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Not only in control problems, but also in dynamic games, several sources of performance
degradation, such as model variation, deterministic and stochastic uncertainties and
state delays, need to be considered. In this paper, we present an H∞ constrained Pareto
suboptimal strategy for stochastic linear parameter-varying (LPV) time-delay systems
involving multiple decision makers. The goal of developing the H∞ constrained Pareto
suboptimal strategy set is to construct a memoryless state feedback strategy set, so
that the closed-loop stochastic LPV system is stochastically mean-square stable. In the
paper, the existence condition of the extended bounded real lemma is first established via
linear matrix inequalities (LMIs). Then, a quadratic cost bound for cost performance is
derived. Based on these preliminary results, sufficient conditions for the existence of such
a strategy set under the H∞ constraint are derived by using cross-coupled bilinear matrix
inequalities (BMIs). To determine the strategy set, a viscosity iterative scheme based on
the LMIs is established to avoid the processing of BMIs. Finally, two numerical examples
are presented to demonstrate the reliability and usefulness of the proposed method.
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1. Introduction

In robust controller design, deterministic and stochastic uncertainties should be
addressed, which are caused by the linearization and unmodeled dynamics of the
original systems, as well as external uncertainties including stochastic system noise
and disturbance. The linear parameter-varying (LPV) system is a reliable mathe-
matical model to capture system variations that are arbitrarily smooth or contin-
uous. It is well known that LPV systems can be accurately represented by using
many parameter variations Apkarian et al. [1995]; Briat [2015]. Gain scheduling
(GS) control techniques are often used to control LPV systems because they can
effectively compensate for parameter variations. In particular, an H∞ GS control
problem for stochastic LPV systems is first discussed in [Ku and Wu, 2015] to
recover the degradation of stability margin caused by external disturbances. More-
over, the delay-dependent H∞ control problem of deterministic LPV systems with
time-varying state delay has been addressed Zope et al. [2012]. The stabilization
control problem of the milling process using a state feedback strategy as a prac-
tical delay system has been solved. In recent years, with advances in GS control
technology, dynamic game problems of stochastic LPV systems involving multiple
decision makers have been investigated to guarantee stochastical mean-square sta-
bility Mukaidani et al. [2018]; Mukaidani and Xu [2018]. However, no time delay in
the system model and control is considered in the existing studies. It is well known
that delay is a main cause of degraded stability performance for optimized cost
values. Therefore, further research is needed to maintain the robust stability in the
presence of delay and multiple decision makers.

Consequently, in this paper, we investigate the H∞ constrained Pareto subopti-
mal control problem of a stochastic LPV time-delay system involving multiple deci-
sion makers. This study is based on the H2/H∞ control approach Chen and Zhang
[2004] and the Pareto strategy, to ensure the bound weighted sum of linear quadratic
costs Engwerda [2005] under stochastically mean-square stable and H∞ perfor-
mance. Although the H∞ constrained Pareto suboptimal strategy for stochastic
LPV systems has been studied Mukaidani et al. [2018], research on the H∞ con-
strained Pareto suboptimal strategy for time-delay systems remains open. There are
few results on the H2/H∞ control problems for stochastic LPV time-delay systems
involving multiple decision makers. The contributions of this paper are as follows:
First, an extended existence condition of the existing bounded real lemma for delay
LPV systems Ku and Wu [2015] is investigated using the LMI approach. In addi-
tion, the existence condition of the quadratic cost bound for each player is estab-
lished based on the guaranteed cost control technique Moheimani and Petersen
[1996]; Rotondo et al. [2015]; second, by using these preliminary results, sufficient
conditions for the existence of an H∞ constrained Pareto suboptimal control strat-
egy set are obtained in terms of the cross-coupled bilinear matrix inequalities
(BMIs). The H∞ constrained condition for delay stochastic LPV systems is derived
for the first time; third, to solve the cross-coupled BMIs, a viscosity iterative scheme
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Xu [2004] based on isolated LMIs is proposed to obtain an LMI solution set cor-
responding to the strategy set. Furthermore, the strong convergence property of
the proposed iterative method can be attained successfully; finally, to demonstrate
the effectiveness of the proposed algorithm and the reliability and usefulness of the
proposed strategy set, two numerical examples are presented.

Notation: The notations used in this paper are fairly standard: In denotes the n×n
identity matrix; ‖·‖ denotes the Euclidean norm of a matrix; L2

F ([0,∞),Rk) denotes
the space of nonanticipative stochastic processes φ(t) ∈ R

k with respect to an
increasing σ-algebras Ft, t ≥ 0, satisfying E[

∫ ∞
0
‖φ(t)‖2dt] <∞; C([−h, 0]; Rn), h >

0, denotes the family of continuous functions φ from [−h, 0] to R
n with norm ‖φ‖ =

sup−h≤θ≤0 ‖φ(θ)‖; λmax[·] and λmin[·] denote its largest and smallest eigenvalue,
respectively.

2. Preliminary Results

Consider the following stochastic LPV time-delay system:

dx(t) = [A(θ)x(t) +Ah(θ)x(t − h) +D(θ)v(t)]dt +Ap(θ)x(t)dw(t), (1a)

x(t) = φ(t), t ∈ [−h, 0], (1b)

z(t) = E(θ)x(t), (1c)

where x(t) ∈ R
n denotes the state vector, v(t) ∈ R

nv denotes the external dis-
turbance, z(t) ∈ R

nz denotes the controlled output, w(t) ∈ R denotes a one-
dimensional standard Wiener process defined in the filtered probability space,
θ(t) ∈ R

r denotes the time-varying parameters, and r denotes the number of time-
varying parameters.

In (1), h ∈ (0,∞) is the time delay of the stochastic LPV time-delay system,
and φ(t) is a real-valued initial function. It is assumed that, for all δ ∈ [−h, 0], there
exists scalar ε > 0 such that ‖x(t+ δ)‖ ≤ ε‖x(t)‖ Cao and Lam [2000].

The coefficient matrices in the stochastic LPV time-delay system are parameter-
dependent matrices, and can be expressed as

[A(θ)Ah(θ)Ap(θ)] =
M∑

k=1

αk(t)[Ak Ahk Apk], (2a)

D(θ) =
M∑

k=1

αk(t)Dk, E(θ) =
M∑

k=1

αk(t)Ek, (2b)

where αk(t) ≥ 0,
∑M

k=1 αk(t) = 1, M = 2r.
As an extension of our previous results in Mukaidani et al. [2018], the following

theorem can be derived.

Theorem 1. Consider the stochastic LPV time-delay system in (1). Given an
attenuation performance level, γ > 0, suppose that there exist matrices Z = ZT > 0
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and U = UT > 0 satisfying the following LMIs:

M0
k(Z,U) < 0, (3a)

M 0
k�(Z,U) < 0, (3b)

where

M0
k(Z,U) :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Ξ0
k ZAhk ZDk AT

pkZ ET
k

AT
hkZ −U 0 0 0

DT
k Z 0 −γ2Inv 0 0

ZApk 0 0 −Z 0

Ek 0 0 0 −Inz

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

M0
k�(Z,U) :=

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

Ξ0
k� ZAhk� ZDk� AT

pk�Z ET
k�

AT
hk�Z −2U 0 0 0

DT
k�Z 0 −2γ2Inv 0 0

ZApk� 0 0 −2Z 0

Ek� 0 0 0 −2Inz

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
,

k < 
, k = 1, . . . ,M,

Ξ0
k = Ξ0

k(Z,U) := ZAk +AT
kZ + U,

Ξ0
k� = Ξ0

k�(Z,U) := ZAk� +AT
k�Z + U,

Ak� := Ak +A�, Ahk� := Ahk +Ah�, Dk� := Dk +D�,

Ek� := Ek + E�, Apk� := Apk +Ap�.

Then, we have the following results:

(i) The stochastic LPV time-delay system in (1) is stochastically mean-square
stable with v(t) ≡ 0;

(ii) The following inequality holds :

‖z‖22 ≤ γ2‖v‖22 + F(Z,U), (4)

where

‖z‖22 := E

[∫ ∞

0

‖z(t)‖2dt
]
, ‖v‖22 := E

[∫ ∞

0

‖v(t)‖2dt
]
,

F(Z,U) := E[xT (0)Zx(0)] + E

[∫ 0

−h

φT (s)Uφ(s)ds
]
;

2150010-4

In
t. 

G
am

e 
T

he
or

y 
R

ev
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 H

IR
O

SH
IM

A
 U

N
IV

E
R

SI
T

Y
 o

n 
05

/2
7/

21
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

April 9, 2021 22:19 WSPC/0219-1989 151-IGTR 2150010

H∞ Constrained Pareto Suboptimal Strategy

(iii) The worst-case disturbance is given by

v∗(t) = F ∗
γ (θ)x(t) = γ−2DT (θ)Zx(t). (5)

Proof. First, define the following Lyapunov–Krasovskii function:

Vv(x, t) := xT (t)Zx(t) +
∫ t

t−h

xT (s)Ux(s)ds, (6)

where Z = ZT > 0 and U = UT > 0.
By using Itô formula with infinitesimal generator L , the stochastic differential

equation can be obtained as

L Vv(x, t) + ‖z(t)‖2 − γ2‖v(t)‖2

= ξT (t)M (Z,U, θ)ξ(t)− γ2(v(t)− γ−2DT (θ)Zx(t))T

× (v(t)− γ−2DT (θ)Zx(t)), (7)

where

L Vv(x, t) = xT (t)Ux(t) − xT (t− h)Ux(t− h)

+ 2xT (t)Z[A(θ)x(t) +Ah(θ)x(t − h) +D(θ)v(t)]

+ xT (t)AT
p (θ)ZAp(θ)x(t),

M(Z,U, θ) =

[
Φ(Z,U, θ) ZAhθ)

AT
h (θ)Z −U

]
,

ξ(t) =

[
x(t)

x(t− h)

]
,

Φ(Z,U, θ) := ZA(θ) +AT (θ)Z + U +AT
p (θ)ZAp(θ)

+ γ−2ZD(θ)DT (θ)Z + ET (θ)E(θ).

Hence, if v(t) = v∗(t), we have

L Vv(x, t) + ‖z(t)‖2 − γ2‖v(t)‖2 ≤ ξT (t)M(Z,U, θ)ξ(t). (8)

On the other hand, using the Schur complement, M (Z,U, θ) < 0 is equivalent
to the following inequality:⎡

⎢⎢⎢⎢⎢⎢⎢⎣

ZA(θ) +AT (θ)Z + U ZAh(θ) ZD(θ) AT
p (θ)Z ET (θ)

AT
h (θ)Z −U 0 0 0

DT (θ)Z 0 −γ2Inv 0 0

ZAp(θ) 0 0 −Z 0

E(θ) 0 0 0 −Inz

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
< 0. (9)

Hence, v∗(t) = γ−2DT (θ)Zx(t) in (5) is obtained.
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Furthermore, inequality (9) can be re-written in the following format:
M∑

k=1

α2
kM0

k(Z,U) +
M−1∑
k=1

M∑
�=k+1

αkα�M
0
k�(Z,U) < 0. (10)

Thus, by using a similar technique to that given in Apkarian et al. [1995] and
Ku and Wu [2015], the equivalence of M (Z,U, θ) < 0 and (3) can be proved. There-
fore, if inequality (3) holds,

L Vv(x, t) + ‖z(t)‖2 − γ2‖v(t)‖2 ≤ 0. (11)

That is, if v(t) ≡ 0, L Vv(x, t) ≤ 0 holds. Therefore, by using the technique sim-
ilar to the proof in [Cao and Lam, 2000], the following inequality can be obtained:

lim
tf→∞ E

[∫ tf

0

xT (t, φ)x(t, φ)dt
]
≤ xT (0)Λx(0), (12)

where

Λ =
λmax[Z] + ε2hλmax[U ]

νλmin[Z]
In, ν := min

θ

{
λmin[−M(Z,U, θ)]

λmax[Z] + ε2hλmax[U ]

}
.

As a result, the stochastic LPV time-delay system (1) is stochastically mean-square
stable. Furthermore, using Dynkin’s formula, we obtain

Jv(x(0), tf ) ≤ −E

[∫ tf

0

L Vv(x, t)dt
]

= E[Vv(x(0), 0)]− E[Vv(x(tf ), tf )]

≤ F(Z,U), (13)

where

Jv(x(0), tf ) := E

[∫ tf

0

‖z(t)‖2 − γ2‖v(t)‖2dt
]
.

Considering that the stochastic LPV time-delay system is stochastically mean-
square stable when tf approaches infinity, inequality (4) holds.

Next, the stochastical mean-square stability and the quadratic cost bound for
stochastic LPV time-delay system (1) are investigated. Consider the following
stochastic LPV time-delay system:

dx(t) = [A(θ)x(t) +Ah(θ)x(t − h)]dt+Ap(θ)x(t)dw(t), (14a)

x(t) = φ(t), t ∈ [−h, 0]. (14b)

Define the quadratic cost function as

J(x0) = E

[∫ ∞

0

xT (t)Q(θ)x(t)dt
]
, (15)

where

Q(θ) = QT (θ) =
M∑

k=1

αk(t)Qk > 0.

2150010-6

In
t. 

G
am

e 
T

he
or

y 
R

ev
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 H

IR
O

SH
IM

A
 U

N
IV

E
R

SI
T

Y
 o

n 
05

/2
7/

21
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



2nd Reading

April 9, 2021 22:19 WSPC/0219-1989 151-IGTR 2150010

H∞ Constrained Pareto Suboptimal Strategy

Theorem 2. Assume that there exist matrices P = PT > 0 and S = ST > 0
satisfying the following LMIs:

L0
k(P, S) < 0, (16a)

L0
k�(P, S) < 0, (16b)

where

L0
k(P, S) :=

⎡
⎢⎢⎣

Υ0
k PAhk AT

pkP

AT
hkP −S 0

PApk 0 −P

⎤
⎥⎥⎦,

L0
k�(P, S) :=

⎡
⎢⎣

Υ0
k� PAhk� AT

pk�P

AT
hk�P −2S 0

PApk� 0 −2P

⎤
⎥⎦,

k < 
, k = 1, . . . ,M,

Υ0
k = Υ0

k(P, S) := PAk +AT
k P + S +Qk,

Υ0
k� = Υ0

k�(P, S) := PAk� +AT
k�P + S +Qk +Q�.

Then, we have

J(x0) < F(P, S), (17)

where

F(P, S) := E[xT (0)Px(0)] + E

[∫ 0

−h

φT (s)Sφ(s)ds
]
.

Proof. We introduce the following parameter independent Lyapunov–Krasovskii
function

Vu(x, t) = xT (t)Px(t) +
∫ t

t−h

xT (s)Sx(s)ds, (18)

where P = PT > 0 and S = ST > 0.
Following similar steps as in the previous discussion, suppose that there exist

P > 0 and S such that

L Vu(x, t) + xT (t)Q(θ)x(t) = ξT (t)L(P, S, θ)ξ(t), (19)

where

L Vu(x, t) = xT (t)Sx(t) − xT (t− h)Sx(t− h)

+ 2xT (t)P [A(θ)x(t) +Ah(θ)x(t − h)] + xT (t)AT
p (θ)PAp(θ)x(t),

L(P, S, θ) =

[
Ψ(P, S, θ) PAh(θ)

AT
h (θ)P −S

]
,

Ψ(P, S, θ) := PA(θ) +AT (θ)P + S +AT
p (θ)PAp(θ) +Q(θ).
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Then, L(P, S, θ) < 0 holds due to Q(θ) > 0. Therefore, the stochastic LPV time-
delay system in (14) is mean-square stable. Furthermore, using the result of the
stochastic stability of (14), we have

J(x0) < Vu(x, 0) = F(P, S). (20)

By re-writing inequality L(P, S, θ) < 0,
M∑

k=1

α2
kL0

k(P, S) +
M−1∑
k=1

M∑
�=k+1

αkα�L
0
k�(P, S) < 0. (21)

Thus, if both inequalities in (16) are satisfied, the robust stability and the
quadratic cost bound (17) are obtained.

3. Problem Formulation

Consider a stochastic LPV time-delay system with multiple decision makers
defined by

dx(t) =

⎡
⎣A(θ)x(t) +Ah(θ)x(t − h) +

N∑
j=1

Bj(θ)uj(t)

+ D(θ)v(t)

⎤
⎦ dt+Ap(θ)x(t)dw(t), (22a)

x(t) = φ(t), t ∈ [−h, 0], (22b)

z(t) =

⎡
⎢⎢⎢⎢⎢⎣

E(θ)x(t)

H1u1(t)
...

HNuN (t)

⎤
⎥⎥⎥⎥⎥⎦, (22c)

where ui(t) ∈ R
mi , i = 1, . . . , N , denotes the ith decision maker’s control input.

The other variables are defined by stochastic equation (1). The coefficient matrices
Bi(θ), i = 1, . . . , N in (22) can be expressed as

Bi(θ) =
M∑

k=1

αk(t)Bik. (23)

Furthermore, note that Hi does not depend on a time-varying parameter,
because the controlled output can be chosen by the controller designer. Hence,
without loss of generality, it can be assumed that Hi is a constant matrix.

Assumption 1. HT
i Hi = Imi , i = 1, . . . , N , Hi ∈ R

mqi
×mi . Furthermore, without

loss of generality, to remove the dependence on x(0), assume that x(0) is a zero
mean random variable satisfying E[x(0)xT (0)] = In.
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The cost performance functions are defined by

Jv(u1, . . . , uN , v, x
0) = E

[∫ ∞

0

[γ2‖v(t)‖2 − ‖z(t)‖2]dt
]
, (24a)

Ji(ui, v, x
0) = E

[∫ ∞

0

{xT (t)Qix(t) + uT
i (t)Riui(t)}dt

]
, (24b)

where Qi = QT
i > 0, Ri = RT

i > 0, i = 1, . . . , N .
The problem of H∞ constrained Pareto strategy [Engwerda, 2005] for stochastic

LPV system (22) is stated as follows.

Problem 1. For any given positive parameter γ, v(t) = v(t) ∈ L2
F ([0,∞),Rmv),

find a Pareto suboptimal state feedback memoryless strategy set

ui(t) = u∗i (t) = Ki(θ)x(t) =
M∑

k=1

αkKikx(t) (25)

such that

(i) ui(t) = u∗i (t), i = 1, . . . , N , make stochastic system LPV (22) stochastically
mean-square stable when v(t) = 0 and the following inequality holds:

‖z‖22 ≤ γ2‖v‖22 + F(Z,U); (26)

(ii) When v(t) = v∗(t) = F ∗
γ x(t) is applied, consider a weighted sum of the cost

function of the followers, given by

Jρ(u1, . . . , uN , v
∗, x0) : =

N∑
i=1

ρkJi(ui, v
∗, x0),

N∑
i=1

ρi = 1, 0 < ρi < 1, i = 1, . . . , N.

(27)

A Pareto suboptimal strategy set (u1, . . . , uN) minimizes the upper bound defined
by the following cost function:

J̄ρ(u1, . . . , uN , v
∗, x0) = sup

θ(t)

Jρ(u1, . . . , uN , v
∗, x0). (28)

In the following section, the existence conditions of the H∞ constrained Pareto
suboptimal strategy set are established in terms of the preliminary results.

4. Main Results

The main result related to the quadratic cost bound under the H∞ constraint
condition is given in the following.

Theorem 3. Consider stochastic LPV time-delay system (22) with multiple deci-
sion makers ui(t) = Ki(θ)x(t), i = 1, . . . , N, and deterministic disturbance
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v(t)=Fγ(θ)x(t). Given attenuation performance level γ, assume that there exists
a strategy set for the real symmetric matrices X = XT > 0, W = WT > 0,
Z = ZT > 0, U = UT > 0 and Yk such that the following cross-coupled BMIs are
satisfied :

Lk(X,W, Yk, Fγk) < 0, (29a)

Lk�(X,W, Yk, Y�, Fγk, Fγ�) < 0, (29b)

Mk(Z,U,Kk) < 0, (29c)

Mk�(Z,U,Kk,K�) < 0, (29d)

where k < 
, k = 1, . . . ,M,

Lk(X,W, Yk, Fγk) =

⎡
⎢⎢⎢⎢⎢⎢⎣

Υk XAT
pk X X Y T

k

ApkX −X 0 0 0

X 0 −Q−1
ρ 0 0

X 0 0 −W 0

Yk 0 0 0 −R−1
ρ

⎤
⎥⎥⎥⎥⎥⎥⎦
,

Lk�(X,W, Yk, Y�, Fγk, Fγ�) :=

⎡
⎢⎢⎢⎢⎢⎢⎣

Υk� XAT
pk� X X Y T

k�

Apk�X −2X 0 0 0

X 0 −Q−1
ρ 0 0

X 0 0 −W 0

Yk� 0 0 0 −2R−1
ρ

⎤
⎥⎥⎥⎥⎥⎥⎦
,

Mk(Z,U,Kk) :=

⎡
⎢⎢⎢⎢⎢⎢⎣

Ξk ZAhk ZDk AT
pkZ ET

Kk

AT
hkZ −U 0 0 0

DT
k Z 0 −γ2Inv 0 0

ZApk 0 0 −Z 0

EKk 0 0 0 −Inz

⎤
⎥⎥⎥⎥⎥⎥⎦
,

Mk�(Z,U,Kk,K�) :=

⎡
⎢⎢⎢⎢⎢⎢⎣

Ξk� ZAhk� ZDk� AT
pk�Z ET

Kk�

AT
hk�Z −2U 0 0 0

DT
k�Z 0 −2γ2Inv 0 0

ZApk� 0 0 −2Z 0

EKk� 0 0 0 −2Inz

⎤
⎥⎥⎥⎥⎥⎥⎦
,

Υk = Υk(X,W, Yk, Fγk) := X(Ak +DkFγk)T

+ (Ak +DkFγk)X +BckYk + Y T
k B

T
ck +AhkWAT

hk,

2150010-10
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Υk� = Υk�(X,W, Yk, Y�, Fγk, Fγ�)

:= X(Ak� +DkFγ� +D�Fγk)T + (Ak� +DkFγ�

+D�Fγk)X + BckY� +Bc�Yk + Y T
k B

T
c�

+Y T
� B

T
ck +

1
2
Ahk�WAT

hk�,

Ξk = Ξk(Z,U,Kk) := Z(Ak +BckKk)

+ (Ak +BckKk)TZ + U,

Ξk� = Ξk�(Z,U,Kk,K�) := Z(Ak� + Θck�)

+ (Ak� + Θck�)TZ + U,

Yk� := Yk + Y�, Kk� := Kk +K�,

EKk� := EKk + EK�,

Bck = [B1k · · · BNk],

Kk :=

⎡
⎢⎢⎣
K1k

...

KNk

⎤
⎥⎥⎦ = YkX

−1, EKk :=

⎡
⎢⎢⎢⎢⎢⎣

Ek

L1K1k

...

LNKNk

⎤
⎥⎥⎥⎥⎥⎦,

Fγk = γ−2DT
k Z, Qρ :=

N∑
j=1

ρjQj ,

Rρ := block diag(ρ1R1 · · · ρNRN ).

Then, the H∞ constrained Pareto suboptimal strategy set under consideration is
given by

u∗i (t) = Ki(θ)x(t) =
M∑

k=1

αkKikx(t). (30)

Furthermore, the optimal cost bounds are given by

Jρ(u1, . . . , uN , v
∗, x0) < J̄ρ(u1, . . . , uN , v

∗, x0) = F(P, S), (31)

with the worst case disturbance

v(t) = v∗(t) = Fγ(θ)x(t) = γ−2DT (θ)Zx(t). (32)

Proof. First, the H∞ constraint condition is derived. By applying Pareto subopti-
mal strategy set (30) to the original stochastic LPV time-delay system in (22), we

2150010-11
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have the following closed-loop stochastic LPV time-delay system:

dx(t) =

⎡
⎣

⎛
⎝A(θ) +

N∑
j=1

Bj(θ)Kj(θ)

⎞
⎠ x(t) +Ah(θ)x(t − h)

+ D(θ)v(t)

⎤
⎦ dt+Ap(θ)x(t)dw(t), (33a)

x(t) = φ(t), t ∈ [−h, 0], (33b)

z(t) = EK(θ)x(t). (33c)

By termwise comparison between (1) and (33), we have

B(θ)K(θ) ←
N∑

j=1

Bj(θ)Kj(θ) = Bc(θ)Kc(θ)

=
M∑

k=1

α2
kBckKk +

M−1∑
k=1

M∑
�=k+1

αkα�(BckK� +Bc�Kk),

E(θ) ← EK(θ) =
M∑

k=1

αkEKk.

Thus, by applying Theorem 1 to this problem, the conditions (29c) and (29d)
can be obtained.

Second, the existence condition of the Pareto suboptimal strategy set is derived.
Consider the stochastic LPV time-delay system with the following cost function:

Jρ(K1(θ)x, . . . ,KM (θ)x, v∗, x0)

= E

[∫ ∞

0

xT (t)[Qρ +Kc(θ)TRρKc(θ)]x(t)dt
]
, (34)

such that

dx(t) = [[A(θ) +Bc(θ)Kc(θ) +D(θ)Fγ(θ)]x(t)

+Ah(θ)x(t − h)]dt+Ap(θ)x(t)dw(t), (35a)⎡
⎢⎢⎣
u1

...

uN

⎤
⎥⎥⎦ =

M∑
k=1

αk

⎡
⎢⎢⎣
K1k

...

KNk

⎤
⎥⎥⎦x(t) =

M∑
k=1

αkKkx(t). (35b)

Following steps similar to those in the previous problem and by termwise com-
parison between (14), (15) and (35), (34) with

A(θ) ← A(θ) +Bc(θ)Kc(θ) +D(θ)Fγ(θ),

Q ← Qρ +Kc(θ)TRρKc(θ),

2150010-12
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we have the following matrix inequalities using Theorem 2:

L̄k(P, S,Kk, Fγk) < 0, (36a)

L̄k�(P, S,Kk,K�, Fγk, Fγ�) < 0, (36b)

where k < 
, k = 1, . . . ,M ,

L̄k(P, S,Kk, Fγk) =

⎡
⎢⎢⎣

Δk PAhk AT
pkP

AT
hkP −S 0

PApk 0 −P

⎤
⎥⎥⎦,

L̄k�(P, S,Kk,K�, Fγk, Fγ�) :=

⎡
⎢⎢⎣

Δk� PAhk� AT
pk�P

AT
hk�P −2S 0

PApk� 0 −2P

⎤
⎥⎥⎦,

Δk = Δk(P, S,Kk, Fγk)

:= P (Ak +BckKk +DkFγk)

+ (Ak +BckKk +DkFγk)TP

+S +Qρ +KT
k RρKk,

Δk� = Δk�(P, S,Kk,K�, Fγk, Fγ�)

:= P (Ak� +BckK� +DkFγ� +Bc�Kk +D�Fγk)

+ (Ak� +BckK� +DkFγ� +Bc�Kk +D�Fγk)TP

+S +Qρ +KT
k�RρKk�.

Applying the Schur complement lemma to inequalities (36) and multiplying the
following matrix

block diag(P−1 In In In Im), m :=
N∑

i=1

mi

on both sides, LMIs (29a) and (29b) can be obtained. In addition, the quadratic
cost bound of (34) can be derived as (31).

It should be noted that the optimization problem related to the upper bound of
the cost J̄ρ(u1, . . . , uN , v

∗, x0) in (31) is tackled in the following subsection in the
proposed iterative algorithm.

4.1. Iterative Algorithm

In order to obtain the H∞ constrained Pareto suboptimal strategy set of (30), we
need to solve the cross-coupled BMIs (29). In particular, the following optimization
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should be solved:

min
X,W,Y1,...,YN

J̄ρ(u1, . . . , uN , v
∗, x0)

= min
X,W,Y1,...,YN

(Trace[X−1] + Trace[LLTW−1]), (37a)

s.t. (29a), (29b), (37b)

where LLT =
∫ 0

−h φ(s)φT (s)ds.
In the following, an iterative algorithm including the optimization problem (37)

by means of combining LMIs with the viscosity iterative scheme Xu [2004] is estab-
lished:

Step 1. Set the initial values: choose an appropriate F (0)
γk ;

Step 2. Solve the following optimization problem based on the LMI for X(n+1),
W (n+1) Y

(n+1)
k :

min
x(n+1)

Tr[Γ(n+1)] + Tr[τ (n+1)], (38a)

x(n+1) := (X(n+1),W (n+1)Y
(n+1)
1 , . . . , Y

(n+1)
M ,Γ(n+1), τ (n+1)),

s.t. Lk(X(n+1),W (n+1), Y
(n+1)
k , F

(n)
γk ) < 0, (38b)

Lk�(X(n+1),W (n+1), Y
(n+1)
k , Y

(n+1)
� , F

(n)
γk , F

(n)
γ� ) < 0, (38c)[−Γ(n+1) In

In −X(n+1)

]
< 0, (38d)

[
−τ (n+1) LT

L −W (n+1)

]
< 0. (38e)

Step 3. Compute the strategy set:

K
(n+1)
k = Y

(n+1)
k [X(n+1)]−1, k = 1, . . . ,M. (39)

Step 4. Solve the following optimization problem for Z(n+1) and U (n+1) :

min
Z(n+1),U(n+1)

Tr[Z(n+1)] + Tr[U (n+1)], s.t., (40a)

Mk(Z(n+1), U (n+1),K
(n+1)
k ) < 0, (40b)

Mk�(Z(n+1), U (n+1),K
(n+1)
k ,K

(n+1)
� ) < 0, (40c)

where

F
(n+1)
γk := γ−2DT

k Z
(n+1), E

(n+1)
Kk :=

⎡
⎢⎢⎢⎢⎢⎢⎣

Ek

L1K
(n+1)
1k C1

...

LNK
(n+1)
Nk CN

⎤
⎥⎥⎥⎥⎥⎥⎦
.
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Step 5. For any appropriate fixed value of η ∈ (0, 1), set

z(n+1) ← η(1 − βn)z(n) + βnz(n+1), (41)

where T is the mapping from Steps 2–4 such that

z(n+1) = T (z(n)),

z(n) : =
[
vec[X(n)] vec[W (n)] vec[Y (n)

1 ] · · · vec[Y (n)
M ] vec[Z(n)] vec[U (n)]

]
.

Furthermore, parameter {βn} ∈ [0, 1] satisfies the following conditions:

lim
n→∞βn = 0, (42a)

∞∑
n=0

βn = ∞, (42b)

∞∑
n=0

|βn+1 − βn| < ∞. (42c)

Step 6. If the iterative algorithm consisting of Steps 2–5 converges, we have
obtained solutions for the cross-coupled BMIs (29); otherwise, if the number of
iterations reaches a preset threshold, declare that there is no strategy set. Stop.

The fact theorem indicates the norm-convergence of the proposed iterative
scheme that is known as the strong convergence property that has been proved
in [Xu, 2004].

Fact 1. If T is a monotone nonexpansive mapping with a fixed point, then the
viscosity iterative scheme {z(n)} converges strongly to a fixed point in uniformly
smooth Banach space.

5. Numerical Examples

In order to show the effectiveness of the proposed H∞ constrained Pareto subopti-
mal strategy, two numerical examples are presented.

5.1. Academic example

Consider the following stochastic LPV time-delay system with two decision makers,
modified from [Wu and Grigoriadis, 2001]:

ẋ(t) =

[
0 1 + 0.2 sin t

−2 −3 + 0.1 sin t

]
x(t) +

[
0.2 sin t 0.1

−0.2 + 0.1 sin t −0.3

]
x(t − h)

+

[
0.2 sin t

0.1 + 0.1 sin t

]
u1(t) +

[
0.1 + 0.1 sin t

0.2 sin t

]
u2(t) +

[
0.2

0.2

]
v(t),

z(t) =

[
0 1

0 0

]
x(t) +

[
0

1

]
u1(t) +

[
0

1

]
u2(t).
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Note that the stochastic LPV with multiple control inputs is considered, differ-
ent from that in Wu and Grigoriadis [2001].

It is assumed that the state-dependent noise Ap(θ)x(t)dw(t) has 15% pertur-
bation based on state matrix A(θ). Using the fact that sin t = cos2(π/4 − t/2) −
sin2(π/4− t/2), the system matrices of (22) are given by

A1 =

[
0 1.2

−2 −2.9

]
, Ah1 =

[
0.2 0.1

−0.1 −0.3

]
, Ap1 = 0.15A1,

A2 =

[
0 0.8

−2 −3.1

]
, Ah2 =

[−0.2 0.1

−0.3 −0.3

]
, Ap2 = 0.15A2,

B11 =

[
0.2

0.2

]
, B21 =

[−0.2

0

]
, B12 =

[−0.2

0

]
, B22 =

[
0.2

0.2

]
,

D1 = D2 =

[
0.2

0.2

]
, h = 0.1, φ(t) =

[−0.5

1

]
, −h ≤ t ≤ 0,

Q1 = diag(0.9 1.9), Q2 = diag(1.2 1.2),

R1 = 0.9, R2 = 2.4, ρ1 = ρ2 = 0.5.

The disturbance attenuation level is set as γ = 3.1. The cross-coupled BMIs
in (29) are solved by using the proposed viscosity iterative scheme. The computed
strategy set in (30) and the worst case disturbance in (32) with the related solution
matrices are given by

P = X−1 =

[
2.5632 4.5954× 10−1

4.5954× 10−1 5.2412× 10−1

]
,

S = W−1 =

[
4.3870× 10−1 −8.5127× 10−2

−8.5127× 10−2 1.4887× 10−1

]
,

K11 = Y11X
−1 = [−4.8206× 10−1 − 8.9643× 10−1],

K21 = Y21X
−1 = [1.0418× 10−1 2.4881× 10−1],

K12 = Y12X
−1 = [6.0283× 10−1 − 6.1613× 10−1],

K22 = Y22X
−1 = [−3.0265× 10−1 1.4370× 10−1],

Z =

[
1.6635 2.3750× 10−1

2.3750× 10−1 4.6005× 10−1

]
,

U =

[
2.3961× 10−1 −7.2524× 10−2

−7.2524× 10−2 1.3598× 10−1

]
,

Fγ1 = Fγ2 = [3.9564× 10−2 1.4517× 10−2].
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Next, the proposed viscosity iterative scheme to obtain the converged solutions
and the strategies is verified. The initial value is set as F (0)

γk = 2γ−2DT
k In for

k = 1, 2. In Step 5 of the proposed algorithm, the value of η is set to 0.99 and
βn = 1

n . The proposed algorithm converges after 691 iterations with an accuracy
of ψ(n) := ‖z(n+1) − z(n)‖ < 10−6.

Finally, the robust stability of the stochastic LPV time-delay system is con-
firmed. Figure 1 shows that all the states attain the mean-square stability, in the
presence of state delay and multiple decision makers.

5.2. Williams–Otto process

Second, we discuss a practical numerical example based on the Williams–Otto pro-
cess Williams and Otto [1960]; Ross [1971]; Ahmadizadeh et al. [2014], which is
well known as a nonisothermal continuous stirred-tank reactor (CSTR). It should
be noted that it is widely known as a typical chemical process adopted in the control
engineering literature. In this example, stochastic LPV delay system representations
of the nonlinear model of the CSTR are developed to adjust the system nonlinear-
ities in the LPV scheduling variables Puna and Bakos̆ovà M [2007]; Rahme et al.
[2015]. Consider the linearized delay stochastic system of the CSTR was obtained
in the following form:

dx(t) =

⎡
⎣A(θ)x(t) +Ah(θ)x(t − h)

+
2∑

j=1

Bj(θ)uj(t) +D(θ)v(t)

⎤
⎦ dt+Ap(θ)x(t)dw(t),

x(t) = φ(t), t ∈ [−1, 0],

z(t) =

⎡
⎢⎢⎣
E(θ)x(t)

H1u1(t)

H2u2(t)

⎤
⎥⎥⎦,

Fig. 1. State trajectories.
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where

x(t) =

⎡
⎢⎢⎢⎢⎣
x1(t)

x2(t)

x3(t)

x4(t)

⎤
⎥⎥⎥⎥⎦, φ(t) =

⎡
⎢⎢⎢⎢⎣
0.4

1.5

2.5

0.5

⎤
⎥⎥⎥⎥⎦.

Due to the variation of the reaction rate in nonlinear dynamics, the linearized
mathematical models M = 2 are assumed and suppose that 5% of the perturbation
exists from the nominal value of the state matrix of A. Therefore, the coefficient
matrices are defined as follows:

A =

⎡
⎢⎢⎢⎢⎣
−4.93 −1.01 0 0

−3.20 −5.30 −12.8 0

6.40 0.347 −32.5 −1.04

0 0.833 11.0 −3.96

⎤
⎥⎥⎥⎥⎦,

A1 = A+ 0.05A, A2 = A− 0.05A,

Ahk = diag(1.92 1.92 1.87 0.724), Apk = 0.05Ak,

B1k =

⎡
⎢⎢⎢⎢⎣
1

0

0

0

⎤
⎥⎥⎥⎥⎦, B2k =

⎡
⎢⎢⎢⎢⎣
0

1

0

0

⎤
⎥⎥⎥⎥⎦, Dk =

⎡
⎢⎢⎢⎢⎣

0.1

−0.2

−1

0.5

⎤
⎥⎥⎥⎥⎦,

Ek = [0.1 0.1 0 0], Hi = [1], i = 1, 2, k = 1, 2.

These systems represent vertices of the uncertain polytopic system. On the other
hand, we also consider that 5% of the state coefficient can be represented by a
Wiener process due to stochastic perturbations.

The weight matrices of cost functions and the ρi are given by

Q1 = 4I4, Q2 = 2I4, R1 = 1, R2 = 2, ρ = 1 = ρ2 = 0.5.

Next, we select γ = 3. Using the proposed iterative algorithms in Sec. 4.1 with
the initial conditions

F
(0)
γk = γ−2DT

k I4, k = 1, 2,

we obtain the following H∞ constrained Pareto suboptimal strategy set in (30):

K11 = [−2.1731 8.4985× 10−1 − 4.3998× 10−1 − 1.2814× 10−1],

K21 = [4.1397× 10−1 − 5.6098× 10−1 1.5535× 10−1 − 1.4498× 10−1],
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Fig. 2. State trajectories of the Williams–Otto model.

K12 = [−2.1731 8.4985× 10−1 − 4.3998× 10−1 − 1.2814× 10−1],

K22 = [2.5496× 10−1 − 3.4729× 10−1 9.5814× 10−2 − 9.0458× 10−2],

Fγ1 = Fγ2 = [−1.0674× 10−3 7.0751× 10−3 1.0569× 10−5 8.0742× 10−3].

It should be noted that the proposed iterative algorithm converges after 52
iterations with an accuracy of 10−4, and the strategy set was computed.

Second, Fig. 2 shows how the system states with time. In the case that the
deterministic time-varying uncertainty is α1(t) = e−t, α2(t)(t) = 1 − e−t as a
special case, it is observed that all the states are stable even though the delay and
the stochastic noise exist.

6. Conclusion

In this paper, we have studied an H∞ constrained Pareto suboptimal strategy
for stochastic LPV systems with constant state delay. The challenge is to achieve
stochastical mean-square stability even when several unsatisfactory factors exist
such as the time delay and disturbances. As a main contribution, the existence
conditions of the H∞ constrained Pareto suboptimal strategy set are derived via
cross-coupled BMIs. In addition, a computational framework based on isolated LMIs
using the viscosity iterative scheme Xu [2004] is proposed to avoid directly process-
ing BMIs. Finally, two numerical examples are solved to demonstrate the effective-
ness and convergence of the proposed algorithm.
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