\2\ __ 2

we set (lu’l,m 7(Ul,m ) ) - (M,O' )
2) Message Passing Over gy im — Tikitm — bkim —
Uk,t,m — Qk,tn,  Lhe message from variable node g ; m to

factor node 7y ¢, is

dna 2y When ¢ = 1,

k,t,m

— . pri pri
Uk, t,m =7k t,m (gk7t7m) =CN (gk7t77”’7g6,k),t,m’ UB,k,t,m) :
(53)

The message from factor node 7y ,, to variable node
bk,t,'m is

Urtk t,m—bk,t,m (bk,t,m)
= Pbetm® bkt — 1) + (1= pb% 1) 0 (b)), (54)

where

in
Pby. , k,t,m
. _Dpri pri
CN(0; 9Bk t,m> UB,k,t)

= |1+ . -
. ,PT? t pre t 2
CN(O’ gB,k,t,m - 'U’%qft,m’ UB,k,t + (O-I(c)%,m) )

(55)

The message vy, , . —uy, ., from variable node byt to
factor node wp ¢, is the same as vr, , . b, , .. (br,t,m). The
message from factor node uy, ; ,, to variable node ay sy, is

Vgt m—ak,t,nyp (akytynx) = pZ;,,,,k,t,nw,ny(s (ak,t,nw - 1)
+ (]‘_pg;,f,,k,t,nx,ny) d (ak,t,nx) ’
(56)

where

pak,t

= in
1+ Pap — pbk,t;k:tvm

; (57)

m
pak,t,k,t,nm,ny
with

_ in out
pak,t - rybk,t pbkyt,k,t,mpekyt,k,t,nx,ny

+ (1 - ’ka,t) (1 - pg;:,t,k,t,nz,)pZZi,k,t,nw,ny
(1=t k) (1= P2 k) 9
and gt t.n, m,
3) Message Passing Over ayin, — Okitn, — Gtng
the 2D-MM of the MU Azimuth Support Gy, and Gy, —
Ok,t,;n, — Ok,tn,- The forward-backward message passing
is performed over the HMM ay ; for given input messages

= Uek,t,ny‘)uk,tnn (ekytyny = 1)

’Uuk,t,nw,n, Ak, t,ng "

We ﬁrgtly introduce the details of the MU azimuth sup-
port estimation. The condition can be divided into two
section, one is when ¢t = 1, the other is when ¢t > 1.
To be notice, the message from factor node wu; ., to variable
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node ay p, is

Uuk,t,'rr:._’a}c,t,nx
_ (A)in
- pk,t,nm

IL., ri:
ny Pag ¢,k t,nze,mny

pr— - - B
I, ¢i, L, (1- 0t
Ty ak,t,k,t,nm,ny My ak,tvk’vtvnwvny

(59)

which is derivated based on the matched dimension M from
the total gain, n, from the azimuth support and n, from the
elevation support.

The message from factor node gk n,
node ayp, is

to variable

Vok tng —0t,ng

x v (a ) (4)
Uk, t,m Ak, t,ny k,t,ng g(ltynw7ak1tvnw

Ak, t,ng Mz

= 05 jonaOtn, — 1)+ (1= p5' 4 Ve,  (60)
where
pg:,k,nm
A A)i A A)i
_ SrntPhaime + (L= sgh )0 = p200)
- A A)i A A)i A)i .
gli,t,)l,lpgc,t),::i + (1 - §,£7t’)171)(1 - P;,t),;z)Jr(l—P;,t),ﬁ)
(61)

When ¢ = 1, the MU azimuth forward parameter is

~(A
Timr

AS ~(A)in ~(A)f AS) ~(A)in ~(A)f
4" (1—p§,n),371) (1—%(,”171)%1{1 B
~(A)i ~(A ~(A)in ~(A ’
(1= ) (L=t ) ol i,
(62)

in

Hk Péay k,ng

~(A)in
Pi.ne Hk/)z;%,k,,,w+Hk(1—pgz,k,nm>‘
backward parameter ’yt(flxb can be found in (63), shown at

where The azimuth

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 21, NO. 6, JUNE 2022

parameter %(,ilf can be found as
(A
Vi,

A) ~dyr A ~(A)dyr
Q§,1),1pt,gzia + Q§,O) (1 - pg,n)m Y l(l)

1
- , -1 -1
e ()" =) () )

A) ~(A)dyna A ~(A)dyna
q((),l),lpg,n)x e q((),o),1 (1 - Pgn)x Y )
+ -1 -1
~(Ayin \ 7! (A)F !
(pg,nxfl) -1 (Vt,nwfl) -1 +1

(64)

The azimuth backward parameter ’yt(jzib = ﬁ is given

in (65), shown at the bottom of the page. The final MU
azimuth message which represents the non-zero probability
can be written as

Vit ny—0k,tny :ﬁg?,tk,ni(s(dtmr - 1)+ (1 _ﬁgr,tk,nx)é(dtmw )7

(66)

where 52 can be seen in , shown at the bottom o
here p2'h, b 67), sh t the bott £

the page. The message from factor node g ., to variable
node ay ¢ p, 1S

Vok tng =0k, t,na (ak,t,nx)
_ (A)out (A)out
= Pkt.n. 6(ak,tn, —1)+ (1 - Pkt ny )0(ak t,n.,);
(A)out _ ~out (A)
where py = P8k Sk
4) Message Passing Over the Path ayin, — Uktm —
€k,t,n, The message from factor node ay ¢ n, to variable node

(68)

Uk, t,m 1S

_ out
Vag, e —Uk,t,m (akytynx) - pak,t,k’,t,nw,ny(s(a’kdf,nw - 1)

+ (1 _ pgllft,k’,t,nm7”1/)6(ak’t7nw),
(69)

where pfj“/ ket can be found in (70), shown at the bottom
k,tsR0,Ma My

of the next page. The message from factor node uy s ., to

variable node ey ¢, iS

_ in
Uuk,t,m—’ek,t,ny (ek7t7n1/) - pek),,,k,t,nw,nyé (ek7t7n1/ - 1)

in
+ (1_pek,t;k:t7n'xvny> o (ek,t,ny) ’

the bottom of the page. When ¢t > 1, the azimuth forward (71)
AS _(A)in ~(A)b S)\ ~(A)in ~(A)b
(A qio : (1 - pg,n)wH) (1 - %ﬁnlﬂ) + (1 - qio)) pg,n)m+1'yt(,ni+1 63)
Ttne = AS s ~(A)in ~(A)b AS AS)\ ~(A)in ~(A)b

(65" +a?) (1=am) (1=3000) + (649 + a3 s At
~(A)in ~(A)b A) ~(A)dyna A ~(A)dyna ~(A)in ~(A)b

~(A) (1 — Pg,n)ﬁl - 'Yt(,ni-i-l) [Q((Ll),()pg,n)w-i?{l + Q((),O),o (1 — Pgn),}ﬁ )} + pgm)ﬁng?nlﬂ ©5)
7= —(A)yin (A A) ~(A)dyna A —(A)dyna _(A)in _~(A)b

(1 - prg/,n),,—i-l - 'yt(,ni—i-l) |:q£,1)70p§,n)w-i?{l + qio),o (1 - prgn),-‘,?{l )} + pg,n).m+1’7§7nl+l
< (A)f z(A)b
A T e (67)

~(A)f ~(A)b in _ ~(A ~(A)D\
'Yt(,nlf%(,nl + Hk/;ek ((p7¢:j;7k’771,m) t— 1) (1 - 'Yt(,nlf) (1 - 'Vt(,nl)
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where pg’c"h kst ,na,m, Can be found in (72), shown at the bottom
of the page. ‘

5) Message Passing Over €ytn, — Wkitn, — €tn,
the 2D-MM of the MU Elevation Support &, and €; ., —
Wktn, — €ktn, Lhe details can be derived similarly as
the message passing process of the MU azimuth support a,
estimation. The message from factor node wuy ¢, to variable
node ek ¢ p, is

_ (B)in
’Uuk,f,,m,*’ek,f,,ny - pk,t,ny

[T, o2
ng ek t,k,t,ng,ny

H in + H 1— in ( )
Ny pekyt,k,t,nx,ny Ny pek,t;k:tvn'xvny

which is derivated based on the matched dimension M from
the total gain, n, from the azimuth support and n, from the
elevation support.

The message from factor node wy,y,, to variable
node ¢ p, is

3601

When ¢ = 1, the MU elevation forward parameter is

~(B)f
Fim,

ES ~(E)in ~(E ES)~(E)in ~(FE
q((),l ) ( _plg/,n)y—l) (1_’Yt(7n2/f—1)+q§71 )prg/?n)y—lr}/]g?nzlf—l
B ~(E)i ~(E ~(E)in ~(E ’
(1 - pi(f,n):ﬁl) (1_715,71);:1) +p1(5,n):ﬁlﬁyt(,n)yffl
(76)

in

~(E)in _ Ik P8} kny
where P, = L5 P2} ey P (L=PE} )
backward parameter %(fl)yb can be found in (77), shown at
the bottom of the page. When ¢t > 1, the azimuth forward

parameter '?t(i)f can be found as

. The MU elevation

~(E)f
Pytv"y

E) ~dyna E (B

diTh At + dio (1 P yna)

) -1
_ 1)

() ) (G

(E) ~(E)dyna (E) (1 B ~(E)dyna)

0,1,1Pt,n, + 40,01 t,ny
Yk tmy = ’ (Byin \ 7 o mr \7! o
0t ny iy (E)i (E
") ((pm;fl) — 1) (((%,ny—l) — 1)) +1
X Z H Uuk,t,m—’ek,t,ny (ek7t7n1/)§ét ngy €kt m
) iy Chtiny (78)
k,t,ny My
= plé’: ko, 0(€tn, — 1) + (1 — piéi,ﬁ’ny)ét,ny, (74) The azimuth backward parameter at(fl?yb = Wl(E) is given
in (79), shown at the bottom of the page.
where The final MU elevation message which represents the non-
zero probability can be written as
in
P&, k.n, V4 ny — @k t,ny
(B)  (E)in (E) (E)i ~ ~ ~ ~
- §k7t7171pk7t7::;/ + (1 - %,@171)(1 - Pk,t7$) = pg?,tk,ny(s(et,ny -1+ (1~ p%?fk,ny)é(et,ny)a (80)
~ (E) (B)n (B ~ (B)in ~ (Byiny-
Sk,t,1,1Pk tny, T (1 %,t,l,l)(l Pk,t,ny)-i-(l Pk,t,ny) where ﬁ%?,tkmy can be seen in (81), shown at the top of the
(75) next page.
(A)out
out k,t,ng

(70)

pak,t;k:tvn'xvny

k,t,n,

p(A)out + (1 o p(A)out

k,t,n,

. 71 .
) Hn;ﬁény ((pzay;t,k,t,nw,n;) a 1)

in
pek,t7k7t7nw7ny

in out in out in
’ybk,tpbk,t,k,t,mpak,t,k’,t,nw,ny +(1_7bk,t)(1 - pbk,t,k,t,m)pak,t,k,t,nm,ny + (]‘ - pbk,t,k,t,m)(]‘

_ out
pak,hk’vt:nw:ny)

- in out _ _in out _in
Pybk,f,pbk’t7]<;7t7mpak1t7k7t7nm7ny+(1 ’ybk,t)(l pbk,t,k’,t,m)pak,t,k’,t,nw,ny+(]‘ pbk,t,k,t,m)(]‘

__ out _qin
Pais bstonamy) TL=PEL etm

(72)
ES (E)i (B )\ ~(E)in ~(E)b
. a’s” (1 - pﬁ,n)ﬁl) (1 - %(,n,)yﬂ) - (1 - q%,o)) A -
tny — 7 (ES s (E)ir —(E)b ES ES)\ ~(E)in ~(E)b
(qé,o ) 4 Q§,o)) (1 — pﬁ,n)jil) (1 - %(,n)yﬂ) + (qh s )) P A
~(E)in ~(E)b E) ~(E)dyna E ~(E)dyna ~(E)in ~(E)b
~(E) (1 — p§7n)1/+1 - 'Yt(,n3/+1) |:q((),1)70p§7n)yfl + Q((),O),o (1 - Pg,n)y& )} + Pg,n)ﬁﬂénlﬂ ~
’y =

~(E)b

(E)in E) ~(E)dyn E (E)dyr
(1 - Pg,n);Jh - ’Yt,ny+1) [Q§,1),0P§,n)y}:1m + qg,o),o (1 - pl(f,n)yﬁlla)} + Pty 417ty +1

~(E)in ~(E)b
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~t(E)f~t(E)b
ﬁg?;tk,ny = E E)b . L s E E)b . (81)
T 3+ T (P ) 7 = 1) (1=3007) (1= 4000)
(E)out
P ey = B (84)

1 :
(E)out (E)out i
pk,t,:)zz + (1 - pk,t,:)zz ) Hn;yﬁnL ((pzer;:),,,k,t,n;,ny) - 1)

AD(Ap —9Re (A’ (6 A0 5 269 V' 5,574 ( A0 5 Al o
( k,t,m) € k,t,m T kot Phtm + ¢k,t,m B9k k,t,m T kt,ms Ph,tm + ¢k,t,m 1

~ ~ . H .
+ 2Re ( Al (ok,t,m + At Dhtm + A¢>§;’t7m) sk@g>> 7

(88)

The message from factor node wy ¢y, to variable node
ek,t,ny is

’ka,t,ny TCk,t,ny (ek7t7n1/)

_ (E)out o 1) + (1 _ P;i?z:t)é(ek’t’ny)’

= Phiiny, O(Chtn, (82)

where p,(ﬁ)ff:t = ﬁg?,tk,ny gli,b;,)Lr

6) Message Passing Over the Path epin, — Ukim —
bkt.m — Thitom — Gktm: The message from factor node
€k,t,n, O variable node ug ¢ is

_ _out _
Uek,t,ny‘)uk,tnn (ek,t,ny) - pek,t,k,t,nw,nyé (ekvt:ny 1)

+ (1_p2’:ftvkat7"m7ny) 5 (ek!t7ny) ?
(83)

where pZZiy k,tna,n, ¢an be found in (84), shown at the top

of the page. The message from factor node uy ¢, to variable
node by, ¢, 18

Vw4 m—bk,t,m (bk7t7m) = pg:,t,,,k,t,m(s(bk,tm - 1)

+ (1= 08" k) 8 (brtm)
(85)
where ploall;:,tt,k,t,m = pngft,k,t,nm,nypoezz,k,t,nm,nyrybk,t' The
message U, , . —m, .., Ltom variable node by ¢, to factor
node 7y ¢, is the same as vy, , ., by ;.. (bk,e,m). The mes-
sage from factor node 7y, 4 ., back to variable node gj ¢, is

Urtk t.m—9k,t,m (gk,t,m)

= O (9t s (0T)?)

(1= 5 o) 0 (Gtm) (86)

APPENDIX C
GRADIENT UPDATE FOR 3D OFF-GRID ESTIMATION

As the 3D off-grid estimation step is following the step
15 in Algorithm 3 which represents the posterior estimation

at the ‘" iteration with ﬁ(gk7t|y,(:),A0,(€i)t,A¢,(é)t) =

post post .
CN (gBk’tW&k,t ) The surrogate function can be

calculated as

L (Aek,t; A¢k,t|A01(ci,)t’ Aqbg)t)
X B g lu? 200, 20
1
X [—ﬁnym — Pt (Abk, Ay ) gk,t'ﬂ
€

1 St
x -3 (||yk,t — Dy (A0k7t7A¢k,t) gfgj;cftH?

o (Br (D014, Ay ) Brt (A0, Ay ) "))
87)

The azimuth offset’ AOS?D can be updated use (49).
0L( 201,40, 1201, 20",

The derivative 920, with

265,,=26,

previous iteration updated elevation offset Aqb,(f)t can be
written as Ag)em = [A(i)(AQk,tﬁl),...,A(i)(A’Qk,tyM)]T,
with A (A0 ¢.n) as in (88), shown at the top of the
page, where @Ei) = _aig (gg’z’tt’m—i—vg’z;), @g) =

1 ¢ H
oz (92?Z,tm,,) * Ypti—mr Yrti—m = Yue — Sk Zj;ém,A
(ék,t,j + Akt g, g + Aéf’;(f)fj) 95 n ,» and

A’ (ék,t,m + Ay t.m, &k,t,m + A¢;(;;)t,m)

= dAl (ék,t,m + Aek,t,vm ék,t,m + A(b;;’)t’m) /dAek,t,m-
(89)
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