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ABSTRACT

A mean-field social control problem for uncertain nonlinear stochastic systems is investigated by
using a robust static output feedback (SOF) strategy. First, the problem in the single decision maker
case is investigated in terms of guaranteed cost control approaches to derive suboptimal conditions
at the supremum of the cost function. The Karush-Kuhn-Tucker (KKT) condition is used to derive the
necessary conditions which are expressed as a large stochastic combined matrix equation (SCME).
Second, the preliminary results in the single decision maker case are used to study the Pareto opti-
mal strategy in a cooperative game. As our main contribution, we derive the high-order centralised
strategies and the low-order decentralised strategies, respectively, for the cooperative game. In order
to avoid the difficulty of higher-order dimensional problem related to SCMEs, a new reduced-order
decomposition numerical scheme by means of Newton’s method is developed. The computation
for designing the proposed strategy set can be performed in low dimension, even when the number
of decision makers approachs to infinity. Moreover, the degradation of the cost function is rigor-
ously evaluated by comparing the centralised strategy set with the proposed strategy set. Finally,
several numerical experiments are conducted to demonstrate the usefulness and effectiveness of
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the proposed strategy set.

1. Introduction
1.1. Motivation and challenges

In control and dynamic game problems, it is diffi-
cult to design state feedback strategies when all states
cannot always be measured. In such cases, observer-
based state estimation is effective, and static output
tfeedback (SOF) strategies are also known to be prac-
tical (Kucera & De Souza, 1995). Many researchers
have widely adopted algorithms based on SOF strate-
gies and have achieved the expected results. Game-
theoretic approaches to various optimisation problems
have also attracted significant attention (see, for exam-
ple, Gadewadikar et al. (2006), Movric et al. (2015)
and Zhu et al. (2015) and the references therein).
Several researchers have extensively studied dynamic
mean-field game problems (Caines et al., 2017; Huang,
Caines et al., 2007). In Moon and Basar (2017),
zero-sum mean-field difference game problem was
studied for general stochastic systems. In Moon

and Bagar (2018), the mean-field Stackerberg dynamic
game with an open-loop control law was studied. In
Ma and Huang (2020), the asymptotic analysis prob-
lem was addressed for linear quadratic (LQ) Nash
games with a major player and N minor players. In
Xu and Zhang (2020), the finite horizon £-Nash mean-
field LQ game for stochastic systems with many deci-
sion makers was addressed. Moreover, the infinite
horizon Pareto-based strategies were studied to solve
the optimisation problem of the supremum of the cost
function via linear matrix inequality (LMI) techniques
(Y. Lin et al., 2018). Furthermore, necessary and suffi-
cient conditions for the existence of the Pareto solution
for infinite horizon nonlinear mean field probability
systems associated with cooperative dynamic games
were established (Y. Lin, 2020). The explicit conditions
for feedback saddle point equilibria in LQ stochas-
tic zero-sum dynamic games for mean-field stochastic
systems were derived (Moon, 2020). However, all of
the above studies are based on state feedback strategies.
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On the other hand, dynamic game problems based
on SOF strategies have become a popular research
topic (Engwerda & Weeren, 2008; Movric et al., 2015;
Zhu et al., 2015). The disturbance attenuation problem
based on saddle-point equilibrium with cooperative
distributed SOF in multi-agent systems has been stud-
ied (Movric et al., 2015). Necessary and sufficient con-
ditions for the existence of an SOF Nash equilibrium
have been established (Engwerda & Weeren, 2008).
Meanwhile, a new dynamic output feedback (DOF)
control strategy was presented to solve the linear
dynamic zero-sum game problem (Rizvi & Lin, 2020).
However, it should be noted that the implementation
of DOF strategies is generally complicated and costly.
As with stabilisation by the usual LQ optimal control,
when considering dynamic game problems, the SOF
strategy is particularly effective when full-state mea-
surements are not available or are too prohibitively
expensive to obtain (Mukaidani, Sagara et al., 2024).
Given the limited number of output measurements
that can be used to design a controller that stabilises
the stochastic system and achieves the desired con-
trol objective, its active use in solving dynamic game
problems should be considered; however, it is impor-
tant to note that SOF has limitations compared to
tull-state feedback control because it uses only a por-
tion of the total state measurements. In particular,
with respect to finding feedback gains, the develop-
ment of numerical algorithms remains a challenging
problem that has not yet been fully solved, despite the
existence of several useful algorithms based on non-
linear optimisation approaches (Ebihara et al., 2015;
Sadabadi & Peaucelle, 2016). However, in scenarios
where complete state information is not accessible,
SOF remains a reliable approach. Therefore, the appli-
cation of SOF to dynamic game problems is very inter-
esting. For these reasons, a robust SOF strategy for
incentive Stackelberg games with a large number of
decision makers for mean-field stochastic systems has
recently been solved (Mukaidani, Irie et al., 2022).
In particular, if the player size is sufficiently large, a
decentralised strategy that relies only on local infor-
mation can be implemented instead of a centralised
strategy. Furthermore, the cost degradation between
the centralised SOF-incentive Stackelberg strategy and
the approximate SOF-incentive Stackelberg strategy
was also determined. However, when the number of
decision makers in a mean-field system becomes very

large, the curse of dimensionality makes computation
in polynomial time physically impossible.

1.2. Main contributions

In recent years, many useful and reliable results have
been obtained for practical applications of SOF con-
trol. For example, a composite controller consist-
ing of SOF and nonlinear compensation was con-
structed as a new control mechanism. Reliable SOF
control of time-varying delay systems with sensor fail-
ures was addressed in Shen, Lim et al. (2017). Mis-
matched quantised Hy, output feedback control of
fuzzy Markov jump systems via a dynamic guaranteed
cost triggering scheme was investigated in Shen, Gu
et al. (2024). In this paper, we study the implemen-
tation of SOF in mean-field stochastic systems with
the goal of designing actual SOF strategies. In partic-
ular, we addresse the SOF problem when the number
of players becomes very large. The existence of strate-
gies and the asymptotic structure of the solution are
clarified when the population size, N, goes to infin-
ity. In existing works (Moon & Basar, 2017, 2018), the
asymptotic properties of the cost function has been
well studied, but little attention has been paid to strat-
egy design when N goes to infinity. In this work, we
show that the theory of weakly coupled systems can be
used to implement a robust strategy (30) even when
the number of players is very large, as in SIR infected
systems (Armbruster & Beck, 2017).

In this paper, a robust SOF strategy for mean-field
games of nonlinear stochastic systems with a large
number of players is dealt with as an extension of the
existing result in Kikuchi et al. (2022). To the best
of our knowledge, the mean-field games for uncer-
tain nonlinear stochastic systems in terms of the SOF
strategy have not been studied so far. It is supposed
that the nonlinear part of the original stochastic sys-
tem includes the un-modelled dynamics and it is con-
strained in terms of a norm-bounded function. Non-
linear large-scale stochastic systems with higher-order
interconnections based on the SOF strategies have
been solved by LMI optimisation (Mukaidani, 2009),
but this is the first time to consider mean-field stochas-
tic games with a many decision makers.

The main contributions of the present study are as
follows: First, we introduce some essential preliminary
results related to SOF Pareto strategy in terms of GCC



methods (Moheimani & Petersen, 1996). In general,
LMI techniques are powerful tools when consider-
ing GCC problems, but are undesirable in mean-field
stochastic systems due to their high dimensionality
and computational complexity. Moreover, it is well
known that implementing SOF control is very difficult,
both theoretically and numerically. This is because the
design of SOF control leads to a non-convex opti-
misation problem, since the output feedback matrix
must satisfy both stability and performance criteria.
Unlike state feedback, where linear matrix inequal-
ity (LMI) techniques can provide convex conditions
for controller design, designing a SOF strategy often
results in a bilinear matrix inequality (BMI) that is
much more difficult to solve optimally. Most BMI
approaches (e.g. iterative LMI approaches) do not
guarantee global optimality, and their convergence
depends on characteristics of the system. Currently,
solving the non-convex BMI problems that arise in
SOF relies on sophisticated optimisation algorithms
that are computationally expensive and do not guaran-
tee convergence to a global solution. Algorithms such
as the branch and bound algorithm, alternating pro-
jection method, matrix valued sum-of-squares (SOS)
techniques or gradient-based approaches may be able
to produce viable solutions, but are often stuck in
local minima and the computational load increasess
rapidly with system size (Gadewadikar et al., 2006).
As a result, SOF control remains a challenging area,
both theoretically and in terms of practical, scalable
implementation. To deal with these difficulties, in this
study, we introduce a centralised diagonal output feed-
back control problem specific to mean-field systems
and transforms it into the problem of finding indi-
vidual SOF feedback gains. After setting the exis-
tence condition for the upper bound of the cost func-
tion, we use the Karush-Kuhn-Tucker (KKT) con-
dition to solve the associated optimisation problem.
In addition to the optimisation conditions, numeri-
cal algorithms are discussed in detail. It is theoreti-
cally pointed out that the existing algorithms in Gade-
wadikar et al. (2006); Kucera and De Souza (1995) do
not require the selection of an initial gain, but do not
guarantee the optimum of the cost bound. Further-
more, it was shown that the optimum is not guaranteed
in simple examples. In contrast, the proposed compos-
ite algorithm based on Newton’s method and the exist-
ing sequential algorithm does not require the selec-
tion of initial gains, and the optimum is guaranteed.

INTERNATIONAL JOURNAL OF SYSTEMS SCIENCE . 2797

Second, large-scale stochastic coupled-matrix equa-
tions (SCMEs) are derived and their solution is used
to obtain a centralised strategy set. Nevertheless, we
need to avoid the important issue of a large num-
ber of the decision makers. In this sequel, we apply a
decomposition technique to compute the exact strat-
egy set. The results show that each strategy set can
be computed with the same dimension as that of each
player. Third, a reduced-order SOF strategy using the
feature of the uniform feature of the mean-field sys-
tem is proposed. The mean-field game theory has been
studied by using two approaches, the direct approach
(Huang & Yang, 2021b, 2021a; Huang & Zhou, 2020;
Wang & Zhang, 2021; Wang, Zhang and Zhang, 2020),
and the fixed point approach (see Caines et al., 2017;
Huang, Caines et al., 2007, and the references therein
for details). In this study, the direct approach based
on the weakly coupled system theory is applied (Gajic
et al, 2008). We first derive a set of SCMEs by
using the preliminary optimisation result for design-
ing a centralised SOF strategy. It should be noted that
the approximation approach for the mean-field sys-
tems are not fully investigated in the existing results
(Wang & Zhang, 2021; Wang, Zhang and Zhang, 2020).
On the contrary, our approach has a limitation that
requires a mean field measurement. It should be noted
that this can be designed in a decentralised man-
ner compared to the case of using the existing direct
approach (Wang & Zhang, 2021; Wang, Zhang and
Zhang, 2020). Although our result is similar to those
in Huang and Zhou (2020), Huang and Yang (2021b)
and Huang and Yang (2021a), the direct decomposi-
tion technique is considered to establish the existence
conditions for the SCMEs. Moreover, an infinite hori-
zon case with the SOF strategy set is investigated for
the first time.

The remainder of this paper is organised as follows.
In Section 2, we present some of the preliminary results
to be used. Section 3 defines the problem of mean-
field social control for uncertain nonlinear stochastic
systems, along with a review of existing algorithms
for solving the SOF problem. In Section 4, we pro-
pose a decentralised scheme to reduce the complexity
due to the large number of agents. In addition, we
present several numerical algorithms and their conver-
gence results. In Section 5, we establish an approximate
strategy set that ignores small parameter ¢ = 1/N and
derive the cost degradation. In Section 6, we present
numerical examples to demonstrate the effectiveness
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of the proposed method. Section 7 concludes this
study.

Notation: The following definitions are used through
out the paper for simplification and mathematical
notation: The symbol #A stands for the number of ele-
ments in the set A; The symbol E[-] stands for the
mathematical expectation, and The symbol Tr stands
for trace of a matrix; The symbol block diag stands for
the block diagonal matrix; The symbol vecM stands for
an ordered stack of the columns of M; The symbol ®
stands for Kronecker product; The symbol U, stands
for a commutation matrix in Kronecker matrix sense
such that UpmvecM T = vecM, M € R™*P; The sym-
bol || - || stands for the Euclidean norm of a real vector;
I, denotes the identity matrix of size #; J,, denotes the
all-ones matrix of size R"*".

2. Preliminary results

First, we discuss some important preliminary results
before discussing the main results. Consider the
following nonlinear stochastic system with norm-
bounded uncertainty:

dx(t) = {Ax(t) + Bu(t) + Gf (t, x(£))} dt

N
+ Z Agpx(t)dwi (1), (1a)
k=1
y(t) = Cex (), (1b)

where x(t) € R” is the state, u(t) € R™ is the con-
trol input, y(t) € RP is the measurement output,
f(t,x(t)) € R" is the unknown nonlinear vector func-
tion, and w;(t) € R,i =1,..., N is a standard Wiener
process with a filtered probability space. It is supposed
that the stochastic processes, w;(t), i=1,...,N, are
mutually independent. A, Aip,i=1,...,N,B, G, and
C, are known constant coefficient matrices with appro-
priate dimensions.

The following assumption is introduced for the
norm-bounded uncertainty f (¢, x(t)):

Assumption 2.1: There exists known constant matrix
W for all x(t) € R", such that

If @& xO)I < |Wx(®)]]. )

It should be noted that f(f,x(t)) of Assump-
tion 2.1 is a piecewise-continuous nonlinear function

in x(t). Furthermore, f (¢, x(t)) is assumed to be uncer-
tain, but bounded by a quadratic inequality (Zecevic
etal., 2004). Therefore, since a dominating linear part,
known to the designer, has already been separated such
that Ax(¢) + Bu(?) is as described in Equation (1a), the
problem considered still faces difficulty in establishing
the mean-square stable nature of the stochastic system.

Remark 2.1: Consider the following uncertain linear
stochastic system, instead of stochastic system (1a):

dx(¢) = [(A + Gy (t)H)x(t) + Bu(t)] dt

N
+ D Appx(t) dwi(t)
k=1

= [Ax(t) + Bu(t) + Gy(t)Hx(t)] dt

N
+ D Akpx(t) dwi(t)
k=1

N (On(t) <I, Vtel0,00), 3)

where H is the given constant matrix with appropriate
dimension. Then, f(t, x(t)) = n(t)Hx(t)and WT W =
H"H in (2) is satisfied.

On the other hand, the case of G = 0 is the same
as that for mean-field linear stochastic systems. As
a result, by using the existing method presented in
Mukaidani, Sagara et al. (2024), such a problem can
be solved. Although the idea based on the SOF strat-
egy is the same as that in the present study, Mukaidani,
Sagara et al. (2024) considered the Nash equilib-
rium strategy, which is well-known in non-cooperative
games. Therefore, the results obtained in this study are
significantly different.

Based on the control design, the following cost
function is defined:

Jx(0),ult)
_e| [T« T(HR d],
[ oo +uToruo) @), @

where Q= QT > 0andR=RT > 0.

Because deterministic uncertainty (2) is consid-
ered here, the exact value of the cost function can-
not be computed. Therefore, we consider optimising
the upper bound of the cost function as in the case
of cost-guaranteed control (Moheimani & Petersen,
1996).



Definition 2.1: Consider the nonlinear stochastic sys-
tem with norm-bounded uncertainty (1a). If there
exist a control law u*(f) and a positive scalar
J* (x(0), u*(¢)) such that, for all admissible uncertain-
ties (2), the closed-loop system is mean-square stable
and the closed-loop value of the cost function (4) satis-
fies J(x(0), u(t)) < J*(x(0), u*(£)), then J* (x(0), u* (1))
is said to be a supremum of the cost function and u* (¢)
is said to be a guaranteed cost control law.

If the state variables are not available, then the fol-
lowing SOF control law is considered instead:

u(t) = F.y(t) = F.Cx(t)

= block diag (F1 FN) Cex(t)
N
= > ERETCx(), (5)
k=1
where
-0 - 0]
N
fklz Ly | > m:ka, élfz Ipe |
k=1
N
p= Z Pk
k=1

In this case, the problem considered is to find the SOF
strategy set (5) such that the closed-loop uncertain
nonlinear stochastic system is mean-square stable and
the supremum on the quadratic cost function in (4)
should be minimised.

Consider E[x(0)x" (0)] = A # I, for initial con-
dition x(0). When dealing with SOF problems, in
order to eliminate dependence on initial values,
E[x(0)x' (0)] = I, has been assumed (Moheimani
& Petersen, 1996). However, this assumption implies
that the expectation of the initial values of each other’s
players is 0. In general, such an assumptions is ide-
alised and conservative. Therefore, in order to treat
them more generally, we make the assumption that
E[x(0)x" (0)] = A # I,.. It should be noted that this
assumption significantly changes the results of the
optimisation problem with the bound of the cost func-
tion. In particular, the structure of Lagrange multiplier
S is clearly different from the conventional results to be
described later.
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The following important preliminary has already
been derived in Kikuchi et al. (2022).

Lemma 2.1. Consider the stochastic nonlinear system
in (1a). Assume there exist the matrices P =P > 0
and S = ST > 0, and positive scale constant parameter
A, such that the SCMEs (6a) with CCSCL_T > 0 hold:

%1(F.,P,A) = P(A + BF.C.) + (A + BF.C,)' P
N
.
+ ZAkaAkp
k=1

1
+ APQP + IWTW+ Q

+ C/ERF.C. =0, (6a)
¥5(S,Fey A) = S(A + BF.C. + AQP) T
+ (A + BF.C. + 1QP)S
N
+ D ApSAL + A =0, (6b)
k=1
Fi=—R™'&"BTPSCl &
-1
(FTescle) (60)
Te[SWTW
j= [T W] (6)
Tr[SPQP]

where Q = GG'. If the following three assumptions
hold:

() [A+BEC.+IQP, Ay ..., Anp| VA] s
exactly observable,

(i) (A + BF.C.+ AQP, Ay, ..

(iii) rank ( 2 zy(ﬁc,ﬁ,i))

aF,

s ANp) is stable,

= #Jo, where
jedo

Jo={ijell...nhi=j|lE B =0},

(7a)
21(F, P, 1)
SI(F,P,A) TI(F, P, )
= : : (7b)
SIM(E,, P, 1) i(F,, P, 1)

then, the SOF strategy is designed by

u*(t) = Ffy(t) = F; Cex(t), (8)
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where the SOF gain F, = F can be computed by solving
SCME:s (6a).

Furthermore, for the supremum of cost function (4),
the follow inequality is derived:

J((0), u(t)) < J*(x(0), u” (1)) = Tr [AP].  (9)

Proof: The proof can be found in Kikuchi et al. (2022)
for details. [

It should be noted that Condition (iii) is well known
as the singularity condition (Gé6llmann et al., 2009)
or KKT condition; that is, the necessary conditions
are applicable only if the assumption of the regularity
of (F., P, 1) = (F!,P*,A*) at a local optimal point is
satisfied. This condition is the same as Condition (iii).

On the other hand, for more information on sta-
ble and exactly observable, reference (Y. Lin et al,
2018) is helpful to the readers. Note also that when
Conditions (i) and (ii) hold true, asymptotically mean
square stable (AMSS) nature of the stochastic system
is guaranteed because P > 0 is satisfied if P exists.

The derivation, under the assumption that nonlin-
ear term f(t,x(t)) is norm bounded uncertainty, is
standard. However, the derivation of output feedback
gain F. in a diagonal matrix form is novel. Each ele-
ment of the output feedback gain can be computed in
a small dimension by using this novel concept.

To design SOF gain F, in (8), the SCMEs in (6a)
should be solved. It is well-known that it is difficult to
solve the SOF control problem and there exist many
feasible algorithms that have been developed in Kucera
and De Souza (1995) and Gadewadikar et al. (2006). It
should be noted that these algorithms have the feature
that does not require the initial stabilising gain. When
the algorithm via the core idea is applied, the following
algorithm can be utilised:

0= P(€+1)A +ATP(K+1)

N
k=1

4 ple+D (/1(5)9 _ U) pl+D
L wTw
+ m

+Q+ LOTR™ILO), (10a)

0=W%{A+umg—mﬂﬂn

+BR—Hf”]T
+ 4+ (0 - vyptD

+BR_1L(€)] §(¢+1)

N
+ > ApSUAL + A, (10b)

k=1

FUHD = _g=1gT pl+D g+ T (CCS(”I)CCT)_I,

(10¢)
LO—=9, 1O9=-1 ¢=012,.... (10e)

where U = BR™!B'.

It should be noted that it Algorithm (10a) can be
easily conceived of by using the key properties pre-
sented in the literatures (Gadewadikar et al., 2006;
Kucera & De Souza, 1995), in which a combined
algorithm for the Lyapunov equation that is inde-
pendent of the initial condition was proposed, and
this part is related to Algorithm (10a). On the other
hand, note also that, different from the previous results
(Gadewadikar et al., 2006; Kucera & De Souza, 1995),
the iterative algorithm in (10a) contains the informa-
tion of Lagrange multiplier S. In particular, without
this information, the optimality may not be achieved.
The same feature can be observed for the existing algo-
rithms (Gadewadikar et al., 2006; Kucera & De Souza,
1995). In fact, without the information of Lagrange
multiplier S, it is confirmed that the minimisation can-
not be achieved by using a simple numerical example
in practice as presented in the section of numerical
results. Finally, although Algorithm (10a) does not
need the initial stabilising gain FO, the convergence
is not guaranteed owing to the absence of a rigorous
proof.

3. Problem statement

In this section, the mean-field social control prob-
lem based on the Pareto suboptimal strategy is studied
using the results obtained in the previous section. Con-
sider the following nonlinear stochastic system with a
sufficiently large N:

dxi(t) = {Axi(t) + Bui(t) + D™ (1)



+ Gf(t,xi(1)) | dt
+ Apxi(t)dwi(1), (11a)
yi(t) = Cxi(t), i=1,...,N, (11b)
1 N
x M () = N k;xk(t) e R". (11¢)

where for the ith subsystem, x;(t) € R" is the state vec-
tor, u;(t) € R™ is the control input, y;(t) € R? is the
measurement output, f(¢, x(t)) € R” is the unknown
nonlinear vector functions, and x™)(f) € R” is the
mean-field term (Moon & Basar, 2017, 2018; Wang
et al,, 2021a; Wang & Zhang, 2021; Wang, Zhang and
Zhang, 2020). Here N stands for number of the deci-
sion maker, which is assumed to be a sufficiently large
given constant. It is well known that mean field game
theory is the study on strategic decision making by
small interacting agents in a very large population.
For example, it focuses on large-population dynamic
games involving nonlinear stochastic dynamical sys-
tems such as the SIR infection systems (Armbruster
& Beck, 2017). In such a case, the population size can
be represented as N which means sufficiently large.
Without loss of generality, we assume that the popu-
lation size, N, in the SIR system is very large.

Without loss of generality, it is assumed that ini-
tial states x;(0), i = 1,..., N, are mutually indepen-
dent and have the same mathematical expectation
such that H*E[xi(O)x;r (0)] = Ag4. The considered mean-
field stochastic system based on the existing models
with mean-field term x™)(f) was intensively stud-
ied in Moon and Basar (2017), Wang, Zhang and
Zhang (2020), Wang and Zhang (2021) and Wang
etal. (2021a). It can be applied to many practical plants
such as residential power storage control, communica-
tion networks, and stochastic growth models (Caines
etal., 2017).

It should be noted that, although the uniform sta-
bilisation and social optimality for mean-field Pareto
suboptimal strategies have been investigated for the
systems with a many decision makers (Wang et al.,
2021a; Wang & Zhang, 2021; Wang, Zhang and Zhang,
2020), there are no known nonlinear dynamics. That
is, the term, f(t, x;(t)) in (11a), is unknown bounded
nonlinear function representing any disturbance sig-
nals (Wang et al., 2021a; Wang & Zhang, 2021; Wang,
Zhang and Zhang, 2020). Therefore, this study deals
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with not only disturbance signals, but also uncertain-
ties more generally. Furthermore, the SOF strategies
have not been studied so far in the previous works.

It is assumed that the nonlinear part with unmod-
eled dynamics can be described as follows.

Assumption 3.1: There exists known constant matrix
W for all x;(t) € R", such that

If & xi ()1 < I Wxi(D]]. (12)

It should be noted that, in Wang et al. (2021b),
unknown disturbances reflecting the impact of an
external environment on each agent were taken into
account. Furthermore, the uncertainty of the model
appears in both the drift and diffusion terms of each
agent (Liang et al., 2022). On the other hand, we inves-
tigate deterministic uncertainty expressed as norm-
bounded. This is the crucial difference.

Furthermore, the essence of Assumptions 2.1
and 3.1 is the same. However, Assumption 2.1 is an
assumption for general nonlinear stochastic systems
based on existing results, whereas Assumption 3.1 is
an assumption for the system studied here where each
subsystem is uniform.

It is known that the model of quadrotor craft (Lin
et al., 2021) can be represented by a known coupling
of bounded periodic functions, without loss of gener-
ality, as Assumption 3.1 holds true. In this study, the

following mean-field SOF strategy set is introduced:
ui(t)y =FyMN (@), i=1,...,N, (13)

where the mead-field measurement is given as follows:

N
1
N (5 — = p
Yyt = Nk_zlyk(t) e RP,

The cost functional which is referred to as the
social cost in Wang, Zhang and Zhang (2020), Wang
and Zhang (2021) and Wang et al. (2021a) is given by

N
Jaoc(®x(0), ) = D~ k(G (0), ), (14)

k=1

where

Ji(xi(0), u;)

— IE[/OO { (x,-(t) — ox™ (t))T
0
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Q (i) - 2x™ (1))

+ u,-T(t)Rui(t)} dt],
X1 (t) Ui (t)
x(t) = eR™, u@) = e R™,
xN(t) MN(t)

and @ denotes the cost parameters.

Note that for each decision maker, the coefficient
matrix of (11a) is the same as compared to (1a). Fur-
thermore, it is assumed that the mean-field stochastic
system has uniform structure and appropriate dimen-
sions. This means that the coeflicient matrices for the
decision makers are the same.

The following centralised stochastic system is intro-
duced instead of (11a):

dx(t) = [(Ac + eJn ® D) x(t) + B.u(t)
+Gof (t, x(1))] dt

N
+ ZApkx(t) dwy (), (15a)
k=1
Jsoc ((£), %(0)) = E[ | " oa
0
+ uT(t)RCu(t)} dti|, (15b)
u(t) = Fcy(N) (t) = eF.Ccx(1), (15¢)
where
y™ (1)
yN@O =eCx=| : |,
G
f(t’xl)
f(tx() = : ;
(t’ XN)
Ac=IN®A Be=IN®B, Gc=IN®G,
CC = ]N ® C’
Api = blockdiag(O e Ay s O),
] N
e= QC:;Qk, R.=Iy®R,

_ql P qzi PR ql_
Qi: q;—l e g3 Qi |
_ql P q;l—z, “ .. ql_
g1 =20TQD, gi=q —ed'Q

@i = (I — e® QI — £ D),

N
F.= Z S Fxor"
k=1

= block diag (F Fx),
5&:[0 A A o]T,

By centralising inequality (12) under Assumption 3.1,
the following structure holds:

If (& x| < IWex(D)]], (16)

where W, = Iy ® W.In Kikuchi et al. (2022) the gain
F, corresponding to (15c) is assumed to be a diagonal
form in the design of the decentralised SOF strategy.
Therefore, the minimal supremum of (15b) calculated
using the diagonal matrix of F, is higher than the
one in the case of a centralised matrix F, of (15¢),
because in the optimisation scheme, one loses the off-
diagnosed information of the feedback gain matrix F,.
On the contrary, it is well known that if the mean-field
stochastic game with large decision maker game prob-
lem is considered, the centralised strategy strongly
relies on the global information instead of the local
information. From the global information perspec-
tive, the diagonal form under the local static infor-
mation is assumed in Kikuchi et al. (2022), and the
resulting analysis is not appropriate. In this study, the
above-mentioned concerns are addressed. Finally, the
following problem can be stated.

Problem 3.1: Design the SOF Pareto suboptimal
strategy set u(t) that minimises the supremum of the
cost functional in (15b), subject to (15a).

4. Full-order strategy

The full-order strategy set based on the centralised
scheme is derived. Based on the previous section, the



optimisation problem is stated:

Jsoc (x(0), u(t)) < J5 (x(0), u™()) = Tr [ANPc],
(17)
where Acre = Ac + ¢Jy ® D + ¢B.F.C,,

1c(Pe o Ae) = PeAcre + Al Pe
N
+ ZA;‘;PCAkp + icPchPc
k=1
1
Je
+&2C] FIR.F.C,,

+ —W W+ Q

N
C/F/RF.C.=> C'F/REC,
k=1

N
B.F.C.= Y BFiC,

k=1
Bi=[0 .- BT 0]",
c=[c - (],
Q. =G.G/,
E[x(0)x" (0)] = Ay =Jx ® Ao + (A = Aoy,
Elx' (0)x;(0)] = Ag, i=1,...,N,
Elx (0)x(0)] = Ap, i#j, ij=1,...,N.

As mentioned in Subsection 1.2 on the main con-
tribution of this work, conventionally, when dealing
with SOF problems, in order to eliminate dependence
on initial values, E[x(0)x”(0)] = I,y was assumed
(Moheimani & Petersen, 1996). However, this assump-
tion implies that the expectation of initial values 0
of independent players. In general, such an assump-
tion is idealised and conservative. Hence, we introduce
the above assumption, which can handle more general
cases.

Using the same technique as in Lemma 2.1, the nec-
essary conditions for the optimisation problem regard-
ing the right-hand side of (17) are derived by:

0= Z1(Pe, Foy o), (18a)
0 = 50(Se, Fer A¢), (18b)

F*=F =---=Fy
= —(¢R)"'B/ P.S.CT(CS.CT)7Y, (18¢)
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Tr [SW] W]

Je= |t el
‘ Tr[S.P.Q.P.]

(18d)

where the matrix S denotes the Lagrange multiplier
and CS.CT > 0,

EZC(SC’ Fc’ j«c)
= SC(ACLC + ACQCPC)T + (ACLC + /lchPc)Sc

N
+ ZAkpsCA,fp + An.
k=1

Then, the full-order SOF strategy set is established
from:

N
' (1) = Fiy™(t) = eF;Cox(t) = & D §LF*Cx(t).
k=1
(19)
In this case, the following equality holds:

Jsoc(x(0), u* (1)) = » {SniFn,l Tr [ANP.]. (20)

Vet ole

To obtain a full-order strategy set, the SCME in (18a)
must be solved. However, when the number of decision
makers N goes to infinity, it is not possible to calculate
the feasible solution. Therefore, using the uniform fea-
tures in mean-field stochastic system, a reduced order
decomposition algorithm is established.

4.1. Decomposition technique

In this subsection, a decomposition technique is inves-
tigated. The important feature of the considered tech-
nique is that the solution set can be calculated with
the dimension of each subsystem and low SCMEs.
Using the weakly-coupled systems theory (Gajic et al.,
2008), the solution set P., S;, and F. are assumed to
be the following structure, and coefficient matrix Q. is
defined:

FC = IN ® F’
P; &P, €P, --- &P,]
SPO Pd SP() cet 8P0
P, = ePy €Py Py - Py |
| P, &P, &P, --- Py |
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_Sd So SO R So
So Sd SO e So
S. = So So S4 So R
_So So So te Sd_
_Qd eQy €Qo --- 3Q0_
eQo Qu €Qy, -+ €Qy
Q. = €Qo €Qo Qi -+ Qo ,
_ng eQy €Qo --- Qd_
1 1
= —, = —. 21
= K=y (21)

It should be noted that the structure of Lagrange mul-
tiplier S; is different from P, under the assumption
E[x(0)x" (0)] = A # I,.. Substituting (21) into (18a),
and performing a tedious algebraic calculation results
in the following decentralised SCMEs:

0 = P4[A + (D + BFC)]
+ [A + &(D + BFC)] TPy
+ ApTPdAp +e(l—eg)
[Po(D + BFC) + (D + BFC) " P,]

1
+ TWTW + APyQP; + &(1 — £) AP, QP,

[

+ Q4 + ¢CTFTREC = Fy(F, Py, Py, Ao €),
(22a)

0 = P4#(D + BFC) + (D + BFC) " P,
+ Po[A + (1 — &)(D + BFC) + /.QP,]
+[A+ (1 —&)(D + BFC) + A.QP4] " P,
+ (1 — 26)APyQP, + Q, + C'FTRFC
= F3(F, Py, Po» Jc» €),
0 = S4(A + (D + BFC) + 1.QPy) "
+ (A 4 &(D + BFC) + 1.QP;)S4
+ Apsd,axpT +(1—-¢)
[So(D 4 BFC)T + (D + BFC)S,]
+ (1 — €)2(SoPoQ 4 QP,S,) + Ay
= F3(F, Py, Po> Sd» So» 2> €),
0 = ¢[S4(D + BFC)" + (D + BFC)Sy4]
+ So[A + (1 — &)(D + BFC)

(22b)

(22¢)

+ (1 —26)AQP, + 1.QP4] "
+[A+ (1 —&)(D + BFQ)

+ (1 = 26)AQP, + 1.QP4]S,
+ 2:6(SgPoQ + QP,Sg) + A,

= F4(F, P, Po> Sd So» 2» €), (22d)
F=—R7'BT [uP;S;+ P4S,
PS4 + (1 — £)PoS, ]
x CT(uCS4CT + CS,cT)7Y, (22e)
Ao = —T"[ST‘?[A; wl (22f)
where E=[SqgPs+ (1 —&)SyP,]QP; + (1 — &)

[6SaPy + SoPy + (1 — 2€)S,P,]QP,.
It should be noted that the following relation holds
for (18a):

0= z"1(:(Pc’ Fc> /lc)

FI(F’Pcho:/lc’g) FZ(Fanapmlc’g)

FZ(F:Pcho:/lc’g) Fl(Fanapo»lc’g)

Moreover, other Equations (18a) have same feature.
Note that, using the uniform feature, F = F; = F, =
... = Fy holds. It should be noted that, instead of
solving the large-scale SCMEs in (18a) with RN >N
order, where N is sufficiently large, solving very low-
dimensional reduced-order SCMEs in (22a) with R"*"
order is required.

4.2. Asymptotic properties of a solution

In this subsection, the asymptotic properties of a solu-
tion set for the SCMEs in (22a) are investigated. The
novel idea comes from the weakly coupled systems
approach (Gajic et al., 2008). Letting ¢ = 0, the follow-
ing decomposition SCMEs are derived:

0=PsA+A"P;+ A;PdAp

+ %WTW + AP4QP, + Qus (23a)
0 = P,(A + D + BFC + AQP,)

+ (A+ D+ BFC+ 1QP,) "B,

+ P4(D + BEC) + (D + BFC) " P4

+ 2P,QP, + Q, + CTETREC, (23b)
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0=3S4(A+1QP)" + (A + 1QP1)S4 + A,S4A, +e(1 — £)P,QP,],
+ Z(SoPo2 + QP,S,) Aot =1, ® [(D +BFO)T + /ICPOQ]
+So(D +BFC)" + (D + BFC)S, + Ag, (23¢)
0=S,JA+ D+ BEC+ AQ(P, + Py "
+ [A+ D+ BFC + AQ(P, + Py)1S, + Ao,

+ [(D +BFO)T + /ICPOQ] ® 1,

Ap =1, [A+ (1 —¢&)(D+ BFC) + A.QP;

(23d) + (1 — 26)QP,] T
F=—-R7'BT(®; + P,)S,CT(CS,CcT)7, (23e) +[A+ (1 —&)(D+ BFC) + 4Py
— _ T
_ Tr [deTw] + Ac(1 = 26)QP,] " ® I,
I= |/ (23f) . o
Tr [Z] Ay =C'® [PdB +(1—eP,B+C'F R]

where 2 = (S4P4 + SoP)QP; + (SoPyg + SoP,)QP,, CS;CT > + [PdB + (1 —€)P,B+ cTFTR]
E = (S4Pg + SoP,)QP; + (SoPy + SoPo)QP,, CS4CT >

-
0 is assumed. ® C " [Upm,

Asg = vec [PyQP, + P,QPy + (1 — 26)PyQP, ],
Theorem 4.1. Suppose .that parameter mde;?endent As = AlSi®Q+Q® Sy,
reduced-order SCMEs in (23a) have solution set -
(F, Py, Py, Sy, So) and 4 > 0. Suppose that A =1 —¢8)Asy, Aszz= A,

i i Ass = (1 — &)[I, ® (D + BEC + 2.QP
AGz,0) £0, C3,CT >0, (24) u=U0=a)le( 2Po)
+ (D + BFC + A QP,) ® I,],

where

Ass = £[(S4CT) ® B+ [B® (S4CT)]Upn]

(A Az 0 0 Az A +(1-8)[S.CT)®B
Ay Axp 0 0  Axs Ay -
_ As1 Asp Aszz Aszg Ass Asg + [B® (S.C )][Upm]’
A(Z, 8) = >
Ay Ay Az Ay Ay Ag Aszg = vec[SgPiQ + QP;S,;
As; Asp Asz Asy Ass 0
| As1 As2 Agz Ass 0 Agg (1= &) SoPol + QPoSo)l,
- A41 :AC[SO®Q+Q®SO]’
vec [Py]
vec [P,] Ap = (1-28)An +eAs,
. — | veelSal Agz = ¢[l, ® (D + BFC + 1.QP,)
vec[S,] |’
vec [ + (D + BFC + 1,.QP,) ® L],
L A A=A}, A=Az,
A =1, Q[A+e(D+ BFC) + 1.QP4] " Ay = vec[(1 — 26)(SoPoQ + QP,S,)
+ [A+e(D+BFC) + 2.QP;)" ®1, +8oP4Q + QP;S,
+ A;— ® A;’ +8(SdPOQ + QPOSd)] N
_ T
A =¢e(l—¢e)Aq, Asy = [C(uSq+S)]®B,

Asy = [(1 — €)CS, + CS4] @ BT,

As; = uC® (RFC+ B'Py) + C® (B'P,),
Asy =C® [REC+B"Pyj+ (1 —¢)B' P,],
Ass = (uCS4CT + CS,CT) ® R,

Ais=C ® [(1 — &)P,B+ PyB + CTFTR]
+[(1 — £)PoB + P4B
+CTFTR] ® C"[Upm,

Ajg = vec [—/IC_ZWWT + P,QP,
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Ag1 = lfvec [SaPaQ2 + QP;S,4
+(1 = &)(SoPoQ + QS,P)]
Agr = /If(l — &)vec [SoPiQ + £S4P,Q
+(1 = 26)SoP,Q
+ Q[eS4Po + SoPy + (1 — 2g)sopo]T] ,
Ags = vec [A2{P4QP; + &(1 — £)P,QP,}
—WWT] :
Ags = (1 — &)vec [AZP4QP,

+P,Q{P; + (1 — 2¢)P,}],
Aes = 24 Tr[E].

The structures of the reduced-order SCMEs in (22a) can
be described as (25).

IF — Fll = O(e), |IPa — P4l = O(e),
1P, — Poll = OC(e),
1S4 = Sall = OC(e),
IS0 = Soll = O(e),  12c = 4l = O(e).  (25)

Proof: The proof can be found in Appendix 1. [

4.3. Numerical algorithm via Newton’s method

The decomposition numerical method by means of
Newton’s method is discussed because it is hard
to solve the full-order SCMEs in (18a) due to the
restricted computational work space. The detailed
algorithm is given as follows:

26D = 2O (A9, 6)]'F (z(o) ’

£=0,1,..., (26)
where
_vec _Pg))__ B -
r (f)' VeC[_d]
vec -Po | Vec[l_’o]
2O — | vec Sff) O vec[Sq] ’
[0 vec[So]
Vee|So | vec[F]
vec [F(f)} 1
21O - -

vec [F1(F, Py, Py, Ac,€)] 7]
vec [F2(F, Py, Py, A¢, €)]
vec [IF5(F, Py, Py, S, Sos Acs )]
vec [F4(F, Py, Py, Sis Sos Acr€)] |
vec [[F5(F, Py, Py, Sg, So, €)]
| vec [Fs(Pg, Po, Sd» Sos Ac> €)] |

Fs(F, P4, Py, S4, So, €)
= RF(uCS4CT + CS,CT)

F(z) =

+ BT [4PyS4 + PaSo + ePoSa
+(1 = &)P,S,] CT,

F6(Pa, Po> Sa> So» Ac» €)

= 22Tr[E] — Tr[S;W T W].

It should be noted that F;(-), i = 1,...,4 are defined
on the right-hand side of (22a)-(22d). It should also
be noted that, to attain easy derivation, equations F5
and FF¢ are defined instead of (22e) and (22f). The
important feature of the reduced-order decomposition
Newton’s method is given in the following theorem.

Theorem4.2. Suppose that the assumption in Theorem

4.1 holds and there exists the feasible solution set of
reduced-order zeroth SCMEs in (23a). Then, there exists
a small parameter, o, such that for all ¢ € (0,0), New-
ton’s method (26) attains the following quadratic con-
vergence property:

-2

=o(s¥), ¢=012..., @)
where z* is the required solution set of (22a).

Proof: The proof can be found in Appendix 2. [

Remark 4.1: Asis well known, if the initial conditions
are sufficiently close to the set of required solutions,
the Newton’s method achieves quadratic convergence.
On the other hand, there may be a limit cycle. As a
result, the iteration enters in an infinite loop and does
not converge. In this study, instead of addressing this
limitation, it is preferable that if the sequence of num-
bers is infinitely repeated, there is no solution to the
SCME:s (18a) and it cannot be stabilised in the sense of
a sufficient condition.

It is shown that, even though it is difficult to com-
pute the solution of (18a) due to memory constraints,



it can be computed by applying the new decomposi-
tion algorithm for the SCMEs in (22a). Furthermore,
it is expected that the computational time can be sig-
nificantly improved as the reduction in the number of
dimensions for the large-scale SCMEs.

4.4. Evaluation of costs

For the previous subsection, the high-order solution
set can be computed in terms of Newton’s method.
Considering this solution set, the following strategy set
can be used:

u({;)(t) = Fgf)y(N)(t) = 8F§€)ch(t), £=1,2,....

(28)
where Fgf) = block diag (F(g) F(f)), ul@)(t) =
F("))y(”)(t)‘ It should be noted that F; = F, =--. =
Fy holds because the uniform structure is assumed
from the mean-field stochastic system. The following
result shows the degradation rate of the cost between
the centralised strategy (19) and proposed strategy
(28).

Theorem 4.3. For the high-order strategy set (28), the
following relation holds:

Jsoc (x(0), u* (1)) Jsoc ((0), (1))
N N

() =

=o(). (29)
Proof: The proof can be found in Appendix 3. [

The obtained strategy set in (28) can be calculated
accurately if the iteration is large enough. However, if
the number of the decision makers is sufficiently large,
designing a strategy that does not depend on N is very
useful and practical. In the next section, we consider
strategic design that does not depend on N.

5. Decentralized strategy set

Since the distributed strategy has been well-known
to be very useful and practical in terms of the cost
reduction, there are many reliable results. In this paper,
we consider the decentralised strategy design based
on the results of the previous section. Specifically,
the reduced-order parameter-independent strategy set
is considered to avoid the high-order dimensional
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problem. Adopt the following parameter-independent
strategy set:

u(t) = Fy(t) = F.Cex(t) = Iy ® (FO)x(t),  (30)

where F can be obtained by (23e).
The following corollary shows the feature for using
the approximate strategy set in (30).

Corollary 5.1. Considering the approximate strategy
set in (30), the following relation holds:

Jsoc (x(0), u* (t)) _ Jsoc(x(0), u(t))
N N

¢(0) = = O(e).

(31)
Proof: The proof can be found in Appendix 4. [

It should be noted that most previous studies (see,
e.g. Moon & Bagsar, 2018; Wang et al., 2021a; Wang
& Zhang, 2021; Wang, Zhang and Zhang, 2020 and
references therein) are O(\/g) = O(1/+/N) = O(/¢),
not O(e) = O(1/N) = O(¢). While these proof meth-
ods are limited to showing O(y/€) = O(1/+/N), it is
worth pointing out that this study shows a stricter
evaluation by using the weak couple system theory.
In the next section of numerical examples, evaluation
formula (31) is actually calculated and confirmed to
be correct. To the best of our knowledge, there has
never been an example of actually calculating the cost
function for a sufficiently large N value.

Remark 5.1: The major differences between this
present study and the existing results (Huang & Yang,
2021b) are as follows. The results of previous study
were derived by analysing a low-dimensional system
of ordinary differential equations obtained by applying
the rescaling method to high-dimensional centralised
solutions. As a result, when N goes to infinity, the
mean-field limiting behaviour is derived from the cen-
tralised solution with a new perspective by adopting
a concept called asymptotic solvability. Consequently,
the suboptimality has been proved. In contrast, the
newly proposed method uses the weakly-coupled sys-
tem theory (Gajic et al., 2008) to assume the asymp-
totic structure of solution set (21) of the centralised
SCMEs (18a) with ¢ = 1/N. It is worth noting that,
after assuming ¢ = 0, one can derive by direct calcu-
lation the reduced dimensional SCMEs independent
of the parameter ¢. Finally, the asymptotic structure of
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the solution of the reduced dimensional SCMEs (22a)
is used to prove the deterioration of the cost function
for the first time. Another difference is that the previ-
ous result deals with the case of a finite time horizon,
whereas this study deals with the case of an infinite
time horizon. The difficulty associated with the infi-
nite time horizon lies in guaranteeing the stochastic
stability of the mean-field stochastic system.

Remark 5.2: In (13), the SOF strategy set is u;(t) =
Fiy(N )(t) based only on the mean-field term. However,
the form of state feedback strategy for LQ mean field
social control is typically

u;i = Kyy; + Fiy(N) = K;Cx; + FiCx(N). (32)

If the SOF feedback form is modified as in (32), the
same optimisation problem is considered.
Then, the centralised form is given by

u(t) = Key(t) + Foy™(t) = (K.Cy + eFCox(t),

(33)
where
y1(0)
yy=| : |eR",
N ()
Ci=INn®C C.=]N®C,
N
K. = > 6iKid;| = block diag (K, Kn),
k=1
N
F, = z 5,1Fk5,%T = block diag (F1 cee FN) .
k=1

In this case, the closed-loop stochastic system and the
cost function can be obtained as

dx(t) = [{Ac+eJn®D
+B.(K.Cy + eF.C.)} x(t)
+Gof (t, x(1))] dt

N
+ D Apex(t) dwi(t), (34a)
k=1
Jsoc(u(2), x(0))
) I e+ (K.Cyg+ ¢E.Co) T
[ oo+ ket erco
x R.(K.Cy + gFCCC)}x(t) dt] (34b)

Finally, the considered optimisation problem is stated
as

Jsoc(x(0), u(t)) < J& (x(0), u* (t)) = Tr [ANPc],
(35)
where
$16(Pe, Foy Ae) = PeAcre + Aly P
N

.
+ Z AP
k=1

1
+ APQP, + TWZ W,
c

+ Qc + (K.Cy + SFCCC)T
R(K.Cyq + ¢F.C,),
Acre = A+ ¢Jn ® D+ B(K.Cy + eF.Cp).
(36)

Using the same technique as in Lemma 2.1, the nec-
essary conditions for this optimisation problem are
established by

0= Z1(Pe, Fe, A¢)s (37a)
0= SC(ACLC + lchPc)T + (ACLC + ichPc)Sc
N
+ D ApSeAy + Ax, (37b)
k=1
0 =B P.S.C; + RK*CyS.C,y + eRF*CS.Cy,
(37¢)
0=BP.S.C" +RK*CyS.C" + ¢RF*CS.C",
(37d)
Te[S W W,
AC — r[ Cc Cc C] , (37e)
Tr[S.P.Q.P.]
where
K*=K; =---=Kj, (38a)
F*=F =...=Fy (38b)
from the uniform assumption and C = [C e C],
Co =0 c --- 0]

Consequently, substituting partitioned P, and S,
into (18a), the following reduced order SCMEs set can
be obtained:

0 = [A + BKC + (D + BFC)] " P,
+ P4[A + BKC + (D + BFC)] + A) P4A,



+&(1 — €)[P,(D + BFC) + (D + BFC) " P,]

1
+ IWTW + AP4QP; + Ae(1 — £)PoQPy + Qg
+ CTK'RKC

+ &(C"FTRKC + CTKTRFC + CTFTRFC),
(39a)

0 = [A + BKC + (1 — ¢)(D + BFC) + AQP4] ' P,

+ P,[A + BKC + (1 — &)(D + BFC) + AQP,]

+ P4(D + BFC) + (D + BFC) P,

+ A(1 = 2¢)P,QP,

+ Qo+ C'F'RKC+ CTK'RFC

+ CTFTRFC, (39b)
0 = [A + BKC + (D + BFC) 4+ 2QP,]S,

+ S4[A 4+ BKC + &(D + BFC) + 1QP,4] "

+ ApsdA;

+ A(1 = &)(QP,S, + SoPoQ)

+ (1 — &)[(D + BFC)S, + So(D + BFC) ]

+ Ay (39¢)
0 = [A+ BKC + (1 — &)(D + BFC)

+ (1 = 26)AQP, + 1QP4]S,

+ So[A 4+ BKC + (1 — £)(D + BFC)

+ (1 —26)AQP, + AQP4]"

+ ¢[S4(D + BFC) " + (D + BFC)Sy]

+ 2&(QP,Sg + SaPoQ) + A, (39d)
0 = RKC(Sq + So)C" + RFC(uS4+ S,)CT

+ B [4PsSq + PaSo + £PoSa+ (1 — £)PyS,]C T,
(39¢)

0 = uRKCS4C" + ¢RFC(uSy + S,)C"

+ BT (uP4S4 + €P,S,)C', (39f)
0 = A%Tr [[SqPs + (1 — €)S,P,]QP,4

+ (1 — &)[S4Py + SoPg + (1 — 2€)SoP,1QP, ]

— Tr[S;WW '] (39g)

Then, by letting ¢ = 0, the following parameter inde-
pendent SCMEs can be derived:

0= (A+ BKC)" Py + P4(A + BKC) + A) P4A,
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1 - _ _ _
+= WTW + 1P,QP; + Q; + CTKRKC,

(40a)
0= (A+BKC+ D+ BFC+ 1QP;)"P,
+ P,(A 4+ BKC + D + BEC + 1QP,)
+ P4(D + BEC) + (D + BFC) " P4
+ 2P, QP, + Q,
+ CTFTRKC + CTKTRFC + C'F'RFC,
(40b)

0 = (A + BKC + 1QP,)S,

+ S4(A+ BKC+ 1QPy) "

+ApSaAy + A(QPS, + SPo)

+ So(D + BEC)" + (D + BEC)S, + A4, (40c)
0 =[A 4+ BKC + D + BFC + 1Q(P, + Py)]S,

+ So[A 4+ BKC + D + BEC + 1Q(P, + P,)]"

+ Ao, (40d)

0 = RKCS,C" + RFCS,C" + BT (P4S, + P,S,)CT,
(40e)
0 = RKCS4C" + RFCS,C" + BT (P3S4 + P,S,)CT,
(40f)

0 = A2Tr[(S P4 + SoP0)QP; + (SoPy + S,P,)QP,]
— Tr(S;WwWT). (40g)

Finally, if C(S, — S4)CT is nonsingular, the feedback
gains can be established as

K = —R™'B"P4(S, — $)CTIC(S, — Sp)CT1 7,
(41a)
F = R7'B"P4(S, = Sa)C"[C(S, — Sp)C'] !
— R7'BT(P;S, + P,S,)CT(CS,CT)™L.  (41b)
It can be shown that the result of using feedback gains
K and F has the same properties as Corollary 5.1, and

it is omitted here because the proof follows the same
approach.

6. Numerical examples

In this section, two numerical examples are presented
to demonstrate the reliability and usefulness of the
proposed approach in relation to the new reduced-
order strategy set.
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6.1. Example 1: SCMEs in (6) for one player case

Consider the following stochastic Riccati equation
equation:

N
P(A + BFC) + (A + BFC) TP+ >~ A PAy,
k=1

+PQP+Q+C'FTRFC=0 (42)

The stochastic term 21}:]:1 AkTPPAkp exists in relation to
the existing result in Gadewadikar et al. (2006). Fur-
thermore, this is the special case with A = 1 and W =
0. The following algorithm can be performed:

0= P(€+1)A +ATP(€+1)
N
T p(t+1
+ 2 AP Ay

k=1
+ pl+D (@ — ) pEtD

+Q+ LOTR™1LO)] (43a)

R+ _ _p1 (BTP(€+1) _ L((’)) cT (CCT)_I,
(43b)
1O =0, ¢=01,2,.... (43d)

On the other hand, the following algorithm is also used
by referring Kucera and De Souza (1995):

N
0= pl+Da L ATpE+D 4 ZAII;;P(HI)AKD
k=1

+Q+ LOTR™ILO, (44a)

F+D — _p=1gTpl+ T (CCT)_I, (44b)
L) = Rp+D 4 BT plét+D) (44¢)
1O =0, ¢=012,.... (44d)

It should be noted that the convergence of all of the
numerical algorithms (10a), (43a), and (44a) are not
guaranteed. The coefficient matrices are given below
with the minor modification as the stochastic term

(Gadewadikar et al., 2006):

—1.01887 0.90506 —0.00215 0 0
0.82225 —1.07741 —0.17555 0 0
A= 0 0 -202 0 0
10 0 0 —~10 0
—~1626 —09788 04852 0 0
0 0
0 0
Alp=0054, B=|202|, G=|5],
0 0
0 0
[0 0 0  57.2958 0
c_| o 572958 0 0 0
—~16.26 —09788 04852 0 0]’
o0 0 0 0 1
264 16 1 0 0
16 60 0 0 0
Q=1 0 0 0 o0 [,
0 0 00 0
L0 0 0 0 100
R=01, A=I, N=1.

It should be noted that these numeric values are
based on the linearised F-16 aircraft (Gadewadikar
et al.,, 2006) to confirm the effectiveness as well as
the physical and application aspects. All algorithms,
including Newton’s method, have converged. In this
case, the iteration is stopped when the convergence
criterion, [[LHD) — LO|| < 107, is satisfied. Specif-
ically, the algorithm in (10a) converged at £ = 143
iterations, and the algorithms in (43a) and (44a) both
converged at £ = 9 iterations. In addition, Newton’s
method and algorithm (10a) converge to the same
value. The convergent solutions are

LM =] 1.0680 7.2215 x 107!
—1.0908 x 107!
26115 —2.2752 |,
F) = [ 6.8240 x 107! 2.7358 x 107!
—4.4775 —6.1830 x 10 |,
Tr[P1*)] = 2.1269 x 102,

On the other hand, algorithms (43a) and (44a) also
converge to the same value. The convergent solutions



Table 1. Compare with existing results.
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Reference [1] [4] Proposed
Problem LQR Hso Control LQR GCC
Algorithm Riccati Base Riccati Base Online Learning Newton'’s Method
Convergence Yes Yes Yes Yes (Local)
Convergence proof No Yes No Yes
Optimality Not Always Not Always Suboptimal Yes

LQR: linear quadratic control, GCC : Guaranteed Cost Control.

are

L® =] —3.3850 x 1073 0
~1.1344 x 1071 0 0 ],
FO =[]0 14629 x 107!
—4.4526 —3.1720 x 10 |,
Tr[P®)] = 2.4893 x 102,

Therefore, it is confirmed that the closed-loop stochas-
tic system is stable for both feedback gains. Moreover,
it can be seen that Tr[P], which represents cost, by the
algorithms of (43a) and (44a) is smaller than the values
obtained using Newton’s method and the algorithm
of (10a). From the above results, it is essential to select
an effective algorithm. Furthermore, although matrix
G is not included in SOF gain F in (43b) and (44b), it is
confirmed that Lagrange multiplier S is necessary for
optimisation because CT (CC")~! and SCT(CSCT)~!
are different in general cases. Finally, Table 1 shows
the results of the comparison between the existing
algorithms and newly proposed scheme. These results
show that the proposed approach is reliable, as it guar-
antees both local convergence and optimality.

Remark 6.1: It is well known that many of the algo-
rithms for solving the SOF problem using the BMI
solver are NP-hard. On one hand, according to exist-
ing results in Movric et al. (2015), the SOF problem
can be converted into a polynomial-time algorithm
that solves the original problem. In the worst case,
such an algorithm does not work well and fails (Fu
& Luo, 1997). On the other hand, the algorithm pro-
posed here can be solved using the Newton’s method
if a solution exists. It has the advantage of getting
the solution in polynomial time in practical applica-
tions. However, it is known, when using the Newton’s
method, if the initial values are not properly cho-
sen, it will not converge or it will not converge to an
appropriate solution.

6.2. Example 2: comparison of analytical solution

Second, the following simple example is considered:

0 -1 0 0.1
S A A |

[ o[

c=[0 1], Q=C'C, R=1,
Ai=A,=DhL, N=L1.

When ¢ = 0, the following stochastic Riccati equation
should be solved:

0=PA+ATP+ AITPPAIP +P(Q — U)P+ Q. (45)

The following analytical solution is obtained from a
simple calculation:

>

[Za o} 1+ /7501
P = N o= —

0 a 75
F=—0=-1.168110849182647,
Tr[P] = 3a = 3.504332547543496.

In this case, it is clear that L = RFC+ B'P = 0. On
the other hand, algorithms (10a), (44a) and (45) con-
verge to the following same solutions respectively,
after only one iteration: L= [0 0], F = —1.1681,
Tr[P] = 3.5043. Consequently, it is shown that SOF
gain F can be computed by the exiting algorithms
in the special case where L = RFC 4+ BT P = 0 holds.
Finally, when using the Newton method, the neces-
sity to select the initial conditions is a major drawback.
Therefore, algorithm (10a) does not guarantee con-
vergence, and convergence will be very slow, but it
may be effective in selecting the initial gain. In other
words, algorithm (10a) should be used first, and then
the Newton method should be used.
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Table 2. SOF strategy and ¢ (0).

N F #(0)

10 —2.7801 x 107" 5.1187 x 1072
102 —2.7929 x 107" 2.0682 x 107!
103 —2.7942 x 107" 23123 x 1077
104 —2.7943 x 107" 2.3366 x 107!
10° —2.7943 x 107" 2.3390 x 1077
106 —2.7943 x 107! 2.3392 x 1077
107 —2.7943 x 107! 2.3393 x 107!
108 —2.7943 x 107! 2.3393 x 1077
10° —2.7943 x 107" 2.3393 x 1077
1010 —2.7943 x 107" 2.3393 x 107!
00, (£ = 0) F=-27943 x 107" 2.3393 x 1077

6.3. Example 3: SCMEs in (18) with large N

The following constant coeflicient matrices for the
mean-field stochastic system (11a) are assumed:

. ey x1i(t) . —1 1
n=2, x'(t)_[xzi(t)]’ A—[_z _1],

s=[}]. o=|%% ) c=b 0

G =0.85 x I,
Q =15x Iz,

W =05x I,
R=1,

©=15xD, f(tx() = [Si“(x“(”)} .

cos(x2;(t))

Using Newton’s method (26), the SOF strategy and
¢(0) are obtained as in Table 2.

To visualise the population size N and convergence
values F, Figure 1 is given. As a result, it can be seen
that when the population size N is above 1000, the
feedback gain is almost constant; additionally, above
this value it is sufficient to use the infinite gain F =
—2.7943 x 107!, We see that the SOF gain can be
computed for a large number of decision makers N.
Furthermore, the degradation of cost in (31) is also
shown. As a result, the numerical example shows that
as the value of the number of decision makers N tends
infinity, the resulting SOF gain converges to the zero-
order gain in (23e). From the above, we can also see
that the result in (31) is correct from the numerical
example. This means that the zero-order gain in (23e)
can be applied to a mean-field stochastic system with
any large number of decision makers N. Finally, note
that the low-dimensional SCME in (22a) can be solved
instead of using (18a), and thus can be computed over
N = 10'. Thus, from a practical point of view, the
low-dimensional decomposition computation method

1 10 100 1000 10000 100000 1000000 10000000 100000000 1E+09 1E+10

-2.718

-2.78

-2.782

\
]\
i

\
\

-219 \
-2.792 \
-2.794

N —

-2.796

Figure 1. Population size versus feedback gain F.
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Time

Figure 2. The trajectories of x;(t) for N = 103.

newly proposed in this paper is effective and efficient.
Finally, in the previous studies (Moon & Basar, 2018;
Wang et al., 2021a; Wang & Zhang, 2021; Wang, Zhang
and Zhang, 2020), including the authors’ result in
Mukaidani, Irie et al. (2022), the degradation of the
real cost functional has never been numerically eval-
uated. However, here the exact value of the cost func-
tional can be computed without difficulty. Even for
an sufficiently large N value, practically it is reliable
to be able to calculate the cost functional. Finally, the
simulation result is shown in Figure 2, where each
state is approaching equilibrium point at x;(t) = 0,i =
1,...,N when N = 10°.

From the preceding results and discussions of the
numerical experiments, it is clear that, even if N is suf-
ficiently large, the full-order strategy set in (19) is use-
ful because the proposed strategy is not cost-intensive
and because all trajectories are stochastically stabilised.



7. Conclusion

The mean-field games for nonlinear stochastic sys-
tems with many decision makers and unmodeled
dynamics have been studied from the point of view
of SOF strategies. After deriving some results on
the SOF Pareto strategy, a large-scale SCME set was
obtained as the necessary conditions for the original
problem. To avoid computational limitations due to
high-dimensional problems and resource constraints,
a new numerical decomposition algorithm was pro-
posed. It should be noted that a uniform structure
based on mean-field systems plays an important role
in the construction of this algorithm. As a result,
even when the number of players approaches infin-
ity, the proposed reduced-dimensional SOF strategy
set can be computed as a low-dimensional problem.
Finally, it has been shown that when the proposed
high-order strategy is applied, the 0(82{) approxima-
tion of the cost degradation is achieved for ¢ itera-
tions using Newton’s method. In particular, when the
decentralised Pareto suboptimal strategy is used, the
O(1/N) = O(¢) approximation is obtained strictly in
terms of the existing results. O(1/+/N) = O(/¢). Fur-
thermore, the numerical experiments have shown the
effectiveness and usefulness of the proposed strategy
set. Mean-field games for stochastic systems with many
decision makers are an important and long-standing
area of research. However, open problems remain. To
the best of our knowledge, incentive Stackelberg games
for mean-field stochastic nonlinear systems need fur-
ther investigation. In particular, existence, solvabil-
ity and uniqueness for the SOF case should be well
organised when the population size approaches infin-
ity. These problems will need to be addressed in future
studies.
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Appendices
Appendix 1. Proof of Theorem 4.1

This can be proved by using the implicit function theorem
(Gajicetal., 2008). Consider the system of equations for contin-
uously differentiable function F(z) in (26). Let (z, &) = (2, 0)
be a point on the function. Then, the Jacobian matrix at ¢ = 0
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is derived as follows:

O0F(2)
0z |.—o

Alg=o = = A(z,0). (A1)
Furthermore, using the assumption in (24), A|;—o = A(z,0) #
0 holds. Then for the function around (2, 0)) we can write
z = z(¢) = 29 + O(e). That s, if Assumption (24) holds true,
then the Jacobian matrix (A1) at ¢ = 0, related to the reduced-
order SCMEs (22a) is nonsingular; then, by using the implicit
function theorem, the asymptotic structure (25) can be estab-
lished.

Appendix 2. Proof of Theorem 4.2

This can be proven directly by using the Newton-Kantoro
vich theorem (Yamamoto, 1986). It is shown that there exists
a small ¢ value such that for ¢ € (0,0), A(z®,¢) is nonsingu-
lar. Therefore, there exists V such that V = || [A©, )] “
In contrast, using Theorem 4.1, it is easy to verify that
IFE(z@)|| = O(¢). Hence, there exists y such that y =
H [A(z(o),g)]_lF(z(O))” = O(g). On the other hand, for any
z% and z?, there exists p such that || [AE©, &) 7 A% )
A(zb, e)] | = p|lz® — Z%||. Thus, for a sufficiently small ¢ value,
there exists @ such that = py = O(¢) < 27! because y =
O(¢). Consequently, ||z(9 —z*|| = 21-((20)2 "1y = 21-¢
O(ezi) < O(ezl) is satisfied. Finally, (27) holds and Newton’s
method (26) has quadratic convergence. This is the desired
result.

Appendix 3. Proof of Theorem 4.3

This result is proved by using the solution structure (27) of
Theorem 4.2. Using the previous result, the following result
holds:

Usoc (2(0), ™ (£)) — Jsoc (x(0), u? (£))]|
= |Tr[ANP] — Tr[ANX.]] (A2)

where Agﬁc =A+¢eJn®D+ sBchg) Ce,

N
T
0= XA +AGTX + D" AL XAk, + 210X.QX,
k=1
1

G WI W, + Q.+ &*CTFOTRFOC..  (A3)

+
Then, substituting F = F(©) 4 O(ez[) and A, = 100 0(82/)
into (A3) yields the following stochastic nonlinear matrix
equation (SNME):

N

0 = XcAcLe + AcLeXe + ZAkTchAkp + A X QX
k=1

1

+/16

4
W] We+ Qe+ Cl FRFC+ 0 (), (A2)

where Acr e = Ac + ¢Jy ® D + ¢B.F.C..
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Furthermore, the following SNME can be obtained by sub-
tracting (A4) from (18a):

N
0 = ZeActe + AcreZe + D Al ZcAk
k=1

— 2 (2.7, — Z.QP, — P.QZ) + O (62”) . (A

Zg €Zy €Zy --- €Z,

ey Zg €Ly - &Zy
where Z, = P, — X, = ¢Zy €Ly Za -+ €Zo|

SZO EZO EZO - Zd

The following reduced-order stochastic nonlinear matrix
equation can also be calculated by partitioning the SNME (A5):

0 = Zy[A+ &¢(D+ BFC)] + [A + ¢(D + BFC)] " Z4

+ A, Z4Ap + €(1 = €)[Z,(D + BFC) + (D + BFC) ' Z,]

— 2e[Z24974 + £(1 — £)Z,Q7,]

4+ 2:[Z24QP; 4+ (1 — €)Z,QP,

+ PyQZy + &(1 — £)PoQZy] + O (82[) : (A6a)
0 = Z4(D + BFC) + (D + BFC) " 2,

+ Z,[A + (1 — &)(D + BFC)]

+[A+ (1 —¢)(D+BFC)"Z,

— 2e[ZoQZ g + Z4QZy + (1 — 26)ZoQZ,)

+ Ac[ZoQPg + Z4QP, + (1 — 26)Z,QP,

¥ PoQZ4 + PaQZy + (1 — 26)PoQ7,] + O (82‘) .

(A6b)

Letting e = 01in (A6a), the following zeroth-order solutions can
be obtained:

Zyg=2,=0, (A7)
where
0=Z4A+ATZy+ A] Z4A,
— 2[Z240Z; — Z,QP; — PyQZ4],
0 = Z4(D + BFC) + (D + BFC) " Z,
+ Z,[A + D+ BFC] + [A+ D + BFC]' Z,
- /IC[ZOQZd + ZdQZo + ZOQZO] + lc[zogpd + ZdQPo
+ ZyQP, + P,QZ4 + PyQZ, + P,QZ,).
Hence, the following structures are satisfied:

Zi=Z440() = eZsg, Zo=Zo+O0(c) =¢Zo. (A8)
Subsequently, continuing the same procedure, the following
sequences are derived easily:

2t 2t

Zd:Pd—Xd:O(s ) ZozPo—XD:O(g )

(A9)
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As a result,
Jioc(¥(0), " (1) = Jooe (0), (1) | = 0 (£771),

¢ =0,1,2,... is obtained. Finally, using the relation ¢ = 1/N,
the equation in (29) is proved.

Appendix 4. Proof of Corollary 5.1

Using the similar technique to that in the proof of Theorem 4.3,
the following relation holds:

Jsoc(x(0), u™ (£)) _ Jsoc (x(0), u(t))
N N

= |Tr[Aa(Ps — Xa)] + (1 — ) Tr [Ao(Po — Xo)]

$(0) =

>

(A10)
where
ACLC =A+eJy®D+ SBCPCCC)
Xg eXo €X, - &Xo
Xy Xg X - &Xo
X, = X, eXo Xg - &Xo ,
X, eXo X - Xy
Pc =IN® P,
N
0 =XAcre + Al Xe + D AL X AR + 1X.QX,
k=1
1 _ _
+ jwj W + Q. + ¢*C] FI R.F.C.. (A11)

Then, substituting X, into (A11) and letting & = 0 yields the
following zeroth-order SCMEs:

= = = 1 - = =
0=XqA+ATXq+ Ay XaAp + = WTW + 2X4QX4 + Qu,

(Al2a)
0 = X,(A + D + BEC + 1QX,)
+(A+ D+ BFC+1QX) "X,
+ X4(D + BFC) + (D + BFC) ' X,
+ 1X,QX, + Q, + CTFTREC. (A12b)

Comparing (23a) and (23b) with (A12a) and (A12b), it is easy
to verify that the relations P; = Xy, P, = X, hold. Therefore,
the result of Py = X7 + O(¢), P, = X, + O(¢) can be obtained.
Finally, the property of (31) can be obtained.
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