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In this paper, a digital system for the Global Positioning
System (GPS) pseudo-range observable is modeled and analyzed
theoretically. The observable is measured in a GPS receiver by
accurately tracking the pseudorandom noise (PRN) code phase
of the input GPS signal using a digital energy detector and a

digital delay lock loop (DDLL). The following issues are presented:

1) mathematical modeling of the digital PRN code acquisition
and tracking system, 2) the closed-form expression derivation

for the detection and false-alarm probabilities of the acquisition
process and for the variance of code phase tracking error, and

3) the linear and nonlinear performance analysis of the DDLL for
optimizing the receiver structures and parameters with tradeoff
between the tracking errors due to receiver dynamics and due to

input noise.
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|. INTRODUCTION

The Global Positioning System (GPS) pseudo-range
is the raw range (from a GPS satellite to a GPS
receiver) measurement before applying signal
propagation delay corrections and before having
determined time bias of the satellite and receiver
clocks. With the pseudo-range measurements from at
least four satellites, the three-dimensional coordinates
and clock bias correction of the receiver can be
obtained. The pseudo-range is measured in a GPS
receiver by evaluating the GPS signal propagation
time delay from the satellite, based on the time
information (of the satellite clock) carried by the C/A
(clear/acquisition) code sequence and P (precision)
code sequence modulated on the two L band (L1
and L2) carriers [1]. Both C/A code and P code are
pseudorandom noise (PRN) code. Each channel of
the GPS receiver generates an identical PRN code
to synchronize the PRN code of the input GPS signal
from the satellite. Once the receiver locally generated
PRN code is matched with the PRN code of the input
satellite signal, the input PRN code phase is known,
from which the satellite clock can be derived. The
pseudo-range time delay is estimated by calculating
the time difference between the satellite clock and
the receiver clock. The pseudo-range can then be
determined by multiplying the pseudo-range time delay
by the electromagnetic wave propagation velocity.

The synchronization between the two PRN codes is
accomplished in two steps: 1) code phase acquisition
process, which reduces the uncertainty interval of the
input code phase to less than one code chip width,

and 2) code phase tracking process, which accurately
tracks the variations of the incoming code phase

and keeps the code phase alignment error within an
allowable limit. Research on the PRN code acquisition
and tracking of analog systems has been carried on

for many years. Serial search techniques are by far

the most commonly used to achieve the initial coarse
synchronization for low input carrier-to-noise density
ratio (C/Np) environments, the simplest of which is the
fixed dwell time method [2-5]. Analog delay lock loops
have been used in spread spectrum systems for PRN
code accurate synchronization [6-9].

Highly digitized receiver structures are becoming
increasingly common in GPS receiver designs.
Compared with an analog GPS receiver, a digital
GPS receiver has advantages of higher positioning
accuracy (due to its robustness to input noise), smaller
size, lighter weight and higher power efficiency.
Therefore, we focus our attention here on the
modeling and analysis of a digital system for measuring
the GPS pseudo-range. The object here is to study
the code acquisition and tracking processes of a
digital GPS receiver. In Section II, a code phase
acquisition scheme is modeled and investigated with
a digital energy detector, serial search strategies and
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double-dwell cell logic. The detection and false-alarm
probabilities of the acquisition process are derived.

In Section III, a digital delay lock loop (DDLL) is
modeled and analyzed for the input code phase fine
tracking after the coarse alignment between the two
codes is verified. Based on the power spectral density
analysis of both input signal and noise, the closed-form
expression of the variance of the code phase tracking
error due to input noise is obtained. The linear and
nonlinear performance of the DDLL is studied for
optimizing the loop parameters with tradeoff between
the code phase tracking errors due to system dynamics
and due to input noise. The conclusions on the
pseudo-range measurement performance are presented
in Section IV.

[I. PRN CODE PHASE ACQUISITION

Serial-search techniques are used because of the
low (C/Np) values of the input GPS signals. For
the L1-C/A channel which processes the C/A code
signal modulated on the L1 carrier, the acquisition
process includes both initial synchronization of the
C/A code phase and coarse estimation of the Doppler
frequency shift. Sweeping of the uncertainty range of
the input code phase and Doppler shift is performed
with discrete steps in a digital baseband processor
(DBP) of the receiver. The uncertainty region of the
potential input code phase and Doppler shift is divided
into two-dimensional searching cells. The reference
code phase and frequency of each cell are detected
by attempting to despread the received signal. If the
estimated code phase and Doppler shift are close
to the actual values, despreading will occur and be
detected; otherwise, no despreading will be sensed
and the local code generator and carrier numerically
controlled oscillator (NCO) will step to a new code
phase delay and/or a new Doppler shift estimate for
evaluation until the coarse synchronization on both
code phase and carrier frequency is obtained. Because
of the uniform uncertainty of the input C/A code
phase over the whole code period, it is appropriate
to use a straight-line search for the code phase
acquisition. If @ priori information of the Doppler
shift is not available, the same strategy is used for the
search of the Doppler shift, otherwise a nonuniform
distribution of the Doppler shift over the uncertainty
region is assumed, with higher probability density near
the initial estimate value and lower probability density
far away from the estimate value. The search thus
proceeds in an expanding-window pattern starting from
the cell containing the initial Doppler shift estimate
and advancing in both directions. For the acquisitions
of the P code modulated on the L1 carrier (L1-P) and
on the L2 carrier (L2-P), the initial estimate of code
phase is obtained from the L1-C/A code phase and the
input hand-over-word (HOW) information of the GPS
navigation message. The estimation is accurate to a
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Fig. 1.

Block diagram of code acquisition system.

few P code chips. Because of the a priori information,
the expanding-window search is used. The accurate
code phase tracking of the L1-C/A channel provides
the P channels with accurate Doppler shifts, which
leaves little uncertainty in the frequency domain for
the P code acquisitions.

The code phase acquisition system (at baseband)
consists of a noncoherent code correlator, a digital
phase alignment detector and synchronization control
logic, as shown in Fig. 1. Some parameters are defined
as follows.

Amplitude of received signal

Sampling duration

PRN code chip width

Baseband carrier frequency (which is not

chosen to be zero due to the uncertainty of

the Doppler frequency shift)

fa Doppler frequency shift of the input signal

fL RF frequency, which is equal to 1575.42 MHz
and 1227.60 MHz for the L1 and L2 carrier
signals, respectively

¢ Carrier phase (¢o: the initial carrier phase)

Ro PRN code rate when the Doppler shift is
equal to zero, which is 1.023 Mbps for C/A
code and 10.23 Mbps for P code

R PRN code rate when Doppler shift is not
equal to zero

T PRN code phase delay in second with respect

to the GPS system time

+1 valued PRN code signal with time-variant

code phase x.

NN

Plx]

The Doppler frequency shift due to the relative
movement between the satellite and the receiver has
two-fold impact on the received signal: 1) carrier
frequency offset—the received carrier signal
frequency is equal to f; + fa; 2) PRN code chip rate
offset—because the PRN code is modulated on the
carrier signal, the code rate R of the received signal is
equal to (1 + {)Ro, where { (= f4/fL) is the code rate
offset normalized to Ry. Therefore, the code phase of
the received signal, at the ith sample, is

xi =1+ OiTs - &7, @
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where ¢ = 7/T, is the code phase delay normalized to
code chip width T,. The baseband received signal can
be represented as

r(iy = A-P[(1 + T, — £Tp)
-cos[(wp +wy)i + go] + n(i) @

where w, = 27, T and w, = 27 f4T; are the digital
radian frequencies corresponding to the baseband
carrier frequency f;, and Doppler shift f, n(i) is

the equivalent input Gaussian noisc at baseband. If
the signal parameters are assumed to be constant
quantities (although unknown) over a sufficiently
short observation interval, one possible approach to
the statistical estimation of code phase delay 7 (or §
equivalently) and code chip rate R (or wy) is 1o seek
the maximum-likelihood estimate (MLE) &wy, of € and
Ogmr of wy. It has been shown that the MLEs of £ and
wy are those values of f and &, which simultaneously
maximize the likelihood function [10]

N-1

3" r) - PI(L+ OTs — £T,p) - e/ +2)

i=0

P |
L(é’wd) - NO
. . , 3
where (, £ and &4 are the estimates of ¢, { and wy,

Np is the one-side power spectral density of the input
noise n(i). In the above equation, ¢ has a unique
relationship with &g (ie. { = &4/27Tsf1), so that
L(€,&54) is a two-dimensional function of  and w,.

In order to obtain the MLE of £ and w,, the receiver
local signal generator generates the following in-phasc
(I) and quadrature (Q) signals to correlate the input
signal

I1(i) = P[(1 + {)iTs — €T, ] - cos|(wp + Da)i]

Qi) = P[(1 + OiTs — £T,] - sin[(wp + Dg)i]-
The “Average & Dump” function block in Fig. 1
averages its input data, i.c. r(i)-I({) and r(i)- Q) for
the I and Q channcls, respectively, with each average
(correlation) interval equal to 7, = N - T (where
N is an integer). We define normalized code phase
estimation error as (x; — £;)/T, = [ + p, where [ is
an integer, |p| < 1 and £; is the receiver estimate of
x;. When / = 0, the PRN code phase of the received
signal is acquired (which is represented by an Hj
state); otherwise, when [ # 0, the receiver local PRN
code is out of step with the received PRN code (which
is represented by an Hj statc). Let y, represent the
correlation between the input PRN code and the
receiver local PRN code over the kth correlation
interval, i.c.,

1 kN-1
= . Pl1+QIT —£Ty)
i=(k—1)N
P[(1+ 0T, — €T,) =y, + yi )

where ¥, and yj arc the mean and random component
of yk, respectively. It can be derived that (see

Appendix A)
_ a[(1=1ph),  Histate
=F ~ R = 6
¥ = E[ye] = Ri(p) {0’ Ho state (6)
where Ry () is an ideal two-level autocorrelation
function of PRN codes, and
var[y,] = varly;] ~ G(p)
A { Ipl?/ M, H; state .
1 =2lp| +2|p>/M,  Hystate 0

var[x] represents the variance of x, and M = Int(N -
Ts/T p) is the integer code chip number over the
correlation interval. Assuming that the parameters ¢,
&, and w, are constant (although unknown) over the
kth correlation interval, the outputs of the Average &
Dump filters of the I and Q channels, at the end of
the interval, can be obtained as

er(k) ~ L AR [p(k)sinc{[Awa(k)]N /2} cos ¢ + s (k)

e (k) ~ SAR [p(k)Jsinc{[Awa(K)IN /2 sin gy + o (k)
®)

where sinc(z) 2sinz/z, ¢ = (Awa(k))- (N —1)/2 +

Or_1, Awg(k) =wa(k) —Da(k), Ai(k) and Ag(k) are
noise component due to the input noise n(i),

1 kN-1 R .
Ap(k) = N > n@PIA+ T, - £T,)
i=(k—-1)N
x cos[(wp + wgq(k))i]
+ LAy sinc[Awg (k)N /2] cos ¢y
1 EN-1 . R
hotky = D nOP[(1+{IT, — €]
i=(k-1)N
x sin[(wp + Ga(k))i]
+ 3 Ay sinc[Awy (k)N /2]sin ¢y 9

er(k) and ep (k) are approximately independent
Gaussian random variables, their mean and variance
are [11]

Eles(k)] = Dycos oy
E[eQ(k)] = Dk sin ¢k

var[er (k)] = varleg (k)] (10)

A2 (T, \?
=i/ + 5 () Gt
x sinc’[(Awa (k)N /2]

where Dy = 0.5AR;[p(k)]sinc[(Awg(k))N /2], and

o, is the variance of the input noise n(i). From (10),
the mean of e;(k) and egp (k) increases as the code
phase error p(k) decreases and/or as the Doppler shift
estimation error Aw, (k) decreases; and the variance of
er(k) and ep (k) results from the input noise and from
the estimation errors of the code phase and Doppler
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shift. According to (6), within a full period of PRN (a o S——

codes only one correlation peak occurs at p(k) =0, o8 oo \
which allows unambiguous delay determination up to & el e
a maximum propagation delay equal to the period of = o -
code sequences (which is 1 ms for the C/A code). The g o P
input signal of the digital energy detector (as shown in - E ! -H-23)
Flg 1) is & 02 :-*-‘"—%i':;..:;';_';;:"_‘ R
S%(k) = ef(k) + e (k). (1) . i I -
30 35 40 45 50
If the threshold of the detector is set to D7, then Normalized threshold - Dy
an H, state is detected if the input of the energy
detector S2(k) is larger than or equal to D?, and an (b) 10 e
Hj state is sensed if S2(k) is less than DZ. From the T
statistics of ey (k) and ep(k), and (10), the detection N
and false-alarm probabilities of the PRN code phase A o P R _g:f:%
acquisition, at the end of the kth correlation interval, g P Ho-2)
can be obtained as follows (see Appendix B) i~ I
&
=) 02 [--emo e o S - -
Poe) =/ x-expl= 30 +1D] - o) - dx (12) B B TR
Bi %3500 37‘50 4000 4250 45.00
Pra(k) = C/No(dB-Hz)
(C) 10
1 Dy ‘ ;
expy — = - P 08 NG A
1+a (i) (1 = 2lp(k)| + 2lp(k)|2)sine? [(Awy (k))IN/2] € b } |
g |
(13) |
where - T
= |2 N (1 - |p(k)ly*sinc®[(Awa (k)N /2] o0 L
Tk = « - T 00 02 04 06 08 10
1+a (T__i> |p(k)|2smcz[(Awd(k))N/Z] Error of code phase alignment - | 2|
4
a4 @ P |
: t ~Rfp=.
Be = D (15) g o 1'3:8 &
)
1+a (1> |p(k)|2sinc*[(Awar )N /2) 2 *
T,
Io(-) is zero-order modified Bessel function, o = & ., N
(A/2)%/0% = (C/No)/Bir is the signal-to-noise ratio ~ proomm e
of the spread spectrum input signal (Brr is the receiver O e e T
3 dB IF bandwidth for the input PRN code signal), (8UIN/2x
and D, = D,2 -(No/4N )“1 is the normalized threshold.
Fig. 2 shows the detection probability Pp and the ()
false-alarm probability Prs as functions of D,, (C/Np),
lpl, (Awg)N /27 and NT;(=T,) for the C/A code & |
channel with Bir = 2Ry, based on (12)~(15). From T YY SR L S o)
Fig. 2, we can see that: 1) the detection probability Pp _g ’ ‘ -l;a(FlS)
increases with the increase of the (C/No) value of the SR B e
input signal and the correlation interval, and with the = Lb l
decrease of the Doppler shift estimation error, code A
phase estimation error and the normalized threshold of %05 o3 oas s oes 07
the energy detector; 2) the false-alarm probability Pga Correlation interval - NTy(msec)
decreases with the increase of the normalized threshold  Fig. 2. Probabilities of detection and false-alarm for single-dwell
D.,; and 3) Pga s, to a great extent, independent of search. (a) C/No = 40 dB-Hz, (Awy)N/2 = 01m, N =1076.
the values of (C/Np) which is between 35 dB-Hz and (b)(A(i“’)dly/Vz/ 2 T)g"’: ”’DD" jg'oédl)v ;/11\;)76- g)dcl;/ gtz) —_})40 ‘ﬂz'OHZv
45 dB-Hz, the Doppler shift estimation error, the code N ="1076_ © C/I;,O - 10 dB-Hz, (Aw(l)N/Z: 01m, D: =40,
phase tracking error, and the correlation interval. N =1076.

742 IEEE TRANSACTIONS ON AEROSPACE AND ELECTRONIC SYSTEMS VOL. 31, NO. 2 APRIL 1995



Hi_ To initlase code
Second - dwell tracking loop

PRN cods
gensrator

Fig. 3. Double-dwell search strategy.

Since & < 1 corresponding to the (C/Np) values,
Pra (k) = exp(—Dn/2), i.e., Ppa depends only on D,,.
From the performance analysis of the single-dwell
search discussed above, the improvement of acquisition
performance is limited by the following 3 factors.
1) Because of the Doppler shift uncertainty Awy(k) #
0, the detector performance is deteriorated by a factor
of sinc? [(Aw4(k))N /2], which restricts the increase
of the dwell (correlation) interval, i.c., the value of
N. 2) The increase of the despreading gain is limited
because of the limit on increasing N. 3) With a low
input (C/Ny) value, in order to reduce Pga, D, should
be increased, which also reduces Pp. The high Pga (as
shown in Fig. 2) results in a very large value of the
average acquisition time. Consequently, a double-dwell
search strategy is necessary to improve the acquisition
performance (i.e., to reduce the average acquisition
time) [4-5], as shown in Fig. 3. In the first dwell
detection with immediate rejection, the small dwell
interval results in a fast search through the uncertainty
regions, a low threshold prevents Pp from being too
low and increases Pgs (which is reduced in the second
dwell). If an Hy state is detected in the first dwell,
the correlation is continued with the local code phase
delay and carrier frequency of the next reference cell;
otherwise, if a tentative Hj state is assumed in the
first dwell, a second dwell (verification mode) starts.
The second dwell uses the same detector as that of
the first dwell, but sequentially performs several tests
after which a majority decision is made. If at least B
of A tests indicate coarse synchronization, then an H;
state is verified and the code tracking loop is activated;
otherwise, the synchronization control scheme updates
the local code phase and the cell-by-cell testing
format is continued. The short correlation interval
restricts the detector performance deterioration due
to the uncertainty of the Doppler shift. The input
code signal and the locally generated code signal are
correlated and their phase alignment is detected in
one segment (or the average interval) uncorrelated
with other segments because of the “dump” operation
in the Average & Dump filters. The input noises of
different segments are independent of each other and
the possible weak correlation among the PRN codes
of each segment is negligible while taking the low
(C/Np) value of the input signal into account. The
correlation and detection of different segments are
therefore independent of each other. Let Pp; and Ppag

10 :
< |
4 "
2 L Am=6
5 o) (AB)=(3)
: e
F !
e -
£ ;
|
35.00 3750 40.00 4250 45.00
C/Ny(dB-Hz)
(@

10!
. JE
d yive
E ol (Ao
d ~(AB)=(64)
s
E
A
=3 b e e e
2
&

10! - L -

35.00 3750 4000 4250 4500
C/No(dB-Hz)
(b)
Fig. 4. (a) Detection probability for double-dwell search:

(Awg)N/2=01r, Dy =4.0, N =1076, p = 0.1. (b) False-alarm
probability for double-dwell search: (Awy)N/2 = 0.1m, D, = 4.0,
N =1076, p =0.1.

represent the detection and false-alarm probabilities,
respectively, for the first-dwell search, Pp; and Pgap
for the second-dwell search, then with the independent
tests the probabilities of the double-dwell search on
each reference cell are [12]

A

A
Pp=PpPro=) (H ) PETN(1— Ppp) "
=t (16)
A /A
Pea = PearPena = ) (n) PR (1= Pear)* "
n=8

Fig. 4 shows the probabilities Pp and Pga of the
double-dwell system as a function of (C/Np) for the
C/A code channel. Comparing Fig. 4 with Fig. 2(b),

we can observe that the double-dwell search strategies
dramatically reduce Pga, but only slightly reduce Pp
when the value of (C/Np) is relatively large. As a
result, the average acquisition time can be significantly
reduced, which means that the acquisition performance
is greatly improved.

N, CODE PHASE TRACKING

Accurate synchronization between the input and
local PRN code signals is accomplished by a DDLL
as shown in Fig. 5. With the initial delay error less
than the loop pull-in range, the loop provides the
MLE of the time delay in the presence of Gaussian
noise [6-7]. A practical implementation of the loop
makes use of correlation operations between the input
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signal and two different phase delayed (early and late)
local PRN codes [9]. The code tracking loop to be
modeled here is a noncoherent, early-late, DDLL, with
two independent correlators for discriminating code
phase error. The DDLL design goal is to achieve low
root-mean-square (rms) tracking jitter in the presence
of input white Gaussian noise while tracking the input
PRN code phase dynamics due to the relative motion
between the satellite and the receiver. The overall
variance af, of the code tracking error is used as the
loop performance criterion.

Noncoherent Early-Late DDLL Modeling: Let
“+” sign represent the early (E) correlator and “—”
sign the late (L) correlator, and 6 represent 1/2 code
phase offset normalized to code chip width T, between
the local PRN code generators for the early and
late correlators, respectively, then the in-phase and
quadrature signals of the local signal generator, at the
ith sample, are

I1+(i) = P[(1 + O)iT, — €T, £ 6T, - cos[(wp + Da)i]
Ip+ (i) = P[(1 + O)iT, — €T, £6T,] - sin[(wy + Dg)i].
17)
If we define 2 i
Ky = Tsinc [(Aws)N /2], (18)
Da(p,8) = R¥(x)|x=p-6 = R*(X)|x=pts

where

R(x)2 P[(1 + O)iT, + 0] - P[(1 + O)iT, + 10 + xT)

(with the average operation being performed over
time variable i, 7p being an arbitrary code phase shift)
approximates to the autocorrelation function of the
PRN code with normalized code phase error x, then
it can be derived that the output of the code phase
discriminator (Fig. 5) as a function of p and 4, at the
end of the kth correlation interval, is [11]

D(k,p,8) = L(k,p,8) — E(k,p,6)
£ KoDa(p,6) + Np(k,p,6)  (19)

where L(k,p,6) and E(k,p,6) are the output of the
late and early channel correlators, Np(k,p,9) is

L+(p—b6)(p—6-2),

45(1 - p),
4p(1-9),
Da(p,6) = L+(p-8)(p-96-2),
I+ (p—0)(p—56+12),
4p(1-6),
0,
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_._Non-coherent early-late PRN code phase discriminator

input ) D(%,p,8)
digital "

signal

Carrier NCO
PRN code
generator

Noncoherent full-time early-late DDLL.

PRN code
NCO

Fig. S.

the equivalent noise component. For the C/A code
which is Gold code with period of 1023 chips, the
autocorrelation function is R(x) = R;(x) + ngr(x),
where ng(x) is an equivalent noise component of
R(x),

-1/1023,  p=0.75
nr(x)={ —65/1023,  p=0.125 (20)
+63/1023, p=0.125

(p stands for probability). The error component of
DA (p,0) due to ng(x) is

N&(p,6) = [R}(x)]x=p—5 = R*(X)]a=pss]
- [R%(x)|x=p—ﬁ - R%(x)|x=p+6]
= 2nR(X)|x=p=5 - R1(X)|x=p—s + NR(X)|x=p—s

= 20R(X)|x=p+s - Ri(X)|x=prs = RR(X)|x=pss-

@Y

When |p| — 0, (p— 6) and (p + 6) are related to
different chip durations, so that ng(x)|y=p—s and
nr(x)|x=p+s are uncorrelated with E{Ng(p,6)} =
—4p/1023 = 0, E{N3(p,6)} = 8 -[1 + (6 — p)?}/1023 ~
8. (1 + 62)/1023, the effect of Ng(p,6) may be
neglected. For P code phase tracking, because of the
very long code period, the autocorrelation function
may be taken as R;(x)|x=p+s and Rj(x)|¢=p—s for the
carly and late correlators, respectively, with very little
error when the sample number N of each correlation
interval is much larger than one [13]. Substituting R;(-)
defined in (6) into (18), we obtain

1-6<p<1+6
f<p<i-6 } if 0<6<

0<p<e
6<p<1+6
1—6§p§6} if

0<p<1i-4

1
2

(22)
<s<1

[STIN

p>1+6
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for p>0, and Da(+p,6) = —Da(—p,0) for p <0
Plotting D (p,6) versus p (with a constant §) we
can obtain the so-called discriminator S-curves for
the noncoherent early-late DDLL as in the analog
delay lock loop [8]. It has been shown [11] that the
total output noise Np(k,p,6) of the discriminator
is still white noise (due to the “dump” operations
in the Average & Dump low-pass (LP) filters) with
equivalent one-side power spectral density

2
N, =2 (%) Br[1— R*(26)]

+ % B (%N sinc? [(Awg)N /2] (p,6)
(23)
where

f(p,6) = R*(p—8) + R*(p + )

—2R(p— 8)R(p + 6)R(26) (24)
and Br(=7/N) is the equivalent bandwidth of the
LP filters. The power spectral density Ny gives no
information about the probability density function
of this output noise. Although the input noise is
Gaussian, the nonlinear transformation (such as the
square function) assures that the output statistics
are non-Gaussian. However, when the tracking error
p(k) is very small, the code phase discriminator is
operating in its linear region and the discriminator
output random process Np(k,p,d) is Gaussian.

DDLL Tracking Performance in the Absence of
Noise: It can be seen from (22) that for 0 <6 < 1,
Da(p,6) is a linear function of p with slope D} (p,6) =
4(1— 6) when |p| < 6. Therefore, in the case of small
code phase tracking error, the phase discriminator can
be modeled by a linear function, Da (p,6) = So(6) - p,
where So(6) = 4(1— ) is the slope of Da (p,0). From
(19), we have

D(k,p,6) = KoDa (p,8) + Np(k,p,0)

= K(6)- p + No(k,p,0) (25)
where K(8) = Ko-So(6) = A% (1—0)-
sinc?[(Aw,)N /2]. Let z{-} be the unit delay operator
z{x(k)} = x(k + 1) and z71{x(k)} = x(k — 1), then
with the transfer function of the loop filter F(z), and
the transfer function of the PRN code NCO D(z)

= z~1/(1—z7)), the normalized phase delay estimate
£ of local PRN code can be obtained based on the
output of the code phase discriminator D(k,p,6),

£(k) = D(z)F (z2)D(k,p,0). (26)

The functionally equivalent mathematical model of
the DDLL is shown in Fig. 6. Substituting (25) and

Code phase discriminator

Ny(k,p,8)

Fig. 6. Mathematical model of DDL.

p=¢&— € into (26),
£(k) = D(2)F(2){K(6)[¢(k) — £(k)] + Np(k,p, 6}

.1 (XX)
= K(6)D(z)F — &k —_— .
©)D(2) (z){[&(k) £+ s
@7)
If we define the loop transfer function for the input
code phase and the equivalent noise as

z—1
He@) = goro+ve-D)

K(6)F(z) “

v = RoF@) + = 1)

respectively, then from (27) we can obtain
p(k) = He(2)e0e) — Hy(2) 2P0 (a9

K(%)

It is obvious from (29) that the tracking error p(k)
consists of two components, one due to the system
dynamics represented by the first term and the other
due to input noise represented by the second term.

Because of the relative movement between the
satellite and receiver, the input code phase varies with
time. The DDLL must be able to track the variations
and to maintain the tracking errors within an allowable
limit. According to (28)-(29), the loop tracking error
due to £(k) is

z—-1
PK) = o F@D + = 1y &k

(30)

A stable 1st-order loop (with F(z) = g1, and loop gain
G1 = K(6)-g1) can track a phase step input {(k) =a-
U (k) with steady tracking error p(oc) = 0, a frequency
step input signal £(k) = a- k - U (k) with p(c0) = a/G1.
For a 2nd-order loop, F(z) = g1 + g2/(1—z~1), loop
gain parameters are G1 = K(6)- g1, G2 = K(0) - g2.

A stable 2nd-order loop can track a phase step input
and a frequency step input with p(co) =0, and a
frequency ramp input £(k) = a- k% - U(k) with p(cc) =
2a/G,. Transient responses of 1st- and 2nd-order
lincar DDLLs can be obtained by solving (30). The
z-transform of the unit-impulse response is often
referred to as the system function. A necessary and
sufficient condition of system stability is that the poles
of the system function must lie inside the unit circle
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Input code phase dynamic - &

Loop parameter - G,

Fig. 7. Stable region of 1st-order nonlinear DDLLs:

frequency-step input (p(0) = 0.0}).

of the z-plane [14], therefore, the stable range of
loop gain is 0 < Gy < 2 for a Ist-order loop, ¥ > 1
and 0 < Gy < 4/(r + 1) for a 2nd-order loop where
r£1+(G1/Gy).

With the decrease of the input (C/Np) ratio, the
code phase delay tracking error p(k) increases, which
may exceed the linear region of the discriminator
characteristic Da (p,6). As a result, a nonlinear theory
should be used to analyze the loop performance in
the situations of a low (C/Np) ratio. In this case the
condition of loop stability is stricter than in the case
of linear code phase discriminator. The loop stability
depends on loop filter gain(s), initial tracking error(s)
and input code phase delay dynamics.

1) Ist-order loop: With Np(k,p,6) =0, from
(28)-(29), the tracking crror iterative equation is

plk +1) = p(k) = [§(k + 1) = £(k)] = G1Da[p(k),8].
(€2Y)

The variation of code phase tracking error p(k + 1) —
p(k) is the difference between the dynamics of the
input code phase represented by {(k + 1) — {(k) and
the dynamics tracking ability of the loop represented
by G1-Dalp(k),6] (with the loop gain of Gy). The
transient responses can be obtained by recursively
solving (31) with defined input code phase dynamics
&(k + 1) — £(k). It is shown that the transient response
durations are shorter when the loop gain G is closer
to 1.0. According to the recursive analysis of (31), the
loop can track a step phase input with steady-state
tracking errors ps, = 0 if the initial tracking error
[p(0)| < 1+ 6 and the loop filter gain 0 < G < 2. An
example of two-dimensional parameter ranges for
loop stability with a frequency step input is shown in
Fig. 7. With low input code phase dynamics (small |a|
value), the loop can track the phase dynamics, which
results in small code phase tracking errors and the
code phase discriminator stays in the lincar region.
Hence, the loop stable region for the dynamics |a|
increases almost linearly with the increase of the loop
gain Gy. On the other hand, with high dynamics of the
input code phase (large |a| value), the loop has a
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Loop parameter -
e,
5]
i
18
=]
|

0.5 0:8 10 13 15
Loop parameter - Gy
(b)
Fig. 8. Stable region of 2nd-order nonlinear DDLLs.
(a) Frequency-step input (a = 0.5, p(—1) = 0.0, p(0) = 0.0).
(b) Frequency-ramp input (a = 0.25, p(—1) = 0.0, p(0) = 0.0).

large tracking error and the phase discriminator stays
in the nonlinear region. Consequently, the stable
region for the dynamics |a| does not increase linearly
with the increase of the loop gain Gy. It is clear that
the DDLL stable region is becoming smaller with the
increase of the input code phase dynamics.

2) 2nd-order loop: The code tracking error
iterative equation of a 2nd-order loop is

plk +2) — 2p(k +1) + p(k)
= [6¢k +2) — 26(k +1) + £(0)] (G + Go)

‘Dalp(k +1),6]+G1- Da[p(k),6].  (32)
The transient responses of the loop to input code
phase £(k) can be obtained by recursively solving (32).
It is observed that a 2nd-order stable loop can track a
frequency step input signal with steady-state tracking
error pg, =0 and a frequency ramp input signal with
steady-state tracking error p,; = 2a/G,. Examples

of the loop stable regions are shown in Fig. 8. In

Fig. 8(a), when G is small (say, G; < 0.8), the stable
region for 7 value is reduced compared with that of a
linear loop; when G, is large, the phase discriminator
works in the linear region, so that the stable region

is close to that of a linear loop. In Fig. 8(b), the

input code phase is changed from the lower dynamic
waveform (frequency-step, Fig. 8(a)) to the higher
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dynamic waveform (frequency-ramp), therefore, the
stable region is reduced when compared with that
of Fig. 8(a). The low bound value for 7 should be
larger than that of Fig. 8(a) in order to track the
frequency-ramp input.

From the above analysis, we can conclude the
following. 1) While the code phase discriminator works
in both linear and nonlinear regions, the region of
stable loop gain(s) is smaller in the nonlinear case.
2) For stable loops, the steady-state tracking error is
independent of the nonlinear characteristics of the
discriminator, since the stable loop operates in the
linear region of the discriminator characteristic curve
at steady-state irrespective of the initial tracking error.
3) Concerning the transient response, the optimum
loop gain(s) is Gy = 1.0 for the 1st-order loop and
G = 1.0, r = 2.0 for the 2nd-order loop. 4) As §
increases, the loop hold-in range increases, however,
the loop equivalent gain(s) decreases according to (25),
which may increase the tracking error and transient
duration. Therefore, larger 6 should be chosen to
increase the loop hold-in range with lower (C/Np)
values, and smaller é should be chosen to enhance
loop dynamic capability with higher system dynamics.
5) When the system dynamic (represented by the
value of |a] in the input code phase) increases to
an appropriate high value, the 1st-order loop with a
frequency-step input code phase and the 2nd-order
loop with a frequency-ramp input code phase are
not stable no matter what the loop gain(s) and initial
tracking error(s) are. The Ist-order loop can track
the input PRN code phase with the relative velocity
component (between the satellite and the receiver
in the direction of the pseudo-range) up to |a|max- € -
f+/ (N - R), where |a|max is the maximum |a| for the
stable loop, c is the velocity of the electromagnetic
wave. The 2nd-order loop can track the input
PRN code phase delay with the acceleration of the
relative movement (between the satellite and the
receiver in the direction of the pseudo-range) up
10 |@|max - ¢ - fs/(N - R). Therefore, the correlation
interval N (which is inversely proportional to the loop
predetection bandwidth By ) plays a very important
role in the loop dynamic performance. Smaller N
values should be used in cases of higher system
dynamics.

DDLL Tracking Performance in the Presence of
Noise: Here, we consider the linear analysis of the
code phase tracking error due to input noise. With
the input stationary zero-mean Gaussian noise n(i),
Np(k,p,0) is stationary with zero mean and wide
band because of the narrow closed-loop bandwidth.
As a result, the steady-state variance of p(k) due
to the approximated white noise Np(k,p,6) is given
by [14]

2_ 1

% = 2rj |z|=1HN(Z)HN(Z_I)Z—lRN(Z)dZ (33)

where Ry (z) is the z-transform of the autocorrelation
function Ryp(k) of Np(k,p,6) normalized to K2(6),
ie, Ry(z) = z{Rnp(k)/K?(6)} = NL.BL/K?(6), so that

NyBp 1
2 _ IVLPL —1y,-1
o, _—_Kz(é) 2] fiz!leN(z)HN(z )z dz
_ NLBy
- K2(0) (34)
with
1
Bc,gBLl#—,f Hy(2)Hy(z"Y)z7'dz  (35)
277 Jiz1=1

being defined as the one-sided closed-loop bandwidth.
As noticed in (19) and (23)—(24), Np(k,p,0) is a
function of p. In order to pursue linear theory it is
assumed that Np(k,p,6) is independent of p for small

p. We define Np(k,6) éNl)(k,}o,é) |p=o0 since in the
linear region p(k) is very small with a relatively high
input (C/Np) ratio, then from (23),

2
N ~ NLtp:O =2 (-];Q) BL[1 — R2(26)]

* ATZ (% sinc?[(Awa)N /2)(1 — 0[1 — R(26)).
(36)
Substituting (36) into (34),
e 1- R?(26)
7 200 | ag(1—6)2sinc*[(Aw )N /2]
__1-REH
4sinc’[(Awq)N /2] } 37

where o, = A%/(Ny- B.) is the SNR in the
closed-loop bandwidth B, and o, = 4%/(No- Br) is
the SNR in the Average & Dump LP filter output. Let
us define

5 - 4(1 - 6)%sinc’[(Awy N /2]
F T - REO {4 {1 + R@8)] + (1 - 62 sin[(Bwa)N/2]}
(3%)

as the “square loss” of the DDLL (corresponding to
that defined in [8] for an analog delay lock loop) which
is a function of §, ay, N, and (Awy), then

1
ZQCISL '

From (38)—(39), we observe the following. 1) St
would increase as a result of a) a decrease of the
Doppler estimation error {Awy), or b) an increase of
the sampling number N in each correlation interval
if (Awy) = 0, or c) an increase of the SNR of the
Average & Dump LP filter output. 2) If (Aw,) # 0,
both N and sinc[(Aw,)N /2] affect S, depending on

ne

o5 39)
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the value of (Aw,). 3) o5 decreases with either an
increase of loop SNR ratio a; or an increase of the
“square loss” Sy. 4) The loop SNR ¢, increases as B,
decreases, which is a function of the loop filter F(z)
and is inversely proportional to N. For a 1st-order
loop,

Gy
Hv@ =6 -
G (40)
—i l .
B, -G, B,
and for a 2nd-order loop,
_ (G1 + Gz)Z -G
Hy(2) = 22+ [(G1+G2) -2z + [1-Gi]’
(4D
+G1G2 +2G}
By = 2G, 12 1 .B;.

G1[4— G2 - 2Gq]

From (25), K(6) is a function of the input signal
power, the Doppler estimation error (Awy), the
correlation interval N and the discriminator parameter
é, so are the loop equivalent gains G; and G».

The equivalent loop gain increases as the input
signal power increases and as 6 and/or [(Aw,)N /2]
decreases. The analysis of the variance of the code
phase tracking error has been verified by computer
simulations, as shown in Fig. 9. Each value of the
simulation results is obtained based on 30 s data
(after the code phase acquisition) with sampling
frequency f; = 2.1518 MHz for the C/A code phase
synchronization.

The performance tradeoff between tracking errors
due to the system dynamics and those due to the input
noise is of primary consideration when selecting loop
parameters. From (40)-(41), loop gains G; and G»
should be small in order to reduce the tracking error
due to the input noise. On the other hand, loop gains
G1 and G» should be large in order to reduce the
steady-state tracking error due to system dynamics.
Another important parameter is the correlation
interval N, which controls the equivalent bandwidth
of the Average & Dump LP filter. In the case of low
system dynamics, small Gy, G> and large N should
be used to reduce the closed-loop bandwidth, so
that the tracking error (mostly due to input noise)
is suppressed. In the case of high system dynamics,
large G1, G, and small N should be used, so that the
closed-loop bandwidth is large enough to track the
dynamics of the input PRN code phase.

IV.  CONCLUSIONS

The digital PRN code acquisition and tracking
systems in the GPS receiver for the GPS pseudo-range
observable have been modeled and evaluated
mathematically. According to the MLE theory,
the noncoherent correlations between the input
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Fig. 9. Variances of code phase tracking error. (a) 1lst-order
DDLL: 7,, =20 ms, C/Ny = 40 dB-Hz, (Awg)N/2=0.1m, § =0.5.
(b) 2nd-order DDLL: T,, =20 ms, C/Ny = 40 dB-Hz,
(Awg)N/2=015%, § = 0.5, R = 2.0. (c) 2nd-order DDLL:

T, =20 ms, C/Ny = 40 dB-Hz, (Aw,)N/2=0.17, 6 = 0.5,

Gy =04

signals and the receiver locally generated signals

are performed for the initial coarse estimate of the
input PRN code phases and the Doppler frequency
shifts. A digital energy detector is modeled to detect
the completion of the acquisition process. The
derived closed-form expressions of the detection and
false-alarm probabilities show that, the probabilities
depend on the PRN code phase alignment error, the
(C/Np) of the input signal, the carrier phase error
caused by the Doppler shift estimation error, the
normalized detector threshold and the length of the
correlation interval. The double-dwell, straight line (for
the L1-C/A channel) and expanding-window (for the
L1-P and L2-P channels) serial-search strategies are
used because of their advantages over the single-dwell
strategies in the average acquisition time.
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The full-time early-late DDLLs are then modeled
and investigated to lock the code phases of the receiver
locally generated PRN codes to the PRN code phases
of the input GPS signals for a fine synchronization. On
the basis of the power spectral density analysis of both
input signal and noise, the closed-form expression of
the variance of code phase tracking error due to input
noise has been derived. Both linear and nonlinear
DDLLs are analyzed. The effects of the loop structures
and parameters on the accuracy of the pseudo-range
observable are studied. The DDLLs with higher order
and higher gain loop filters have smaller tracking errors
and shorter transient response duration in response to
high dynamics of the input code phase. On the other
hand, the DDLLs with lower order and lower gain
loop filters are more stable and have smaller tracking
errors resulting from the input noise. Therefore, it
is necessary to design the loops with various loop
bandwidth according to the applications of various
system dynamics in order to optimize the DDLL
performance.

With the input code phase being accurately aligned,
the GPS receiver may start coherent code phase
tracking after the carrier phase is acquired and locked.
Furthermore, a carrier-aiding technique may be used
with the DDLLs to significantly reduce coherent code
phase tracking errors [10].

APPENDIX A. MEAN AND VARIANCE OF THE PRN
CODE CORRELATION
From (5),
1 N-—1
?:E{ P[(l+§)nTs—ETp]P[(1+()n7}~§TF]}
0

n—

Z|

Tn
~ {TL/ p[(l+o:fsTp1P[(1+é'>t—€Tp1dt}~
nJo

(42)
The code phase delay between the input PRN code
and local PRN code is
e = [(1 +OnTs ~€Tp] = [(1 + Ty = &) = iTp + 9T,
(43)
where |p| <1,/ =0in an H state and / # 0 in an Hy
state. Assume the local PRN code rate is very close to
the input PRN code rate, then from [15-16],
P(X,‘)P(X,‘ + lTP + pr)

[a]

= Y P(nTp)P[(n+1)Tp)q(x; — nT,)

H=—0Q0

+ i P(nT,)P[(n+ 1+ 1)T,lh(x; —nTp)

(44)
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where x; is defined in (1) and

0<r<(1—1pDT,

otherwise

w0-{,

(45)

0, otherwise ’

h(t) = {

Define the autocorrelation function of the PRN code
as

M-1
RM,D2T, 37 P[(i + m)T,)P[(i + m + )T,]

m=0
(46)
with
M, if =0

E[R”(i,l>]={_1 i 140

, (47)
E(RM (i, D = {M2’ M
’ M, it 1#£0

where M = int(N -T,/T}), then

_ RS )
y zE{T— / > PGT)PIG +DTla( —ETp = iTp)
mJo

j==oo

+ 3 P(J'Tp)P[(J'H*l)Tp]h(Z—éTp—iTp)} dr}

JE—o

M-1 T,
1 . . 1 4
- E{ o Z%P(/mz’[u +Ty) <ﬁ) /0 g(ydt
i
M1

1 , , T
+MZP(;TP)P[(;HH)TP](TLP)/O h(r)dt}

j=0
= (1~ [pDE[RY (0,1)] + |p|E[RM (0,1 + 1)). (48)
For N > 1, in an H; state (/ =0),

¥ = {(1 = [p)E[RY (0,0)] + || E[RY (0,1)]}/ M
=(l=Iph-1pl/M
~ (1-1Ipl)

and in an Hj state (I # 0),

(49)

¥ = {(1— [p)EIRY (0,)] + |p| E[RY (0,1 + 1)]}/ M ~ 0.

(50)
Combining (48) with (50), (6) is achieved. For the
variance of y of (5),
varly| ] = Ey|H:* - {Ely|H])?,  i=0.1
(1
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where
E[y|Hi]* = {(1 - [phE[RY (0,0)]° + |p|*E[RM (0, 1)} }/M*
= (- 1p)* +p*/M (52)
ElylHol" = {(1 - I E[RM O.D)F + o E[RM (0.1 + 1))} /M?
= (1= pl)*/M +|p* /M
= (1-2lp| + 2/p|*)/M. (33)

Substituting (49)-(50) and (52)—(53) into (51), (7) is
obtained.

APPENDIX B.
PROBABILITIES

DETECTION AND FALSE-ALARM

Since e; (k) and eg (k) are approximately
independent Gaussian random variables, from (10), the
joint probability density function of e;(k) and ep (k) is

pler(k),eq(k)|éx)

1
N WCXP{*?Z?K"IU() — Dycosdy)?

+ (eg (k) — Dysin ¢k)2]} (59)
where 02 = var[es (k)] = var[eg (k)]. The envelope is
e(k) = [ef(k) + ef(k)]**, where e(k) > 0. Defining a
new variable 6(k) éarctan[eg(k)/el(k)], 0<8(k) <

2m, ey (k) and eg(k) may be written as functions of
e(k) and 0(k) as
e;(k) = e(k)cosO(k);
1(k) = e(k)cosf(k) (55)
eg(k) = e(k)sinf(k).
The joint probability density function of e(k) and (k)
given ¢ is

p(e(k),6(k)|6x)

ek 1
= 2750)2 exp{— -27'_—5[62(/() + D,%

— 2Dye(k)cos(¢r — 9(k))]}

(56)
and
P = [ plet800l60) 800
= peexp [~ 5o (e) + D)
x 2l (%) (57)

where Ip(x) is the modified Bessel function of zero
order. This is independent of ¢, so that the density

function of the envelope e(k) is

*),

pleto) = e |~ (e + DB 1 (225

(58)

The values of Dy and ¢ under the H; and H,
conditions are [11]

Hi : Dy = A(1— |p|)sinc[(Aw)N /2]

- (9 (e

x sinc’[(Awg )N /2]} /2N (59)

= () {1+ () Fa-2i+20)

x sincz[(Awd)N/Z]} J2N. (60)

If the threshold is set as D,, then the detection
probability is

Pd:/l) pe(k)|Hy)de(k). (61)

Combining (58)—(59) and (61), (12} is derived. And the
false-alarm probability is

Poa= [ " ple(t)| Hoyde(k). (62)

From (58), (60), and (62), (13) is obtained.
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