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Variance of the Turbo Code Performance Bound
Over the Interleavers

Atousa H. S. Mohammadi, Member, IEEE,and
Weihua Zhuang, Senior Member, IEEE

Abstract—In this correspondence, we evaluate the variance of the union
performance bound for a rate-1 3 turbo code over all possible interleavers
of length , under the assumption of a maximum-likelihood (ML) decoder.
Theoretical and simulation results for turbo codes with two-memory com-
ponent codes indicate that the coefficient of variation of the bound increases
with the signal-to-noise ratio and decreases with the interleaver length.
Theoretical analysis for large interleaver lengths shows that the coefficient
of variation asymptotically approaches a constant value. The results also
demonstrate that the majority of the interleavers have performance bounds
very close to the average value of the bound. This phenomenon is more pal-
pable for larger interleaver lengths.

Index Terms—Channel coding, concatenated codes, turbo codes, union
performance bound.

I. INTRODUCTION

Turbo codes, introduced in 1993 [1], are composed of the parallel
concatenation of two (or more) recursive systematic convolutional
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(RSC) component codes, connected through an interleaver(s). The
interleaver, which reorders the input block of data given to the
second encoder, plays a key role in the pseudorandom nature and,
consequently, the high performance of turbo codes. Thus, the study
and design of the interleaver has been an attractive subject for many
researchers in this area.

In [2], an interleaver design technique is proposed which searches
for a random interleaver resulting in the fewest output sequences with
low weights corresponding to input weights of2 or3. The authors then
use simulation results to show that for short frame transmission systems
and bit error rates (BERs) of around10�3, a block interleaver outper-
forms the best such found pseudorandom interleaver, and the overall
effect of the interleaver is not significant in this range [3]. In [4], how-
ever, it is shown that, for turbo codes of large interleaver lengths, pseu-
dorandom interleavers outperform block interleavers significantly, e.g.,
2.7 dB at BER of10�5. Recently, a systematic approach for the design
of the interleaver has been proposed in [5]. The method is based on re-
cursively minimizing a cost function to find an interleaver which best
breaks a set ofa priori chosen error patterns. The weight distribution
of a turbo code employing the best such found interleaver of length
100 shows 0.5- to 0.9-dB improvement over a randomly selected in-
terleaver of the same length. In [6], a deterministic interleaver design
algorithm is proposed based on linear recursion to produce an initial
interleaver which is subsequently optimized by pairwise exchange of
its elements. These optimized interleavers show more than 0.5-dB im-
provement over a randomly selected interleaver and about 0.2-dB im-
provement over anS-random interleaver for BERs of less than10�5

and block length576. In [7], a mathematical structure is developed for
turbo-code interleaver design at low BERs, which achieves more than
0.5-dB improvement over random interleavers for interleaver length
1176. In [8], high-spread interleavers have been designed for specific
short interleaver lengths. These interleavers are shown to significantly
lower the error floor occurring at high signal-to-noise ratios. Other
works related to the design of the interleaver include [9]–[13].

Although the above works implicitly suggest some conclusions re-
garding the effect of different choices of interleavers on the perfor-
mance of turbo codes, they are mainly focused on either search algo-
rithms for the best (or at leastgood) interleaver(s) or explaining the
behavior of these codes in general. So far, the only statistical study
of the turbo code behavior with respect to interleavers considers the
upper bound on the maximum-likelihood (ML) performance of the
turbo code, averaged over all possible interleavers (e.g., [14]).

If higher order statistical averages of the turbo code performance
with respect to the interleaver are known, it will be possible to have
a more accurate estimate of the distribution of the performance bound
with respect to the interleaver. As a first step, in this correspondence,
we study the effect of the interleaver by looking at the variance of the
turbo-code performance with respect to all possible interleavers of the
same length, under the assumption of an ML decoder. Note that, in
practice, turbo codes are decoded iteratively using a non-ML decoder,
however, it is a widely accepted conjecture that the performance of the
suboptimum iterative decoding converges toward the ML performance.
This study tackles the question brought up in [14, Question 3] to give
more insight regarding what performance to expect from a turbo code
with fixed component codes and interleaver length. It also provides an
estimate of how well a particular interleaver performs among the range
of all possible interleavers and helps to evaluate the performance of an
interleaver search algorithm.

The correspondence is organized as follows. In Section II, a brief re-
view of the turbo-code average performance bound [14] is given and
following that, the mathematical formulations for the second moment
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of the weight enumerating function (WEF) and of the union perfor-
mance bound for a turbo code are derived. Asymptotic analysis of
the derived formulas for large interleaver lengths is presented in Sec-
tion III. Section IV shows some numerical and simulation results for the
nonasymptotic and asymptotic cases, and explains the approach in de-
riving those results. Finally, Section V concludes this correspondence.

II. V ARIANCE OF THE PERFORMANCEBOUND

The presence of the interleaver in the turbo-code structure makes it
very difficult to enumerate the exact weight distribution of the code.
The idea of averaging the performance of the code over all possible
interleavers was presented in [14] by introducing the concept of the
“uniform interleaver” (UI). The UI is a hypothetical interleaver that
selects a permutation for each block of data uniformly at random from
the set of all possible permutations. Coding with this hypothetical turbo
code is equivalent to coding with a turbo code which randomly chooses
an interleaver for each block of input data independently from all other
blocks. The WEF of a turbo code employing a UI of lengthN is in fact
the average weight enumerating function (AWEF) of the turbo code
over all possible interleavers of this length. The truncated AWEF is
then used to find the average performance bound of a turbo code of
interleaver lengthN [14].

Consider a rate–1=3 turbo code of interleaver lengthN . LetSN de-
note the set of all possible permutations of the lengthN input block,
and let� be the interleaver selected fromSN with uniform probability.
For a turbo code employing interleaver�, letXi; j ; j (�) denote the
number of codewords having total weighti + j1 + j2 with i; j1; j2
ones in the systematic, first encoder parity check, and second encoder
parity check bits, respectively. Define the WEFA(W; Z1; Z2; �) as

A(W; Z1; Z2; �) =
i�1; j ; j �0

Xi; j ; j (�)W iZj
1
Zj
2
:

Then the AWEF is

EEE [A(W; Z1; Z2; �)] =
i�1; j ; j �0

EEE [Xi; j ; j (�)]W iZj
1
Zj
2

(1)
where

EEE [Xi; j ; j (�)] =
1

N !
�2S

Xi; j ; j (�):

LetB(�; Eb=N0) denote the union bound on the decoded BER given
the interleaver� and the receivedEb=N0 (the ratio of the signal en-
ergy per information bit to the one-sided power spectral density of the
channel additive white Gaussian noise), under the assumption that the
decoder selects the ML codeword. The value of the bound can be cal-
culated by

B(�; Eb=N0) =
i�1; j ; j �0

i

N
Xi; j ; j (�)Q(i; j1; j2; Eb=N0)

where

Q(i; j1; j2; Eb=N0) =
1

2
erfc

Eb

3N0

(i+ j1 + j2) :

The average union bound (with respect to the randomly chosen inter-
leaver) can be evaluated as

EEE [B(�; Eb=N0)]

=
i�1; j ; j �0

i

N
EEE [Xi; j ; j (�)]Q(i; j1; j2; Eb=N0): (2)

Note that, in (2), adding the term fori = 0 to the right-hand side does
not change the value of the summation.

Here, we attempt to compute the variance of the bound
B(�; Eb=N0) over the ensemble of the interleaversSN , i.e.,

Var [B (�; Eb=N0)] = EEE B2(�; Eb=N0) �EEE2 [B(�; Eb=N0)] :

(3)

To evaluate the second moment of the performance bound

EEE B2(�; Eb=N0)

=
i�1; j ; j �0 i �1; j ; j �0

ii0

N2
EEE Xi; j ; j (�)Xi ; j ; j (�)

�Q (i; j1; j2; Eb=N0) �Q i0; j01; j
0
2; Eb=N0 (4)

we start with the mean square of the WEF (MSWEF), which is equal to

EEE A2(W; Z1; Z2; �)

=
i�1; j ; j �0 i �1; j ; j �0

EEE Xi; j ; j (�)Xi ; j ; j (�)

�W iZj
1
Zj
2
W 0i Z 01

j
Z 0

j

2
: (5)

It should be noted that the random variablesXi; j ; j (�) and
Xi ; j ; j (�) are not independent as they both depend on the same
permutation�. The value of one random variable (e.g.,Xi; j ; j (�))
imposes restriction on the structure of the interleaver and consequently
on the value of other random variables (e.g.,Xi ; j ; j (�)). Thus, in
evaluating the MSWEF, we assume that every probabilistic experiment
consists of choosing any one of theN ! possible interleavers with equal
probability, and fixing it for the rest of that experiment.

For simplicity in notations, in the following,Xi; j ; j (�) and
Xi ; j ; j (�) are, respectively, replaced byX(�) and X 0(�), for
fixed values ofi, j1, j2, i0, j01, j02. In order to findEEE[X(�)X 0(�)],
the following definitions are made. LetSx; y be the set of all input
words of weightx which result in codewords of weighty from the
first component code, andSIx; y be the set of all input words of weight
x which result in codewords of weighty from the second component
code. Also let

2)i) Si; j = fs1; . . . ; sGg, whereG = jSi; j j,
3)ii) Si ; j = fs01; . . . ; s

0
G g, whereG0 = jSi ; j j,

4)iii) SIi; j = fsI1; . . . ; s
I
Kg, whereK = jSIi; j j,

5)iv) SIi ; j = fs0I1 ; . . . ; s
0I
K g, whereK 0 = jSIi ; j j.

Letting

Xg(�) =
1; if �(sg) 2 SIi; j
0; otherwise

and

X 0
g (�) =

1; if �(s0g ) 2 SIi ; j
0; otherwise

we have

X(�) =X1(�) +X2(�) + � � �+XG(�)

X 0(�) =X 0
1(�) +X 0

2(�) + � � �+X 0
G (�) (6)

and consequently

EEE X(�)X 0(�) =EEE
G

g=1

Xg(�)

G

g =1

X 0
g (�)

=

G

g=1

G

g =1

EEE Xg(�)X
0
g (�) : (7)
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Fig. 1. An example of two input words and their interleaved versions withr commonly positioned1’s.

Since the random variablesXg(�) andX 0

g (�) only take on the value
of 0 or 1, we have

EEE Xg(�)X
0

g (�)

= Pr Xg(�) = 1; X 0

g (�) = 1

= Pr

K

k=1

K

k =1

�(sg) = sIk; �(s
0

g ) = s0I
k

=

K

k=1

K

k =1

Pr �(sg) = sIk; �(s
0

g ) = s0I
k (8)

wherePr[�(sg) = sIk, �(s0

g = s0I
k ]) is the probability that the ran-

domly chosen interleaver� re-orders the input wordssg ands0

g intosIk
ands0I

k , respectively, and the last equality results from the fact that the
events�(sg) = sIk and�(s0

g ) = s0I
k are disjoint for different values

of k or k0. Substituting (8) in (7), we get

EEE X(�)X 0(�) =
s 2S s 2S s 2S s 2S

�Pr �(sg) = sIk; �(s
0
g) = s0Ik : (9)

The following theorem evaluates the probability involved in (9).

Theorem 1: If sg and s0g haver 1’s in common positions, and
sIk and s0Ik haverI 1’s in common positions, where0 � r, rI �

min(i; i0), then

Pr �(sg) = sIk; �(s
0
g) = s0Ik

=
r!(i� r)!(i0 � r)![N � (i+ i0 � r)]!

N !
; if r = rI

0; if r 6= rI .
(10)

Proof: Sincesg ands0g haver commonly positioned1’s, their
interleaved versions should have the same number of commonly posi-
tioned1’s, as well. Thus, there exists no interleaver that realizes this
event whenr 6= rI , i.e.,

Pr �(sg) = sIk; �(s
0
g ) = s0Ik = 0; if r 6= rI :

Fig. 1 shows a schematic example ofsg ands0g , interleaved tosIk
ands0Ik , respectively, wherer = rI . In this case, the interleaver has
the following properties:

• mapping ther positions of the common1’s in sg ands0g to the
r positions of the common1’s in sIk ands0Ik ;

• mapping the(i � r) remaining1’s in sg to the positions of the
remaining(i � r) 1’s in sIk;

• mapping the(i0 � r) remaining1’s in s0g to the positions of the
remaining(i0 � r) 1’s in s0Ik ;

• finally, mapping the[N � (i+ i0 � r)] positions of the common
0’s in sg ands0g to the positions corresponding to the common
0’s in sIk ands0Ik .

Within each of the above bit groups, the permutation of the bits does
not matter. Thus, the number of interleavers satisfying the above con-
ditions is

r!(i� r)!(i0 � r)! N � (i+ i0 � r) !

and, consequently, the probability that one of these interleavers is se-
lected when randomly picked from the ensemble of allN ! interleavers
is

r!(i� r)!(i0 � r)! [N � (i+ i0 � r)]!

N !
:

In fact, the number of the interleavers having the above mentioned
properties is given by the multinomial coefficient

N

r; i� r; i0 � r; N � (i+ i0 � r)
:

With the UI, all the interleavers are equally likely. Hence, the proba-
bility of choosing one of such interleavers is the inverse of the multi-
nomial coefficient.

We denote the nonzero part of the probability in (10) with�r(i; i
0).

Note that in (9), for each pair of input words(sg; s0g )with r commonly
positioned1’s, only those pairs of input words(sIk; s

0I
k ) which also

haver commonly positioned1’s result in the nonzero terms�r(i; i0).
Let qr(i; j1; i0; j01) andqr(i; j2; i0; j02) denote the number of input
word pairs(sg; s0g ) and(sIk; s

0I
k ), respectively, where each pair hasr

commonly positioned1’s. Equation (9) can now be written as

EEE X(�)X 0(�)

=

min(i; i )

r=0

qr(i; j1; i
0; j01)qr(i; j2; i

0; j02)�r(i; i
0): (11)

And, finally, substituting (11) in (4) results in

EEE B2(�; Eb=N0)

=
i; j ; j �0 i ; j ; j �0

min(i; i )

r=0

ii0

N2
qr(i; j1; i

0; j01)

� qr(i; j2; i
0; j02) � �r(i; i

0)Q(i; j1; j2; Eb=N0)

�Q(i0; j01; j
0
2; Eb=N0): (12)

The variance of the bound can then be evaluated.

III. A SYMPTOTIC BEHAVIOR

In this section, we study the MSWEF andEEE[B2(�; Eb=N0)] for
a large interleaver length. The functionqr(i; j; i0; j0), defined in
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Fig. 2. Schematic illustration of the relative position of two codewords resulting from input wordss ands with n = 5; n = 4; m = 3; m = 2; andc = 2.

Section II, depends onN as well as the component codes. In the
following, this function will be further studied in order to represent
the MSWEF andEEE[B2(�; Eb=N0)] in the form of polynomials in
N . The behavior of these functions for asymptotically largeN is
dominated by the terms with the highest power ofN .

A codeword of the formW iZj in each component code is con-
structed by the concatenation ofn (1 � n � bi=2c) error events
with possible zeros in between consecutive error events. Suppose two
input words,s ands0, consisting ofn andn0 error events, respectively,
haver commonly positioned1’s. Furthermore, assume that theser
common bits are contained inm andm0 error events ofs ands0, re-
spectively, wheremin(1; r) � m � min(r; n) andmin(1; r) �
m0 � min(r; n0). We call these error events the “tied up” events.
The reason for choosing this term is that each of these error events is
bound to be placed in a certain position(s) relative to one or more tied
up events of the other codeword, such that the two codewords haver
commonly positioned1’s in their corresponding input words. The re-
maining(n �m) and(n0 �m0) error events (called “loose” events)
can be placed anywhere along the block of lengthN as long as they do
not cause extra overlapping1’s between the two input words. Fig. 2 il-
lustrates the above definitions, where the horizontal lines represent the
all-zero path and the diverged paths represent the error events. The tied
up events formc “cluster” of events,min(1; r) � c � min(m; m0).
Thesec clusters plus the(n�m) + (n0 �m0) loose error events can
be placed in different positions along the block of lengthN by adding
zeros between them or placing them adjacent to each other. This can
be done in N�L +1

n+n �m�m +c
ways, whereLt is the summation of the

lengths of the clusters and loose events in both codewords. The length
of the cluster is defined as the distance between the point where the
first error event in the cluster starts, up to the point where the last error
event in that cluster ends. In the following formulas for asymptotic be-
havior,(Lt � 1) is eliminated with respect toN in order to reduce the
complexity of computations.

Now qr(i; j; i
0; j0) can be written as

qr(i; j; i
0; j0) =

n n m m c

�q̂r(i; j; i
0; j0; n; n0; m; m0; c)

N

n+ n0�m�m0+c
(13)

whereq̂r(i, j, i0, j0, n, n0, m,m0, c) is the number of codeword pairs
of the form(W iZj ; W 0i Z 0j ) with n andn0 error events; these error
events haver commonly positioned1’s, resulting inm andm0 tied up
events which formc clusters. Note that̂qr depends only on the compo-
nent codes and not onN . As a result, (11) can be rewritten as

EEE X(�)X 0(�)

=
r e 2E e 2E

Ce fe (N)Ce fe (N)�r(i; i
0) (14)

whereE1 andE2 are the sets of the possible5-tuples

(n1; n
0
1; m1; m

0
1; c1) and (n2; n

0
2; m2; m

0
2; c2)

respectively, and

Ce = q̂r(i; j1; i
0; j01; n1; n

0
1; m1; m

0
1; c1)

fe (N) =
N

n1 + n01 �m1 �m0
1 + c1

Ce = q̂r(i; j2; i
0; j02; n2; n

0
2; m2; m

0
2; c2)

fe (N) =
N

n2 + n02 �m2 �m0
2 + c2

:

Substituting (14) in (5) and using the approximationa
b
� ab=b! for

a � b, we have

EEE A2(W; Z1; Z2; �) �
t2T

FtN
G W iZj

1 Zj
2 W 0i Z 0

1

j
Z 0j

2 (15)

whereT represents the set of possible17-tuples of all the variables
involved in the summation,

Gt = n1+n01+n2+n02�m1�m
0
1�m2�m

0
2� i� i

0+c1+c2+r

andFt is not a function ofN . The following theorem finds the condi-
tions under whichGt takes its maximum value.

Theorem 2: The maximum value ofGt is equal to0 and is achieved
if and only if the following conditions hold:

i =2k

n1 = n2 = i=2 = k

i0 =2k0

n01 = n02 = i0=2 = k0

r =2l

m1 = m2 = m0
1 =m0

2 = c1 = c2 = r=2 = l (16)

wherek; k0 = 1; 2; 3; . . ., andl = 0; 1; 2; . . . ; min(k; k0).
Proof: It can be easily seen that, inGt, maximizing the terms

corresponding to subscript1 and those corresponding to2 can be per-
formed independently, i.e.,

(Gt)max = (n1 + n01 �m1 �m0
1 + c1)max

+(n2 + n02 �m2 �m0
2 + c2)max � i� i0 + r:

Thus, in this proof, we only findM1 = (n1+n01�m1�m
0
1+c1)max

as the maximization corresponding to the second RSC code follows
with exactly the same analogy.

Supposem1 of then1 error events of the input words are tied up
with m0

1 of then01 error events of the input words0, and the tied up
events result inc1 clusters. Sinces ands0 haver commonly positioned
1’s, together they containi + i0 � r positions containing a1. Define
a “bunch” of events to be either a cluster or a loose event. The number
of bunches isb = c1 + (n1 �m1) + (n01 �m0

1). Since for recursive



2082 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 48, NO. 7, JULY 2002

convolutional codes each error event has a Hamming weight of at least
two in the systematic part, and each bunch contains at least one error
event

c1 + n1 �m1 + n0

1 �m0

1 �
i+ i0 � r

2
: (17)

The equality holds if and only if each loose event and each cluster
contains exactly two positions containing a1. This condition is met by
codewords satisfying the following conditions.

• Each codeword is constructed of error events with input weight2.

• Each error event is either a loose event or exactly matches and is
tied up with an error event of the other codeword.

Similarly

c2 + n2 �m2 + n0

2 �m0

2 �
i+ i0 � r

2
(18)

with equality holding under the same conditions. As a result

(Gt)max = 0: (19)

Keeping only the terms with the largest power ofN (i.e., corre-
sponding to the terms with the largest value ofGt) and defining a new
function

~q(k; j; k0; j0; l)
�
= q̂2l(2k; j; 2k

0; j0; k; k0; l; l; l)

result in the following formula for the asymptotic MSWEF:

EEE A2(W; Z1; Z2; �)

=

(k; k ; j ; j ; j ; j ; l)

(2l)!(2k � 2l)!(2k0
� 2l)!

[(k + k0 � l)!]2

� ~q(k; j1; k
0; j0

1; l)~q(k; j2; k
0; j0

2; l)

�W iZj
1 Zj

2 W 0i Z 0

1
j
Z 0j

2 : (20)

The asymptotic formula for the mean square of the bound is then

EEE B2(�; Eb=N0)

=

(k; k ; j ; j ; j ; j ; l)

(2k)(2k0)

N2

(2l)!(2k� 2l)!(2k0
� 2l)!

[(k + k0 � l)!]2

� ~q(k; j1; k
0; j0

1; l)~q(k; j2; k
0; j0

2; l)Q(i; j1; j2; Eb=N0)

�Q(i0; j0

1; j
0

2; Eb=N0): (21)

As can be seen from (21),EEE[B2(�; Eb=N0)] is proportional toN�2.
On the other hand,EEE[B(�; Eb=N0)] is proportional toN�1 for
asymptotically largeN [15]. Thus, the variance of the performance
bound is also proportional toN�2. As a result, we see that the
coefficient of variation ofB(�; Eb=N0) does not change withN as
N approaches infinity.

IV. NUMERICAL RESULTS AND DISCUSSION

To reduce the operational complexity in calculating the numerical
results, the looser upper bound of [14], usingQ(x) � exp(�x2), has
been adopted.

A. Nonasymptotic Case

For this case,EEE[B2(�; Eb=N0)] is evaluated according to (12). We
consider a super error state diagram constructed by the combination of

(a)

(b)

Fig. 3. (a) A trellis section for the(5; 7) code. (b) Part of the super error state
diagram.

TABLE I
NONASYMPTOTIC RESULTS CORRESPONDING TOTURBO CODES

WITH (5; 7) RSC CODES

the component code error digram with itself.1 The super state diagram
is constructed as follows.

• The state[S; S0] corresponds to statesS andS0 of the RSC code.

• The transition labels from state[S1; S01] to [S2; S
0

2] are in the
form of W iZjW 0i Z 0j RrL, wherei andj correspond to the
systematic and parity-check bits of the transition from stateS1 to
S2, andi0 andj0 correspond to the transition fromS01 to S02, in
one component code. For rate–1=2 RSC component codes, these
variables evaluate to0 or 1, accordingly.r is equal to1 if both
i andi0 are equal to1, and is equal to0 otherwise, andL repre-
sents the length of the codeword and has power1 on all transition
labels.

• The state diagram starts from the state[0; 0]s and ends at the state
[0; 0]f , where the subscripts are added to distinguish between the
starting and the finishing states. There is no transition to the state
[0; 0]s and no transition from the state[0; 0]f .

Fig. 3 shows the trellis diagram and part of the super state diagram
corresponding to a(5; 7) RSC code, where the brackets in denoting
the states are omitted.

The transfer function of this state diagram enumerates the error
events of the super trellis corresponding to the state diagram. Each
error event is characterized by the number of1’s in the systematic and
parity-check bits of each codeword, the number of their overlapping

1If different component codes are employed, we need to construct two super
state diagrams, as each state diagram enumerates codeword pairs corresponding
to one component code.
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Fig. 4. Distribution of the performance bound with respect to interleavers of lengthN = 100 for (5; 7) turbo code. (a)E =N = 3 dB,stdv[B]=EEE[B] = 0:45.
(b) E =N = 5 dB, stdv[B]=E[B] = 1:27.

1’s in the systematic part, and the length of the event from the point
where at least one of the codes diverges from the all-zero path to the
point where both codes remerge to the all zero path. The transfer
function is then used to findqr(i; j; i0; j0) for different i; j; i0; j0,

andr, with an approach analogous to that of finding the conditional
weight enumerating function explained in [14].

Table I shows the coefficient of variation of the bound
B(�; Eb=N0), stdv[B]=EEE[B], for rate-1=3 turbo codes with
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Fig. 5. Distribution of the performance bound with respect to interleavers of lengthN = 1000 for (5; 7) turbo code. (a)E =N = 2 dB,stdv[B]=EEE[B] =
0:33. (b)E =N = 3 dB, stdv[B]=EEE[B] = 0:43.

identical (5; 7) RSC component codes and interleaver lengths
N = 100 andN = 1000.

In order to obtain an estimation of the distribution of the performance
bound with respect to different interleavers, the union upper bound is
calculated for the same codes over a number of randomly selected in-
terleavers. Figs. 4 and 5 show the corresponding results. In these his-
tograms, thex-axis represents the performance bound and they-axis

represents the number of interleavers which result in that performance.
In calculating these results only input words of weights up to6 (for
N = 100) and4 (for N = 1000), resulting in codewords with total
weights up to30, are considered. These limitations cause the simula-
tion results to differ from the theoretical results of Table I.

As can be seen from Figs. 4 and 5 and Table I, the coefficient of varia-
tion,stdv[B]=EEE[B], increases withEb=N0. This is due to the fact that
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Fig. 5. (Continued)Distribution of the performance bound with respect to interleavers of lengthN = 1000 for (5; 7) turbo code. (c)E =N = 5 dB,
stdv[B]=EEE[B] = 0:90.

TABLE II
ASYMPTOTICRESULTSCORRESPONDING TOTURBO CODESWITH (5; 7) AND

(7; 5) COMPONENTCODES

different interleavers lead to turbo codes with different distance spectra.
Although the majority of interleavers result in rather similar distance
spectra, there is a low percentage of interleavers which leads to a large
number of low-weight codewords. Since theEb=N0 impacts the BER
in an exponential manner, asEb=N0 increases, the low-weight code-
words become more dominant in the BER performance of the code.
This causes the performance of the latter group of interleavers to have
a larger deviation from the mean where the majority of interleavers op-
erate. Note that, forN = 100 andEb=N0 = 5 dB, less than 7% of
the randomly chosen interleavers result in error performance bounds
higher than10�5; and forN = 1000 andEb=N0 = 5 dB, only 0.37%
of the interleavers result in bounds higher than0:7� 10�6.

B. Asymptotic Case

In this case, only codeword pairs which satisfy the conditions stated
in Theorem 2 are enumerated. For this reason, in the super state dia-
gram, only those paths corresponding to weight2 in the systematic part
of the codewords are taken into account and the error events are either

completely overlapping(r = 2) or have no overlapping bits. Table II
shows the results of the asymptotic analysis.

The asymptotic results for the(5; 7) turbo code follow the trend of
Table I; the values of asymptoticstdv[B]=EEE[B] increase withEb=N0

but remain lower than the corresponding values for finite interleaver
lengths.

In order to compare turbo codes with primitive and those with non-
primitive feedback polynomials, the asymptotic results corresponding
to the(7; 5) turbo code are shown in Table II as well. As can be seen
from the table, the nonprimitive feedback polynomial turbo code has a
smaller coefficient of variation of the performance bound.

V. CONCLUSION

In this correspondence, the variance of the turbo-code performance
bound over all possible interleavers is evaluated. It is shown that the
coefficient of variation of the bound is asymptotically constant with
the interleaver length. Furthermore, this coefficient is relatively small
for lowerEb=N0 values and increases as theEb=N0 value increases.
Study of the analytical results and the distribution of the performance
bound over a sample of randomly chosen interleavers shows that: a) as
the interleaver length increases, the coefficient of variation decreases
and b) as theEb=N0 increases, the distributions get more concentrated
around the average performance bound and only a small percentage of
interleavers result in high BERs, which cause the coefficient of varia-
tion to increase. These results support the statement made in [4], where
for a turbo code of length65; 536 it is stated thatmostpseudorandom
interleavers result in the same multiplicity of the free-distance code-
words. In addition, it can be observed that the performance of those
interleavers which are not close to the performance of the majority of
the pseudorandom interleavers, in fact, deviate quite significantly from
the average bound.
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Finally, the asymptotic results corresponding to turbo codes of
memory2 show that turbo codes with nonprimitive feedback poly-
nomials have smaller standard deviations. This may suggest that the
choice of the interleaver has a stronger effect on the performance of
turbo codes with primitive than for those with nonprimitive feedback
component codes.
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On the Asymptotic Eigenvalue Distribution of
Concatenated Vector-Valued Fading Channels

Ralf R. Müller, Associate Member, IEEE

Abstract—The linear vector-valued channel +

with and denoting additive white Gaussian noise and independent
random matrices, respectively, is analyzed in the asymptotic regime as the
dimensions of the matrices and vectors involved become large. The asymp-
totic eigenvalue distribution of the channel’s covariance matrix is given in
terms of an implicit equation for its Stieltjes transform as well as an explicit
expression for its moments. Additionally, almost all eigenvalues are shown
to converge toward zero as the number of factors grows over all bounds.
This effect cumulates the total energy in a vanishing number of dimensions.
The channel model addressed generalizes the model introduced in [1] for
communication via large antenna arrays to -fold scattering per propa-
gation path. As a byproduct, the multiplicative free convolution is shown
to extend to a certain class of asymptotically large non-Gaussian random
covariance matrices.

Index Terms—Antenna arrays, Catalan numbers, channel models, fading
channels, multiplicative free convolution, random matrices, -transform,
Stieltjes transform.

I. INTRODUCTION

Consider a communication channel withK0 transmitting andKN
receiving antennas grouped into a transmitter and a receiver array, re-
spectively. Let there beN � 1 clusters of scatterers each withKn,
1 � n � N � 1, scattering objects. Assume that the vector-valued
transmitted signal propagates from the transmitter array to the first
cluster of scatterers, from the first to the second cluster, and so on,
until it is received from the(N � 1)st cluster by the receiver array.
Such a channel model is discussed and physical motivation is given in
[2, Sec. 3]. Indoor propagation between different floors, for instance,
may serve as an environment where multifold scattering can be typical,
cf. [3, Sec. 13.4.1]. Some data of recent measurements can be found at
[4].

The communication link outlined above is a linear vector channel
that is canonically described by a channel matrix

HHHN =MMMNMMMN�1 � � �MMM2MMM1

�
=

N

n=1

MMMn (1)

where the matricesMMM1,MMM1<n<N , andMMMN denote the subchannels
from the transmitter array to the first cluster of scatterers, from the
(n�1)st cluster of scatterers to thenth cluster, and from the(N�1)st
cluster to the receiving array, respectively. This means thatMMMn is of
sizeKn�Kn�1. Assuming distortion by additive white Gaussian noise
zzz, the complete channel is given by

yyy = HHHNxxx+ zzz (2)

with xxx andyyy denoting the vectors of transmitted and received signals,
respectively.
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