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Abstract

In this study, a robust static output feedback (SOF) Stackelberg
strategy for a class of uncertain Markov Jump linear stochastic delay
systems (UMJLSDSs) is investigated. After introducing certain pre-
liminaries, a SOF Stackelberg strategy is derived. It is shown that
the strategy set is established by solving two constraint optimization
problems and cross-coupled stochastic matrix equations that consist
of bilinear matrix inequalities (BMIs). In order to obtain the corre-
sponding solutions of the constraint optimization problems and cross
coupled stochastic matrix equations (CCSMEs), an algorithm based
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on the Krasnoselskii iterative algorithm is proposed instead of solving
BMI. It is also shown that weak convergence can be achieved using
this approach. A practical example is provided to demonstrate the
effectiveness and convergence of the proposed algorithm.
MSC: 49N90, 70E60, 93B36, 93E20

keywords: Stackelberg strategy, uncertain Markov Jump linear stochas-
tic delay systems (UMJLSDSs), BMIs, Krasnoselskii iterative algorithm.

1 Introduction

Over the past decade, various control problems, stabilization problems,
and dynamic games for Markov jump linear stochastic systems (MJLSSs)
have been studied. Researchers have been challenged to solve problems for
MJLSSs with different characteristics such as time delays, deterministic un-
certainties, external disturbances, and information availability in designing
strategies. Control and stabilization problems for MJLSSs with delays have
been studied [2, 3, 4, 5, 6]. A Pareto suboptimal control and a Nash equilib-
rium via state feedback strategy have been derived for Markov jump delay
stochastic delay systems (MJDSSs) [7]. Moreover, static output feedback
(SOF) control problems for MJLSSs have been investigated [8], and some
SOF dynamic games for MJLSSs with external disturbances have also been
studied [9].

Over the past twenty years, researchers have addressed challenges related
to numerical computation methods to solve various cross coupled stochastic
matrix equations (CCSMEs) and cross-coupled stochastic matrix inequal-
ities (CCSMIs), which are well known NP-hard problems [10, 11]. There
are often difficulties involved in solving such CCSMEs and CCSMIs when
SOF strategies are considered in a problem. In [12, 13], an iterative com-
putational algorithm has been presented to solve high-order cross coupled
matrix equations involving SOF strategies. Several theoretical results have
been established regarding the existence conditions of the solutions; how-
ever, further study is required to develop effective numerical algorithms with
an appropriate convergence property. Furthermore, uncertain Markov jump
linear stochastic systems (UMJLSSs) are often used to describe various prac-
tical systems with deterministic uncertainties, such as the modeling errors in
system matrices and stochastic changes in operating points [14]. Although
there have been recent advances in the robust SOF Nash and the state
feedback Stackelberg strategies for uncertain Markov Jump linear stochas-
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tic delay systems (UMJLSDSs) [15, 16], studies on robust SOF Stackelberg
games for the UMJLSDSs remain open. This is a challenging problem in
the area of dynamic games because it involves several uncertain factors, as
described above.

This paper investigates a robust Stackelberg game for UMJLSDSs. It is
distinctly different from [16] in that SOF strategies are considered herein;
it also differs from existing studies [9, 14] in which deterministic uncer-
tainties are not considered. Furthermore, not stochastic delay systems but
UMJLSDS is studied as an extension of recent results in [1]. In order to
solve the present problem, an integrated application of Markov switching,
dynamic game, stochastic control, and robust control is required. The contri-
butions of this paper are threefold. First, owing to the deterministic uncer-
tainties, two constraint optimization problems are formulated to determine
the cost bounds of the leader and followers based on the guaranteed cost
control technique [12]. It is shown that a robust SOF Stackelberg strategy
set can be obtained by solving these optimization problems with the CCSMI
constraints and the CCSMEs. The existence conditions for the solutions of
the constraint optimization problems are derived using the Karush-Kuhn-
Tucker (KKT) conditions. Second, a computational framework for validat-
ing a heuristic algorithm is proposed, in which the Krasnoselskii iterative
algorithm [17] is used to obtain the solution set of the CCSMEs. A novel con-
vergence condition combined with the Krasnoselskii iteration is introduced
to achieve weak convergence of the algorithm. Finally, to demonstrate the
effectiveness and reliability of the proposed computational framework and
algorithm, a practical example based on a chemical refining process is pre-
sented.

Notation: The notations used in this paper are fairly standard: In de-
notes the n × n identity matrix, || · || the Euclidean norm of a matrix;
E[ · | rt = i] stands for the conditional expectation operator with respect
to the event {rt = i}; Ms

n,m denotes space of all S = (S(1), . . . , S(s)) with
S(i) being n ×m matrix, i ∈ D, D = {1, 2, . . . , s}. Moreover, the compo-
nents of S + TU are defined as S + TU = (S(1) + T (1)U(1), . . . , S(s) +
T (s)U(s)); L 2

F ([0, ∞), Rk) denotes the space of all measurable functions
u(t, ω) : [0, ∞) × Ω → Rk, which are Ft-measurable for every t ≥ 0,
and E[

∫∞
0 |u(t)|2dt | r0 = i] < ∞, i ∈ D; C([−h, 0];Rn), h > 0 denotes

the family of continuous functions φ from [−h, 0] to Rn with the norm
‖φ‖ = sup−h≤θ≤0 ‖φ(θ)‖; λmax[·] and λmin[·] denote its largest and small-
est eigenvalue, respectively.
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2 Preliminary Results

Let w(t), t ≥ 0, be the one-dimensional Wiener process that is defined on
a given filtered probability space (Ω, F , {Ft}t≥0, P), and rt, t ≥ 0, be
a right continuous homogeneous Markov process taking values in a finite
state space D = {1, 2, . . . , s}. Without loss of generality, it is assumed that
{w(t)}t≥0 and {rt}t≥0 are independent stochastic processes. Furthermore,
the transition probabilities are given by

P{rt+∆t = j|rt = i} =

{
πij∆t+ o(∆t), if i 6= j

1 + πii∆t+ o(∆t), else
(1)

where ∆t > 0, πk` ≥ 0, k 6= `, πkk = −
∑s

`=1, ` 6=k πk`, lim∆t→0
o(∆t)

∆t = 0.
Consider the following UMJLSDS

dx(t) = [A(rt, t)x(t) +Ah(rt)x(t− h) +Bv(rt)v(t)]dt

+Ap(rt, t)x(t)dw(t), (2a)

x(t) = φ(t), t ∈ [−h, 0], (2b)

z(t) = H(rt)x(t), (2c)

where x(t) ∈ Rn denotes the state vector. v(t) ∈ Rmv denotes the external
disturbance. z(t) ∈ Rnz denotes the controlled output. w(t) ∈ R denotes a
one-dimensional standard Wiener process defined in the filtered probability
space. h, (h > 0) denotes the time-delay of the UMJLSDSs. φ(t) denotes
a real-valued initial function. Without loss of generality, it is assumed that,
for all ψ ∈ [−h, 0], there exists a scalar σ > 0 such that ‖x(t+ψ)‖ ≤ σ‖x(t)‖
[18, 19].

Let A(rt, t) and Ap(rt, t) ∈ Rn×n be matrices with the following forms:

A(rt, t) = A(rt) +D(rt)Θ(rt, t)Ea(rt), (3a)

Ap(rt, t) = Ap(rt) +Dp(rt)Θ(rt, t)Epa(rt). (3b)

In coefficients A, Ah, Ap ∈Ms
n,n and Bv ∈Ms

n,mv
, A(i), Ah(i), Ap(i), D(i),

Dp(i), Ea(i), Epa(i) and Bv(i), i ∈ D, are constant matrices; Θ(rt, t) ∈
Rnp×nq is time-varying unknown real matrix satisfying ΘT (rt, t)Θ(rt, t) ≤
Inq for every i [14, 15, 16].

First, the related definition and lemmas are introduced.

Definition 1 [18, 19] The UMJLSDS is said to be stochastically stable if,
when v(t) ≡ 0, for all finite φ(t) ∈ Rn defined on [−h, 0] and initial mode
r0 = i ∈ D, there exists an M̃ > 0 satisfying

E
[∫ ∞

0
xT (t, φ, r0)x(t, φ, r0)dt

∣∣∣φ, r0 = i

]
≤ xT (0)M̃x(0). (4)
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Lemma 1 [15] Let A ∈ Rn×n, D ∈ Rn×np, E ∈ Rnq×n and Θ(rt, t) ∈
Rnp×nq satisfying ΘT (rt, t)Θ(rt, t) ≤ Inq be given matrices. Then, for any
matrix P = P T > 0, there exist positive scalars ε > 0 and λ > 0 such that

(A+DΘ(rt, t)E)TP (A+DΘ(rt, t)E)

≤ ATPA+ ε−1ATPDDTPA+ (ε+ λ)ETE, (5a)

DTPD ≤ λInp . (5b)

The following result has been proved [15].

Lemma 2 Let γ denote the required disturbance attenuation level. Consider
a set of symmetric positive semidefinite matrices W ≥ 0, U > 0 and positive
scalars λ(i), ε(i) and µ(i), such that the following CCSMIs hold for every
i ∈ D:

Λ(W , U, µ(i), ε(i), λ(i), i) < 0, (6a)

DT
p (i)W (i)Dp(i) ≤ λ(i)Inb

, (6b)

where i = 1, . . . , s,

Λ(W , U, µ(i), ε(i), λ(i), i) :=

[
Φ11(i) W (i)Ah(i)

ATh (i)W (i) −U

]
,

Φ11(i) := W (i)A(i) +AT (i)W (i) + µ−1(i)W (i)D(i)DT (i)W (i)

+ µ(i)ETa (i)Ea(i) +HT (i)H(i) + U +
s∑
j=1

πijW (j)

+ATp (i)W (i)Ap(i) + ε−1(i)ATp (i)W (i)Dp(i)D
T
p (i)W (i)Ap(i)

+ (ε(i)+λ(i))ETpa(i)Epa(i)+γ−2W (i)Bv(i)B
T
v (i)W (i).

Then, we have the following results:

i) The UMJLSDS (2) is stochastically stable internally with v(t) ≡ 0,
v(t) ∈ L2[0,∞).

ii) The following inequality holds:

‖z‖2E2
< γ2‖v‖22 + E(W (i), U), (7)

where

‖z‖2E2
:= E

[∫ ∞
0
‖z(t)‖2dt

]
, ‖v‖22 := E

[∫ ∞
0
‖v(t)‖2dt

]
,

E(W (i), U) := xT (0)W (i)x(0) +

∫ 0

−h
φT (s)Uφ(s)ds.
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iii) The worst-case disturbance is given by

v∗(t) = F ∗γ (rt)x(t) = γ−2BT
v (rt)W (rt)x(t). (8)

It is said to be robustly stochastically stable with disturbance attenuation
level γ if the condition i) holds [20, 21].

It should be noted that the Lebesgue space L2[0,∞) consists of square-
integrable functions on the interval [0,∞) equipped with the norm ‖·‖2. On
the other hand, ‖ · ‖E2 denotes the norm in L2

(
(Ω, F , {Ft}t≥0, P), [0,∞)

)
[20, 21].

The following corollary can be established by tracing the proof of Lemma
2 with some change.

Corollary 1 Define the corresponding cost function for UMJLSDS (2) with
v(t) ≡ 0 as follows:

J̃ := E
[∫ ∞

0
xT (t, φ, r0)Q(rt)x(t, φ, r0)dt

∣∣∣φ, r0 = i

]
, (9)

where Q(rt) = QT (rt) > 0.
Consider a set of symmetric positive semidefinite matrices P ≥ 0, V > 0

and positive scalars κ(i), δ(i) and ν(i), such that the following CCSMIs
holds:

Γ(P , V, ν(i), δ(i), κ(i), i) ≤ 0, (10a)

DT
p (i)P (i)Dp(i) ≤ κ(i)Inb

, (10b)

where i = 1, . . . , s,

Γ(P , V, ν(i), δ(i), κ(i), i) :=

[
Ψ11(i) P (i)Ah(i)

ATh (i)P (i) −V

]
,

Ψ11(i) := P (i)A(i) +AT (i)P (i) + ν−1(i)P (i)D(i)DT (i)P (i)

+ ν(i)ETa (i)Ea(i) +Q(i) + V +
s∑
j=1

πijP (j)

+ATp (i)P (i)Ap(i) + δ−1(i)ATp (i)P (i)Dp(i)D
T
p (i)P (i)Ap(i)

+ (δ(i) + κ(i))ETpa(i)Epa(i).

Then,we have the following inequality

J̃ ≤ xT (0)P (i)x(0) +

∫ 0

−h
φT (s)V φ(s)ds. (11)
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3 Problem Formulation

Consider the following UMJLSDS:

dx(t) =

[
A(rt, t)x(t) +Ah(rt)x(t− h) +B0(rt)u0(t)

+
N∑
`=1

B`(rt)u`(t) +Bv(rt)v(t)

]
dt+Ap(rt, t)x(t)dw(t), (12a)

x(t) = φ(t), t ∈ [−h, 0], (12b)

z(t) =


H(rt)x(t)
G0(rt)u0(t)
G1(rt)u1(t)

...
GN (rt)uN (t)

 , (12c)

yk(t) = Ck(rt)x(t), (12d)

where uk(t) ∈ Rmk , k = 0, 1, . . . , N , denote the k-th control input, and
yk(t) ∈ Rrk , k = 0, 1, . . . , N denote the k-th output. It is assumed that
u0(t) denotes the input controlled by the leader and uk(t) denote input
controlled by the k-th follower, k = 1, . . . , N . Without loss of generality, it
is assumed that GTk (rt)Gk(rt) = Imk

. Furthermore, in order to eliminate the
dependence of the cost performance on x(0), it is assumed that E[x(0)] = 0,
E[x(0)xT (0)] = M0 ≥ 0. Furthermore, LLT :=

∫ 0
−h φ(s)φT (s)ds is defined.

The robust Stackelberg game with multiple players is investigated unlike
the robust Nash game in [15]. Here, the problem under consideration is
formulated as follows.
Problem : For a given γ > 0, find a robust SOF Stackelberg strategy set
and a worst case disturbance,

uk(t) = u∗k(t) = F ∗k (rt)yk(t) = F ∗k (rt)Ck(rt)x(t), k = 1, . . . , N, (13a)

v(t) = v∗(t) = F ∗γ (rt)x(t) (13b)

such that

(i) uk(t) = u∗k(t), k = 0, 1, . . . , N , make UMJLSDS (12) stochastically
stable when v(t) = 0 and the following inequality holds:

‖z‖2E2
< γ2‖v‖22 + G(W̃ (i), Ũ), (14)

where G(W̃ , Ũ) := xT (0)W̃ (i)x(0) +
∫ 0
−h φ

T (s)Ũφ(s)ds.
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(ii) When v(t) = v∗(t) = F ∗γ (rt)x(t) is applied, let us consider the following
inequality for a leader’s fixed strategy u0(t) = F ∗0 (rt)C0(rt)x(t), given
below:

J̃k(u0, u1, . . . , uN , v
∗, i) = Tr

[
M0Pk(i) + LLTVk

]
≥ Jk(u0, u1, . . . , uN , v

∗, i), (15)

where

Γk(Pk, Vk, F1(i), . . . , FN (i), νk(i), δk(i), κk(i), i) ≤ 0, (16a)

DT
p (i)Pk(i)Dp(i) ≤ κk(i)Inb

, (16b)

and k = 1, . . . , N , i = 1, . . . , s,

Γk(Pk, Vk, F1(F0(i), i), . . . , FN (F0(i), i), νk(i), δk(i), κk(i), i)

:=

[
Ψ̃11(i) Pk(i)Ah(i)

ATh (i)Pk(i) −Vk

]
,

Ψ̃11(i) := Pk(i)Ãγ(i) + ÃTγ (i)Pk(i) + ν−1
k (i)Pk(i)D(i)DT (i)Pk(i)

+ νk(i)E
T
a (i)Ea(i) +Qk(i) + CTk (i)F Tk (F0, i)Rk(i)Fk(F0, i)Ck(i)

+ Vk +

s∑
j=1

πijPk(j) +ATp (i)Pk(i)Ap(i)

+ δ−1
k (i)ATp (i)Pk(i)Dp(i)D

T
p (i)Pk(i)Ap(i)

+ (δk(i) + κk(i))E
T
pa(i)Epa(i),

Ãγ(i) := Aγ(i)+B0(i)F0(i)C0(i)+

N∑
`=1

B`(i)F`(F0(i), i)C`(i),

Jk(u0, u1, . . . , uN , v
∗, i) = Jk(F0(i)C0(i)x, Fk(F0(i), i)Ck(i)x, v

∗, i)

= E
[∫ ∞

0
xT (t, φ)

(
Qk(rt) + CTk (rt)F

T
k (F0(rt), rt)

×Rk(rt)Fk(F0(rt), rt)Ck(rt)
)
x(t, φ)dt

∣∣∣φ, r0 = i

]
,

Qk(rt) = QTk (rt) > 0, Rk(rt) = RTk (rt) > 0,

dx(t) =

[(
A(rt, t) +B0(rt)F0(rt)C0(rt)

+

N∑
`=1

B`(rt)F`(F0(rt), rt)C`(rt)

)
x(t) +Ah(rt)x(t− h)
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+Bv(rt)v
∗(t)

]
dt+Ap(rt, t)x(t)dw(t).

A follower’s strategy set (ū0
1(u0), . . . , ū0

N (u0)) minimizes the following
upper bound:

J̃k(u0, ū
0
1(u0), . . . , ū0

k(u0), . . . , ū0
N (u0), v∗, i)

= min
u0k(u0)

J̃k(u0, ū
0
1(u0), . . . , u0

k(u0), . . . , ū0
N (u0), v∗, i)

= min Tr
[
M0Pk(i) + LLTVk

]
(17)

with respect to u0
k(u0) for each k. That is, the following Nash equilib-

rium condition for the followers holds.

J̃k(u0, ū
0
1(u0), . . . , ū0

k(u0), . . . , ū0
N (u0), v∗, i)

≤ J̃k(u0, ū
0
1(u0), . . . , u0

k(u0), . . . , ū0
N (u0), v∗, i),

k = 1, . . . , N. (18)

(iii) For any mapping Hk such that u0
k = Hku0 = uk(u0) ∈ Rmk , k =

1, . . . , N with v(t) = v∗(t) = F ∗γ x(t), the following inequality holds:

J̃0(u0, ū
0
1(u0), . . . , ū0

N (u0), v∗, i) = Tr
[
M0P0(i) + LLTV0

]
≥ J0(u0, u1, . . . , uN , v

∗, i), ∀u0, (19)

where P0(i) is the solution of the following CCSMIs

Γ0(P0, V0, F0(i), F1(i), . . . , FN (i), ν0(i), δ0(i), κ0(i), i) ≤ 0, (20a)

DT
p (i)P0(i)Dp(i) ≤ κ0(i)Inb

, (20b)

and i = 1, . . . , s,

Γ0(P0, V0, F0(i), F1(i), . . . , FN (i), ν0(i), δ0(i), κ0(i), i)

:=

[
Ψ̂11(i) P0(i)Ah(i)

ATh (i)P0(i) −V0

]
,

Ψ̂11(i) := P0(i)Âγ(i) + ÂTγ (i)P0(i)

+ ν−1
0 (i)P0(i)D(i)DT (i)P0(i) + ν0(i)ETa (i)Ea(i)

+Q0(i) + CT0 (i)F T0 (i)R0(i)F0(i)C0(i) + V0 +
s∑
j=1

πijP0(j)

+ATp (i)P0(i)Ap(i) + δ−1
0 (i)ATp (i)P0(i)Dp(i)D

T
p (i)P0(i)Ap(i)
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+ (δ0(i) + κ0(i))ETpa(i)Epa(i),

Âγ(i) :=Aγ(i) +
N∑
`=0

B`(i)F`(i)C`(i),

J0(u0, u1, . . . , uN , v
∗, i)

= E
[∫ ∞

0
xT (t, φ)

(
Q0(rt) + CT0 (rt)F

T
0 (rt)

×R0(rt)F0(rt)C0(rt)
)
x(t, φ)dt

∣∣∣φ, r0 = i

]
,

Q0(rt) = QT0 (rt) > 0, R0(rt) = RT0 (rt) > 0.

dx(t) =

[(
A(rt, t) +B0(rt)F0(rt)C0(rt) +

N∑
`=1

B`(rt)F`(rt)C`(rt)

)
x(t)

+Ah(rt)x(t− h) +Bv(rt)v
∗(t)

]
dt+Ap(rt, t)x(t)dw(t).

A leader’s strategy minimizes the following upper bound:

J̃0(ū0, ū1, . . . , ūN , v
∗, i)

= min
u0

J̃0(u0, ū
0
1(u0), . . . , ū0

N (u0), v∗, i)

= min Tr
[
M0P0(i) + LLTV0

]
. (21)

In this case, the following inequality holds.

J̃0(ū0, ū1, . . . , ūN , v
∗, i) ≤ J̃0(u0, ū

0
1(u0), . . . , ū0

N (u0), v∗, i), (22a)

ūk = ū0
k(ū0), k = 1, . . . , N. (22b)

In the following subsections, the existence conditions of the robust SOF
Stackelberg strategy set are established through the solution of two con-
straint optimization problems.

3.1 Disturbance Attenuation Condition

First, the disturbance attenuation condition is investigated. Consider the
closed-loop UMJLSDS and the cost functions. For arbitrary uk(t), k =
0, 1, . . . , N , the closed-loop UMJLSDS is established as

dx(t) =

[
ĀF (rt, t)x(t) +Ah(rt)x(t− h) +Bv(rt)v(t)

]
dt
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+Ap(rt, t)x(t)dw(t), (23a)

z(t) =


H(rt)x(t)

G0(rt)F0(rt)C0(rt)
G1(rt)F1(rt)C1(rt)

...
GN (rt)FN (rt)CN (rt)

x(t), (23b)

where

ĀF (i, t) = ĀF (i) +D(i)Θ(i, t)Ea(i),

ĀF (i) := A(i) +

N∑
`=0

B`(i)F`(i)C`(i).

Thus, we have the following CCSMIs, using Lemma 2:

Λ̃(W̃ , Ũ , µ̃(i), ε̃(i), λ̃(i), i) < 0, (24a)

DT
p (i)W̃ (i)Dp(i) ≤ λ̃(i)Inb

, (24b)

where i = 1, . . . , s,

Λ̃(W̃ , Ũ , µ̃(i), ε̃(i), λ̃(i), i) :=

[
Φ̃11(i) W̃ (i)Ah(i)

ATh (i)W̃ (i) −Ũ

]
,

Φ̃11(i) := W̃ (i)ĀF (i) + ĀTF (i)W̃ (i) + µ̃−1(i)W̃ (i)D(i)DT (i)W̃ (i)

+ µ̃(i)ETa (i)Ea(i) +HT (i)H(i) +
N∑
`=0

CT` (i)F T` (i)F`(i)C`(i)

+ Ũ +
s∑
j=1

πijW̃ (j) +ATp (i)W̃ (i)Ap(i)

+ ε̃−1(i)ATp (i)W̃ (i)Dp(i)D
T
p (i)W̃ (i)Ap(i)

+ (ε̃(i)+λ̃(i))ETpa(i)Epa(i)+γ−2W̃ (i)Bv(i)B
T
v (i)W̃ (i).

Furthermore, the worst-case disturbance is given by

v∗(t) = F ∗γ (rt)x(t) = γ−2BT
v (rt)W̃ (rt)x(t). (25)

3.2 Stackelberg Strategy

Second, the Stackelberg game for the UMJLSDS is considered. Let us con-
sider the following optimization problem related to a follower’s Nash strategy
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for UMJLSDS:

min
u0k(u0)

J̃k(u0, ū
0
1(u0), . . . , u0

k(u0), . . . , ū0
N (u0), v∗, i)

= min
Σk

Tr
[
M0Pk(i) + LLTVk

]
, (26)

s.t.Σk := (Pk, Vk, Fk(i), νk(i), δk(i), κk(i)) satisfies (16),

where u0 = u0(t) is the fixed leader’s strategy.
In order to obtain the strategy set (F1(F0, i), . . . , FN (F0, i)), the Karush-

Kuhn-Tucker (KKT) conditions are derived. Define the following Lagrangian:

Lk(i) = Tr
[
M0Pk(i) + LLTVk

]
+

s∑
m=1

Tr [Sk(m)∆k(m)], (27)

where Sk(m) is the symmetric matrix of the Lagrange multiplier, and we
set r0 = i. Furthermore, we have

∆k(i) := ∆k(Pk, Vk, F1(i), . . . , FN (i), νk(i), δk(i), κk(i), i)

= Ψ̃11(i) + Pk(i)Ah(i)V −1
k ATh (i)Pk(i). (28)

In this case, we have the following cross coupled stochastic matrix equations
(CCSMEs):

∂Lk(i)

∂Pk(i)
= ∆1

k(i)

= ∆1
k(Sk, Pk(i), Vk, F1(i), . . . , FN (i), νk(i), δk(i), i) = 0, (29a)

∂Lk(i)

∂Sk(i)
= ∆k(i) = 0, (29b)

1

2
· ∂Lk(i)

∂Fk(F0, i)
= ∆2

k(i) = ∆2
k(Fk(i), Pk(i), Sk(i), i) = 0, (29c)

where k = 1, . . . , N , i = 1, . . . , s,

∆1
k(i) = M0 + Sk(i)Ã

T
γ (i) + Ãγ(i)Sk(i)

+ ν−1
k (i)

[
Sk(i)Pk(i)D(i)DT (i) +D(i)DT (i)Pk(i)Sk(i)

]
+

s∑
j=1

πjiSk(j) +Ap(i)Sk(i)A
T
p (i)

+ δ−1
k (i)

[
Ap(i)Sk(i)A

T
p (i)Pk(i)Dp(i)D

T
p (i)

+Dp(i)D
T
p (i)Pk(i)Ap(i)Sk(i)A

T
p (i)

]
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+ Sk(i)Pk(i)Ah(i)V −1
k ATh (i) +Ah(i)V −1

k ATh (i)Pk(i)Sk(i),

∆2
k(i) =

[
Rk(i)Fk(F0, i)Ck(i) +BT

k (i)Pk(i)
]
Sk(i)C

T
k (i).

It should be noted that the derivative with respect to Vk, νk(i), δk(i) and
κk(i), k = 1, . . . , N is not needed because this optimization part can be
performed by means of the LMI instead of the KKT condition.

From ∆1
k(i) = 0, we have Sk(i) > 0. Therefore, from ∆2

k(i) = 0, each
follower has the following strategy:

uk(t) = F ∗k (F0, rt)Ck(rt)x(t), k = 1, . . . , N. (30)

Next, the leader’s strategy is established. The following optimization prob-
lem for UMJLSDS related to the leader’s strategy can be defined:

min
u0

J̃0(u0, ū
0
1(u0), . . . , ū0

N (u0), v∗, i) = min
Σ0

Tr
[
M0P0(i) + LLTV0

]
, (31)

s.t.Σ0 := (P0,P1, . . . ,PN ,S1, . . . ,SN , V0, V1, . . . , VN , F0(i), F1(i), . . . , FN (i),

ν0,ν1, . . . ,νN , δ0, δ1, . . . , δN ,κ0,κ1, . . . ,κN )

satisfies (20) and (29).

In order to solve the above-mentioned optimization problem, let us consider
the following Lagrangian:

L0(i) = Tr
[
M0P0(i) + LLTV0

]
+

s∑
m=1

Tr [S0(m)∆0(m)]

+
s∑

m=1

N∑
k=1

Tr
[
Tk(m)∆k(m) +Xk(m)∆1

k(m) + Zk(m)∆2
k(m)

]
, (32)

where S0(m) and Tk(m), Xk(m), Zk(m), k = 1, . . . , N are the symmetric
matrix of the Lagrange multipliers, and

∆0(i) := ∆0(P0, V0, F0(i), F1(i), . . . , FN (i), ν0(i), δ0(i), κ0(i), i)

= Ψ̂11(i) + P0(i)Ah(i)V −1
0 ATh (i)P0(i). (33)

As a necessary condition, the following equations can be derived by using
the KKT condition:

∂L0(i)

∂P0(i)
= Γ1

0(i)

= Γ1
0(S0, P0(i), V0, F0(i), F1(i), . . . , FN (i), ν0(i), δ0(i), i) = 0, (34a)
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∂L0(i)

∂Pk(i)
= Γ1

k(i) = Γ1
k(Tk, Pk(i), Sk(i), Vk, Xk(i), Zk(i),

F0(i), F1(i), . . . , FN (i), νk(i), δk(i), i) = 0, (34b)

∂L0(i)

∂Sk(i)
= Γ3

k(i) = Γ3
k(Xk, Pk(i), Vk, Zk(i),

F0(i), F1(i), . . . , FN (i), νk(i), δk(i), i) = 0, (34c)

1

2
· ∂L0(i)

∂Fk(i)
= Γ2

k(i)

= Γ2
k(Zk(i), P0(i), S0(i), Pk(i), Sk(i), Tk(i), Xk(i), Fk(i), i) = 0, (34d)

1

2
· ∂L0(i)

∂F0(i)
= Γ2

0(i) = Γ2
0(F0(i), P0(i), P1(i), . . . , PN (i),

S0(i), S1(i), . . . , SN (i), T1(i), . . . , TN (i),

X1(i), . . . , XN (i), i) = 0, (34e)

where k = 1, . . . , N , i = 1, . . . , s,

∂L0(i)

∂S0(i)
= ∆0(i) = 0,

∂L0(i)

∂Tk(i)
= ∆k(i) = 0,

∂L0(i)

∂Xk(i)
= ∆1

k(i) = 0,
∂L0(i)

∂Zk(i)
= ∆2

k(i) = 0,

Γ1
0(i) = M0 + S0(i)ÂTγ (i) + Âγ(i)S0(i)

+ ν−1
0 (i)

[
S0(i)P0(i)D(i)DT (i) +D(i)DT (i)P0(i)S0(i)

]
+

s∑
j=1

πjiS0(j) +Ap(i)S0(i)ATp (i)

+ δ−1
0 (i)

[
Ap(i)S0(i)ATp (i)P0(i)Dp(i)D

T
p (i)

+Dp(i)D
T
p (i)P0(i)Ap(i)S0(i)ATp (i)

]
+ S0(i)P0(i)Ah(i)V −1

0 ATh (i) +Ah(i)V −1
0 ATh (i)P0(i)S0(i),

Γ1
k(i) = Tk(i)Â

T
γ (i) + Âγ(i)Tk(i)

+ ν−1
k (i)

[
Tk(i)Pk(i)D(i)DT (i) +D(i)DT (i)Pk(i)Tk(i)

+ Sk(i)Xk(i)D(i)DT (i) +D(i)DT (i)Xk(i)Sk(i)
]

+
s∑
j=1

πjiTk(j) +Ap(i)Tk(i)A
T
p (i)

+ δ−1
k (i)

[
Ap(i)Tk(i)A

T
p (i)Pk(i)Dp(i)D

T
p (i)

+Dp(i)D
T
p (i)Pk(i)Ap(i)Tk(i)A

T
p (i)
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+Ap(i)Sk(i)A
T
p (i)Xk(i)Dp(i)D

T
p (i)

+Dp(i)D
T
p (i)Xk(i)Ap(i)Sk(i)A

T
p (i)

]
+ Tk(i)Pk(i)Ah(i)V −1

k ATh (i) +Ah(i)V −1
k ATh (i)Pk(i)Tk(i)

+ Sk(i)Xk(i)Ah(i)V −1
k ATh (i) +Ah(i)V −1

k ATh (i)Xk(i)Sk(i)

+
1

2

(
Bk(i)[Zk(i)]

TCk(i)Sk(i) + Sk(i)C
T
k (i)Zk(i)B

T
k (i)

)
,

Γ3
k(i) = Xk(i)Âγ(i) + ÂTγ (i)Xk(i)

+ ν−1
k (i)

[
Pk(i)D(i)DT (i)Xk(i) +Xk(i)D(i)DT (i)Pk(i)

]
+

s∑
j=1

πijXk(j) +ATp (i)Xk(i)Ap(i)

+ δ−1
k (i)

[
ATp (i)Pk(i)Dp(i)D

T
p (i)Xk(i)Ap(i)

+ATp (i)Xk(i)Dp(i)D
T
p (i)Pk(i)Ap(i)

]
+ Pk(i)Ah(i)V −1

k ATh (i)Xk(i) +Xk(i)Ah(i)V −1
k ATh (i)Pk(i)

+
1

2

(
CTk (i)F Tk (i)Rk(i) + Pk(i)Bk(i)

)
[Zk(i)]

TCk(i)

+
1

2
CTk (i)[Zk(i)]

(
Rk(i)Fk(i)Ck(i) +BT

k (i)Pk(i)
)
,

Γ2
k(i) = BT

k (i)
(
P0(i)S0(i) + Pk(i)Tk(i) +Xk(i)Sk(i)

)
CTk (i)

+Rk(i)

(
Fk(i)Ck(i)Tk(i) +

1

2
[Zk(i)]

TCk(i)Sk(i)

)
CTk (i),

Γ2
0(i) = R0(i)F0(i)C0(i)S0(i)CT0 (i) +BT

0 (i)

(
P0(i)S0(i)

+

N∑
`=1

[
P`(i)T`(i) +X`(i)S`(i)

])
CT0 (i),

Fk(i) = Fk(F0, i), k = 1, . . . , N.

Therefore, if C0(i)S0(i)CT0 (i) is nonsingular, the gain of the leader’s strategy
F0(i) can be computed as follows:

u0(t) = F ∗0 (rt)C0(rt)x(t). (35)

It should also be noted that the derivative with respect to Vk, νk(i), δk(i)
and κk(i), k = 0, 1, . . . , N is not needed because these variables can be
determined by solving the LMI optimization problem that will be explained
later.

We are now in a position to state the main contribution of this work.
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Theorem 1 Consider the UMJLSDS (12) with multiple players controlling
uk(t) = Fk(rt)Ck(rt)x(t), k = 0, 1, . . . , N, and a deterministic disturbance
v(t) = Fγ(rt)x(t). For a given attenuation performance level γ > 0, suppose
that,

(i) there exists a feasible solution set W̃ (i), i = 1, . . . , s, for the CCSMIs
(24),

(ii) there exist feasible solution sets of the optimization problems (26) and
(31) under constraints CCSMIs (16) and (20), respectively,

(iii) there exist the solution sets for the CCSMEs (29) and (34) respectively.

Then the robust SOF Stackelberg strategy set can be obtained in the forms
of (30) and (35) such that the conditions (14), (18), and (22) in the problem
formulation are satisfied.

4 Numerical Algorithm

In order to obtain the robust SOF Stackelberg strategy set, we must solve the
optimization problems (26) and (31), the CCSMEs (29) and (34) that consist
of the bilinear matrix inequalities (BMIs). However, despite the fact that
Newton’s method or other reliable numerical algorithms [12] can be applied,
it is difficult to obtain the solution set even though the Newton’s method or
other reliable numerical algorithms [12] can be applied. Hence, the following
algorithm based on iterative LMI optimization is proposed. It should be
noted that the proposed algorithm comes originates from the Krasnoselskii
iteration sequence [17] and can be established easily, because the calculation
of a Jacobi matrix is not needed required when using the Newton’s method.
Furthermore, the weaker convergence is attained as compared with to the
previous result in [12].

Step 1. Set the initial values: choose F
(0)
k (i), k = 0, 1, . . . , N , Z

(0)
k (i), k =

1, . . . , N , and F
(0)
γ (i), i = 1, . . . , s, such that closed-loop UMJLSDS (12a) is

stochastically stable; choose an appropriate κ value for W̃ (0)(i) = κIn and

compute F
(0)
γ (i) = γ−2BT

v (i)W̃ (0)(i);
Step 2-1. Solve the following optimization problem (36) for variable Ξk,
k = 1, . . . , N , i = 1, . . . , s:

min
Ξk

Tr

 s∑
j=1

M0P
(n+1)
k (j) + LLTV

(n+1)
k

 , (36a)
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Ξk := (P
(n+1)
k , V

(n+1)
k , ν̃

(n+1)
k , δ̃

(n+1)
k , κ̃

(n+1)
k ),

s.t. Ξk satisfies (36b) and (36c),

Γ̃k(Pk, Vk, νk(i), δk(i), κk(i), i)

:=


Ψ̃11(i) Pk(i)Ah(i) Pk(i)D(i) Ψ̃14(i)

ATh (i)Pk(i) −Vk 0 0
DT (i)Pk(i) 0 −νk(i)Inp 0

Ψ̃14T (i) 0 0 −δk(i)Inp

 ≤ 0, (36b)

DT
p (i)Pk(i)Dp(i) ≤ κk(i)Inb

, (36c)

where i = 1, . . . , s,

Ψ̃11(i) := Pk(i)Â
(n)
γ (i)+Â(n)T

γ (i)Pk(i)+νk(i)E
T
a (i)Ea(i)

+Qk(i)+F
(n)T
k (i)Rk(i)F

(n)
k (i)+Vk +

s∑
j=1

πijPk(j)

+ATp (i)Pk(i)Ap(i)+(δk(i)+κk(i))E
T
pa(i)Epa(i),

Ψ̃14(i) := ATp (i)Pk(i)Dp(i);

Step 2-2. Solve the following CCSMEs for S
(n+1)
k (i), k = 1, . . . , N , i =

1, . . . , s:

∆1
k(S

(n+1)
k , P

(n+1)
k (i), V

(n+1)
k (i), F

(n)
1 (i), . . . , F

(n)
N (i)

, ν
(n+1)
k (i), δ

(n+1)
k (i), i) = 0; (37)

Step 2-3. Compute F
(n+1)
k (i), k = 1, . . . , N , i = 1, . . . , s:

F
(n+1)
k (i) = −

[
Rk(i)

]−1
BT
k (i)P

(n+1)
k (i)S

(n+1)
k (i)CTk (i)

×
[
Ck(i)S

(n+1)
k (i)CTk (i)

]−1
; (38)

Step 3-1. Solve the following optimization problem (39) for variable Ξ0(i),
i = 1, . . . , s:

min
Ξ0

Tr

 s∑
j=1

M0P
(n+1)
0 (j) + LLTV

(n+1)
0

 , (39a)

Ξ0 := (P
(n+1)
0 , V

(n+1)
0 ,ν

(n+1)
0 , δ

(n+1)
0 ,κ

(n+1)
0 ),

s.t. Ξ0 satisfies (39b) and (39c),
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ˆ̂
Γ0(P0, V0, ν0(i), δ0(i), κ0(i), i)

:=


Ψ̂11(i) P0(i)Ah(i) P0(i)D(i) Ψ̂14(i)

ATh (i)P0(i) −V0 0 0
DT (i)P0(i) 0 −ν0(i)Inp 0

Ψ̂14T (i) 0 0 −δ0(i)Inp

 ≤ 0, (39b)

DT
p (i)P0(i)Dp(i) ≤ κ0(i)Inb

, (39c)

where

Ψ̂11(i) := P0(i)Â(n)
γ (i) + Â(n)T

γ (i)P0(i) + ν0(i)ETa (i)Ea(i)

+Q0(i)+F
(n)T
0 (i)R0(i)F

(n)
0 (i)+V0+

s∑
j=1

πijP0(j)

+ATp (i)P0(i)Ap(i) + (δ0(i) + κ0(i))ETpa(i)Epa(i),

Ψ̂14(i) := ATp (i)P0(i)Dp(i),

Â(n)
γ (i) := A(i) +

N∑
`=0

B`(i)F
(n)
` (i)C`(i) +Bv(i)F

(n)
γ (i);

Step 3-2. Solve the following CCSMEs for S
(n+1)
0 , i = 1, . . . , s:

Γ1
0(S

(n+1)
0 , P

(n+1)
0 (i), V

(n+1)
0 , F

(n)
0 (i),

F
(n+1)
1 (i), . . . , F

(n+1)
N (i), ν

(n+1)
0 (i), δ

(n+1)
0 (i), i) = 0; (40)

Step 3-3. Solve the following CCSMEs for X
(n+1)
k , k = 1, . . . , N , i =

1, . . . , s:

Γ3
k(X

(n+1)
k , P

(n+1)
k (i), V

(n+1)
k , Z

(n)
k (i), F

(n)
0 (i),

F
(n+1)
1 (i), . . . , F

(n+1)
N (i), ν

(n+1)
k (i), δ

(n+1)
k (i), i) = 0; (41)

Step 3-4. Solve the following CCSMEs for T
(n+1)
k , k = 1, . . . , N , i =

1, . . . , s:

Γ1
k(T

(n+1)
k , P

(n+1)
k (i), S

(n+1)
k (i), V

(n+1)
k , X

(n+1)
k (i), Z

(n)
k (i),

F
(n)
0 (i), F

(n+1)
1 (i), . . . , F

(n+1)
N (i), ν

(n+1)
k (i), δ

(n+1)
k (i), i) = 0; (42)

Step 3-5. Solve the following CCSMEs for Z
(n+1)
k , k = 1, . . . , N , i =

1, . . . , s:

[Z
(n+1)
k (i)]T = −2

[
Rk(i)

]−1
(
BT
k (i)

(
P

(n+1)
0 (i)S

(n+1)
0 (i)
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+ P
(n+1)
k (i)T

(n+1)
k (i) +X

(n+1)
k (i)S

(n+1)
k (i)

)
+Rk(i)F

(n+1)
k (i)Ck(i)T

(n+1)
k (i)

)
CTk (i)

×
[
Ck(i)S

(n+1)
k (i)CTk (i)

]−1
; (43)

Step 3-6. Compute F
(n+1)
0 (i), i = 1, . . . , s:

F
(n+1)
0 (i) = −

[
R0(i)

]−1
BT

0 (i)

(
P

(n+1)
0 (i)S

(n+1)
0 (i)

+
N∑
`=1

[
P

(n+1)
` (i)T

(n+1)
` (i) +X

(n+1)
` (i)S

(n+1)
` (i)

])
CT0 (i)

×
[
C0(i)S

(n+1)
0 (i)CT0 (i)

]−1
; (44)

Step 4. Solve the following optimization problem for W̃ (n+1)(i) for vari-
ables Σ2:

min
Σ2

s∑
j=1

Tr[W̃ (n+1)(j) + LLT Ũ (n+1)], (45a)

Σ2 := (W̃ (n+1), Ũ (n+1), µ̃(n+1), ε̃(n+1), λ̃(n+1)),

s.t. Σ2 satisfies (45b) and (45c),

Λ̂(W̃ , Ũ , µ̃(i), ε̃(i), λ̃(i), i)

:=


Φ11(i) W̃ (i)Ah(i) W̃ (i)D(i) Φ̃14(i) W̃ (i)Bv(i)

ATh (i)W̃ (i) −Ũ 0 0 0

DT (i)W̃ (i) 0 −µ̃(i)Inp 0 0

Φ̃14T (i) 0 0 −ε̃(i)Inp 0

BT
v (i)W̃ (i) 0 0 0 −γ2Imv

 < 0,

(45b)

DT
p (i)W̃ (i)Dp(i) ≤ λ̃(i)Inb

, (45c)

where i = 1, . . . , s,

Φ11(i) := W̃ (i)Ā(n)(i) + Ā(n)T (i)W̃ (i) + µ̃(i)ETa (i)Ea(i)

+HT (i)H(i) +

N∑
`=0

CT` F
T
` (i)F`(i)C` + Ũ

+
s∑
j=1

πijW̃ (j) +ATp (i)W̃ (i)Ap(i) + (ε̃(i) + λ̃(i))ETpa(i)Epa(i),
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Φ̃14(i) := ATp (i)W̃ (i)Dp(i),

Ā(n)(i) := A(i) +
N∑
`=0

B`(i)F
(n+1)
` (i)C`(i);

Step 5. For any appropriate value of η ∈ (0, 1), set

z(n+1) = (1− η)z(n) + ηT (z(n)), (46)

where

z =
[
P0 P1 · · · PN S0 S1 · · · SN X1 · · · XN

T1 · · · TN Z1 · · · ZN W F0 F1 · · · FN
]
.

Furthermore, T denotes the mapping from Step 2.1 to Step 4 related to the
renewable.

Step 6. If the iterative algorithm consisting of Steps 2 to 5 converges, we
have obtained the iterative solutions; otherwise, if the number of iterations
reaches a preset threshold, declare that there is no strategy set. Stop.

Theorem 2 If T is a monotone nonexpansive mapping with a fixed point,
then {z(n)} converges weakly to a fixed point.

Proof: The proof is based on the existing result in [17]. Since this result can
be proved by suing the similar discussion on [16], it is omitted.

5 Numerical Example

In order to demonstrate the effectiveness of the proposed method for time-
delay stochastic systems, numerical results are presented for the linearized
model of a chemical refining process with transport lag [22]. It should be
noted that although the state feedback strategy has been solved in [16],
the SOF strategy is considered in this paper. It should also be noted that
the considered model has been slightly modified. The catalyst feed u2(t) =
δFB/3VR is split into αu2(t), 0 < α < 1 entering the vessel directly and a
remaining (1 − α)u2(t) entering the vessel owing to prior mixing with the
reactant feed. The system matrices are given as follows.

s = 2,

[
π11 π12

π21 π22

]
=

[
−0.3 0.3

0.7 −0.7

]
,
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A(1) =


−4.93 −1.01 0 0
−3.20 −5.30 −12.8 0
6.40 0.347 −32.5 −1.04

0 0.833 11.0 −3.96

 ,
Ah(1) = block diag

(
1.92 1.92 1.87 1.724

)
,

Bv(1) =


0

0.1
0.1
0.1

 , D(1) =


0
0
0

0.1

 ,

A(2) =


−4.93 −1.01 0 0
−3.20 −5.30 −12.8 0
6.40 0.347 −16.5 −1.04

0 0.833 5.0 −3.96

 ,
Ah(2) = block diag

(
1.20 1.20 1.70 1.240

)
,

Bv(2) =


0

0.2
0.2
0.2

 , D(2) =


0
0
0

0.2

 ,

B0(i) =


1
0
0
0

 , B1(i) =


0

0.4
0
0

 , B2(i) =


0

1.6
0
0

 ,
Ap(i) = 0.1A(i), Dp(i) = 0.1D(i),

Ea(i) =
[

0 0 0.5 0
]
, Epa(i) = 0.1Ea(i),

H(i) =
[

0 0 0 1
]
,

C0(i) = C1(i) = C2(i) =
[

0 1 0 0
]
, i = 1, 2,

h = 1, k = 1, 2,

φ(t) =
[

1 0.5 −1 2
]T
, −1 ≤ t ≤ 0,

Q0(i) = 0.5I4, Q1(i) = 1.3I4, Q2(i) = 0.8I4,

R0(i) = 1.5, R1(i) = 2.5, R2(i) = 1.8, i = 1, 2.

Next, we select γ = 2.2. Using the proposed iterative algorithms, the leader’s
strategy set uc(t) = Fc(rt)Cc(rt)x(t), and the worst case disturbance is
computed as follows:

F0(1) =
[
2.1386× 10−1

]
, F0(2) =

[
1.7092× 10−1

]
,
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F1(1) =
[
−5.9503× 10−2

]
, F1(2) =

[
−5.5634× 10−2

]
,

F2(1) =
[
−2.2368× 10−1

]
, F2(2) =

[
−2.0705× 10−1

]
,

Fγ(1) =
[
−3.3510× 10−3 2.9249× 10−3

−8.9851× 10−4 3.0307× 10−4
]
,

Fγ(2) =
[
−3.9648× 10−3 3.6591× 10−3

−1.6243× 10−3 4.2115× 10−4
]
.

We employ the proposed Krasnoselskii iterative algorithm to obtain the
converged solutions and the strategies. In particular, Step 2 is only demon-

strated. The initial gains are set as F
(0)
0 (i) = F

(0)
1 (i) = F

(0)
2 (i) = Z

(0)
1 (i) =

Z
(0)
2 (i) =

[
0.5

]
, for i = 1, 2. The initial condition is selected by the trial

and error method such that the closed loop system remains stable. The
algorithms converge after six iterations, with an accuracy of 10−9.

In Step 5 of the heuristic algorithms, the value of η is set to 1.0× 10−4.
The values ψ(n) := ‖z(n+2) − z(n+1)‖/‖z(n+1) − z(n)‖ in the iterations of
the Krasnoselskii iterative algorithm are listed in Table 1, which shows that
the proposed algorithm generates a non-increasing sequence for the cost.
Therefore, the weak convergence property is satisfied.

Table 1. The sequence value in the iterations.

n ψ(n)

1 1.000
2 9.951× 10−1

3 9.980× 10−1

4 9.979× 10−1

5 9.980× 10−1

6 9.978× 10−1

6 Conclusion

In this work, the robust multi-player SOF Stackelberg game for the UMJLS-
DSs has been studied. The primary challenge is that the considered Stack-
elberg game involves several uncertain factors, such as time delays, deter-
ministic uncertainties, external disturbances, and information availability
in designing strategies. In order to address these difficulties, an integrated
application of Markov switching, dynamic game, stochastic control, and ro-
bust control is created. As a result, a robust SOF Stackelberg strategy set is
obtained by solving the optimization problems with the CCSMIs constraints
and the high-order CCSMEs. Moreover, to validate the heuristic algorithm,
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a computational framework that uses the Krasnoselskii iterative algorithm
[17] to compute the solution set of the CCSMEs is proposed. The novel con-
vergence condition combined with the Krasnoselskii iteration is introduced
to achieve weak convergence of the algorithm. Finally, a modified numer-
ical example from [22] was solved to demonstrate the effectiveness of the
proposed algorithm.
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